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Motivation and qoal

Several strategies

NO full control over the

correctness of the quantum
geometry.
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/ Open issues: | Unitary irreps of
correctness of the , the Lorentz group.
‘\ imposition of simplicity /’ \
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'j Construct a spin foam model that manifestly encodes
simplicial geometry. “

r 1
LEdge vectors would do the job!‘l

[Crane and Yetter, 2003]

/

Usual spin
foam:
bivectors.




Outline

r
[. Quantum geometry of a triangle.

2. Quantum geometry of a tetrahedron.
3. New gpin foam amplitude baged on edge vectors.

I.4° Conclusion and outlook.




2. Quantum geometry of a briangle in 44

A. The classical triangle in Minkowski space

Closure relation + normal bivector (the 2-d
Closure relation: e; + e, = e surface orthogonal to the triangle is spanned by a
normal bivector):

i] ) b::el/\ezzel/\e3=e3/\ez. ,----------
;A 61,82, 63 = M ~ ¢

Same triangle but restricted to its skew

Encodes all the geometric properties of the sywmmetric part

tria nole.

®. Quankizakion

Bivector-based quantization

| Edge-based quantization ;d
| - —

« Quantization of ¢ € M4 L?[e;, e,] := L*[e,] ® L[e,] e Skew-symmetric part of the fensor product TA[el, 82] = Lz[el] AN Lz[ez]
¢ Quantization: b = *L € so(3,1)* u%e- simplicity constraint
s JH of the translation
group. &f’ %

Lz[el] A Lz[ez] >~ F(so*(1,3))

J O.p K;
The Hilbert space of the 4d o v *n , ,
I I nongann, & taxnxa a, | o H
harmonic oscillator ¥ om0 )= Y Jd“aye‘%zv'%'zcn . t —— V¥, a0 5,350) .
R, D & \/n,!nx!ny!nz! L . _ o :
Do pe, = —la Nay = —i(a/a, —aja,)

4 T — e ———




3. Quanbtum bkebrahedron

A. The classical tetrahedron via edqge vectors C. The quantum tetrahedron
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» Functions on the translation group on M*:  f(4;, 4y, A3, A4, A5, &) € F(M*)®

/ \.

Closure constraint

-

CiAys s h) = 8y + Ay + A3) (=g + Ay + A) 8(=As + A — A)) 8(=Ag — Ay — Ay)

R A
7 Wave function: (C, x4y, -..sdg)
<
Skew=sym mekric pro\jaﬁ%mm vartabioe (ot
€+ 6 +e3= 0, e, + e5 = e expansors)
ates=e, tete=0. ® F(s0%(1,3))** a sub-space of the tetrahedron Hilbert
2
Full geometric information space L~[ey, ey, €3, €4, €5, €]
B. The classical bebrahedron via biveckors @ 2isbasedon the Closure constraint
. edge vectors ¢; h g
éfb(xl, Xz, X3, X4) — 5()61 + X2 + X3 + X4) Spacelik
Dependence relation: For each pair of bivectors b;, b; C {b, Dy, b3, by} b; A D; = 0; pacelike
J tetrahedra

Closure condition: by + b, +b;+ b, =0
Bivector wave function: (CTb * )Xy, Xy, X3, Xy)

Awntisymmetric part of the geometry




4. New spin ﬂfoam model based on ecig@. vectors

T Boundary tetrahedra

/g\ s T s Simplex
F(Uag}) € FM* /i
E 4—a R
| s Al J'[dfl]m(H Cta;a({/la;i})) * (8(21,1 = Apsa) * 811 — Auis)) (810 = Aayg) % 8(Ay = 4s5.3)) (8(R1.5 = Ap) K (A15 = A3 ) (8(A1g = A35) X 8(Aya = 4s1))
a=1,..., a=1 a=1
Tetraedron (5(/11;5 — A3,1) X 0(4y.5 — /14;4)) (5(’11;6 — Ag:3) * 0(A1.6 — /15;2)) (5(/12;1 — A3.4) X 04y, — /15;5)) (5(/12;3 — A3.0) X 0(4dy3 — /14;6))
i=1,..,6
Edge \\‘ (6(;{2;5 — /14;1) * 5(/12;5 — /15;4)> (5(/13;3 — /14;2) * 5(/13;3 - /15;6))
a=1,2734 Amplitudes combinations: edge decorations:
Triangle /7

6
= J[CMP [5G — 240

=1

e Recover the BC model as a sector of our more general one
Access the anti-symmetric data of the

geometry: 5 46 §
] ) The quantum J[dﬂ]m[thdSuHHHuae*aaa SO I 0 A K (IO TG
(Cx Iy oo de) = (G X )Xy X, X3, %y) Minkowskian time-Llike e e 55 A5 o SR

bivector .',- Gluing constraints; combination of BC

amplitudes

4 4 4
— [[a’x]lo (H Cfa({xa;a})) * HH5(xa;a  Xprisa)
a=1

a=1 a=1 ¢ Full amplitude also via GFT formulation based on translation
group



| OCutbtloole

% Construction of a new SF model based on edge vectors.

< Algebraically, it is expressed in terms of irreps (and

functions of) translation group; ;
) IOEP | X Analysis of amplitudes (divergences etc).

1 X Precise relation to BC model (what is encoded in the
extra data?).

Simplicial geomeftry is fully encoded
and manifest;

N/

/_{ I {' X Obtain an expression in terms of simplicial gravity action “,
. with edge vectors.
Contains BC amplitudes, when expressed in
) terms of bivectors (harmonic oscillator/

, , X Extracting physical consequences (e.g. in GFT cosmology) |
translation group duality)

Thank you for your attention!
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1. A bit of group theory: the interplay between the Lorentz group and translation group

A. Infinite dimensional unitary representations of the Lorentz group

eFinding unitary finite dimensional representations of the Lorentz group is still unsolved problem.
e Infinite dimensional ones are unitary and irreducible, studied by Dirac.

= Homogeneous realisation of the infinit dimensional irreps of the Lorentz group

>

o ,B) ,‘ a, ,B y,5 = C sa’rlsFylng ’rhe

Lie group SL(2,C) (double cover of the Lorentz group), its group element is given by: g = ( 5 relation ad — pr=1 1’

" i o ] ) \\
homogeneous polynomials P as a }§

» The action of R(g) on such homogeneous polynomials is R(g) P(z;,2,) = P(az; + yz,, 7y + 0z,) defines |

a realisation of the representation of SL(2,C) and a Hilbert space D, F“”C“"ln."F ZI’ZEE C°1‘c order |
nl - In Zl an n2 - N Z2 |

—— =

> Define an appropriate scalar product with respect to which the operators R(g) are unitary

UV\LE&?’:} reps buk
(R(g)f1(8), R(g)»(8)) = (f1(8), /(&) 4

nok ve& an
irreducible one!

> Use the homogeneous functions to compute the norm of a function belonging in the Hilbert D,

floz;,02,) = 6/115'1#(21,22) => || f] |2 + |0}“1+’12+2| S |2 >A4h+4HL+2=0 Unitary reps and irreducible one!

e R R — e R R — A

Among the SL(2,C) infinite dimensional
agaln the SL(2,C) transformations are specified by the action of R; ; on the irepresen’ra’rions one can show that the unitary
“ ’

1
polynomials of degree (E(M +])’5(M - 7). " ones are those in the principal series

—— e R e . R

R; (g): they are labelled by the half integer j and the real number 4 € R and




B. Expansors and the relation between Translation group and the Lorentz group

e Consider four real variables &, ¢, &,, & in Minkowski space
« A general vector in the product space will have coordinates Aijkh which can be represented as the coefficients in a power series

e e A
i ek e—1— The coefficient A is called expansor.
P — A i ] £k 1-h , P- P
(5”) Z ijkh fxfyfz o = These coefficients are regarded as the of vectors in aq
ykh certain space of an infinite number of dimensions.

L’Ilvj_l e e e e I R e S—

@ For infinitesimal Lorentz transformation given by &, =& + €&, & =& +€&),, & =&, & =&

« This coordinate transformation induces the following expansors transformation:

SrisltlAL, = Zrisltl AL + 2(r + DeA, Ay 1 — 2(s + DeA,_y 1,4,

e Unitarity is enforced through the scalar product to be invariant P, - P, = Z AjiknBiikn
ijkh

The induced linear transformations on the expansors leave the square length invariant,
presenting them as unitary representation of the Lorentz group.




® expansors can be interpreted as a tensor product of four harmonic oscillators, where the space components
have positive energy whereas the time component has a negative one

_1(§+a) a_1(a ‘)
o2t eE ox, (2 0g, Y
a=2xYy,2
1 (5 0 ) 0 1 ( 0 +§>
X = — -, ,
V2 0 ox, 2 0
®The homogeneous polynomial on MinkowsKi 1 | | ) ,
space can be represented as a combination Wn(t X, y,2) = —— (x,—0,) (xj—axj)f (%= 0,)" (3, — 0, )" e 205
in the polynomials which are a general zin ) 2H
combination of four Hermite functions = WO w(X) yi(y) wi(2) .
P('x/,t) — Z Aijkh\Pijkh(x,u) P(éﬂ) — Z Al]kh é)igi;ézkgt—l—h ’

ijkh ijkh

e The alternative representation of the & variables that Dirac introduced is related to the theory of the four dimensional harmonic
oscillator.

e The four x-parameters can be treated as the coordinates of a four-dimensional harmonic oscillator, whereas the respective four

operators 0XM being the conjugate momenta p, .

® To illustrate further the duality between the expansors and the harmonic oscillator, a state of the oscillator with components
0,1,2,3 occupying the ith, jth, kth, hth quantum states respectively is represented by V. Following the map one can get back the
&-representation and the function Y, ;; ,(x,) goes over to §;§§§§§t_l_h.

® In this sense, the state of the oscillator for which each of its components is in a quantum state is naturally identified with an
expansor with one non-vanishing component, whereas a stationary states corresponds to a homogeneous expansor
® The degree of the expansor is this case represents the energy of the state.



eRecalling the expressions of the ladder operators associates to a four dimensional harmonic oscillator:

1
1 1 _ b
aj =& =—=0;=0). ay = =0, =—=(—0), Note that they are given ta NG (St
2 \/5 by the inverse relation i
a; =0 = —=(x;+ 9, a,=¢=——(>1+9,) 72

V2 V2

e Balanced representations of the Lorentz group in terms of representations of the
translation group:

[Derive the eigenstates of the Casimir operator (representations of the Lorentz group) as |
combination of the eigenstates of the harmonic oscillator (representations of the '

a) o 1 <a _e)
g, ox, 208 T
0 0 1 0

) e )

the space-like creation operators
a' are represented by the space

coordinates of Minkowski space &
but the time-like creation operator

ag IS represented by its momentum

(up to a sign), and vice-versa for
the annihilation operators.

B ——netstemmeprt

The set of homogeneous polynomials on Minkowski space can be derived as the general solution of the Schrodinger equation

1 1
HY = EY where the Hamiltonian operator H = — EA + E(t2 —x2—y? =79

Relation between the wave functions associated to the infinite dimensional representations of the Lorentz group and the wave
functions associated to the infinite dimensional representations of the translation group:

s
n,
nZ

t Y
a, "a a, P

\Pnr,ﬂf,m(ra ", 6), ¢) — Z J'd a,ce 22 |a| C”r > My Nyy 1, y Z

xoysthz X

n.,u,t,m 4
n,n.,n,,n T \/nt!nx!ny!nz!



B. The quantum triangle

el+€2:e3 = CM+/1IM=G)’M,

b:=e ANe,=e ANes=e3Ne,.

The steps to extracting the representation of the quantum bivector are:

v

We take the skew part of the tensor product of the direct sum of all the expansors E" (the edges ¢;): the wedge product condition

v

Each of these decomposes info a tower of copies of the bisector representation R (O,,u) and of the right parity.

v

We then project onto the balanced part (simple bivector) ie. only the copies of R ((),,u) where now u is any positive real number.

» Thus we get copies of the direct integral of all the R (O,,u) for each combination of two indices n, and two y; skew symmetrized
with respect to the pair of indices.

T e ————— e ———E T T




e The quantization of Minkowski space L[M™*] is realised as the Hilbert space associated to the translation group.

b:=e Ney=e ANes=e3Ne,.

= Consider the Hilbert spaces associated to two vectors ¢, ¢, € M* and then take the tensor product of the associated Hilbert
spaces

Lz[ep &) 1= L2[€1] X Lz[ez] ;

e Denote Tg‘[el, e,] its skew symmetric part.

= The anti-symmetric condition ensures that the elements of Tg‘[el, e,] represents the bi-vectors obtained as the wedge product of

€1, €, and thus are normal of a triangle. et =63 = (,+4 =0,

o closure of the edge vectors of the triangle:
=The Hilbert space of a bi-vector is the space Tg‘[ez, e,] such that L*[e,, e,] is invariant under the switching operator

o, Lz[el, e, = Lz[el, e;] .




a: generators of translations on

e Associate to such edges the position and momentum (or translation) operators Minlowski space,
=they are expressed as a combination of the ladder operators of the harmonic oscillator a’: can be seen as the
af =al +all + a;é’y +a'l, ag =al+al + ayuy +al., quantization of their dual
momenta (position operators & on
a .= a;@ +al, +ag,+acl,, a, = a:/lt +ad +al,+al,. P P c

Minkowski space).

e The wedge product of the two edge vectors e¢; A e, can be associated to an operator acting on the ‘ b, .,
1 173&2
Hilbert space LZ[C, Al =
one, = — ia;f Aa, = — i(afaz — agal) quantization of the
simple bivector ¢; A e,.
e The wave function of the quantum bivector b, ., = — iaf Ady = — i(a;r a, — agal) M* A M* = 5s0%(1,3)

e Use the operator associated to the bi-vector to expand the wave function in the Fourier decomposition:

f(Ay, 2y) = — ijdada’(ay la"(ADa(ly) — a'(Aa(A) | a) £ o role of plane wave

tn the Fourier
Eransform,

<ay |aT(/11)a(/12) — aT(/lz)a(/h) | 0‘;)



