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Hawking temperature

Black holes aren’t black: they radiate as hot bodies:

Hawking radiation: the origin

• Ingredients: A quantum field

+ black hole.

• Thermal radiation emitted

from the exterior of black

holes.

• Hawking temperature:

TH = ~c3
8⇡GkBM

• Carries a quantum signature:

Entanglement

4

S. Hawking ‘74



Observability?

Hawking radiation is over-shined by the Cosmic Microwave Background
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Unruh’81:

The Hawking effect is generic in presence of  causal barriers (horizons)

Hawking radiation in Analog Gravity systems

(fluids, optical systems, BEC’s, etc) 



Spontaneous Hawking radiation is extremely weak. Difficult to observe.

See however: 



=



Hawking radiation: the origin

• Ingredients: A quantum field

+ black hole.

• Thermal radiation emitted

from the exterior of black

holes.

• Hawking temperature:

TH = ~c3
8⇡GkBM

• Carries a quantum signature:

Entanglement
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Stimulated Hawking radiation:
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Hawking radiation: the origin

• Ingredients: A quantum field
+ black hole.

• Thermal radiation emitted
from the exterior of black
holes.

• Hawking temperature:T
H = ~c 3

8⇡GkBM• Carries a quantum signature:
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Stimulated Hawking radiation:



Hawking radiation: the origin

• Ingredients: A quantum field

+ black hole.

• Thermal radiation emitted

from the exterior of black

holes.

• Hawking temperature:

TH = ~c3
8⇡GkBM

• Carries a quantum signature:
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Stimulated Hawking radiation:



But… there is nothing quantum in these experiments (agreed by the authors) 



The stimulated Hawking effect is regarded as a classical phenomenon 



Questions

(1) What is quantum and what is not in the stimulated Hawking effect?

(2) Can quantum effects be amplified?



Questions

(1) What is quantum and what is not in the stimulated Hawking effect?

(2) Can quantum effects be amplified?

Entanglement 

Actually, yes!                 

“Event horizon are tunable factories of  quantum entanglement”

Observational opportunity 



Task: quantify the entanglement generated in the Hawking process



The Hawking Process for astrophysical BH’s



Previous work



D. Page’2013:
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Page’s argument:
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Quantifier of  Hawking-generated entanglement

Nice! But limited, because: 

 (1) Only true if  “in” state is pure, and  
 (2) BH is in isolation (not satisfied for any BH’s we know in nature)

Entropy of  the radiation reaching infinity     =     entanglement entropy   
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Quantifier of  Hawking-generated entanglement

Nice! But limited, because: 

 (1) Only true if  “in” state is pure, and  
 (2) BH is in isolation (not satisfied for any BH’s we know in nature)

Entropy of  the radiation reaching infinity     =     entanglement entropy   
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Extend Page’s analysis to quantify the entanglement generated in the 
Hawking process under different inputs 

Goal:
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Sub-systems (!/TH ! 1) (!/TH ! 0)

(kout

1 |kout

4 ) Tenv < 2TH Tenv < TH

(kout

1 |kout

3 , kout

4 ) Tenv < 2TH

1�ln(2)TH/!
Tenv < 4TH(TH

!
)

TABLE I. Entanglement conditions for two di↵erent bipartitions of the white-black hole initially
at thermal equilibrium at temperature Tenv (zero initial squeezing).

the main body of this paper. We are thus left with a system of three modes kout

1 , kout

3 , and kout

4 ,
for which a non-zero value of the logarithmic negativity is a necessary and su�cient condition for
entanglement [1].

The entanglement conditions for various sub-systems are generally frequency- dependent, and
the final expressions are quite lengthy and not illuminating. For clarity, we quote the results in
the low-particle (!/TH ! 1) and high-particle (!/TH ! 0) limits in Table I, for two di↵erent
bipartitions: (i) the mode pair containing the most amount of entanglement out of all other mode
pairs – the correlated output modes of the white hole, (kout

1 , kout

4 ) and (ii) the bipartition containing
the most amount of entanglement out of all other possible bipartitions, (kout

1 |kout

3 , kout

4 ). Observe
that there is entanglement for the mode pair (kout

1 |kout

4 ) when Tenv < 2TH at high !/TH . This is
similar to the condition found in reference [4]. We see obvious deviations from this condition here,
since, at low !/TH , the condition becomes Tenv < TH . Furthermore, we see that the entanglement
in the multi-mode bipartition (kout

1 |kout

3 , kout

4 ) is much more robust to ambient thermal noise than
the entanglement in the mode pair (kout

1 |kout

4 ), as can be seen by the corresponding temperature
conditions in Table I.

[1] Alessio Serafini, Quantum continuous variables: a primer of theoretical methods (CRC press, 2017).
[2] Asher Peres, “Separability criterion for density matrices,” Physical Review Letters 77, 1413 (1996).
[3] Christian Weedbrook, Stefano Pirandola, Raúl Garćıa-Patrón, Nicolas J Cerf, Timothy C Ralph, Jef-

frey H Shapiro, and Seth Lloyd, “Gaussian quantum information,” Reviews of Modern Physics 84, 621
(2012).

[4] Bruschi, David Edward and Friis, Nicolai and Fuentes, Ivette and Weinfurtner, Silke, “On the robustness
of entanglement in analogue gravity systems,” New Journal of Physics 15, 113016 (2013).
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⌘ r̂i

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆

Gaussian state      : Completely and uniquely determined by its first and second moments

covariance  matrix

<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]



N-dimensional quantum (bosonic) system: 
<latexit sha1_base64="w2Rd4SEB0fvVDaF0MyWNiorliIc=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCCykzpVShCwtuXJUK9gJtGTJp2oZmLiRnxDL0cdz4Km5EFOnWJzGdTkFbDwQ+/v8cTs7vhoIrsKypsba+sbm1ndnJ7u7tHxyaR8cNFUSSsjoNRCBbLlFMcJ/VgYNgrVAy4rmCNd3R7cxvPjKpeOA/wDhkXY8MfN7nlICWHPOmMySAnxz7MoHQscs4lQoLqVDu0F4AamFUF0YVY8fMWXkrKbwKdgo5lFbNMd87vYBGHvOBCqJU27ZC6MZEAqeCTbKdSLGQ0BEZsLZGn3hMdePk0Ak+10oP9wOpnw84UX9PxMRTauy5utMjMFTL3kz8z2tH0L/uxtwPI2A+nS/qRwJDgGep4R6XjIIYayBUcv1XTIdEEgo626wOwV4+eRUahbxdyhfvi7lKKY0jg07RGbpANrpCFXSHaqiOKHpGr+gDfRovxpvxZUznrWtGOnOC/pTx/QNxA6O7</latexit>

x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N
<latexit sha1_base64="10Bmkc10k/aymphyxoK3iwwnIbk=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjIXoMePEYwSyQGUNPpyZp0rPYSyAO+RIvHhTx6qd482/sJHPQxAcFj/eqqKoXpJxJ5TjfVmFjc2t7p7hb2ts/OCzbR8dtmWhBoUUTnohuQCRwFkNLMcWhmwogUcChE4xv5n5nAkKyJL5X0xT8iAxjFjJKlJH6dtmDR80m2BsRhcUD69sVp+osgNeJm5MKytHs21/eIKE6glhRTqTsuU6q/IwIxSiHWcnTElJCx2QIPUNjEoH0s8XhM3xulAEOE2EqVnih/p7ISCTlNApMZ0TUSK56c/E/r6dVeO1nLE61gpguF4WaY5XgeQp4wARQxaeGECqYuRXTERGEKpNVyYTgrr68TtqXVbderd3VKo16HkcRnaIzdIFcdIUa6BY1UQtRpNEzekVv1pP1Yr1bH8vWgpXPnKA/sD5/AE+aktY=</latexit>

⌘ r̂i

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆

Restriction to a subsystem produces another Gaussian state: 
<latexit sha1_base64="FhX7PkkWMpgYbqySaYolf8MadCc=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRoi4LblxWsA9o0jCZTNqxM0mYmQgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv997jJ4xKZVlfRmFpeWV1rbhe2tjc2t4xd/daMk4FJk0cs1h0fCQJoxFpKqoY6SSCIO4z0vaHVxO/fU+EpHF0q0YJcTnqRzSkGCkteeZxxeFpj3qZIzgUJBifOpL2Oepl9G78o554ZtmqWlPARWLnpAxyNDzz0wlinHISKcyQlF3bSpSbIaEoZmRcclJJEoSHqE+6mkaIE+lm04fG8EgrAQxjoStScKr+nsgQl3LEfd3JkRrIeW8i/ud1UxVeuhmNklSRCM8WhSmDKoaTdGBABcGKjTRBWFB9K8QDJBBWOsOSDsGef3mRtM6q9nm1dlMr12t5HEVwAA5BBdjgAtTBNWiAJsDgATyBF/BqPBrPxpvxPmstGPnMPvgD4+Mb6+GdHg==</latexit>

(µi
red,�

ij
red)

Example: � =

✓
�red
A �AB

�>
AB �red

B

◆

<latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit>

~µ = (~µred
A , ~µred

B )
<latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit>

Gaussian state      : Completely and uniquely determined by its first and second moments

covariance  matrix

<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]



N-dimensional quantum (bosonic) system: 
<latexit sha1_base64="w2Rd4SEB0fvVDaF0MyWNiorliIc=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCCykzpVShCwtuXJUK9gJtGTJp2oZmLiRnxDL0cdz4Km5EFOnWJzGdTkFbDwQ+/v8cTs7vhoIrsKypsba+sbm1ndnJ7u7tHxyaR8cNFUSSsjoNRCBbLlFMcJ/VgYNgrVAy4rmCNd3R7cxvPjKpeOA/wDhkXY8MfN7nlICWHPOmMySAnxz7MoHQscs4lQoLqVDu0F4AamFUF0YVY8fMWXkrKbwKdgo5lFbNMd87vYBGHvOBCqJU27ZC6MZEAqeCTbKdSLGQ0BEZsLZGn3hMdePk0Ak+10oP9wOpnw84UX9PxMRTauy5utMjMFTL3kz8z2tH0L/uxtwPI2A+nS/qRwJDgGep4R6XjIIYayBUcv1XTIdEEgo626wOwV4+eRUahbxdyhfvi7lKKY0jg07RGbpANrpCFXSHaqiOKHpGr+gDfRovxpvxZUznrWtGOnOC/pTx/QNxA6O7</latexit>

x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N
<latexit sha1_base64="10Bmkc10k/aymphyxoK3iwwnIbk=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjIXoMePEYwSyQGUNPpyZp0rPYSyAO+RIvHhTx6qd482/sJHPQxAcFj/eqqKoXpJxJ5TjfVmFjc2t7p7hb2ts/OCzbR8dtmWhBoUUTnohuQCRwFkNLMcWhmwogUcChE4xv5n5nAkKyJL5X0xT8iAxjFjJKlJH6dtmDR80m2BsRhcUD69sVp+osgNeJm5MKytHs21/eIKE6glhRTqTsuU6q/IwIxSiHWcnTElJCx2QIPUNjEoH0s8XhM3xulAEOE2EqVnih/p7ISCTlNApMZ0TUSK56c/E/r6dVeO1nLE61gpguF4WaY5XgeQp4wARQxaeGECqYuRXTERGEKpNVyYTgrr68TtqXVbderd3VKo16HkcRnaIzdIFcdIUa6BY1UQtRpNEzekVv1pP1Yr1bH8vWgpXPnKA/sD5/AE+aktY=</latexit>

⌘ r̂i

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆

Restriction to a subsystem produces another Gaussian state: 
<latexit sha1_base64="FhX7PkkWMpgYbqySaYolf8MadCc=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRoi4LblxWsA9o0jCZTNqxM0mYmQgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv997jJ4xKZVlfRmFpeWV1rbhe2tjc2t4xd/daMk4FJk0cs1h0fCQJoxFpKqoY6SSCIO4z0vaHVxO/fU+EpHF0q0YJcTnqRzSkGCkteeZxxeFpj3qZIzgUJBifOpL2Oepl9G78o554ZtmqWlPARWLnpAxyNDzz0wlinHISKcyQlF3bSpSbIaEoZmRcclJJEoSHqE+6mkaIE+lm04fG8EgrAQxjoStScKr+nsgQl3LEfd3JkRrIeW8i/ud1UxVeuhmNklSRCM8WhSmDKoaTdGBABcGKjTRBWFB9K8QDJBBWOsOSDsGef3mRtM6q9nm1dlMr12t5HEVwAA5BBdjgAtTBNWiAJsDgATyBF/BqPBrPxpvxPmstGPnMPvgD4+Mb6+GdHg==</latexit>

(µi
red,�

ij
red)

Example: � =

✓
�red
A �AB

�>
AB �red

B

◆

<latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit>

~µ = (~µred
A , ~µred

B )
<latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit>

Gaussian state      : Completely and uniquely determined by its first and second moments

covariance  matrix

<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]



N-dimensional quantum (bosonic) system: 
<latexit sha1_base64="w2Rd4SEB0fvVDaF0MyWNiorliIc=">AAACKHicbZDLSgMxFIYzXmu9jbp0EyyCCykzpVShCwtuXJUK9gJtGTJp2oZmLiRnxDL0cdz4Km5EFOnWJzGdTkFbDwQ+/v8cTs7vhoIrsKypsba+sbm1ndnJ7u7tHxyaR8cNFUSSsjoNRCBbLlFMcJ/VgYNgrVAy4rmCNd3R7cxvPjKpeOA/wDhkXY8MfN7nlICWHPOmMySAnxz7MoHQscs4lQoLqVDu0F4AamFUF0YVY8fMWXkrKbwKdgo5lFbNMd87vYBGHvOBCqJU27ZC6MZEAqeCTbKdSLGQ0BEZsLZGn3hMdePk0Ak+10oP9wOpnw84UX9PxMRTauy5utMjMFTL3kz8z2tH0L/uxtwPI2A+nS/qRwJDgGep4R6XjIIYayBUcv1XTIdEEgo626wOwV4+eRUahbxdyhfvi7lKKY0jg07RGbpANrpCFXSHaqiOKHpGr+gDfRovxpvxZUznrWtGOnOC/pTx/QNxA6O7</latexit>

x̂1, p̂1; x̂2, p̂2; · · · x̂N , p̂N
<latexit sha1_base64="10Bmkc10k/aymphyxoK3iwwnIbk=">AAAB+HicbVDJSgNBEO2JW4xLRj16aQyCpzAjIXoMePEYwSyQGUNPpyZp0rPYSyAO+RIvHhTx6qd482/sJHPQxAcFj/eqqKoXpJxJ5TjfVmFjc2t7p7hb2ts/OCzbR8dtmWhBoUUTnohuQCRwFkNLMcWhmwogUcChE4xv5n5nAkKyJL5X0xT8iAxjFjJKlJH6dtmDR80m2BsRhcUD69sVp+osgNeJm5MKytHs21/eIKE6glhRTqTsuU6q/IwIxSiHWcnTElJCx2QIPUNjEoH0s8XhM3xulAEOE2EqVnih/p7ISCTlNApMZ0TUSK56c/E/r6dVeO1nLE61gpguF4WaY5XgeQp4wARQxaeGECqYuRXTERGEKpNVyYTgrr68TtqXVbderd3VKo16HkcRnaIzdIFcdIUa6BY1UQtRpNEzekVv1pP1Yr1bH8vWgpXPnKA/sD5/AE+aktY=</latexit>

⌘ r̂i

C.C.R’s:
<latexit sha1_base64="Wn5kJArsVHFTivUZUwoHcPJ05hU=">AAACFXicbZC7SgNBFIZnvcZ4i1raDAbBIoRdCdFGCNjYGcFcYHcTzk5mk0lmL8zMCmHJS9j4KjYWitgKdr6Nk2QLTfxh4OM/53Dm/F7MmVSm+W2srK6tb2zmtvLbO7t7+4WDw6aMEkFog0Q8Em0PJOUspA3FFKftWFAIPE5b3uh6Wm89UCFZFN6rcUzdAPoh8xkBpa1uoWQ7A1BYdFgpg6F7xZwSdgYeCDyF24D2oZOy4aRbKJplcya8DFYGRZSp3i18Ob2IJAENFeEgpW2ZsXJTEIoRTid5J5E0BjKCPrU1hhBQ6aazqyb4VDs97EdCv1Dhmft7IoVAynHg6c4A1EAu1qbmfzU7Uf6lm7IwThQNyXyRn3CsIjyNCPeYoETxsQYggum/YjIAAUTpIPM6BGvx5GVonpetarlyVynWqlkcOXSMTtAZstAFqqEbVEcNRNAjekav6M14Ml6Md+Nj3rpiZDNH6I+Mzx9QH52m</latexit>

[r̂i, r̂j ] = i ~⌦ij

<latexit sha1_base64="mrnH1wIdAWs41l2oujewzBnXNX8="></latexit>

⌦ij = �N

✓
0 1
�1 0

◆

Restriction to a subsystem produces another Gaussian state: 
<latexit sha1_base64="FhX7PkkWMpgYbqySaYolf8MadCc=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRoi4LblxWsA9o0jCZTNqxM0mYmQgl9BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv997jJ4xKZVlfRmFpeWV1rbhe2tjc2t4xd/daMk4FJk0cs1h0fCQJoxFpKqoY6SSCIO4z0vaHVxO/fU+EpHF0q0YJcTnqRzSkGCkteeZxxeFpj3qZIzgUJBifOpL2Oepl9G78o554ZtmqWlPARWLnpAxyNDzz0wlinHISKcyQlF3bSpSbIaEoZmRcclJJEoSHqE+6mkaIE+lm04fG8EgrAQxjoStScKr+nsgQl3LEfd3JkRrIeW8i/ud1UxVeuhmNklSRCM8WhSmDKoaTdGBABcGKjTRBWFB9K8QDJBBWOsOSDsGef3mRtM6q9nm1dlMr12t5HEVwAA5BBdjgAtTBNWiAJsDgATyBF/BqPBrPxpvxPmstGPnMPvgD4+Mb6+GdHg==</latexit>

(µi
red,�

ij
red)

Example: � =

✓
�red
A �AB

�>
AB �red

B

◆

<latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit><latexit sha1_base64="eb0nNSubwXjB8YhjOF6ptlxb13Y="></latexit>

~µ = (~µred
A , ~µred

B )
<latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit><latexit sha1_base64="sVEBQ0NENmRyWU/byucTEWWTB0A=">AAACHXicbZDLSgMxFIYz9VbrbdSlm2ARKkiZkaJuhKoblxXsBTq1ZNLTNjSZGZJMoQx9ETe+ihsXirhwI76N6UXQtj8EPv5zDifn9yPOlHacbyu1tLyyupZez2xsbm3v2Lt7FRXGkkKZhjyUNZ8o4CyAsmaaQy2SQITPoer3bkb1ah+kYmFwrwcRNATpBKzNKNHGatoFrw8UeyK+zP3SQ+JJgSW0hs2rkwXm9XHTzjp5Zyw8D+4UsmiqUtP+9FohjQUEmnKiVN11It1IiNSMchhmvFhBRGiPdKBuMCACVCMZXzfER8Zp4XYozQs0Hrt/JxIilBoI33QKortqtjYyF9XqsW5fNBIWRLGGgE4WtWOOdYhHUeEWk0A1HxggVDLzV0y7RBKqTaAZE4I7e/I8VE7zruG7QrZ4No0jjQ7QIcohF52jIrpFJVRGFD2iZ/SK3qwn68V6tz4mrSlrOrOP/sn6+gFPeaFi</latexit>

hn̂Ai =
1

4
Tr[�red

A ] + ~µred>
A · ~µred

A � 1

2
NA

<latexit sha1_base64="CYU6b2/fcL1l4g3FlPSolxOq3EU="></latexit><latexit sha1_base64="CYU6b2/fcL1l4g3FlPSolxOq3EU="></latexit><latexit sha1_base64="CYU6b2/fcL1l4g3FlPSolxOq3EU="></latexit><latexit sha1_base64="CYU6b2/fcL1l4g3FlPSolxOq3EU="></latexit>

Mean number of  quanta in subsystem A:

Gaussian state      : Completely and uniquely determined by its first and second moments

covariance  matrix

<latexit sha1_base64="mXHfaxgt26Apc4kXRJoFcSW/CP4=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0mkVI8FLx4r2A9pQtlsN83S3U3YnQgl9Fd48aCIV3+ON/+N2zYHbX0w8Hhvhpl5YSq4Adf9dkobm1vbO+Xdyt7+weFR9fika5JMU9ahiUh0PySGCa5YBzgI1k81IzIUrBdObud+74lpwxP1ANOUBZKMFY84JWClRz8mgH0dJ8Nqza27C+B14hWkhgq0h9Uvf5TQTDIFVBBjBp6bQpATDZwKNqv4mWEpoRMyZgNLFZHMBPni4Bm+sMoIR4m2pQAv1N8TOZHGTGVoOyWB2Kx6c/E/b5BBdBPkXKUZMEWXi6JMYEjw/Hs84ppREFNLCNXc3oppTDShYDOq2BC81ZfXSfeq7jXrjftGrdUs4iijM3SOLpGHrlEL3aE26iCKJHpGr+jN0c6L8+58LFtLTjFziv7A+fwBfveQLw==</latexit>

⇢̂

<latexit sha1_base64="hA0GAzb6TRp3leVKLr5pMOBPErw=">AAACDnicbZDLSgMxFIYz9VbrbdSlm2ApuJAyI6W6LLhxWaE3mBlLJs20sZlkSDJCGfoEbnwVNy4UcevanW9j2g6o1R8CH/85h5PzhwmjSjvOp1VYWV1b3yhulra2d3b37P2DjhKpxKSNBROyFyJFGOWkralmpJdIguKQkW44vpzVu3dEKip4S08SEsRoyGlEMdLG6tsVmPkyhi059Xw5Ev4p9EdIQ3lDv/E26Ntlp+rMBf+Cm0MZ5Gr27Q9/IHAaE64xQ0p5rpPoIENSU8zItOSniiQIj9GQeAY5iokKsvk5U1gxzgBGQprHNZy7PycyFCs1iUPTGSM9Usu1mflfzUt1dBFklCepJhwvFkUpg1rAWTZwQCXBmk0MICyp+SvEIyQR1ibBkgnBXT75L3TOqm69WruulRv1PI4iOALH4AS44Bw0wBVogjbA4B48gmfwYj1YT9ar9bZoLVj5zCH4Jev9CyvemuU=</latexit>

Tr[⇢ r̂i r̂j ]

<latexit sha1_base64="GMIRNXh8Z+YDMdrvCQNXOX6Afx0=">AAACE3icbZDLSsNAFIYn9VbrLerSzWARRKQkUqrLghuXFXqDJC2T6aQdOpPEmUmhhL6DG1/FjQtF3Lpx59s4TbPQ1h8GPv5zDmfO78eMSmVZ30ZhbX1jc6u4XdrZ3ds/MA+P2jJKBCYtHLFIdH0kCaMhaSmqGOnGgiDuM9Lxx7fzemdChKRR2FTTmHgcDUMaUIyUtvrmhcuTHnXJQ0InMHUFh00xc9wRUtAVo8i9hBmLHvX6ZtmqWJngKtg5lEGuRt/8cgcRTjgJFWZISse2YuWlSCiKGZmV3ESSGOExGhJHY4g4kV6a3TSDZ9oZwCAS+oUKZu7viRRxKafc150cqZFcrs3N/2pOooIbL6VhnCgS4sWiIGFQRXAeEBxQQbBiUw0IC6r/CvEICYSVjrGkQ7CXT16F9lXFrlWq99VyvZbHUQQn4BScAxtcgzq4Aw3QAhg8gmfwCt6MJ+PFeDc+Fq0FI585Bn9kfP4ATgedwA==</latexit>

µi ⌘ Tr[⇢̂ r̂i]

<latexit sha1_base64="pYQXiNFIuF21+avgKdfuBL5+O68="></latexit>

�ij = Tr[⇢̂ {(r̂i � µi), (r̂j � µj)}]



Elementary examples: 

Vacuum: 
<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0

<latexit sha1_base64="A68YrsOga6XmaR4nV2wLYTv54vs=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4Kkkp6rHgxWMF+wFJLJvtpl26u4m7G6GE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvSjnTxnW/nbX1jc2t7dJOeXdv/+CwcnTc0UmmCG2ThCeqF2FNOZO0bZjhtJcqikXEaTca38z87hNVmiXy3kxSGgo8lCxmBBsr+YHIHlgg6SNy+5WqW3PnQKvEK0gVCrT6la9gkJBMUGkIx1r7npuaMMfKMMLptBxkmqaYjPGQ+pZKLKgO8/nJU3RulQGKE2VLGjRXf0/kWGg9EZHtFNiM9LI3E//z/MzE12HOZJoZKsliUZxxZBI0+x8NmKLE8IklmChmb0VkhBUmxqZUtiF4yy+vkk695l3W6neNarNRxFGCUziDC/DgCppwCy1oA4EEnuEV3hzjvDjvzseidc0pZk7gD5zPH7U+kNY=</latexit>

µi 6= 0

<latexit sha1_base64="uoJmCqIU/DJH0jclBAFm70zckSs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6kYouNGNVLAPaGKYTCft2MkkzEyEErJx46+4caGIW//BnX/jpM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyympprby+sbm1be7stmWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy5yv/NAhKQRv1XjmLghGnAaUIyUljzzwJF0EKK7lN5n8NwJkRr6fnqVeWntOvPMilW1JoDzxC5IBRRoeuaX049wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0nX2TwSCt9GERCF1dwov6eSFEo5Tj0dWd+ppz1cvE/r5eo4MxNKY8TRTieLgoSBlUE80hgnwqCFRtrgrCg+laIh0ggrHRwZR2CPfvyPGnXqvZJtXZTrzTqRRwlsA8OwTGwwSlogEvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgD4zPH445mJE=</latexit>

�ij = I2N

<latexit sha1_base64="a3GyKtmIlnHaykjLoUl3ccY9GQ8=">AAACCHicbVDLSsNAFJ34rPUVdenCwSK4Kkkp6rLgRjdSwT6giWEynbRjJ5M4MxFKyNKNv+LGhSJu/QR3/o2TNgttPXDhcM693HuPHzMqlWV9GwuLS8srq6W18vrG5ta2ubPbllEiMGnhiEWi6yNJGOWkpahipBsLgkKfkY4/Os/9zgMRkkb8Ro1j4oZowGlAMVJa8swDR9JBiG5TepdBh5N7J0Rq6PvpZealtavMMytW1ZoAzhO7IBVQoOmZX04/wklIuMIMSdmzrVi5KRKKYkayspNIEiM8QgPS05SjkEg3nTySwSOt9GEQCV1cwYn6eyJFoZTj0Ned+Zly1svF/7xeooIzN6U8ThTheLooSBhUEcxTgX0qCFZsrAnCgupbIR4igbDS2ZV1CPbsy/OkXavaJ9Xadb3SqBdxlMA+OATHwAanoAEuQBO0AAaP4Bm8gjfjyXgx3o2PaeuCUczsgT8wPn8APWeaEg==</latexit>

�ij 6= I2N

Coherent state:

Squeezed:

Thermal:

<latexit sha1_base64="uoJmCqIU/DJH0jclBAFm70zckSs=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4Kkkp6kYouNGNVLAPaGKYTCft2MkkzEyEErJx46+4caGIW//BnX/jpM1CWw9cOJxzL/fe48eMSmVZ38bC4tLyympprby+sbm1be7stmWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy5yv/NAhKQRv1XjmLghGnAaUIyUljzzwJF0EKK7lN5n8NwJkRr6fnqVeWntOvPMilW1JoDzxC5IBRRoeuaX049wEhKuMENS9mwrVm6KhKKYkazsJJLECI/QgPQ05Sgk0k0nX2TwSCt9GERCF1dwov6eSFEo5Tj0dWd+ppz1cvE/r5eo4MxNKY8TRTieLgoSBlUE80hgnwqCFRtrgrCg+laIh0ggrHRwZR2CPfvyPGnXqvZJtXZTrzTqRRwlsA8OwTGwwSlogEvQBC2AwSN4Bq/gzXgyXox342PaumAUM3vgD4zPH445mJE=</latexit>

�ij = I2N
<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0

<latexit sha1_base64="Zh3DLpUgE0Bbqd9OKhOGmpD5j00=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9ktRb0IBS8eK9gPaNeSTbNtaJJdk6xQlv4JLx4U8erf8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NZRoghtkYhHqhtgTTmTtGWY4bQbK4pFwGknmNzM/c4TVZpF8t5MY+oLPJIsZAQbK3X7Inlg18gdlCtu1c2AVomXkwrkaA7KX/1hRBJBpSEca93z3Nj4KVaGEU5npX6iaYzJBI9oz1KJBdV+mt07Q2dWGaIwUrakQZn6eyLFQuupCGynwGasl725+J/XS0x45adMxomhkiwWhQlHJkLz59GQKUoMn1qCiWL2VkTGWGFibEQlG4K3/PIqadeq3kW1dlevNOp5HEU4gVM4Bw8uoQG30IQWEODwDK/w5jw6L86787FoLTj5zDH8gfP5AyEOj1U=</latexit>

µi = 0
<latexit sha1_base64="wXV2lB+fVghuQi9B7UHzRFbt/3g="></latexit>

�ij = �N
i (2ni + 1) I2

Pure

Mixed

A Gaussian state is pure iff  the eigenvalues of  �ik⌦kj
<latexit sha1_base64="48/xCBDpjU6+3+zrVKkOUx4qFn0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEVGXBTfurGAv0MYwmU7SMTOTMDMRSszCV3HjQhG3voY738Zpm4VWfxj4+M85nDN/kDKqtON8WZWFxaXllepqbW19Y3PL3t7pqCSTmLRxwhLZC5AijArS1lQz0kslQTxgpBvEF5N6955IRRNxo8cp8TiKBA0pRtpYvr03UDTi6DancTG44iRCfh7fFb5ddxrOVPAvuCXUQamWb38OhgnOOBEaM6RU33VS7eVIaooZKWqDTJEU4RhFpG9QIE6Ul0/vL+ChcYYwTKR5QsOp+3MiR1ypMQ9MJ0d6pOZrE/O/Wj/T4bmXU5Fmmgg8WxRmDOoETsKAQyoJ1mxsAGFJza0Qj5BEWJvIaiYEd/7Lf6Fz3HANX5/Um6dlHFWwDw7AEXDBGWiCS9ACbYDBA3gCL+DVerSerTfrfdZascqZXfBL1sc3vJyWgw==</latexit><latexit sha1_base64="48/xCBDpjU6+3+zrVKkOUx4qFn0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEVGXBTfurGAv0MYwmU7SMTOTMDMRSszCV3HjQhG3voY738Zpm4VWfxj4+M85nDN/kDKqtON8WZWFxaXllepqbW19Y3PL3t7pqCSTmLRxwhLZC5AijArS1lQz0kslQTxgpBvEF5N6955IRRNxo8cp8TiKBA0pRtpYvr03UDTi6DancTG44iRCfh7fFb5ddxrOVPAvuCXUQamWb38OhgnOOBEaM6RU33VS7eVIaooZKWqDTJEU4RhFpG9QIE6Ul0/vL+ChcYYwTKR5QsOp+3MiR1ypMQ9MJ0d6pOZrE/O/Wj/T4bmXU5Fmmgg8WxRmDOoETsKAQyoJ1mxsAGFJza0Qj5BEWJvIaiYEd/7Lf6Fz3HANX5/Um6dlHFWwDw7AEXDBGWiCS9ACbYDBA3gCL+DVerSerTfrfdZascqZXfBL1sc3vJyWgw==</latexit><latexit sha1_base64="48/xCBDpjU6+3+zrVKkOUx4qFn0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEVGXBTfurGAv0MYwmU7SMTOTMDMRSszCV3HjQhG3voY738Zpm4VWfxj4+M85nDN/kDKqtON8WZWFxaXllepqbW19Y3PL3t7pqCSTmLRxwhLZC5AijArS1lQz0kslQTxgpBvEF5N6955IRRNxo8cp8TiKBA0pRtpYvr03UDTi6DancTG44iRCfh7fFb5ddxrOVPAvuCXUQamWb38OhgnOOBEaM6RU33VS7eVIaooZKWqDTJEU4RhFpG9QIE6Ul0/vL+ChcYYwTKR5QsOp+3MiR1ypMQ9MJ0d6pOZrE/O/Wj/T4bmXU5Fmmgg8WxRmDOoETsKAQyoJ1mxsAGFJza0Qj5BEWJvIaiYEd/7Lf6Fz3HANX5/Um6dlHFWwDw7AEXDBGWiCS9ACbYDBA3gCL+DVerSerTfrfdZascqZXfBL1sc3vJyWgw==</latexit><latexit sha1_base64="48/xCBDpjU6+3+zrVKkOUx4qFn0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTNYBFclEVGXBTfurGAv0MYwmU7SMTOTMDMRSszCV3HjQhG3voY738Zpm4VWfxj4+M85nDN/kDKqtON8WZWFxaXllepqbW19Y3PL3t7pqCSTmLRxwhLZC5AijArS1lQz0kslQTxgpBvEF5N6955IRRNxo8cp8TiKBA0pRtpYvr03UDTi6DancTG44iRCfh7fFb5ddxrOVPAvuCXUQamWb38OhgnOOBEaM6RU33VS7eVIaooZKWqDTJEU4RhFpG9QIE6Ul0/vL+ChcYYwTKR5QsOp+3MiR1ypMQ9MJ0d6pOZrE/O/Wj/T4bmXU5Fmmgg8WxRmDOoETsKAQyoJ1mxsAGFJza0Qj5BEWJvIaiYEd/7Lf6Fz3HANX5/Um6dlHFWwDw7AEXDBGWiCS9ACbYDBA3gCL+DVerSerTfrfdZascqZXfBL1sc3vJyWgw==</latexit>

±i
<latexit sha1_base64="I9gbquFS6Q2LgsNz1IBM3lLF5YU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCm4ttEvJprNtaJJdkqxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN84EN9b3v73S2vrG5lZ5u7Kzu7d/UD08apk01wxDlopUt2NqUHCFoeVWYDvTSGUs8DEe3c7qj0+oDU/Vgx1nGEk6UDzhjFpnhd1MEt6r1vy6PxdZhaCAGhRq9qpf3X7KconKMkGN6QR+ZqMJ1ZYzgdNKNzeYUTaiA+w4VFSiiSbzZafkzDl9kqTaPWXJ3P09MaHSmLGMXaekdmiWazPzv1ont8lNNOEqyy0qtvgoyQWxKZldTvpcI7Ni7IAyzd2uhA2ppsy6fCouhGD55FVoXdQDx/eXtcZVEUcZTuAUziGAa2jAHTQhBAYcnuEV3jzlvXjv3seiteQVM8fwR97nD25KjmI=</latexit><latexit sha1_base64="I9gbquFS6Q2LgsNz1IBM3lLF5YU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCm4ttEvJprNtaJJdkqxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN84EN9b3v73S2vrG5lZ5u7Kzu7d/UD08apk01wxDlopUt2NqUHCFoeVWYDvTSGUs8DEe3c7qj0+oDU/Vgx1nGEk6UDzhjFpnhd1MEt6r1vy6PxdZhaCAGhRq9qpf3X7KconKMkGN6QR+ZqMJ1ZYzgdNKNzeYUTaiA+w4VFSiiSbzZafkzDl9kqTaPWXJ3P09MaHSmLGMXaekdmiWazPzv1ont8lNNOEqyy0qtvgoyQWxKZldTvpcI7Ni7IAyzd2uhA2ppsy6fCouhGD55FVoXdQDx/eXtcZVEUcZTuAUziGAa2jAHTQhBAYcnuEV3jzlvXjv3seiteQVM8fwR97nD25KjmI=</latexit><latexit sha1_base64="I9gbquFS6Q2LgsNz1IBM3lLF5YU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCm4ttEvJprNtaJJdkqxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN84EN9b3v73S2vrG5lZ5u7Kzu7d/UD08apk01wxDlopUt2NqUHCFoeVWYDvTSGUs8DEe3c7qj0+oDU/Vgx1nGEk6UDzhjFpnhd1MEt6r1vy6PxdZhaCAGhRq9qpf3X7KconKMkGN6QR+ZqMJ1ZYzgdNKNzeYUTaiA+w4VFSiiSbzZafkzDl9kqTaPWXJ3P09MaHSmLGMXaekdmiWazPzv1ont8lNNOEqyy0qtvgoyQWxKZldTvpcI7Ni7IAyzd2uhA2ppsy6fCouhGD55FVoXdQDx/eXtcZVEUcZTuAUziGAa2jAHTQhBAYcnuEV3jzlvXjv3seiteQVM8fwR97nD25KjmI=</latexit><latexit sha1_base64="I9gbquFS6Q2LgsNz1IBM3lLF5YU=">AAAB7HicbZBNSwMxEIZn61etX1WPXoJF8FR2RdRjwYvHCm4ttEvJprNtaJJdkqxQSn+DFw+KePUHefPfmLZ70NYXAg/vzJCZN84EN9b3v73S2vrG5lZ5u7Kzu7d/UD08apk01wxDlopUt2NqUHCFoeVWYDvTSGUs8DEe3c7qj0+oDU/Vgx1nGEk6UDzhjFpnhd1MEt6r1vy6PxdZhaCAGhRq9qpf3X7KconKMkGN6QR+ZqMJ1ZYzgdNKNzeYUTaiA+w4VFSiiSbzZafkzDl9kqTaPWXJ3P09MaHSmLGMXaekdmiWazPzv1ont8lNNOEqyy0qtvgoyQWxKZldTvpcI7Ni7IAyzd2uhA2ppsy6fCouhGD55FVoXdQDx/eXtcZVEUcZTuAUziGAa2jAHTQhBAYcnuEV3jzlvXjv3seiteQVM8fwR97nD25KjmI=</latexit>

are

(beautiful connection with Kähler geometries) 



Evolution: 

If  Hamiltonian is quadratic (= linear system), Gaussian states evolve to Gaussian states

<latexit sha1_base64="Fz0zkjarZz49ywTUqzQ1fIqq+qY=">AAACDnicbVDLSgMxFM3UV62vUZdugqVQQcqMFHVZcOOygn1Apx0yadrGJpkhyQhlmC9w46+4caGIW9fu/BvTdhBtPXDhcM693HtPEDGqtON8WbmV1bX1jfxmYWt7Z3fP3j9oqjCWmDRwyELZDpAijArS0FQz0o4kQTxgpBWMr6Z+655IRUNxqycR6XI0FHRAMdJG8u1S2eNxj/qJJzmkIj31FB1y1EvoXfojnvh20ak4M8Bl4makCDLUffvT64c45kRozJBSHdeJdDdBUlPMSFrwYkUihMdoSDqGCsSJ6iazd1JYMkofDkJpSmg4U39PJIgrNeGB6eRIj9SiNxX/8zqxHlx2EyqiWBOB54sGMYM6hNNsYJ9KgjWbGIKwpOZWiEdIIqxNggUTgrv48jJpnlXc80r1plqsVbM48uAIHIMycMEFqIFrUAcNgMEDeAIv4NV6tJ6tN+t93pqzsplD8AfWxzdVI5xC</latexit>

(µi
in,�

ij
in)

<latexit sha1_base64="PR4K0kuXC4CrrRMTSs05yF9Nm74=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0WsICWRoi4LblxWsA9o0jCZTtqxM0mYmQgl5BPc+CtuXCji1qU7/8ZpG1BbD1w4nHMv997jx4xKZVlfRmFpeWV1rbhe2tjc2t4xd/daMkoEJk0csUh0fCQJoyFpKqoY6cSCIO4z0vZHVxO/fU+EpFF4q8YxcTkahDSgGCkteeZxxeFJj3qpIziMEpWdOpIOOOql9C77UU88s2xVrSngIrFzUgY5Gp756fQjnHASKsyQlF3bipWbIqEoZiQrOYkkMcIjNCBdTUPEiXTT6UMZPNJKHwaR0BUqOFV/T6SISznmvu7kSA3lvDcR//O6iQou3ZSGcaJIiGeLgoRBFcFJOrBPBcGKjTVBWFB9K8RDJBBWOsOSDsGef3mRtM6q9nm1dlMr12t5HEVwAA5BBdjgAtTBNWiAJsDgATyBF/BqPBrPxpvxPmstGPnMPvgD4+MbRt6dWA==</latexit>

(µi
out,�

ij
out)

<latexit sha1_base64="7KQNGphmJpk3q5RW3gJBTjFM6+0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY8OIxonlgsobZSW8yOju7zMwKYclfePGgiFf/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPHy7HffEKleSxvzTBBP6J9yUPOqLHS3c0972adE/Iw6hZLbtmdgCwSb0ZKMEOtW/zq9GKWRigNE1Trtucmxs+oMpwJHBU6qcaEskfax7alkkao/Wxy8YgcWaVHwljZkoZM1N8TGY20HkaB7YyoGeh5byz+57VTE174GZdJalCy6aIwFcTEZPw+6XGFzIihJZQpbm8lbEAVZcaGVLAhePMvL5LGadk7K1euK6VqZRZHHg7gEI7Bg3OowhXUoA4MJDzDK7w52nlx3p2PaWvOmc3swx84nz/ePJBc</latexit>

Si
j = evolution matrix (2Nx2N)

Because of  linearity,           turns out to be exactly the same matrix as the matrix implementing 
Hamiltonian evolution in the classical theory. 

<latexit sha1_base64="7KQNGphmJpk3q5RW3gJBTjFM6+0=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPUY8OIxonlgsobZSW8yOju7zMwKYclfePGgiFf/xpt/4+Rx0MSChqKqm+6uIBFcG9f9dnJLyyura/n1wsbm1vZOcXevoeNUMayzWMSqFVCNgkusG24EthKFNAoENoPHy7HffEKleSxvzTBBP6J9yUPOqLHS3c0972adE/Iw6hZLbtmdgCwSb0ZKMEOtW/zq9GKWRigNE1Trtucmxs+oMpwJHBU6qcaEskfax7alkkao/Wxy8YgcWaVHwljZkoZM1N8TGY20HkaB7YyoGeh5byz+57VTE174GZdJalCy6aIwFcTEZPw+6XGFzIihJZQpbm8lbEAVZcaGVLAhePMvL5LGadk7K1euK6VqZRZHHg7gEI7Bg3OowhXUoA4MJDzDK7w52nlx3p2PaWvOmc3swx84nz/ePJBc</latexit>

Si
j

<latexit sha1_base64="JYNBUUBtjQGYTRnr4BGB0/yUcNI=">AAACHnicbZDJSgNBEIZ7XGPcoh69NAbBU5gRt4sgePEYiVkgMw49nU5s7GXorhHCME/ixVfx4kERwZO+jZ3l4PZDw89XVVTXn6SCW/D9T29mdm5+YbG0VF5eWV1br2xstqzODGVNqoU2nYRYJrhiTeAgWCc1jMhEsHZyez6qt++YsVyrKximLJJkoHifUwIOxZXD0PKBJHEeGol1BsVpI6Q9Dfg756qYwMZ1HoJOi7hS9Wv+WPivCaamiqaqx5X3sKdpJpkCKoi13cBPIcqJAU4FK8phZllK6C0ZsK6zikhmo3x8XoF3HenhvjbuKcBj+n0iJ9LaoUxcpyRwY3/XRvC/WjeD/kmUc5VmwBSdLOpnAoPGo6xwjxtGQQydIdRw91dMb4ghFFyiZRdC8Pvkv6a1XwuOageXB9Wzo2kcJbSNdtAeCtAxOkMXqI6aiKJ79Iie0Yv34D15r97bpHXGm85soR/yPr4AkbKjWw==</latexit>

�out = S · �in · S>

<latexit sha1_base64="mBdEUbR585Dk0UlZJ96qLF87flI=">AAACFnicbVA9SwNBEN3z2/h1ammzGAQbw50EtREEG8uIRoXcEfY2m2RxP47duUA47lfY+FdsLBSxFTv/jZvkCo0+GHi8N8PMvCQV3EIQfHkzs3PzC4tLy5WV1bX1DX9z68bqzFDWpFpoc5cQywRXrAkcBLtLDSMyEew2uT8f+bcDZizX6hqGKYsl6Sne5ZSAk9r+QTRgNI9kVrTzyEisMyhOryLa0YCnLK6Ktl8NasEY+C8JS1JFJRpt/zPqaJpJpoAKYm0rDFKIc2KAU8GKSpRZlhJ6T3qs5agiktk4H79V4D2ndHBXG1cK8Fj9OZETae1QJq5TEujbaW8k/ue1MuiexDlXaQZM0cmibiYwaDzKCHe4YRTE0BFCDXe3YtonhlBwSVZcCOH0y3/JzWEtPKrVL+vVs3oZxxLaQbtoH4XoGJ2hC9RATUTRA3pCL+jVe/SevTfvfdI645Uz2+gXvI9vvCKgUQ==</latexit>

~µout = S · ~µin



Entanglement

Entanglement entropy is only a entanglement-quantifier for pure states 

Logarithmic Negavity (based in the PPT criterion) is a convenient quantifier: 

Entanglement btw any bi-partition is determined entirely from         (     is not involved)
<latexit sha1_base64="ohVi1LzURhpDiF55+pTXDJwG0g0=">AAAB8nicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI8BLx4jmAds1jA7mSRj5rHM9AphyWd48aCIV7/Gm3/jJNmDJhY0FFXddHfFieAWfP/bK6ytb2xuFbdLO7t7+wflw6OW1amhrEm10KYTE8sEV6wJHATrJIYRGQvWjsc3M7/9xIzlWt3DJGGRJEPFB5wScFLYtXwoyUPGH6e9csWv+nPgVRLkpIJyNHrlr25f01QyBVQQa8PATyDKiAFOBZuWuqllCaFjMmSho4pIZqNsfvIUnzmljwfauFKA5+rviYxIaycydp2SwMguezPxPy9MYXAdZVwlKTBFF4sGqcCg8ex/3OeGURATRwg13N2K6YgYQsGlVHIhBMsvr5LWRTW4rNbuapV6LY+jiE7QKTpHAbpCdXSLGqiJKNLoGb2iNw+8F+/d+1i0Frx85hj9gff5A6p3kXk=</latexit>

�ij
<latexit sha1_base64="bcgeWnrqiXuQpC0pHGdq1MBjD+0=">AAAB7HicbVBNSwMxEJ34WetX1aOXYBE8lV0p6rHgxWMFty20a8mm2TY0yS5JVihLf4MXD4p49Qd589+YtnvQ1gcDj/dmmJkXpYIb63nfaG19Y3Nru7RT3t3bPzisHB23TJJpygKaiER3ImKY4IoFllvBOqlmREaCtaPx7cxvPzFteKIe7CRloSRDxWNOiXVS0JPZI+9Xql7NmwOvEr8gVSjQ7Fe+eoOEZpIpSwUxput7qQ1zoi2ngk3LvcywlNAxGbKuo4pIZsJ8fuwUnztlgONEu1IWz9XfEzmRxkxk5DolsSOz7M3E/7xuZuObMOcqzSxTdLEozgS2CZ59jgdcM2rFxBFCNXe3YjoimlDr8im7EPzll1dJ67LmX9Xq9/Vqo17EUYJTOIML8OEaGnAHTQiAAodneIU3pNALekcfi9Y1VMycwB+gzx/WbY6s</latexit>

µi

For Gaussian state and if  either of  the two subsystem is made of  a single mode, 
LogNeg is a faithful quantifier. 

Has an operational meaning: entanglement cost 

Units of  “e-bits” (1 e-bit = the entanglement in a Bell pair)

https://arxiv.org/abs/1809.09592



<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere

Example 1: Two-mode squeezing of  two h.o.’s 

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)



<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere

Example 1: Two-mode squeezing of  two h.o.’s 

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

Acting on vacuum: 

<latexit sha1_base64="NAg28sDpednIGJqAzRIrHE9IoHU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinoRCl48VrC10ISw2W7apbubsLsplBC8+Fe8eFDEq7/Cm//GTZuDtj4YeLw3w8y8MGFUacf5tiorq2vrG9XN2tb2zu6evX/QVXEqMengmMWyFyJFGBWko6lmpJdIgnjIyEM4vin8hwmRisbiXk8T4nM0FDSiGGkjBfaRNyE483iaB5knOaQivy4k6AR23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dnshRyeGmUAo1iaEhrO1N8TGeJKTXloOjnSI7XoFeJ/Xj/V0ZWfUZGkmgg8XxSlDOoYFnnAAZUEazY1BGFJza0Qj5BEWJvUaiYEd/HlZdI9b7gXjeZds95qlnFUwTE4AWfABZegBW5BG3QABo/gGbyCN+vJerHerY95a8UqZw7BH1ifPwBIlyA=</latexit>

~µin = ~0
<latexit sha1_base64="bxhb2ZqjnuOSoFeYdRnEp6FRiCg=">AAACHXicbVA9SwNBEN2LXzF+nVraLAbBKtxJUBshYGOpaDSQC2Fvs9El+3HszgnhuD9i41+xsVDEwkb8N+7FKzTxwcDjvRlm5sWJ4BaC4MurzM0vLC5Vl2srq2vrG/7m1rXVqaGsTbXQphMTywRXrA0cBOskhhEZC3YTj04L/+aeGcu1uoJxwnqS3Co+5JSAk/p+M7pnNItkmvezyEisU8hPLiM60ICnLK7yk0LCQd+vB41gAjxLwpLUUYnzvv8RDTRNJVNABbG2GwYJ9DJigFPB8lqUWpYQOiK3rOuoIpLZXjb5Lsd7ThngoTauFOCJ+nsiI9LasYxdpyRwZ6e9QvzP66YwPO5lXCUpMEV/Fg1TgUHjIio84IZREGNHCDXc3YrpHTGEggu05kIIp1+eJdcHjfCw0bxo1lvNMo4q2kG7aB+F6Ai10Bk6R21E0QN6Qi/o1Xv0nr037/2nteKVM9voD7zPb4m2or4=</latexit>

~µout = S · ~µin = ~0

<latexit sha1_base64="HupMqUh1VywMLoWa09LvBDnEf1c=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokEdSMU3Oiugn1AE8JkOmmHzkzCzEQooRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89Ucqo0o7zbS0tr6yurVc2qptb2zu79t5+WyWZxKSFE5bIboQUYVSQlqaakW4qCeIRI51odF34nQciFU3EvR6nJOBoIGhMMdJGCu0jX9EBR2HuSw6pmFz5HOlhFOW3k9AL7ZpTd6aAi8QtSQ2UaIb2l99PcMaJ0JghpXquk+ogR1JTzMik6meKpAiP0ID0DBWIExXk0y8m8MQofRgn0pTQcKr+nsgRV2rMI9NZ3KjmvUL8z+tlOr4McirSTBOBZ4vijEGdwCIS2KeSYM3GhiAsqbkV4iGSCGsTXNWE4M6/vEjaZ3X3vO7debWGV8ZRAYfgGJwCF1yABrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AGJ15iP</latexit>

�in = I4

<latexit sha1_base64="cvLodCTYk29MBhlxL+ZYIv7vGhE="></latexit>

�out = S · �in · S> =

0

BB@

cosh 2r 0 sinh 2r 0
0 cosh 2r 0 �2 cosh r sinh r

sinh 2r 0 cosh 2r 0
0 �2 cosh r sinh r 0 cosh 2r

1

CCA

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)



<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere

Example 1: Two-mode squeezing of  two h.o.’s 

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

Acting on vacuum: 

<latexit sha1_base64="NAg28sDpednIGJqAzRIrHE9IoHU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinoRCl48VrC10ISw2W7apbubsLsplBC8+Fe8eFDEq7/Cm//GTZuDtj4YeLw3w8y8MGFUacf5tiorq2vrG9XN2tb2zu6evX/QVXEqMengmMWyFyJFGBWko6lmpJdIgnjIyEM4vin8hwmRisbiXk8T4nM0FDSiGGkjBfaRNyE483iaB5knOaQivy4k6AR23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dnshRyeGmUAo1iaEhrO1N8TGeJKTXloOjnSI7XoFeJ/Xj/V0ZWfUZGkmgg8XxSlDOoYFnnAAZUEazY1BGFJza0Qj5BEWJvUaiYEd/HlZdI9b7gXjeZds95qlnFUwTE4AWfABZegBW5BG3QABo/gGbyCN+vJerHerY95a8UqZw7BH1ifPwBIlyA=</latexit>

~µin = ~0
<latexit sha1_base64="bxhb2ZqjnuOSoFeYdRnEp6FRiCg=">AAACHXicbVA9SwNBEN2LXzF+nVraLAbBKtxJUBshYGOpaDSQC2Fvs9El+3HszgnhuD9i41+xsVDEwkb8N+7FKzTxwcDjvRlm5sWJ4BaC4MurzM0vLC5Vl2srq2vrG/7m1rXVqaGsTbXQphMTywRXrA0cBOskhhEZC3YTj04L/+aeGcu1uoJxwnqS3Co+5JSAk/p+M7pnNItkmvezyEisU8hPLiM60ICnLK7yk0LCQd+vB41gAjxLwpLUUYnzvv8RDTRNJVNABbG2GwYJ9DJigFPB8lqUWpYQOiK3rOuoIpLZXjb5Lsd7ThngoTauFOCJ+nsiI9LasYxdpyRwZ6e9QvzP66YwPO5lXCUpMEV/Fg1TgUHjIio84IZREGNHCDXc3YrpHTGEggu05kIIp1+eJdcHjfCw0bxo1lvNMo4q2kG7aB+F6Ai10Bk6R21E0QN6Qi/o1Xv0nr037/2nteKVM9voD7zPb4m2or4=</latexit>

~µout = S · ~µin = ~0

<latexit sha1_base64="HupMqUh1VywMLoWa09LvBDnEf1c=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokEdSMU3Oiugn1AE8JkOmmHzkzCzEQooRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89Ucqo0o7zbS0tr6yurVc2qptb2zu79t5+WyWZxKSFE5bIboQUYVSQlqaakW4qCeIRI51odF34nQciFU3EvR6nJOBoIGhMMdJGCu0jX9EBR2HuSw6pmFz5HOlhFOW3k9AL7ZpTd6aAi8QtSQ2UaIb2l99PcMaJ0JghpXquk+ogR1JTzMik6meKpAiP0ID0DBWIExXk0y8m8MQofRgn0pTQcKr+nsgRV2rMI9NZ3KjmvUL8z+tlOr4McirSTBOBZ4vijEGdwCIS2KeSYM3GhiAsqbkV4iGSCGsTXNWE4M6/vEjaZ3X3vO7debWGV8ZRAYfgGJwCF1yABrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AGJ15iP</latexit>

�in = I4

<latexit sha1_base64="cvLodCTYk29MBhlxL+ZYIv7vGhE="></latexit>

�out = S · �in · S> =

0

BB@

cosh 2r 0 sinh 2r 0
0 cosh 2r 0 �2 cosh r sinh r

sinh 2r 0 cosh 2r 0
0 �2 cosh r sinh r 0 cosh 2r

1

CCA

Mixed

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)



<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere

correlations

Example 1: Two-mode squeezing of  two h.o.’s 

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

Acting on vacuum: 

<latexit sha1_base64="NAg28sDpednIGJqAzRIrHE9IoHU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinoRCl48VrC10ISw2W7apbubsLsplBC8+Fe8eFDEq7/Cm//GTZuDtj4YeLw3w8y8MGFUacf5tiorq2vrG9XN2tb2zu6evX/QVXEqMengmMWyFyJFGBWko6lmpJdIgnjIyEM4vin8hwmRisbiXk8T4nM0FDSiGGkjBfaRNyE483iaB5knOaQivy4k6AR23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dnshRyeGmUAo1iaEhrO1N8TGeJKTXloOjnSI7XoFeJ/Xj/V0ZWfUZGkmgg8XxSlDOoYFnnAAZUEazY1BGFJza0Qj5BEWJvUaiYEd/HlZdI9b7gXjeZds95qlnFUwTE4AWfABZegBW5BG3QABo/gGbyCN+vJerHerY95a8UqZw7BH1ifPwBIlyA=</latexit>

~µin = ~0
<latexit sha1_base64="bxhb2ZqjnuOSoFeYdRnEp6FRiCg=">AAACHXicbVA9SwNBEN2LXzF+nVraLAbBKtxJUBshYGOpaDSQC2Fvs9El+3HszgnhuD9i41+xsVDEwkb8N+7FKzTxwcDjvRlm5sWJ4BaC4MurzM0vLC5Vl2srq2vrG/7m1rXVqaGsTbXQphMTywRXrA0cBOskhhEZC3YTj04L/+aeGcu1uoJxwnqS3Co+5JSAk/p+M7pnNItkmvezyEisU8hPLiM60ICnLK7yk0LCQd+vB41gAjxLwpLUUYnzvv8RDTRNJVNABbG2GwYJ9DJigFPB8lqUWpYQOiK3rOuoIpLZXjb5Lsd7ThngoTauFOCJ+nsiI9LasYxdpyRwZ6e9QvzP66YwPO5lXCUpMEV/Fg1TgUHjIio84IZREGNHCDXc3YrpHTGEggu05kIIp1+eJdcHjfCw0bxo1lvNMo4q2kG7aB+F6Ai10Bk6R21E0QN6Qi/o1Xv0nr037/2nteKVM9voD7zPb4m2or4=</latexit>

~µout = S · ~µin = ~0

<latexit sha1_base64="HupMqUh1VywMLoWa09LvBDnEf1c=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokEdSMU3Oiugn1AE8JkOmmHzkzCzEQooRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89Ucqo0o7zbS0tr6yurVc2qptb2zu79t5+WyWZxKSFE5bIboQUYVSQlqaakW4qCeIRI51odF34nQciFU3EvR6nJOBoIGhMMdJGCu0jX9EBR2HuSw6pmFz5HOlhFOW3k9AL7ZpTd6aAi8QtSQ2UaIb2l99PcMaJ0JghpXquk+ogR1JTzMik6meKpAiP0ID0DBWIExXk0y8m8MQofRgn0pTQcKr+nsgRV2rMI9NZ3KjmvUL8z+tlOr4McirSTBOBZ4vijEGdwCIS2KeSYM3GhiAsqbkV4iGSCGsTXNWE4M6/vEjaZ3X3vO7debWGV8ZRAYfgGJwCF1yABrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AGJ15iP</latexit>

�in = I4

<latexit sha1_base64="cvLodCTYk29MBhlxL+ZYIv7vGhE="></latexit>

�out = S · �in · S> =

0

BB@

cosh 2r 0 sinh 2r 0
0 cosh 2r 0 �2 cosh r sinh r

sinh 2r 0 cosh 2r 0
0 �2 cosh r sinh r 0 cosh 2r

1

CCA

Mixed

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)



<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere

correlations

Example 1: Two-mode squeezing of  two h.o.’s 

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

Acting on vacuum: 

<latexit sha1_base64="NAg28sDpednIGJqAzRIrHE9IoHU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinoRCl48VrC10ISw2W7apbubsLsplBC8+Fe8eFDEq7/Cm//GTZuDtj4YeLw3w8y8MGFUacf5tiorq2vrG9XN2tb2zu6evX/QVXEqMengmMWyFyJFGBWko6lmpJdIgnjIyEM4vin8hwmRisbiXk8T4nM0FDSiGGkjBfaRNyE483iaB5knOaQivy4k6AR23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dnshRyeGmUAo1iaEhrO1N8TGeJKTXloOjnSI7XoFeJ/Xj/V0ZWfUZGkmgg8XxSlDOoYFnnAAZUEazY1BGFJza0Qj5BEWJvUaiYEd/HlZdI9b7gXjeZds95qlnFUwTE4AWfABZegBW5BG3QABo/gGbyCN+vJerHerY95a8UqZw7BH1ifPwBIlyA=</latexit>

~µin = ~0
<latexit sha1_base64="bxhb2ZqjnuOSoFeYdRnEp6FRiCg=">AAACHXicbVA9SwNBEN2LXzF+nVraLAbBKtxJUBshYGOpaDSQC2Fvs9El+3HszgnhuD9i41+xsVDEwkb8N+7FKzTxwcDjvRlm5sWJ4BaC4MurzM0vLC5Vl2srq2vrG/7m1rXVqaGsTbXQphMTywRXrA0cBOskhhEZC3YTj04L/+aeGcu1uoJxwnqS3Co+5JSAk/p+M7pnNItkmvezyEisU8hPLiM60ICnLK7yk0LCQd+vB41gAjxLwpLUUYnzvv8RDTRNJVNABbG2GwYJ9DJigFPB8lqUWpYQOiK3rOuoIpLZXjb5Lsd7ThngoTauFOCJ+nsiI9LasYxdpyRwZ6e9QvzP66YwPO5lXCUpMEV/Fg1TgUHjIio84IZREGNHCDXc3YrpHTGEggu05kIIp1+eJdcHjfCw0bxo1lvNMo4q2kG7aB+F6Ai10Bk6R21E0QN6Qi/o1Xv0nr037/2nteKVM9voD7zPb4m2or4=</latexit>

~µout = S · ~µin = ~0

<latexit sha1_base64="HupMqUh1VywMLoWa09LvBDnEf1c=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokEdSMU3Oiugn1AE8JkOmmHzkzCzEQooRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89Ucqo0o7zbS0tr6yurVc2qptb2zu79t5+WyWZxKSFE5bIboQUYVSQlqaakW4qCeIRI51odF34nQciFU3EvR6nJOBoIGhMMdJGCu0jX9EBR2HuSw6pmFz5HOlhFOW3k9AL7ZpTd6aAi8QtSQ2UaIb2l99PcMaJ0JghpXquk+ogR1JTzMik6meKpAiP0ID0DBWIExXk0y8m8MQofRgn0pTQcKr+nsgRV2rMI9NZ3KjmvUL8z+tlOr4McirSTBOBZ4vijEGdwCIS2KeSYM3GhiAsqbkV4iGSCGsTXNWE4M6/vEjaZ3X3vO7debWGV8ZRAYfgGJwCF1yABrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AGJ15iP</latexit>

�in = I4

<latexit sha1_base64="cvLodCTYk29MBhlxL+ZYIv7vGhE="></latexit>

�out = S · �in · S> =

0

BB@

cosh 2r 0 sinh 2r 0
0 cosh 2r 0 �2 cosh r sinh r

sinh 2r 0 cosh 2r 0
0 �2 cosh r sinh r 0 cosh 2r

1

CCA

<latexit sha1_base64="5qPVgohhj+cdYejZBq1EJgk82r8=">AAACBXicbVA9SwNBEN2LXzF+RS21WAyChYS7EKKNELCxEIlgPiB3hr3NJFmyt3fs7gnhSGPjX7GxUMTW/2Dnv3GTXKGJDwYe780wM8+POFPatr+tzNLyyupadj23sbm1vZPf3WuoMJYU6jTkoWz5RAFnAuqaaQ6tSAIJfA5Nf3g58ZsPIBULxZ0eReAFpC9Yj1GijdTJHyauDPB12L+B/vjC5aJTwnCflNxTLMedfMEu2lPgReKkpIBS1Dr5L7cb0jgAoSknSrUdO9JeQqRmlMM458YKIkKHpA9tQwUJQHnJ9IsxPjZKF/dCaUpoPFV/TyQkUGoU+KYzIHqg5r2J+J/XjnXv3EuYiGINgs4W9WKOdYgnkeAuk0A1HxlCqGTmVkwHRBKqTXA5E4Iz//IiaZSKTqVYvi0XqpU0jiw6QEfoBDnoDFXRFaqhOqLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MH1yuXeg==</latexit>

LogNeg = ln2 e
2 r (e-bits)

Conclusion: each oscillator is individually in a thermal state, and they are 
entangled: Two-mode squeezed vacuum

Entanglement: 

Mixed

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)



<latexit sha1_base64="T3+wouLrD4jLdE/rAf6whEYBSRA="></latexit>

Si
j =

0

BB@

cosh r 0 sinh r 0
0 cosh r 0 � cosh r

sinh r 0 cosh r 0
0 � sinh r 0 cosh r

1

CCAwhere
<latexit sha1_base64="DLuf/534edILnok4HQS/U6bluDc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGCbbTbt0swm7G6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJJJQtsk4YnshaAoZ4K2NdOc9lJJIQ457Ybj65nffaBSsUTc6UlK/RiGgkWMgDZSYFe8EWgM97knY8zENHADu+rUnDnwKnELUkUFWoH95Q0SksVUaMJBqb7rpNrPQWpGOJ2WvUzRFMgYhrRvqICYKj+fnz7FZ0YZ4CiRpoTGc/X3RA6xUpM4NJ0x6JFa9mbif14/09GVnzORZpoKslgUZRzrBM9ywAMmKdF8YggQycytmIxAAtEmrbIJwV1+eZV06jX3ota4bVSb9SKOEjpBp+gcuegSNdENaqE2IugRPaNX9GY9WS/Wu/WxaF2ziplj9AfW5w+MPZOA</latexit>

âin1
<latexit sha1_base64="MgV92jrqDJcCegXTw7UiRsRDaIU=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGDbbTbt0swm7E6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdmmnvLu3f3BoV446OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx9czvPjCleSLvYJIyPyZDySNOCRgpsCveiAAm97mnYszlNKgHdtWpOXPgVeIWpIoKtAL7yxskNIuZBCqI1n3XScHPiQJOBZuWvUyzlNAxGbK+oZLETPv5/PQpPjPKAEeJMiUBz9XfEzmJtZ7EoemMCYz0sjcT//P6GURXfs5lmgGTdLEoygSGBM9ywAOuGAUxMYRQxc2tmI6IIhRMWmUTgrv88irp1GvuRa1x26g260UcJXSCTtE5ctElaqIb1EJtRNEjekav6M16sl6sd+tj0bpmFTPH6A+szx+NwZOB</latexit>

âin2
<latexit sha1_base64="jD1N5ix6smHAdBothwHH8B4L4tk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnf8O2aU3cWwOvELUgNFWj79tdwFNNUsgioIFoPXCcBLyMKOBUsrwxTzRJCp2TMBoZGRDLtZYvbc3xulBEOY2UqArxQf09kRGo9k4HplAQmetWbi/95gxTCay/jUZICi+hyUZgKDDGeB4FHXDEKYmYIoYqbWzGdEEUomLgqJgR39eV10m3U3ct6865ZazWKOMroFJ2hC+SiK9RCt6iNOoiiJ/SMXtGblVsv1rv1sWwtWcXMCfoD6/MHfTKUDA==</latexit>

âout2

<latexit sha1_base64="3dqSLcGaL++/37EJASsZkBl5wzU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnv+nbNqTsL4HXiFqSGCrR9+2s4imkqWQRUEK0HrpOAlxEFnAqWV4apZgmhUzJmA0MjIpn2ssXtOT43ygiHsTIVAV6ovycyIrWeycB0SgITverNxf+8QQrhtZfxKEmBRXS5KEwFhhjPg8AjrhgFMTOEUMXNrZhOiCIUTFwVE4K7+vI66Tbq7mW9edestRpFHGV0is7QBXLRFWqhW9RGHUTRE3pGr+jNyq0X6936WLaWrGLmBP2B9fkDe66UCw==</latexit>

âout1Sqz

correlations

Example 1: Two-mode squeezing of  two h.o.’s 

Evolution:

<latexit sha1_base64="FjU6qVr3/r/SUSMvii2sEOiCbOw="></latexit>

âin2 ! âout2 = âin †
1 sinh r + âin2 cosh r

<latexit sha1_base64="eX0dTbX1mRFDBwQkh9WHti61yic="></latexit>

âin1 ! âout1 = âin1 cosh r + âin †
2 sinh r

<latexit sha1_base64="ypgGVFTzl1w10fY9h89NM3O+d4I=">AAACGXicbVDLSgMxFM3UV62vqks3wSK4kDIjRd0IBTcuK9oHdNqSSdM2bSYzJHeEMsxvuPFX3LhQxKWu/BvTdha19cCFk3PuJfceLxRcg23/WJmV1bX1jexmbmt7Z3cvv39Q00GkKKvSQASq4RHNBJesChwEa4SKEd8TrO6NbiZ+/ZEpzQP5AOOQtXzSl7zHKQEjdfK2OyCAVSd2lY+DCJI2v75vc/PGwwS7Z/M2l0l72MkX7KI9BV4mTkoKKEWlk/9yuwGNfCaBCqJ107FDaMVEAaeCJTk30iwkdET6rGmoJD7TrXh6WYJPjNLFvUCZkoCn6vxETHytx75nOn0CA73oTcT/vGYEvatWzGUYAZN09lEvEhgCPIkJd7liFMTYEEIVN7tiOiCKUDBh5kwIzuLJy6R2XnQuiqW7UqFcSuPIoiN0jE6Rgy5RGd2iCqoiip7QC3pD79az9Wp9WJ+z1oyVzhyiP7C+fwHwuaA6</latexit>

r̂iout = Si
j r̂

j
in

Acting on vacuum: 

<latexit sha1_base64="NAg28sDpednIGJqAzRIrHE9IoHU=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEinoRCl48VrC10ISw2W7apbubsLsplBC8+Fe8eFDEq7/Cm//GTZuDtj4YeLw3w8y8MGFUacf5tiorq2vrG9XN2tb2zu6evX/QVXEqMengmMWyFyJFGBWko6lmpJdIgnjIyEM4vin8hwmRisbiXk8T4nM0FDSiGGkjBfaRNyE483iaB5knOaQivy4k6AR23Wk4M8Bl4pakDkq0A/vLG8Q45URozJBSfddJtJ8hqSlmJK95qSIJwmM0JH1DBeJE+dnshRyeGmUAo1iaEhrO1N8TGeJKTXloOjnSI7XoFeJ/Xj/V0ZWfUZGkmgg8XxSlDOoYFnnAAZUEazY1BGFJza0Qj5BEWJvUaiYEd/HlZdI9b7gXjeZds95qlnFUwTE4AWfABZegBW5BG3QABo/gGbyCN+vJerHerY95a8UqZw7BH1ifPwBIlyA=</latexit>

~µin = ~0
<latexit sha1_base64="bxhb2ZqjnuOSoFeYdRnEp6FRiCg=">AAACHXicbVA9SwNBEN2LXzF+nVraLAbBKtxJUBshYGOpaDSQC2Fvs9El+3HszgnhuD9i41+xsVDEwkb8N+7FKzTxwcDjvRlm5sWJ4BaC4MurzM0vLC5Vl2srq2vrG/7m1rXVqaGsTbXQphMTywRXrA0cBOskhhEZC3YTj04L/+aeGcu1uoJxwnqS3Co+5JSAk/p+M7pnNItkmvezyEisU8hPLiM60ICnLK7yk0LCQd+vB41gAjxLwpLUUYnzvv8RDTRNJVNABbG2GwYJ9DJigFPB8lqUWpYQOiK3rOuoIpLZXjb5Lsd7ThngoTauFOCJ+nsiI9LasYxdpyRwZ6e9QvzP66YwPO5lXCUpMEV/Fg1TgUHjIio84IZREGNHCDXc3YrpHTGEggu05kIIp1+eJdcHjfCw0bxo1lvNMo4q2kG7aB+F6Ai10Bk6R21E0QN6Qi/o1Xv0nr037/2nteKVM9voD7zPb4m2or4=</latexit>

~µout = S · ~µin = ~0

<latexit sha1_base64="HupMqUh1VywMLoWa09LvBDnEf1c=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4KokEdSMU3Oiugn1AE8JkOmmHzkzCzEQooRs3/oobF4q49R/c+TdO2iy09cCFwzn3cu89Ucqo0o7zbS0tr6yurVc2qptb2zu79t5+WyWZxKSFE5bIboQUYVSQlqaakW4qCeIRI51odF34nQciFU3EvR6nJOBoIGhMMdJGCu0jX9EBR2HuSw6pmFz5HOlhFOW3k9AL7ZpTd6aAi8QtSQ2UaIb2l99PcMaJ0JghpXquk+ogR1JTzMik6meKpAiP0ID0DBWIExXk0y8m8MQofRgn0pTQcKr+nsgRV2rMI9NZ3KjmvUL8z+tlOr4McirSTBOBZ4vijEGdwCIS2KeSYM3GhiAsqbkV4iGSCGsTXNWE4M6/vEjaZ3X3vO7debWGV8ZRAYfgGJwCF1yABrgBTdACGDyCZ/AK3qwn68V6tz5mrUtWOXMA/sD6/AGJ15iP</latexit>

�in = I4

<latexit sha1_base64="cvLodCTYk29MBhlxL+ZYIv7vGhE="></latexit>

�out = S · �in · S> =

0

BB@

cosh 2r 0 sinh 2r 0
0 cosh 2r 0 �2 cosh r sinh r

sinh 2r 0 cosh 2r 0
0 �2 cosh r sinh r 0 cosh 2r

1

CCA

<latexit sha1_base64="5qPVgohhj+cdYejZBq1EJgk82r8=">AAACBXicbVA9SwNBEN2LXzF+RS21WAyChYS7EKKNELCxEIlgPiB3hr3NJFmyt3fs7gnhSGPjX7GxUMTW/2Dnv3GTXKGJDwYe780wM8+POFPatr+tzNLyyupadj23sbm1vZPf3WuoMJYU6jTkoWz5RAFnAuqaaQ6tSAIJfA5Nf3g58ZsPIBULxZ0eReAFpC9Yj1GijdTJHyauDPB12L+B/vjC5aJTwnCflNxTLMedfMEu2lPgReKkpIBS1Dr5L7cb0jgAoSknSrUdO9JeQqRmlMM458YKIkKHpA9tQwUJQHnJ9IsxPjZKF/dCaUpoPFV/TyQkUGoU+KYzIHqg5r2J+J/XjnXv3EuYiGINgs4W9WKOdYgnkeAuk0A1HxlCqGTmVkwHRBKqTXA5E4Iz//IiaZSKTqVYvi0XqpU0jiw6QEfoBDnoDFXRFaqhOqLoET2jV/RmPVkv1rv1MWvNWOnMPvoD6/MH1yuXeg==</latexit>

LogNeg = ln2 e
2 r (e-bits)

Conclusion: each oscillator is individually in a thermal state, and they are 
entangled: Two-mode squeezed vacuum

Entanglement: 

Mixed

<latexit sha1_base64="oLF82XkYdA8/hiO5nxa8eiP1y18=">AAACD3icbZDLSsNAFIYn9VbrrerSzWBRKmhJSlE3QsGN3VWwF2hCmEwndehkEmcmYgl5Aze+ihsXirh16863cdpmoa0/DHz85xzOnN+LGJXKNL+N3MLi0vJKfrWwtr6xuVXc3mnLMBaYtHDIQtH1kCSMctJSVDHSjQRBgcdIxxtejuudeyIkDfmNGkXECdCAU59ipLTlFg+R27iwfYFwYqWJLe+ESqppah/D8oPbOKEaIrdx5BZLZsWcCM6DlUEJZGq6xS+7H+I4IFxhhqTsWWaknAQJRTEjacGOJYkQHqIB6WnkKCDSSSb3pPBAO33oh0I/ruDE/T2RoEDKUeDpzgCpWzlbG5v/1Xqx8s+dhPIoVoTj6SI/ZlCFcBwO7FNBsGIjDQgLqv8K8S3S4SgdYUGHYM2ePA/tasU6rdSua6V6LYsjD/bAPigDC5yBOrgCTdACGDyCZ/AK3own48V4Nz6mrTkjm9kFf2R8/gDpMptA</latexit>

aI =
1p
2
(xI � i pI)



Evolution:

<latexit sha1_base64="HgZMpo7uuTE7wfq8ZuCPZoc5CWI=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCpBFbAgVWJhLII+pCaNHNdp3TpOZDtIVZRPYOFXWBhAiJWRjb/BbTNAy5GudHzOvfK9x48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj64nfuuBCEkjfq/GMXFD1Oc0oBgpLXnmsfBSR4QwSlTWpVd3XarfcJhB5xTmFuVZd+iZZatiTQEXiZ2TMshR98wvpxfhJCRcYYak7NhWrNwUCUUxI1nJSSSJER6hPuloylFIpJtOD8rgkVZ6MIiELq7gVP09kaJQynHo684QqYGc9ybif14nUcGlm1IeJ4pwPPsoSBhUEZykA3tUEKzYWBOEBdW7QjxAAmGlMyzpEOz5kxdJ86xin1eqt9VyrZrHUQQH4BCcABtcgBq4AXXQABg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADRGcjg==</latexit>

riout = Si
j r

j
in

where

Example 2: Beam splitter for two h.o.’s 

<latexit sha1_base64="p0jLoE9VTyHmOuIOr64JbgpHqmE="></latexit>

âin1 ! âout1 = âin1 cos ✓ + âin2 sin ✓

<latexit sha1_base64="JBHOcBp/XUTQKY3SQ8o12DGHysM="></latexit>

Si
j =

0

BB@

cos ✓ 0 sin ✓ 0
0 cos ✓ 0 sin ✓

� sin ✓ 0 cos ✓ 0
0 � sin ✓ 0 cos r

1

CCA

<latexit sha1_base64="hAxsqOJYgZy4pkK3dHppv2JntAw="></latexit>

âin2 ! âout2 = �âin1 sin ✓ + âin2 cos ✓



Evolution:

<latexit sha1_base64="HgZMpo7uuTE7wfq8ZuCPZoc5CWI=">AAACEHicbVC7TsMwFHXKq5RXgJHFokIwoCpBFbAgVWJhLII+pCaNHNdp3TpOZDtIVZRPYOFXWBhAiJWRjb/BbTNAy5GudHzOvfK9x48Zlcqyvo3C0vLK6lpxvbSxubW9Y+7uNWWUCEwaOGKRaPtIEkY5aSiqGGnHgqDQZ6Tlj64nfuuBCEkjfq/GMXFD1Oc0oBgpLXnmsfBSR4QwSlTWpVd3XarfcJhB5xTmFuVZd+iZZatiTQEXiZ2TMshR98wvpxfhJCRcYYak7NhWrNwUCUUxI1nJSSSJER6hPuloylFIpJtOD8rgkVZ6MIiELq7gVP09kaJQynHo684QqYGc9ybif14nUcGlm1IeJ4pwPPsoSBhUEZykA3tUEKzYWBOEBdW7QjxAAmGlMyzpEOz5kxdJ86xin1eqt9VyrZrHUQQH4BCcABtcgBq4AXXQABg8gmfwCt6MJ+PFeDc+Zq0FI5/ZB39gfP4ADRGcjg==</latexit>

riout = Si
j r

j
in

where

Example 2: Beam splitter for two h.o.’s 

<latexit sha1_base64="p0jLoE9VTyHmOuIOr64JbgpHqmE="></latexit>

âin1 ! âout1 = âin1 cos ✓ + âin2 sin ✓

<latexit sha1_base64="JBHOcBp/XUTQKY3SQ8o12DGHysM="></latexit>

Si
j =

0

BB@

cos ✓ 0 sin ✓ 0
0 cos ✓ 0 sin ✓

� sin ✓ 0 cos ✓ 0
0 � sin ✓ 0 cos r

1

CCA

<latexit sha1_base64="hAxsqOJYgZy4pkK3dHppv2JntAw="></latexit>

âin2 ! âout2 = �âin1 sin ✓ + âin2 cos ✓

Beam Splitters divide amplitudes and entanglement

<latexit sha1_base64="DLuf/534edILnok4HQS/U6bluDc=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGCbbTbt0swm7G6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTDlT2nG+rbX1jc2t7dJOeXdv/+DQrhx1VJJJQtsk4YnshaAoZ4K2NdOc9lJJIQ457Ybj65nffaBSsUTc6UlK/RiGgkWMgDZSYFe8EWgM97knY8zENHADu+rUnDnwKnELUkUFWoH95Q0SksVUaMJBqb7rpNrPQWpGOJ2WvUzRFMgYhrRvqICYKj+fnz7FZ0YZ4CiRpoTGc/X3RA6xUpM4NJ0x6JFa9mbif14/09GVnzORZpoKslgUZRzrBM9ywAMmKdF8YggQycytmIxAAtEmrbIJwV1+eZV06jX3ota4bVSb9SKOEjpBp+gcuegSNdENaqE2IugRPaNX9GY9WS/Wu/WxaF2ziplj9AfW5w+MPZOA</latexit>

âin1

<latexit sha1_base64="MgV92jrqDJcCegXTw7UiRsRDaIU=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwVJJS1GPBi8cK9gOaGDbbTbt0swm7E6XE/hQvHhTx6i/x5r9x2+agrQ8GHu/NMDMvTAXX4Djf1tr6xubWdmmnvLu3f3BoV446OskUZW2aiET1QqKZ4JK1gYNgvVQxEoeCdcPx9czvPjCleSLvYJIyPyZDySNOCRgpsCveiAAm97mnYszlNKgHdtWpOXPgVeIWpIoKtAL7yxskNIuZBCqI1n3XScHPiQJOBZuWvUyzlNAxGbK+oZLETPv5/PQpPjPKAEeJMiUBz9XfEzmJtZ7EoemMCYz0sjcT//P6GURXfs5lmgGTdLEoygSGBM9ywAOuGAUxMYRQxc2tmI6IIhRMWmUTgrv88irp1GvuRa1x26g260UcJXSCTtE5ctElaqIb1EJtRNEjekav6M16sl6sd+tj0bpmFTPH6A+szx+NwZOB</latexit>

âin2
<latexit sha1_base64="jD1N5ix6smHAdBothwHH8B4L4tk=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnf8O2aU3cWwOvELUgNFWj79tdwFNNUsgioIFoPXCcBLyMKOBUsrwxTzRJCp2TMBoZGRDLtZYvbc3xulBEOY2UqArxQf09kRGo9k4HplAQmetWbi/95gxTCay/jUZICi+hyUZgKDDGeB4FHXDEKYmYIoYqbWzGdEEUomLgqJgR39eV10m3U3ct6865ZazWKOMroFJ2hC+SiK9RCt6iNOoiiJ/SMXtGblVsv1rv1sWwtWcXMCfoD6/MHfTKUDA==</latexit>

âout2

<latexit sha1_base64="3dqSLcGaL++/37EJASsZkBl5wzU=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KUoh4LXjxWsB/QxrDZbtqlu0nYnYgl5K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5QSK4Bsf5tkobm1vbO+Xdyt7+weGRfVzt6jhVlHVoLGLVD4hmgkesAxwE6yeKERkI1gumN3O/98iU5nF0D7OEeZKMIx5ySsBIvl0dTghg8pANlcRxCrnv+nbNqTsL4HXiFqSGCrR9+2s4imkqWQRUEK0HrpOAlxEFnAqWV4apZgmhUzJmA0MjIpn2ssXtOT43ygiHsTIVAV6ovycyIrWeycB0SgITverNxf+8QQrhtZfxKEmBRXS5KEwFhhjPg8AjrhgFMTOEUMXNrZhOiCIUTFwVE4K7+vI66Tbq7mW9edestRpFHGV0is7QBXLRFWqhW9RGHUTRE3pGr+jNyq0X6936WLaWrGLmBP2B9fkDe66UCw==</latexit>

âout1

Bs



The Hawking Process for astrophysical BH’s
(Cont.)



Can we apply these techniques to quantify the generation of  entanglement? 
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<latexit sha1_base64="isHrHilGVkPyjS4u/6q4qT8/k+E=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK40JJIUZcFNy4r2Ac0sUwmt+3QyYOZiVJCNm78FTcuFHHrP7jzb5ymWWjrgQuHc+69c+d4MWdSWda3sbC4tLyyWlorr29sbm2bO7stGSWCQpNGPBIdj0jgLISmYopDJxZAAo9D2xtdTfz2PQjJovBWjWNwAzIIWZ9RorTUMw9SJ1+SCvAzDHfpKXNO8IOuJMt6ZsWqWjnwPLELUkEFGj3zy/EjmgQQKsqJlF3bipWbEqEY5ZCVnURCTOiIDKCraUgCkG6aH5DhI634uB8JXaHCufp7IiWBlOPA050BUUM5603E/7xuovqXbsrCOFEQ0ulD/YRjFeFJJNhnAqjiY00IFUzfiumQCEKVDq6sQ7BnvzxPWmdV+7xau6lV6rUijhLaR4foGNnoAtXRNWqgJqLoET2jV/RmPBkvxrvxMW1dMIqZPfQHxucPyTmYEQ==</latexit>

e�i w u

<latexit sha1_base64="It/FJYFXNM+6NhwDOcjWNnUHj7s=">AAACEXicbVC7SgNBFJ2NrxhfUUubwSCkCGFXgloGbCwjmAdkY5idvUmGzM4uM7ORsOwv2PgrNhaK2NrZ+TdOki008cCFwzn3ztx7vIgzpW3728qtrW9sbuW3Czu7e/sHxcOjlgpjSaFJQx7KjkcUcCagqZnm0IkkkMDj0PbG1zO/PQGpWCju9DSCXkCGgg0YJdpI/WI5ceePJEMJIFIM94kbBZi5Fexqxn3AD25lgtO0XyzZVXsOvEqcjJRQhka/+OX6IY0DEJpyolTXsSPdS4jUjHJIC26sICJ0TIbQNVSQAFQvmS+T4jOj+HgQSlNC47n6eyIhgVLTwDOdAdEjtezNxP+8bqwHV72EiSjWIOjio0HMsQ7xLB7sMwlU86khhEpmdsV0RCSh2oRYMCE4yyevktZ51bmo1m5rpXotiyOPTtApKiMHXaI6ukEN1EQUPaJn9IrerCfrxXq3PhatOSubOUZ/YH3+ABE7nRo=</latexit>

e±i w̃ v

Difficulty: Infinitely many degrees of  freedom involved

Evolution mixes infinitely many  “in” modes to produce one “out” mode
<latexit sha1_base64="Ej5JttVFD6GOYAB0SjrGEV9e7gc="></latexit>

e�i w u !
Z 1

0
dw̃

⇣
↵ww̃ e�i w̃ v + �ww̃ ei w̃ v

⌘

<latexit sha1_base64="mjTzF7ZWvApdnCekOSoIMNbaWZw=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQmqgLESC2OR6ENqQuQ4TmvVjiPbAVVRFhZ+hYUBhFj5Bzb+BjftAC1HutLROffa954wZVRpx/m2lpZXVtfWKxvVza3tnV17b7+jRCYxaWPBhOyFSBFGE9LWVDPSSyVBPGSkG46uJn73nkhFRXKrxynxORokNKYYaSMF9lHulY/kkkQFRHe5JzkUmS6CB1gEds2pOyXgInFnpAZmaAX2lxcJnHGSaMyQUn3XSbWfI6kpZqSoepkiKcIjNCB9QxPEifLzcoECnhglgrGQphINS/X3RI64UmMemk6O9FDNexPxP6+f6fjSz2mSZpokePpRnDGoBZxEAiMqCdZsbAjCkppdIR4iibA2wVVNCO78yYukc1Z3z+uNm0at2ZjFUQGH4BicAhdcgCa4Bi3QBhg8gmfwCt6sJ+vFerc+pq1L1mzmAPyB9fkDD8CY5A==</latexit>

aoutw

<latexit sha1_base64="xlRw3ne1c2Pfass2/NbWhCV3azA=">AAACD3icbVC7TsMwFHV4lvIqMLJYVCCmKkEVMFZiYSwSfUhNiRzntrXqOJHtgCorf8DCr7AwgBArKxt/g/sYoOVIVzo651773hOmnCntut/O0vLK6tp6YaO4ubW9s1va22+qJJMUGjThiWyHRAFnAhqaaQ7tVAKJQw6tcHg19lv3IBVLxK0epdCNSV+wHqNEWykonRh/8ojpSwCRY3JnfBljJvLA+JrxCMxDnudBqexW3AnwIvFmpIxmqAelLz9KaBaD0JQTpTqem+quIVIzyiEv+pmClNAh6UPHUkFiUF0zWSXHx1aJcC+RtoTGE/X3hCGxUqM4tJ0x0QM1743F/7xOpnuXXcNEmmkQdPpRL+NYJ3gcDo6YBKr5yBJCJbO7YjogklBtIyzaELz5kxdJ86zinVeqN9VyrTqLo4AO0RE6RR66QDV0jeqogSh6RM/oFb05T86L8+58TFuXnNnMAfoD5/MH+ECd2w==</latexit>

ainw̃

<latexit sha1_base64="VZsu8Y1PX9IWqHBkqJ7YFGqkzT4=">AAACGXicbVDLSgMxFM34rPVVdekmWAQXUmakqMuCG5cV7AM6tWQyt9PQTGZIMkoJ8xtu/BU3LhRxqSv/xvSx0NYDFw7n3Jvce4KUM6Vd99tZWl5ZXVsvbBQ3t7Z3dkt7+02VZJJCgyY8ke2AKOBMQEMzzaGdSiBxwKEVDK/GfusepGKJuNWjFLoxiQTrM0q0lXol1/iTR0wkAUSOyZ3xZYyZ8E+xH5IoApn3jK8ZD8E85HneK5XdijsBXiTejJTRDPVe6dMPE5rFIDTlRKmO56a6a4jUjHLIi36mICV0SCLoWCpIDKprJkvl+NgqIe4n0pbQeKL+njAkVmoUB7YzJnqg5r2x+J/XyXT/smuYSDMNgk4/6mcc6wSPY8Ihk0A1H1lCqGR2V0wHRBKqbZhFG4I3f/IiaZ5VvPNK9aZarlVncRTQITpCJ8hDF6iGrlEdNRBFj+gZvaI358l5cd6dj2nrkjObOUB/4Hz9AD3Coa0=</latexit>

ain †
w̃



Is it possible to “diagonalize” this evolution to find the progenitors of  the Hawking quanta?



Progenitors of  the out modes:            , 
They do not have well-defined “in” frequency, but they are made of  positive-frequency “in” modes, 
hence define the same “in” vacuum

Yes! 
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<latexit sha1_base64="ZhIHfR+1xV66OpWAHt8nTzQYmu0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYEERvFewHtEvJptk2NpssSVYpS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0dXUbz1SpZkU92YcUz/CA8FCRrCxUvO6d1t+Ou0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3lVLtWoWRx6O4BjK4MEF1OAG6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AIQajmc=</latexit>

FI(w)
<latexit sha1_base64="CYBgwJ5jladhsOisbTj6KYEy9gw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LgthbBfsh7VKyabYNTbJLklXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qkSrNI3ptxTH2BB5KFjGBjpYebXlqrTUpPZ71C0S27M6Bl4mWkCBnqvcJXtx+RRFBpCMdadzw3Nn6KlWGE00m+m2gaYzLCA9qxVGJBtZ/ODp6gU6v0URgpW9Kgmfp7IsVC67EIbKfAZqgXvan4n9dJTHjlp0zGiaGSzBeFCUcmQtPvUZ8pSgwfW4KJYvZWRIZYYWJsRnkbgrf48jJpnpe9i3LlrlKsVrI4cnAMJ1ACDy6hCrdQhwYQEPAMr/DmKOfFeXc+5q0rTjZzBH/gfP4A4YqPxg==</latexit>

FII(w)

Wald’75
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<latexit sha1_base64="9Dv7HV0SepaoX5p2+fjGMI58Y7o=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQQcOuBLURAjaWEcwDsjHMTu4mQ2YfzMwqYdnexl+xsVDE1h+w82+cbFJo4oELh3PuvXPnuBFnUlnWt5FbWl5ZXcuvFzY2t7Z3zN29pgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeWOriZ+6x6EZGFwq8YRdH0yCJjHKFFa6pnFxMmWJAL6KfbK8dElhrvkhDnH+EFXnKY9s2RVrAx4kdgzUkIz1Hvml9MPaexDoCgnUnZsK1LdhAjFKIe04MQSIkJHZAAdTQPig+wm2RkpPtRKH3uh0BUonKm/JxLiSzn2Xd3pEzWU895E/M/rxMq76CYsiGIFAZ0+5MUcqxBPgsF9JoAqPtaEUMH0rZgOiSBU6fgKOgR7/suLpHlasc8q1ZtqqVadxZFHB6iIyshG56iGrlEdNRBFj+gZvaI348l4Md6Nj2lrzpjN7KM/MD5/ADfWmdY=</latexit>

f(u) = e�i w u

<latexit sha1_base64="1NBtCg0cEJMk/99YZiC0f9AHrGU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosuHFZwT6gDWUyvWmHTiZhZlKoofgrblwo4tb/cOffOE2z0NYDFw7n3Dt37vFjzpR2nG+rsLa+sblV3C7t7O7tH9iHRy0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2/nfnsCUrFIPOhpDF5IhoIFjBJtpL59kvayR9KhBBAzHFQmF7O+XXaqTga8StyclFGORt/+6g0imoQgNOVEqa7rxNpLidSMcpiVeomCmNAxGULXUEFCUF6aLZ7hc6MMcBBJU0LjTP09kZJQqWnom86Q6JFa9ubif1430cGNlzIRJxoEXSwKEo51hOdR4AGTQDWfGkKoZOavmI6IJFSbwEomBHf55FXSuqy6V9Xafa1cr+VxFNEpOkMV5KJrVEd3qIGaiKJH9Ixe0Zv1ZL1Y79bHorVg5TPH6A+szx+Bg5U3</latexit>

f(v)

<latexit sha1_base64="Bz3QjSlIEVGBimoeEITrmPyErzY=">AAACCXicbVDLSsNAFJ34rPVVdelmsAh1UxIp6rLgxmUF+4AmhMn0ph06mYSZSaGEbN34K25cKOLWP3Dn3zhts9DWAxcO59w7c+8JEs6Utu1va219Y3Nru7RT3t3bPzisHB13VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC+nfndCUjFYvGgpwl4ERkKFjJKtJH8Cs7c+SPZUAKIHIe1iZ+5MsISQk7zi9yvVO26PQdeJU5BqqhAy698uYOYphEITTlRqu/YifYyIjWjHPKymypICB2TIfQNFSQC5WXzJXJ8bpQBDmNpSmg8V39PZCRSahoFpjMieqSWvZn4n9dPdXjjZUwkqQZBFx+FKcc6xrNY8IBJoJpPDSFUMrMrpiMiCdUmvLIJwVk+eZV0LuvOVb1x36g2G0UcJXSKzlANOegaNdEdaqE2ougRPaNX9GY9WS/Wu/WxaF2zipkT9AfW5w/pN5pt</latexit>

f(vreflc)

Wald’s Basis:

<latexit sha1_base64="9e+XFFKphf4ZBBNv129BD2/vI9s="></latexit>

FII(w) = N
⇣
f⇤(vreflc) + e�⇡w/ f⇤(v)

⌘

<latexit sha1_base64="USi63W8oJGKLfvhLKPPh+y+UQZA="></latexit>

FI(w) = N
⇣
f(v) + e�⇡w/ f(vreflc)

⌘



Progenitors of  the out modes:            , 
They do not have well-defined “in” frequency, but they are made of  positive-frequency “in” modes, 
hence define the same “in” vacuum

Yes! 
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<latexit sha1_base64="ZhIHfR+1xV66OpWAHt8nTzQYmu0=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVYEERvFewHtEvJptk2NpssSVYpS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305uZXVtfSO/Wdja3tndK+4fNLVMFKENIrlU7QBrypmgDcMMp+1YURwFnLaC0dXUbz1SpZkU92YcUz/CA8FCRrCxUvO6d1t+Ou0VS27FnQEtEy8jJchQ7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp7NoJOrFKH4VS2RIGzdTfEymOtB5Hge2MsBnqRW8q/ud1EhNe+ikTcWKoIPNFYcKRkWj6OuozRYnhY0swUczeisgQK0yMDahgQ/AWX14mzbOKd16p3lVLtWoWRx6O4BjK4MEF1OAG6tAAAg/wDK/w5kjnxXl3PuatOSebOYQ/cD5/AIQajmc=</latexit>

FI(w)
<latexit sha1_base64="CYBgwJ5jladhsOisbTj6KYEy9gw=">AAAB8HicbVBNSwMxEJ31s9avqkcvwSLUS9mVoh4LgthbBfsh7VKyabYNTbJLklXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut7Oyura+sZnbym/v7O7tFw4OmzpKFKENEvFItQOsKWeSNgwznLZjRbEIOG0Fo+up33qkSrNI3ptxTH2BB5KFjGBjpYebXlqrTUpPZ71C0S27M6Bl4mWkCBnqvcJXtx+RRFBpCMdadzw3Nn6KlWGE00m+m2gaYzLCA9qxVGJBtZ/ODp6gU6v0URgpW9Kgmfp7IsVC67EIbKfAZqgXvan4n9dJTHjlp0zGiaGSzBeFCUcmQtPvUZ8pSgwfW4KJYvZWRIZYYWJsRnkbgrf48jJpnpe9i3LlrlKsVrI4cnAMJ1ACDy6hCrdQhwYQEPAMr/DmKOfFeXc+5q0rTjZzBH/gfP4A4YqPxg==</latexit>

FII(w)

Wald’75
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<latexit sha1_base64="9Dv7HV0SepaoX5p2+fjGMI58Y7o=">AAACC3icbVC7SgNBFJ2Nrxhfq5Y2Q4IQQcOuBLURAjaWEcwDsjHMTu4mQ2YfzMwqYdnexl+xsVDE1h+w82+cbFJo4oELh3PuvXPnuBFnUlnWt5FbWl5ZXcuvFzY2t7Z3zN29pgxjQaFBQx6KtkskcBZAQzHFoR0JIL7LoeWOriZ+6x6EZGFwq8YRdH0yCJjHKFFa6pnFxMmWJAL6KfbK8dElhrvkhDnH+EFXnKY9s2RVrAx4kdgzUkIz1Hvml9MPaexDoCgnUnZsK1LdhAjFKIe04MQSIkJHZAAdTQPig+wm2RkpPtRKH3uh0BUonKm/JxLiSzn2Xd3pEzWU895E/M/rxMq76CYsiGIFAZ0+5MUcqxBPgsF9JoAqPtaEUMH0rZgOiSBU6fgKOgR7/suLpHlasc8q1ZtqqVadxZFHB6iIyshG56iGrlEdNRBFj+gZvaI348l4Md6Nj2lrzpjN7KM/MD5/ADfWmdY=</latexit>

f(u) = e�i w u

<latexit sha1_base64="1NBtCg0cEJMk/99YZiC0f9AHrGU=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosuHFZwT6gDWUyvWmHTiZhZlKoofgrblwo4tb/cOffOE2z0NYDFw7n3Dt37vFjzpR2nG+rsLa+sblV3C7t7O7tH9iHRy0VJZJCk0Y8kh2fKOBMQFMzzaETSyChz6Htj2/nfnsCUrFIPOhpDF5IhoIFjBJtpL59kvayR9KhBBAzHFQmF7O+XXaqTga8StyclFGORt/+6g0imoQgNOVEqa7rxNpLidSMcpiVeomCmNAxGULXUEFCUF6aLZ7hc6MMcBBJU0LjTP09kZJQqWnom86Q6JFa9ubif1430cGNlzIRJxoEXSwKEo51hOdR4AGTQDWfGkKoZOavmI6IJFSbwEomBHf55FXSuqy6V9Xafa1cr+VxFNEpOkMV5KJrVEd3qIGaiKJH9Ixe0Zv1ZL1Y79bHorVg5TPH6A+szx+Bg5U3</latexit>

f(v)

<latexit sha1_base64="Bz3QjSlIEVGBimoeEITrmPyErzY=">AAACCXicbVDLSsNAFJ34rPVVdelmsAh1UxIp6rLgxmUF+4AmhMn0ph06mYSZSaGEbN34K25cKOLWP3Dn3zhts9DWAxcO59w7c+8JEs6Utu1va219Y3Nru7RT3t3bPzisHB13VJxKCm0a81j2AqKAMwFtzTSHXiKBRAGHbjC+nfndCUjFYvGgpwl4ERkKFjJKtJH8Cs7c+SPZUAKIHIe1iZ+5MsISQk7zi9yvVO26PQdeJU5BqqhAy698uYOYphEITTlRqu/YifYyIjWjHPKymypICB2TIfQNFSQC5WXzJXJ8bpQBDmNpSmg8V39PZCRSahoFpjMieqSWvZn4n9dPdXjjZUwkqQZBFx+FKcc6xrNY8IBJoJpPDSFUMrMrpiMiCdUmvLIJwVk+eZV0LuvOVb1x36g2G0UcJXSKzlANOegaNdEdaqE2ougRPaNX9GY9WS/Wu/WxaF2zipkT9AfW5w/pN5pt</latexit>

f(vreflc)

Wald’s Basis:

<latexit sha1_base64="9e+XFFKphf4ZBBNv129BD2/vI9s="></latexit>

FII(w) = N
⇣
f⇤(vreflc) + e�⇡w/ f⇤(v)

⌘

<latexit sha1_base64="USi63W8oJGKLfvhLKPPh+y+UQZA="></latexit>

FI(w) = N
⇣
f(v) + e�⇡w/ f(vreflc)

⌘
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<latexit sha1_base64="P+NOYuS004SezY8tSvNjdxD53yM=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVtCSlqBuh4KbLCn1BE8NkOmmHTiZhZmIpIb/gxl9x40IRt+7c+TdOHwttPXC5h3PuZeYeP2ZUKsv6NlZW19Y3NnNb+e2d3b198+CwJaNEYNLEEYtEx0eSMMpJU1HFSCcWBIU+I21/eDvx2w9ESBrxhhrHxA1Rn9OAYqS05JlF4dWKo7MbRyE+uE8v7AwS3ZxAIJyOsrTsnMOGV8syzyxYJWsKuEzsOSmAOeqe+eX0IpyEhCvMkJRd24qVmyKhKGYkyzuJJDHCQ9QnXU05Col00+lFGTzVSg8GkdDFFZyqvzdSFEo5Dn09GSI1kIveRPzP6yYquHZTyuNEEY5nDwUJgyqCk3hgjwqCFRtrgrCg+q8QD5AOQ+kQ8zoEe/HkZdIql+zLUuWuUqhW5nHkwDE4AUVggytQBTVQB02AwSN4Bq/gzXgyXox342M2umLMd47AHxifP7W2nEs=</latexit>

rH(w) = tanh�1 e�
w

2TH

TWO-MODE SQUEEZER!

where

<latexit sha1_base64="cIi/8uVmxORPkGWzQfZOWxyYnI0=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMlFtiKRB9SEyrHdVqrjhPZN0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrmZ+94EpzSN5B9OYeSEZSR5wSsBIg2otdfNLUl8kLMPumAAm92nqqhBzCVk2uMlMyq7bOfAycQpSQwVag+qXO4xoEjIJVBCt+44dg5cSBZwKllXcRLOY0AkZsb6hkoRMe2m+R4ZPjDLEQaTMkYBz9fdESkKtp6FvkiGBsV70ZuJ/Xj+B4NJLuYwTYJLOHwoSgSHCs2bwkCtGQUwNIVRxsyumY6IIBdNfxZTgLH55mXTO6k6jfn57Xms2ijrK6Agdo1PkoAvURNeohdqIokf0jF7Rm/VkvVjv1sc8WrKKmUP0B9bnD5lxm+8=</latexit>

âintI

<latexit sha1_base64="24J2rxeDuq6iG9FoTRVE+6e653Q=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJUAWMlFtiKRB9SEyrHvWmtOk5kO0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEUmjTiEey5xMFnAloa6Y59GIJJPQ5dP3J1czvPoBULBJ3ehqDF5KRYAGjRBtpUK3h1M1vSUcSQGTYHRONyX3qyhAzkQ1uMmxSdt3OgZeJU5AaKtAaVL/cYUSTEISmnCjVd+xYeymRmlEOWcVNFMSETsgI+oYKEoLy0nyNDJ8YZYiDSJojNM7V3xMpCZWahr5JhkSP1aI3E//z+okOLr2UiTjRIOj8oSDhWEd41gweMglU86khhEpmdsV0TCSh2vRXMSU4i19eJp2zunNeb9w2as1GUUcZHaFjdIocdIGa6Bq1UBtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AWdamyo=</latexit>

âinI

<latexit sha1_base64="q0dKipjV9goxODuEXUMhKMN3mQw=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQmqgLESC92KRB9SEyrHvW2tOk5kO0hVlD9g4VdYGECIlZWNv8FNO0DLka50dM699r0niDlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJRICk0a8Uh2AqKAMwFNzTSHTiyBhAGHdjC+nvrtB5CKReJOT2LwQzIUbMAo0Ubq2ac49fJX0qEEEBn2RkRjcp96MsRMZL20Xs8y3LPLTsXJgZeJOydlNEejZ395/YgmIQhNOVGq6zqx9lMiNaMcspKXKIgJHZMhdA0VJATlp/kmGT4xSh8PImlKaJyrvydSEio1CQPTGRI9UoveVPzP6yZ6cOWnTMSJBkFnHw0SjnWEp+HgPpNANZ8YQqhkZldMR0QSqk2EJROCu3jyMmmdV9yLSvW2Wq5V53EU0RE6RmfIRZeohm5QAzURRY/oGb2iN+vJerHerY9Za8GazxyiP7A+fwDnZZyJ</latexit>
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<latexit sha1_base64="DtLvA5XZ5yx+bWQ8Ty+0mT1NLeI=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqexKUY8FLx4r2B/o1pLNZtvQJLskWaWEfQAvvooXD4p49QG8+Tam2z1o60BgmJkv+TJBwqjSrvvtlFZW19Y3ypuVre2d3b3q/kFHxanEpI1jFstegBRhVJC2ppqRXiIJ4gEj3WByNfO790QqGotbPU3IgKORoBHFSFtpWK1B4+e3GEnCDPpjpCG6M77kME2yoXnIMmhTbt3NAZeJV5AaKNAaVr/8MMYpJ0JjhpTqe26iBwZJTTEjWcVPFUkQnqAR6VsqECdqYPI1MnhilRBGsbRHaJirvycM4kpNeWCTHOmxWvRm4n9eP9XR5cBQkaSaCDx/KEoZ1DGcNQNDKgnWbGoJwpLaXSEeI4mwtv1VbAne4peXSees7p3XGzeNWrNR1FEGR+AYnAIPXIAmuAYt0AYYPIJn8ArenCfnxXl3PubRklPMHII/cD5/APVFm4g=</latexit>

âupw

<latexit sha1_base64="Ma+c+8hO0iCnf3VdahfzNZu2iBI="></latexit>

âin
I
! âup

w
= âin

I
cosh rH � âin †

II
sinh rH

<latexit sha1_base64="9J7HeVj3BcTBQhGPOk429BZN1H0="></latexit>

âin
II

! âint
w

= �âin †
I

sinh rH + âin
II

cosh rH
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<latexit sha1_base64="cIi/8uVmxORPkGWzQfZOWxyYnI0=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMlFtiKRB9SEyrHdVqrjhPZN0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrmZ+94EpzSN5B9OYeSEZSR5wSsBIg2otdfNLUl8kLMPumAAm92nqqhBzCVk2uMlMyq7bOfAycQpSQwVag+qXO4xoEjIJVBCt+44dg5cSBZwKllXcRLOY0AkZsb6hkoRMe2m+R4ZPjDLEQaTMkYBz9fdESkKtp6FvkiGBsV70ZuJ/Xj+B4NJLuYwTYJLOHwoSgSHCs2bwkCtGQUwNIVRxsyumY6IIBdNfxZTgLH55mXTO6k6jfn57Xms2ijrK6Agdo1PkoAvURNeohdqIokf0jF7Rm/VkvVjv1sc8WrKKmUP0B9bnD5lxm+8=</latexit>

âintI

<latexit sha1_base64="24J2rxeDuq6iG9FoTRVE+6e653Q=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJUAWMlFtiKRB9SEyrHvWmtOk5kO0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEUmjTiEey5xMFnAloa6Y59GIJJPQ5dP3J1czvPoBULBJ3ehqDF5KRYAGjRBtpUK3h1M1vSUcSQGTYHRONyX3qyhAzkQ1uMmxSdt3OgZeJU5AaKtAaVL/cYUSTEISmnCjVd+xYeymRmlEOWcVNFMSETsgI+oYKEoLy0nyNDJ8YZYiDSJojNM7V3xMpCZWahr5JhkSP1aI3E//z+okOLr2UiTjRIOj8oSDhWEd41gweMglU86khhEpmdsV0TCSh2vRXMSU4i19eJp2zunNeb9w2as1GUUcZHaFjdIocdIGa6Bq1UBtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AWdamyo=</latexit>

âinI

<latexit sha1_base64="q0dKipjV9goxODuEXUMhKMN3mQw=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQmqgLESC92KRB9SEyrHvW2tOk5kO0hVlD9g4VdYGECIlZWNv8FNO0DLka50dM699r0niDlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJRICk0a8Uh2AqKAMwFNzTSHTiyBhAGHdjC+nvrtB5CKReJOT2LwQzIUbMAo0Ubq2ac49fJX0qEEEBn2RkRjcp96MsRMZL20Xs8y3LPLTsXJgZeJOydlNEejZ395/YgmIQhNOVGq6zqx9lMiNaMcspKXKIgJHZMhdA0VJATlp/kmGT4xSh8PImlKaJyrvydSEio1CQPTGRI9UoveVPzP6yZ6cOWnTMSJBkFnHw0SjnWEp+HgPpNANZ8YQqhkZldMR0QSqk2EJROCu3jyMmmdV9yLSvW2Wq5V53EU0RE6RmfIRZeohm5QAzURRY/oGb2iN+vJerHerY9Za8GazxyiP7A+fwDnZZyJ</latexit>
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<latexit sha1_base64="DtLvA5XZ5yx+bWQ8Ty+0mT1NLeI=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqexKUY8FLx4r2B/o1pLNZtvQJLskWaWEfQAvvooXD4p49QG8+Tam2z1o60BgmJkv+TJBwqjSrvvtlFZW19Y3ypuVre2d3b3q/kFHxanEpI1jFstegBRhVJC2ppqRXiIJ4gEj3WByNfO790QqGotbPU3IgKORoBHFSFtpWK1B4+e3GEnCDPpjpCG6M77kME2yoXnIMmhTbt3NAZeJV5AaKNAaVr/8MMYpJ0JjhpTqe26iBwZJTTEjWcVPFUkQnqAR6VsqECdqYPI1MnhilRBGsbRHaJirvycM4kpNeWCTHOmxWvRm4n9eP9XR5cBQkaSaCDx/KEoZ1DGcNQNDKgnWbGoJwpLaXSEeI4mwtv1VbAne4peXSees7p3XGzeNWrNR1FEGR+AYnAIPXIAmuAYt0AYYPIJn8ArenCfnxXl3PubRklPMHII/cD5/APVFm4g=</latexit>

âupw

<latexit sha1_base64="24J2rxeDuq6iG9FoTRVE+6e653Q=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhJUAWMlFtiKRB9SEyrHvWmtOk5kO0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fP+ZMadv+tkorq2vrG+XNytb2zu5edf+go6JEUmjTiEey5xMFnAloa6Y59GIJJPQ5dP3J1czvPoBULBJ3ehqDF5KRYAGjRBtpUK3h1M1vSUcSQGTYHRONyX3qyhAzkQ1uMmxSdt3OgZeJU5AaKtAaVL/cYUSTEISmnCjVd+xYeymRmlEOWcVNFMSETsgI+oYKEoLy0nyNDJ8YZYiDSJojNM7V3xMpCZWahr5JhkSP1aI3E//z+okOLr2UiTjRIOj8oSDhWEd41gweMglU86khhEpmdsV0TCSh2vRXMSU4i19eJp2zunNeb9w2as1GUUcZHaFjdIocdIGa6Bq1UBtR9Iie0St6s56sF+vd+phHS1Yxc4j+wPr8AWdamyo=</latexit>

âinI

<latexit sha1_base64="q0dKipjV9goxODuEXUMhKMN3mQw=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQmqgLESC92KRB9SEyrHvW2tOk5kO0hVlD9g4VdYGECIlZWNv8FNO0DLka50dM699r0niDlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJRICk0a8Uh2AqKAMwFNzTSHTiyBhAGHdjC+nvrtB5CKReJOT2LwQzIUbMAo0Ubq2ac49fJX0qEEEBn2RkRjcp96MsRMZL20Xs8y3LPLTsXJgZeJOydlNEejZ395/YgmIQhNOVGq6zqx9lMiNaMcspKXKIgJHZMhdA0VJATlp/kmGT4xSh8PImlKaJyrvydSEio1CQPTGRI9UoveVPzP6yZ6cOWnTMSJBkFnHw0SjnWEp+HgPpNANZ8YQqhkZldMR0QSqk2EJROCu3jyMmmdV9yLSvW2Wq5V53EU0RE6RmfIRZeohm5QAzURRY/oGb2iN+vJerHerY9Za8GazxyiP7A+fwDnZZyJ</latexit>

âinII

<latexit sha1_base64="cIi/8uVmxORPkGWzQfZOWxyYnI0=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMlFtiKRB9SEyrHdVqrjhPZN0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrmZ+94EpzSN5B9OYeSEZSR5wSsBIg2otdfNLUl8kLMPumAAm92nqqhBzCVk2uMlMyq7bOfAycQpSQwVag+qXO4xoEjIJVBCt+44dg5cSBZwKllXcRLOY0AkZsb6hkoRMe2m+R4ZPjDLEQaTMkYBz9fdESkKtp6FvkiGBsV70ZuJ/Xj+B4NJLuYwTYJLOHwoSgSHCs2bwkCtGQUwNIVRxsyumY6IIBdNfxZTgLH55mXTO6k6jfn57Xms2ijrK6Agdo1PkoAvURNeohdqIokf0jF7Rm/VkvVjv1sc8WrKKmUP0B9bnD5lxm+8=</latexit>

âintI

<latexit sha1_base64="DtLvA5XZ5yx+bWQ8Ty+0mT1NLeI=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqexKUY8FLx4r2B/o1pLNZtvQJLskWaWEfQAvvooXD4p49QG8+Tam2z1o60BgmJkv+TJBwqjSrvvtlFZW19Y3ypuVre2d3b3q/kFHxanEpI1jFstegBRhVJC2ppqRXiIJ4gEj3WByNfO790QqGotbPU3IgKORoBHFSFtpWK1B4+e3GEnCDPpjpCG6M77kME2yoXnIMmhTbt3NAZeJV5AaKNAaVr/8MMYpJ0JjhpTqe26iBwZJTTEjWcVPFUkQnqAR6VsqECdqYPI1MnhilRBGsbRHaJirvycM4kpNeWCTHOmxWvRm4n9eP9XR5cBQkaSaCDx/KEoZ1DGcNQNDKgnWbGoJwpLaXSEeI4mwtv1VbAne4peXSees7p3XGzeNWrNR1FEGR+AYnAIPXIAmuAYt0AYYPIJn8ArenCfnxXl3PubRklPMHII/cD5/APVFm4g=</latexit>

âupw



Including back-scattering
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<latexit sha1_base64="URUyogcp0z06t87G5VR1WM0wbsM=">AAAB+3icdVBNS8NAEN34bf2qevSyWARPYVNjbG8FLx4rWBXaGDbbrV3cbMLuRC2hf8WLB0W8+ke8+W/cfggq+mDg8d4MM/PiTAoDhHw4M7Nz8wuLS8ulldW19Y3y5ta5SXPNeIulMtWXMTVcCsVbIEDyy0xzmsSSX8Q3xyP/4pZrI1J1BoOMhwm9VqInGAUrReWtTp8Cjq+Kjk6wUDCM7qJyhbj1OvG9ABP3kJBqULeEHFRrQYA9l4xRQVM0o/J7p5uyPOEKmKTGtD2SQVhQDYJJPix1csMzym7oNW9bqmjCTViMbx/iPat0cS/VthTgsfp9oqCJMYMktp0Jhb757Y3Ev7x2Dr1aWAiV5cAVmyzq5RJDikdB4K7QnIEcWEKZFvZWzPpUUwY2rpIN4etT/D85r7pe4PqnfqXhT+NYQjtoF+0jDx2hBjpBTdRCDN2jB/SEnp2h8+i8OK+T1hlnOrONfsB5+wRCGpST</latexit>

b̂intw

<latexit sha1_base64="5/PpV9onK8ezg/3PpivxtQDcC84=">AAAB+nicdVDLSgMxFM34rPU11aWbYBFcDZk6ju2u4MZlBfuAdiyZNG1DM5khyVjK2E9x40IRt36JO//G9CGo6IELh3Pu5d57woQzpRH6sFZW19Y3NnNb+e2d3b19u3DQUHEqCa2TmMeyFWJFORO0rpnmtJVIiqOQ02Y4upz5zTsqFYvFjZ4kNIjwQLA+I1gbqWsXOkOsYXibdWQEmZh2x127iJxKBXmuD5FzjlDJrxiCzkpl34eug+YogiVqXfu904tJGlGhCcdKtV2U6CDDUjPC6TTfSRVNMBnhAW0bKnBEVZDNT5/CE6P0YD+WpoSGc/X7RIYjpSZRaDojrIfqtzcT//Laqe6Xg4yJJNVUkMWifsqhjuEsB9hjkhLNJ4ZgIpm5FZIhlphok1behPD1KfyfNEqO6zvetVesess4cuAIHINT4IILUAVXoAbqgIAxeABP4Nm6tx6tF+t10bpiLWcOwQ9Yb59mlpQV</latexit>

b̂inw

<latexit sha1_base64="5/PpV9onK8ezg/3PpivxtQDcC84=">AAAB+nicdVDLSgMxFM34rPU11aWbYBFcDZk6ju2u4MZlBfuAdiyZNG1DM5khyVjK2E9x40IRt36JO//G9CGo6IELh3Pu5d57woQzpRH6sFZW19Y3NnNb+e2d3b19u3DQUHEqCa2TmMeyFWJFORO0rpnmtJVIiqOQ02Y4upz5zTsqFYvFjZ4kNIjwQLA+I1gbqWsXOkOsYXibdWQEmZh2x127iJxKBXmuD5FzjlDJrxiCzkpl34eug+YogiVqXfu904tJGlGhCcdKtV2U6CDDUjPC6TTfSRVNMBnhAW0bKnBEVZDNT5/CE6P0YD+WpoSGc/X7RIYjpSZRaDojrIfqtzcT//Laqe6Xg4yJJNVUkMWifsqhjuEsB9hjkhLNJ4ZgIpm5FZIhlphok1behPD1KfyfNEqO6zvetVesess4cuAIHINT4IILUAVXoAbqgIAxeABP4Nm6tx6tF+t10bpiLWcOwQ9Yb59mlpQV</latexit>

b̂inw

<latexit sha1_base64="5/PpV9onK8ezg/3PpivxtQDcC84=">AAAB+nicdVDLSgMxFM34rPU11aWbYBFcDZk6ju2u4MZlBfuAdiyZNG1DM5khyVjK2E9x40IRt36JO//G9CGo6IELh3Pu5d57woQzpRH6sFZW19Y3NnNb+e2d3b19u3DQUHEqCa2TmMeyFWJFORO0rpnmtJVIiqOQ02Y4upz5zTsqFYvFjZ4kNIjwQLA+I1gbqWsXOkOsYXibdWQEmZh2x127iJxKBXmuD5FzjlDJrxiCzkpl34eug+YogiVqXfu904tJGlGhCcdKtV2U6CDDUjPC6TTfSRVNMBnhAW0bKnBEVZDNT5/CE6P0YD+WpoSGc/X7RIYjpSZRaDojrIfqtzcT//Laqe6Xg4yJJNVUkMWifsqhjuEsB9hjkhLNJ4ZgIpm5FZIhlphok1behPD1KfyfNEqO6zvetVesess4cuAIHINT4IILUAVXoAbqgIAxeABP4Nm6tx6tF+t10bpiLWcOwQ9Yb59mlpQV</latexit>

b̂inw

BEAM SPLITTER

Transmission coeffs. (Page’76)
Where:

<latexit sha1_base64="5/PpV9onK8ezg/3PpivxtQDcC84=">AAAB+nicdVDLSgMxFM34rPU11aWbYBFcDZk6ju2u4MZlBfuAdiyZNG1DM5khyVjK2E9x40IRt36JO//G9CGo6IELh3Pu5d57woQzpRH6sFZW19Y3NnNb+e2d3b19u3DQUHEqCa2TmMeyFWJFORO0rpnmtJVIiqOQ02Y4upz5zTsqFYvFjZ4kNIjwQLA+I1gbqWsXOkOsYXibdWQEmZh2x127iJxKBXmuD5FzjlDJrxiCzkpl34eug+YogiVqXfu904tJGlGhCcdKtV2U6CDDUjPC6TTfSRVNMBnhAW0bKnBEVZDNT5/CE6P0YD+WpoSGc/X7RIYjpSZRaDojrIfqtzcT//Laqe6Xg4yJJNVUkMWifsqhjuEsB9hjkhLNJ4ZgIpm5FZIhlphok1behPD1KfyfNEqO6zvetVesess4cuAIHINT4IILUAVXoAbqgIAxeABP4Nm6tx6tF+t10bpiLWcOwQ9Yb59mlpQV</latexit>

b̂inw

<latexit sha1_base64="DtLvA5XZ5yx+bWQ8Ty+0mT1NLeI=">AAACDHicbVDNSgMxGMzWv1r/qh69BIvgqexKUY8FLx4r2B/o1pLNZtvQJLskWaWEfQAvvooXD4p49QG8+Tam2z1o60BgmJkv+TJBwqjSrvvtlFZW19Y3ypuVre2d3b3q/kFHxanEpI1jFstegBRhVJC2ppqRXiIJ4gEj3WByNfO790QqGotbPU3IgKORoBHFSFtpWK1B4+e3GEnCDPpjpCG6M77kME2yoXnIMmhTbt3NAZeJV5AaKNAaVr/8MMYpJ0JjhpTqe26iBwZJTTEjWcVPFUkQnqAR6VsqECdqYPI1MnhilRBGsbRHaJirvycM4kpNeWCTHOmxWvRm4n9eP9XR5cBQkaSaCDx/KEoZ1DGcNQNDKgnWbGoJwpLaXSEeI4mwtv1VbAne4peXSees7p3XGzeNWrNR1FEGR+AYnAIPXIAmuAYt0AYYPIJn8ArenCfnxXl3PubRklPMHII/cD5/APVFm4g=</latexit>

âupw

<latexit sha1_base64="URUyogcp0z06t87G5VR1WM0wbsM=">AAAB+3icdVBNS8NAEN34bf2qevSyWARPYVNjbG8FLx4rWBXaGDbbrV3cbMLuRC2hf8WLB0W8+ke8+W/cfggq+mDg8d4MM/PiTAoDhHw4M7Nz8wuLS8ulldW19Y3y5ta5SXPNeIulMtWXMTVcCsVbIEDyy0xzmsSSX8Q3xyP/4pZrI1J1BoOMhwm9VqInGAUrReWtTp8Cjq+Kjk6wUDCM7qJyhbj1OvG9ABP3kJBqULeEHFRrQYA9l4xRQVM0o/J7p5uyPOEKmKTGtD2SQVhQDYJJPix1csMzym7oNW9bqmjCTViMbx/iPat0cS/VthTgsfp9oqCJMYMktp0Jhb757Y3Ev7x2Dr1aWAiV5cAVmyzq5RJDikdB4K7QnIEcWEKZFvZWzPpUUwY2rpIN4etT/D85r7pe4PqnfqXhT+NYQjtoF+0jDx2hBjpBTdRCDN2jB/SEnp2h8+i8OK+T1hlnOrONfsB5+wRCGpST</latexit>

b̂intw

<latexit sha1_base64="GeMbOOsflNdLppq89sLVp3U3ryg=">AAACDXicbVC7TsMwFHV4lvIKMLJYFCSmKkEVMFZiYSwSfUhNiBzHaa06D9k3oCrKD7DwKywMIMTKzsbf4KYdoOVIVzo651773uOngiuwrG9jaXlldW29slHd3Nre2TX39jsqySRlbZqIRPZ8opjgMWsDB8F6qWQk8gXr+qOrid+9Z1LxJL6FccrciAxiHnJKQEueeYxzp3wllywosDMkgMld7sgIJxkUXv5QFNgza1bdKoEXiT0jNTRDyzO/nCChWcRioIIo1betFNycSOBUsKLqZIqlhI7IgPU1jUnElJuXexT4RCsBDhOpKwZcqr8nchIpNY583RkRGKp5byL+5/UzCC/dnMdpBiym04/CTGBI8CQaHHDJKIixJoRKrnfFdEgkoaADrOoQ7PmTF0nnrG6f1xs3jVqzMYujgg7RETpFNrpATXSNWqiNKHpEz+gVvRlPxovxbnxMW5eM2cwB+gPj8wfWoZwF</latexit>

âoutw

<latexit sha1_base64="X+ME1YdOZctlNWPDgPCsSv+epV0=">AAACB3icbVA9SwNBEN3zM8avqKUgi0HQJtxJUBtBsNAyglEhF8PcZmIWd++O3TklHOls/Cs2ForY+hfs/DduYgq/Hgw83pthZl6UKmnJ9z+8sfGJyanpwkxxdm5+YbG0tHxmk8wIrItEJeYiAotKxlgnSQovUoOgI4Xn0fXhwD+/QWNlEp9SL8WmhqtYdqQAclKrtBYegdbQykNUqr95u7UfisRebvOQukjQKpX9ij8E/0uCESmzEWqt0nvYTkSmMSahwNpG4KfUzMGQFAr7xTCzmIK4hitsOBqDRtvMh3/0+YZT2ryTGFcx8aH6fSIHbW1PR65TA3Xtb28g/uc1MursNXMZpxlhLL4WdTLFKeGDUHhbGhSkeo6AMNLdykUXDAhy0RVdCMHvl/+Ss+1KsFOpnlTLB9VRHAW2ytbZJgvYLjtgx6zG6kywO/bAntizd+89ei/e61frmDeaWWE/4L19AhnNmMk=</latexit>

�`(w) = cos2 ✓
<latexit sha1_base64="oCQuPf7j3MdEOuJkqAGnK79Fsmc="></latexit>

! = �âupw sin ✓ + cos ✓

<latexit sha1_base64="0VP6R9C1e210e5Pyav0zKUqU2jw="></latexit>

âupw ! âoutw = âupw cos ✓ + sin ✓



To summarize



 =   Two-mode Squeezer + Beam splitter 

3 modes to 3 modes

For a fixed w

This allows direct application of  techniques for Gaussian quantum states discussed before

Hawking effect:

Evolution does not mix different w-sectors

= =



Evolution matrix:

<latexit sha1_base64="eKERDa2S3R0lFvwhd8KBHIyJYhg=">AAACEHicbVBNS8NAEN3Ur1q/oh69LBaxQimJFPVY8OKxgq2FJoTNdtsu3d2E3U2hhPwEL/4VLx4U8erRm//GbRtEWx8MPN6bYWZeGDOqtON8WYWV1bX1jeJmaWt7Z3fP3j9oqyiRmLRwxCLZCZEijArS0lQz0oklQTxk5D4cXU/9+zGRikbiTk9i4nM0ELRPMdJGCuzTijcmOPV4kgWpJzmkIqt6VegpOuDoRzoL7LJTc2aAy8TNSRnkaAb2p9eLcMKJ0JghpbquE2s/RVJTzEhW8hJFYoRHaEC6hgrEifLT2UMZPDFKD/YjaUpoOFN/T6SIKzXhoenkSA/VojcV//O6ie5f+SkVcaKJwPNF/YRBHcFpOrBHJcGaTQxBWFJzK8RDJBHWJsOSCcFdfHmZtM9r7kWtflsvN+p5HEVwBI5BBbjgEjTADWiCFsDgATyBF/BqPVrP1pv1Pm8tWPnMIfgD6+MbKQicoA==</latexit>

(~µin, �in)
<latexit sha1_base64="1ABI3WRTXoY7Ui31SPUTElxoQNM="></latexit>

(~µout = Stot · ~µin, �out = Stot · �in · S>
tot)Evolution of  “in” state to “out” state:

<latexit sha1_base64="tIHcZ+35U4D/SOw8nUGKuSI2biw=">AAACCnicbVDLSgMxFM34rPU16tJNtAiuyowUdSOUuumyUvuAtpRMmmlDM5khuSOUYdZu/BU3LhRx6xe4829M21lo64HAyTn3kpzjRYJrcJxva2V1bX1jM7eV397Z3du3Dw6bOowVZQ0ailC1PaKZ4JI1gINg7UgxEniCtbzx7dRvPTCleSjvYRKxXkCGkvucEjBS3z6p95OuCjCEkN5kvFJPu3QQAjb3atq3C07RmQEvEzcjBZSh1re/uoOQxgGTQAXRuuM6EfQSooBTwdJ8N9YsInRMhqxjqCQB071kFiXFZ0YZYD9U5kjAM/X3RkICrSeBZyYDAiO96E3F/7xODP51L+EyioFJOn/Ij4UJjqe94AFXjIKYGEKo4uavmI6IIhRMe3lTgrsYeZk0L4ruZbF0VyqUK1kdOXSMTtE5ctEVKqMqqqEGougRPaNX9GY9WS/Wu/UxH12xsp0j9AfW5w+22ZpJ</latexit>

Stot = SBS · SH



Vacuum Input

<latexit sha1_base64="Ia1o+HsTPlEI0bih3jeeFT1J4Jc=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgWIU7CWojBGwsI5gYyB3H3maSLNndO3b3AuGIjX/FxkIRW/+Fnf/GTXKFJj4YeLw3w8y8KOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUUWjSmMeqHRENnEloGmY4tBMFREQcHqLhzdR/GIHSLJb3ZpxAIEhfsh6jxFgpLB/5I6DYF2mY+UpgJifXM8UNyxW36s6Al4mXkwrK0QjLX343pqkAaSgnWnc8NzFBRpRhlMOk5KcaEkKHpA8dSyURoINs9sEEn1qli3uxsiUNnqm/JzIitB6LyHYKYgZ60ZuK/3md1PSugozJJDUg6XxRL+XYxHgaB+4yBdTwsSWEKmZvxXRAFKHGhlayIXiLLy+T1nnVu6jW7mqVei2Po4iO0Qk6Qx66RHV0ixqoiSh6RM/oFb05T86L8+58zFsLTj5ziP7A+fwBgbWWPg==</latexit>

~µin = ~0
<latexit sha1_base64="9fR4CJ0rwb/1pJjcYnaKMFWVP80=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkVDdCwY3uKtgHNCFMppN26MwkzEyEErpx46+4caGIW//BnX/jpM1CWw9cOJxzL/feEyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG4+vc7z4QqWgs7vUkIT5HQ0EjipE2UmAfe4oOOQoyT3JIxfTK40iPwjC7nQaNwK46NWcGuEzcglRBgVZgf3mDGKecCI0ZUqrvOon2MyQ1xYxMK16qSILwGA1J31CBOFF+NvtiCk+NMoBRLE0JDWfq74kMcaUmPDSd+Y1q0cvF/7x+qqNLP6MiSTUReL4oShnUMcwjgQMqCdZsYgjCkppbIR4hibA2wVVMCO7iy8ukc15zG7X6Xb3arBdxlMEROAFnwAUXoAluQAu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+M35iR</latexit>

�in = I6



The potential barrier degrades the entanglement carried out to infinity 

Result of  evolution:
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<latexit sha1_base64="ypQ9LfukI320bwCSeAEaoMlhSe4="></latexit>

hn̂out(w)i = �`(w) sinh
2 rH(w) =

�`(w)

ew/TH � 1

<latexit sha1_base64="3lC2kSC82ahLBObR2WktxaLxZ90=">AAAB/nicbZDLSsNAFIZP6q3WW1RcuRksgotSklIvm0LBjRuhgr1AE8pkOmmHTi7MTJQSCr6KGxeKuPU53Pk2TtsstPWHgY//nMM583sxZ1JZ1reRW1ldW9/Ibxa2tnd298z9g5aMEkFok0Q8Eh0PS8pZSJuKKU47saA48Dhte6Prab39QIVkUXivxjF1AzwImc8IVtrqmUcO5bxml5BTQo81q1w513DbM4tW2ZoJLYOdQREyNXrml9OPSBLQUBGOpezaVqzcFAvFCKeTgpNIGmMywgPa1RjigEo3nZ0/Qafa6SM/EvqFCs3c3xMpDqQcB57uDLAaysXa1Pyv1k2Uf+WmLIwTRUMyX+QnHKkITbNAfSYoUXysARPB9K2IDLHAROnECjoEe/HLy9CqlO2LcvWuWqxXszjycAwncAY2XEIdbqABTSCQwjO8wpvxZLwY78bHvDVnZDOH8EfG5w/6CJLh</latexit>

` = 1, w = 0.25MPlot corresponding to Schwarzschild BH, 



Coherent state input 

<latexit sha1_base64="9fR4CJ0rwb/1pJjcYnaKMFWVP80=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUmkVDdCwY3uKtgHNCFMppN26MwkzEyEErpx46+4caGIW//BnX/jpM1CWw9cOJxzL/feEyaMKu0431ZpZXVtfaO8Wdna3tnds/cPOipOJSZtHLNY9kKkCKOCtDXVjPQSSRAPGemG4+vc7z4QqWgs7vUkIT5HQ0EjipE2UmAfe4oOOQoyT3JIxfTK40iPwjC7nQaNwK46NWcGuEzcglRBgVZgf3mDGKecCI0ZUqrvOon2MyQ1xYxMK16qSILwGA1J31CBOFF+NvtiCk+NMoBRLE0JDWfq74kMcaUmPDSd+Y1q0cvF/7x+qqNLP6MiSTUReL4oShnUMcwjgQMqCdZsYgjCkppbIR4hibA2wVVMCO7iy8ukc15zG7X6Xb3arBdxlMEROAFnwAUXoAluQAu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwR9Ynz+M35iR</latexit>

�in = I6
<latexit sha1_base64="yJQ4aoSO00VYg0fuRpdbipkr4Ks=">AAACBXicbVA9SwNBEN2LXzF+nVpqsRgEq3AnQS0DNpYRTCLkQtjbTJIlu3vn7l4gHGls/Cs2ForY+h/s/DduLldo4oOBx3szzMwLY8608bxvp7Cyura+UdwsbW3v7O65+wdNHSWKQoNGPFL3IdHAmYSGYYbDfayAiJBDKxxdz/zWGJRmkbwzkxg6ggwk6zNKjJW67nEwBooDkXTTQAnM5DSQ8IAz1eu6Za/iZcDLxM9JGeWod92voBfRRIA0lBOt274Xm05KlGGUw7QUJBpiQkdkAG1LJRGgO2n2xRSfWqWH+5GyJQ3O1N8TKRFaT0RoOwUxQ73ozcT/vHZi+ledlMk4MSDpfFE/4dhEeBYJ7jEF1PCJJYQqZm/FdEgUocYGV7Ih+IsvL5PmecW/qFRvq+VaNY+jiI7QCTpDPrpENXSD6qiBKHpEz+gVvTlPzovz7nzMWwtOPnOI/sD5/AGISZfp</latexit>

~µin 6= ~0



We obtain: 

(stimulated Hawking radiation) 

LogNeg remains exactly the same as for vacuum input 

Ok with Standard Lore:  Stimulated Hawking radiation is intrinsically classical 

<latexit sha1_base64="AbmWNo5eONDwJEgnpGthFpHizVs="></latexit>

hn̂out(w)i = �(w) sinh2 rH(w) + Tr[~µ>
in S

>
tot ~µin Stot]



Single-mode squeezed input 



Illuminate with a single mode squeezed input (academic exercise)

<latexit sha1_base64="Ia1o+HsTPlEI0bih3jeeFT1J4Jc=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgWIU7CWojBGwsI5gYyB3H3maSLNndO3b3AuGIjX/FxkIRW/+Fnf/GTXKFJj4YeLw3w8y8KOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUUWjSmMeqHRENnEloGmY4tBMFREQcHqLhzdR/GIHSLJb3ZpxAIEhfsh6jxFgpLB/5I6DYF2mY+UpgJifXM8UNyxW36s6Al4mXkwrK0QjLX343pqkAaSgnWnc8NzFBRpRhlMOk5KcaEkKHpA8dSyURoINs9sEEn1qli3uxsiUNnqm/JzIitB6LyHYKYgZ60ZuK/3md1PSugozJJDUg6XxRL+XYxHgaB+4yBdTwsSWEKmZvxXRAFKHGhlayIXiLLy+T1nnVu6jW7mqVei2Po4iO0Qk6Qx66RHV0ixqoiSh6RM/oFb05T86L8+58zFsLTj5ziP7A+fwBgbWWPg==</latexit>

~µin = ~0

<latexit sha1_base64="yFWLka0NMYikcARZ0d5P6Bwp7bo="></latexit>

�in =

0

@
e2 rI 0 0
0 e�2 rI 0
0 0 I4

1

AInitial state:



Illuminate with a single mode squeezed input (academic exercise)

<latexit sha1_base64="vxtx+b8TQJwVON23jXu3Ewww/Pw="></latexit>

hn̂out(w)i = �(w) sinh2 rH(w) cosh2 rI

Both number of  Hawking quanta 
and LogNeg can be tuned up!!

Final state:

This is not physically viable for 
astrophysical BH’s

stimulated radiation 

<latexit sha1_base64="Ia1o+HsTPlEI0bih3jeeFT1J4Jc=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgWIU7CWojBGwsI5gYyB3H3maSLNndO3b3AuGIjX/FxkIRW/+Fnf/GTXKFJj4YeLw3w8y8KOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUUWjSmMeqHRENnEloGmY4tBMFREQcHqLhzdR/GIHSLJb3ZpxAIEhfsh6jxFgpLB/5I6DYF2mY+UpgJifXM8UNyxW36s6Al4mXkwrK0QjLX343pqkAaSgnWnc8NzFBRpRhlMOk5KcaEkKHpA8dSyURoINs9sEEn1qli3uxsiUNnqm/JzIitB6LyHYKYgZ60ZuK/3md1PSugozJJDUg6XxRL+XYxHgaB+4yBdTwsSWEKmZvxXRAFKHGhlayIXiLLy+T1nnVu6jW7mqVei2Po4iO0Qk6Qx66RHV0ixqoiSh6RM/oFb05T86L8+58zFsLTj5ziP7A+fwBgbWWPg==</latexit>

~µin = ~0

<latexit sha1_base64="yFWLka0NMYikcARZ0d5P6Bwp7bo="></latexit>

�in =

0

@
e2 rI 0 0
0 e�2 rI 0
0 0 I4

1

AInitial state:



Thermal input 



<latexit sha1_base64="z62dmMHWaUkOaUW5a3woHviWlUU="></latexit>

�in =

✓
I4 0
0 (1 + 2nth) I2

◆

Thermal input. E.g., the CMB.

Initial State:
<latexit sha1_base64="Ia1o+HsTPlEI0bih3jeeFT1J4Jc=">AAACAXicbVA9SwNBEN2LXzF+RW0Em8UgWIU7CWojBGwsI5gYyB3H3maSLNndO3b3AuGIjX/FxkIRW/+Fnf/GTXKFJj4YeLw3w8y8KOFMG9f9dgorq2vrG8XN0tb2zu5eef+gpeNUUWjSmMeqHRENnEloGmY4tBMFREQcHqLhzdR/GIHSLJb3ZpxAIEhfsh6jxFgpLB/5I6DYF2mY+UpgJifXM8UNyxW36s6Al4mXkwrK0QjLX343pqkAaSgnWnc8NzFBRpRhlMOk5KcaEkKHpA8dSyURoINs9sEEn1qli3uxsiUNnqm/JzIitB6LyHYKYgZ60ZuK/3md1PSugozJJDUg6XxRL+XYxHgaB+4yBdTwsSWEKmZvxXRAFKHGhlayIXiLLy+T1nnVu6jW7mqVei2Po4iO0Qk6Qx66RHV0ixqoiSh6RM/oFb05T86L8+58zFsLTj5ziP7A+fwBgbWWPg==</latexit>

~µin = ~0



Entanglement: 

BarrierEvent horizon

Eve
nt 

ho
riz

on
Asym

pto
tic

 pa
st

Asymptotic future

(a) (b)

<latexit sha1_base64="kVZI3ofUiHP58JyzC4TbLgqszwY=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVRKR6rLgxmUF+4Cmhslk0g6dPJi5UUrI1o2/4saFIm79A3f+jdM0C209cOFwzr0z9x4vEVyBZX0blZXVtfWN6mZta3tnd8/cP+iqOJWUdWgsYtn3iGKCR6wDHATrJ5KR0BOs502uZn7vnknF4+gWpgkbhmQU8YBTAlpyTZw5xSOZZH6OnTEBTO4yR4Y4TiF3H3LXrFsNqwBeJnZJ6qhE2zW/HD+macgioIIoNbCtBIYZkcCpYHnNSRVLCJ2QERtoGpGQqWFWLJHjE634OIilrghwof6eyEio1DT0dGdIYKwWvZn4nzdIIbgcZjxKUmARnX8UpAJDjGexYJ9LRkFMNSFUcr0rpmMiCQUdXk2HYC+evEy6Zw272Ti/Oa+3mmUcVXSEjtEpstEFaqFr1EYdRNEjekav6M14Ml6Md+Nj3loxyplD9AfG5w89G5qn</latexit>

âoutw

<latexit sha1_base64="cIi/8uVmxORPkGWzQfZOWxyYnI0=">AAACDHicbVC7TsMwFHXKq5RXgZHFokJiqhKECmMlFtiKRB9SEyrHdVqrjhPZN0hVlA9g4VdYGECIlQ9g429w0wzQciRLR+eca18fPxZcg21/W6WV1bX1jfJmZWt7Z3evun/Q0VGiKGvTSESq5xPNBJesDRwE68WKkdAXrOtPrmZ+94EpzSN5B9OYeSEZSR5wSsBIg2otdfNLUl8kLMPumAAm92nqqhBzCVk2uMlMyq7bOfAycQpSQwVag+qXO4xoEjIJVBCt+44dg5cSBZwKllXcRLOY0AkZsb6hkoRMe2m+R4ZPjDLEQaTMkYBz9fdESkKtp6FvkiGBsV70ZuJ/Xj+B4NJLuYwTYJLOHwoSgSHCs2bwkCtGQUwNIVRxsyumY6IIBdNfxZTgLH55mXTO6k6jfn57Xms2ijrK6Agdo1PkoAvURNeohdqIokf0jF7Rm/VkvVjv1sc8WrKKmUP0B9bnD5lxm+8=</latexit>

âintI

<latexit sha1_base64="URUyogcp0z06t87G5VR1WM0wbsM=">AAAB+3icdVBNS8NAEN34bf2qevSyWARPYVNjbG8FLx4rWBXaGDbbrV3cbMLuRC2hf8WLB0W8+ke8+W/cfggq+mDg8d4MM/PiTAoDhHw4M7Nz8wuLS8ulldW19Y3y5ta5SXPNeIulMtWXMTVcCsVbIEDyy0xzmsSSX8Q3xyP/4pZrI1J1BoOMhwm9VqInGAUrReWtTp8Cjq+Kjk6wUDCM7qJyhbj1OvG9ABP3kJBqULeEHFRrQYA9l4xRQVM0o/J7p5uyPOEKmKTGtD2SQVhQDYJJPix1csMzym7oNW9bqmjCTViMbx/iPat0cS/VthTgsfp9oqCJMYMktp0Jhb757Y3Ev7x2Dr1aWAiV5cAVmyzq5RJDikdB4K7QnIEcWEKZFvZWzPpUUwY2rpIN4etT/D85r7pe4PqnfqXhT+NYQjtoF+0jDx2hBjpBTdRCDN2jB/SEnp2h8+i8OK+T1hlnOrONfsB5+wRCGpST</latexit>

b̂intw

� � � � � �� �� ��
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<latexit sha1_base64="2Ga51NfVDkWwq9/eIaecxiIyDGA="></latexit> L
og
N
eg
[â
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u
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w
|(â

in
t

I
,b̂

in
t

w
)]

<latexit sha1_base64="EFMISjBa5j20nhX7uctU4dWQ6A0=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInmoiRT0WvPRYoV/QhrDZbtqlm03Y3RRq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n2ypsbe/s7hX3SweHR8dl++S0o+JUEtomMY9lL8CKciZoWzPNaS+RFEcBp91g8rDwu1MqFYtFS88S6kV4JFjICNZG8u1yy88GMkJUTOfXLb/h2xWn6iyBNombkwrkaPr212AYkzSiQhOOleq7TqK9DEvNCKfz0iBVNMFkgke0b6jAEVVetjx8ji6NMkRhLE0JjZbq74kMR0rNosB0RliP1bq3EP/z+qkO772MiSTVVJDVojDlSMdokQIaMkmJ5jNDMJHM3IrIGEtMtMmqZEJw11/eJJ2bqntbrT3WKvVaHkcRzuECrsCFO6hDA5rQBgIpPMMrvFlP1ov1bn2sWgtWPnMGf2B9/gAflpK1</latexit>

Tenv/TH

Ambient thermal noise degrades 
the generation of  entanglement 

90% reduction



Sum over all modes: total entanglement produce per unit of  retarded time



Sum over
<latexit sha1_base64="CUU31sc2ZbdnCOBsqSQonlPIhKo=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNiVoB4DXjxGMA9IljA76SRDZmaXmVkhLPkILx4U8er3ePNvnCR70MSChqKqm+6uKBHcWN//9tbWNza3tgs7xd29/YPD0tFx08SpZthgsYh1O6IGBVfYsNwKbCcaqYwEtqLx3cxvPaE2PFaPdpJgKOlQ8QFn1Dqp1UUhLonslcp+xZ+DrJIgJ2XIUe+Vvrr9mKUSlWWCGtMJ/MSGGdWWM4HTYjc1mFA2pkPsOKqoRBNm83On5NwpfTKItStlyVz9PZFRacxERq5TUjsyy95M/M/rpHZwG2ZcJalFxRaLBqkgNiaz30mfa2RWTByhTHN3K2EjqimzLqGiCyFYfnmVNK8qwXWl+lAt16p5HAU4hTO4gABuoAb3UIcGMBjDM7zCm5d4L96797FoXfPymRP4A+/zB5iYjw0=</latexit>

`,m

<latexit sha1_base64="9Vk8o/8OnIJNObPhts4dCZp33O4=">AAACAXicbZDLSgMxFIYz9VbrrepGcBMsgotSZqSoy4IblxXsBTpDyWRO29AkMyQZpQx146u4caGIW9/CnW9jello6w+Bj/+cw8n5w4QzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpo5TRaFBYx6rdkg0cCahYZjh0E4UEBFyaIXD60m9dQ9Ks1jemVECgSB9yXqMEmOtbvHIB87LWPhlnPlKYCKjsWX80C2W3Io7FV4Gbw4lNFe9W/zyo5imAqShnGjd8dzEBBlRhlEO44KfakgIHZI+dCxKIkAH2fSCMT61ToR7sbJPGjx1f09kRGg9EqHtFMQM9GJtYv5X66SmdxVkTCapAUlni3opxybGkzhwxBRQw0cWCFXM/hXTAVGEGhtawYbgLZ68DM3zindRqd5WS7XqPI48OkYn6Ax56BLV0A2qowai6BE9o1f05jw5L8678zFrzTnzmUP0R87nDxPQlVU=</latexit>

`,m andwSum over



Rotating BH’s



Super-radiant modes

<latexit sha1_base64="4NxcotSA5mpC3TyY48vxjThMe4Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw0mOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzUbA7qg1LZrbgLkHXi5aQMORqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOdnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtO0Ybgrb68TtrXFe+mUn2olmvVPI4CnMMFXIEHt1CDOjSgBQxG8Ayv8OYI58V5dz6WrRtOPnMGf+B8/gD0142N</latexit>

SH

<latexit sha1_base64="ZDJ9CgUUayhIGYviPpoPgqgFw8M=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EiyCp7IrRT0WvHis1n5Au5Rsmm1js8mSZIWy9D948aCIV/+PN/+NabsHbX0w8Hhvhpl5YcKZNp737RTW1jc2t4rbpZ3dvf0D9/CopWWqCG0SyaXqhFhTzgRtGmY47SSK4jjktB2Ob2Z++4kqzaR4MJOEBjEeChYxgo2VWo1+1rif9t2yV/HmQKvEz0kZctT77ldvIEkaU2EIx1p3fS8xQYaVYYTTaamXappgMsZD2rVU4JjqIJtfO0VnVhmgSCpbwqC5+nsiw7HWkzi0nTE2I73szcT/vG5qousgYyJJDRVksShKOTISzV5HA6YoMXxiCSaK2VsRGWGFibEBlWwI/vLLq6R1UfEvK9W7arlWzeMowgmcwjn4cAU1uIU6NIHAIzzDK7w50nlx3p2PRWvByWeO4Q+czx9tFY8A</latexit>

SSR

<latexit sha1_base64="4NxcotSA5mpC3TyY48vxjThMe4Y=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KokU9Vjw0mOl9gPaUDbbSbt0swm7G6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkfu53nlBpHstHM03Qj+hI8pAzaqzUbA7qg1LZrbgLkHXi5aQMORqD0ld/GLM0QmmYoFr3PDcxfkaV4UzgrNhPNSaUTegIe5ZKGqH2s8WpM3JplSEJY2VLGrJQf09kNNJ6GgW2M6JmrFe9ufif10tNeOdnXCapQcmWi8JUEBOT+d9kyBUyI6aWUKa4vZWwMVWUGZtO0Ybgrb68TtrXFe+mUn2olmvVPI4CnMMFXIEHt1CDOjSgBQxG8Ayv8OYI58V5dz6WrRtOPnMGf+B8/gD0142N</latexit>

SH

Non-Super-radiant modes
<latexit sha1_base64="cYbNajEk/wuRBAvU1FEL//oCZK8=">AAAB+HicbVBNS8NAEJ34WetHox69LBbBg5REinqSgpferGA/oAlhs920S3eTsLtRaukv8eJBEa/+FG/+G7dtDtr6YODx3gwz88KUM6Ud59taWV1b39gsbBW3d3b3Svb+QUslmSS0SRKeyE6IFeUspk3NNKedVFIsQk7b4fBm6rcfqFQsie/1KKW+wP2YRYxgbaTALj1eI+GdIe9W0D4O6oFddirODGiZuDkpQ45GYH95vYRkgsaacKxU13VS7Y+x1IxwOil6maIpJkPcp11DYyyo8sezwyfoxCg9FCXSVKzRTP09McZCqZEITafAeqAWvan4n9fNdHTlj1mcZprGZL4oyjjSCZqmgHpMUqL5yBBMJDO3IjLAEhNtsiqaENzFl5dJ67ziXlSqd9VyrZrHUYAjOIZTcOESalCHBjSBQAbP8Apv1pP1Yr1bH/PWFSufOYQ/sD5/ACFGkhI=</latexit>

w > m⌦H

<latexit sha1_base64="fOCklRTHAcM6akSPcpHPvwqh7Zo=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBbBg5REinrwUPDSmxXsBzQhbLbTduluEnY3lRL6T7x4UMSr/8Sb/8Ztm4O2Phh4vDfDzLww4Uxpx/m2CmvrG5tbxe3Szu7e/oF9eNRScSopNGnMY9kJiQLOImhqpjl0EglEhBza4ehu5rfHIBWLo0c9ScAXZBCxPqNEGymw7Sd8i4V3gb17AQMS1AO77FScOfAqcXNSRjkagf3l9WKaCog05USprusk2s+I1IxymJa8VEFC6IgMoGtoRAQoP5tfPsVnRunhfixNRRrP1d8TGRFKTURoOgXRQ7XszcT/vG6q+zd+xqIk1RDRxaJ+yrGO8SwG3GMSqOYTQwiVzNyK6ZBIQrUJq2RCcJdfXiWty4p7Vak+VMu1ah5HEZ2gU3SOXHSNaqiOGqiJKBqjZ/SK3qzMerHerY9Fa8HKZ47RH1ifP3X6kjo=</latexit>

w < m⌦H



Hawking radiation in analog optical models



Optical analogs

Based on Kerr effect: 
<latexit sha1_base64="yPfdN8KaXGFIjwYhvIxCDsl/B5A="></latexit>

neff (t, ~x) = n+ ↵ |Estrong(t, ~x)|2



Optical analogs

Based on Kerr effect: 
<latexit sha1_base64="yPfdN8KaXGFIjwYhvIxCDsl/B5A="></latexit>

neff (t, ~x) = n+ ↵ |Estrong(t, ~x)|2
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Fiber

Strong e.m. pulseWeak e.m. probe



In the frame comoving with the pulse…
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White Hole Black Hole

Frame comoving with the strong pulse
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Hawking radiation!

White Hole Black Hole



Comoving frame

Modes for a single comoving frequency w

(See Linder, Schutzhold, Unruh 2016 for details) 



Comoving frame

Modes for a single comoving frequency w

(See Linder, Schutzhold, Unruh 2016 for details) 



Circuit for the White-Black hole pair:

From this, we can compute every aspect of  the evolution of  any Gaussian state 

Evolution matrix:
<latexit sha1_base64="FDIY3EJO3Qw08fUI09QiT8+Bn1U=">AAACNnicbVDLSgMxFM34rPVVdekmWARXZaaU6kYouulGqNQ+oB2GTCZtQzMPkjtCGear3Pgd7rpxoYhbP8G0HUFbDwTOPedebu5xI8EVmObUWFvf2Nzazu3kd/f2Dw4LR8dtFcaSshYNRSi7LlFM8IC1gINg3Ugy4ruCddzx7czvPDKpeBg8wCRitk+GAR9wSkBLTuGu6SR96WMIgYj0Gmdlp572qRfCT33TdMorirWk1FOnUDRL5hx4lVgZKaIMDafw0vdCGvssACqIUj3LjMBOiAROBUvz/VixiNAxGbKepgHxmbKT+dkpPteKhweh1C8APFd/TyTEV2riu7rTJzBSy95M/M/rxTC4shMeRDGwgC4WDWKhQ8KzDLHHJaMgJpoQKrn+K6YjIgkFnXReh2Atn7xK2uWSVS1V7ivFWjWLI4dO0Rm6QBa6RDVURw3UQhQ9oSl6Q+/Gs/FqfBifi9Y1I5s5QX9gfH0DjUOrKg==</latexit>

Stotal = SWH · SBS2 · SBS1 · SBH

We add the effect of  ambient noise, losses and detector inefficiencies 



Circuit for the White-Black hole pair:

From this, we can compute every aspect of  the evolution of  any Gaussian state 

Evolution matrix:
<latexit sha1_base64="FDIY3EJO3Qw08fUI09QiT8+Bn1U=">AAACNnicbVDLSgMxFM34rPVVdekmWARXZaaU6kYouulGqNQ+oB2GTCZtQzMPkjtCGear3Pgd7rpxoYhbP8G0HUFbDwTOPedebu5xI8EVmObUWFvf2Nzazu3kd/f2Dw4LR8dtFcaSshYNRSi7LlFM8IC1gINg3Ugy4ruCddzx7czvPDKpeBg8wCRitk+GAR9wSkBLTuGu6SR96WMIgYj0Gmdlp572qRfCT33TdMorirWk1FOnUDRL5hx4lVgZKaIMDafw0vdCGvssACqIUj3LjMBOiAROBUvz/VixiNAxGbKepgHxmbKT+dkpPteKhweh1C8APFd/TyTEV2riu7rTJzBSy95M/M/rxTC4shMeRDGwgC4WDWKhQ8KzDLHHJaMgJpoQKrn+K6YjIgkFnXReh2Atn7xK2uWSVS1V7ivFWjWLI4dO0Rm6QBa6RDVURw3UQhQ9oSl6Q+/Gs/FqfBifi9Y1I5s5QX9gfH0DjUOrKg==</latexit>

Stotal = SWH · SBS2 · SBS1 · SBH

We add the effect of  ambient noise, losses and detector inefficiencies 



Circuit for the White-Black hole pair:

From this, we can compute every aspect of  the evolution of  any Gaussian state 

Evolution matrix:
<latexit sha1_base64="FDIY3EJO3Qw08fUI09QiT8+Bn1U=">AAACNnicbVDLSgMxFM34rPVVdekmWARXZaaU6kYouulGqNQ+oB2GTCZtQzMPkjtCGear3Pgd7rpxoYhbP8G0HUFbDwTOPedebu5xI8EVmObUWFvf2Nzazu3kd/f2Dw4LR8dtFcaSshYNRSi7LlFM8IC1gINg3Ugy4ruCddzx7czvPDKpeBg8wCRitk+GAR9wSkBLTuGu6SR96WMIgYj0Gmdlp572qRfCT33TdMorirWk1FOnUDRL5hx4lVgZKaIMDafw0vdCGvssACqIUj3LjMBOiAROBUvz/VixiNAxGbKepgHxmbKT+dkpPteKhweh1C8APFd/TyTEV2riu7rTJzBSy95M/M/rxTC4shMeRDGwgC4WDWKhQ8KzDLHHJaMgJpoQKrn+K6YjIgkFnXReh2Atn7xK2uWSVS1V7ivFWjWLI4dO0Rm6QBa6RDVURw3UQhQ9oSl6Q+/Gs/FqfBifi9Y1I5s5QX9gfH0DjUOrKg==</latexit>

Stotal = SWH · SBS2 · SBS1 · SBH

We add the effect of  ambient noise, losses and detector inefficiencies 



Our contribution: 

Stimulated Hawking radiation is classical because the use of  coherent states  
and because  entanglement-degrading environmental effects (ambient thermal 

noise and losses)

Proposal: use instead squeezed states Amplification of  entanglement 
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Entanglement between Hawking pairs emitted by the white hole:

We argue that this mechanisms is a sharp tool to: 

Increase the observability of  the Hawking effect 

Be able to confirm the radiation observed has quantum origin

We provide a concrete protocol to materialize these ideas in the laboratory 
(including the effects of  thermal noise and detector inefficiencies)  
See D. Kranas’ talk. 
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(1) The Gaussian formalism for continuous-variable systems and symplectic 
circuits: power tools to study Hawking-like effects

(2) Hawking process = two-mode squeezer 

(3) We have applied the tools to astrophysical BH’s as well as to optical BH-WH pairs

(4) Stimulated or induced process: interesting strategy to increase the 
observability of  quantum aspects of  Hawking radiation
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Credits: Anthony Brady







From this circuit
<latexit sha1_base64="3PY2+SEdno/3CPktdxYpEG2Uk3Q=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRbBU9ktouKp6MVjRfsB7VKyabaNzSZLkhXK0v/gxYMiXv0/3vw3pts9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Gbmt5+o0kyKBzOJqR/hoWAhI9hYqXXfT9vX03654lbdDGiZeDmpQI5Gv/zVG0iSRFQYwrHWXc+NjZ9iZRjhdFrqJZrGmIzxkHYtFTii2k+za6foxCoDFEplSxiUqb8nUhxpPYkC2xlhM9KL3kz8z+smJrz0UybixFBB5ovChCMj0ex1NGCKEsMnlmCimL0VkRFWmBgbUMmG4C2+vExatap3Xq3dnVXqV3kcRTiCYzgFDy6gDrfQgCYQeIRneIU3RzovzrvzMW8tOPnMIfyB8/kDXAeO+A==</latexit>

SWB written in terms of  
<latexit sha1_base64="tdj24+sDvefX+BMfiY49/cbKNv0=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgQkpSRMVVwU2XFewD2hAm00kzdDIJMzdKqf0UNy4UceuXuPNvnLZZaOuBezmccy9z5wSp4Boc59sqrK1vbG4Vt0s7u3v7B3b5sK2TTFHWoolIVDcgmgkuWQs4CNZNFSNxIFgnGN3O/M4DU5on8h7GKfNiMpQ85JSAkXy7rPzGOe6nETcdIgbEtytO1ZkDrxI3JxWUo+nbX/1BQrOYSaCCaN1znRS8CVHAqWDTUj/TLCV0RIasZ6gkMdPeZH76FJ8aZYDDRJmSgOfq740JibUex4GZjAlEetmbif95vQzCa2/CZZoBk3TxUJgJDAme5YAHXDEKYmwIoYqbWzGNiCIUTFolE4K7/OVV0q5V3ctq7e6iUr/J4yiiY3SCzpCLrlAdNVATtRBFj+gZvaI368l6sd6tj8Vowcp3jtAfWJ8/2qqTFA==</latexit>

rH ,�, ✓



Solving the dispersion

! + uk = F (k ,!,X ) ! k(!,X )

12

Solutions of  the dispersion relation

Fixed frequency w




