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☒En-tangleme-ttrop-y-b.ES : Example *
± :&! .IE?.t.aI0...H.B..

a. Pure State of Two Spins £

;

14 > =÷r( lj.i-ritalj.it?s-ij.-nTalj.+n-%) = ¥ / I > I ¥ - I > I 7)A A B

I

☒"""""ʰʰ#| ʳ"""""ʰ↑
"

÷⇔i
; It ↑

"

H17;¥¥¥→☒ m/ ☒ ,,
,, , . .,. ☒ ⇔,, g.a.m. .

S/Jaz→ Im } , 14 > ) ≈ logs + log /2 Am)
#

S / Fa◦ñ -1mi
,
14>) = - Impmlogpm = log 2

______

Ft Entanglement Entropy Sa / 14 > ) = - Tra /palogga ) = log 2
of It > restricted to A

* Note : LoweI fsalht-IESCJ-a.n-1-iml.tn/)v-n-#



☒EnIngltEEopyE *
assuming #= ?.tn.IQ?.t.B..

"

Y
"

Sally >) = min S( On.
"'
→ In:|

,
14 > )

where :

• Oa
"'
= ≤complete ≤compatible ≤et of observables in Ha li= :-. ..I)

4.
• Iki

,
-- ,k± >Alps >is = 0

.
n
.
basis of # = HA ④ His associated to Oa

"'

•

plki , _ . ,K± ) = % Kkr
,
. .,K±; 1314 > 12 = probability of measurement outcome- - - - - - - -

• S(Oa
"'
→ Iki /

,
14 > ) = -2- pcki , _ .,k±) log pcki, _, KI ) entropy

V11, - -/ KIf. gym , , , , ,,µagµ , ⇔,µ, .my,
with

ya
--17,344 ><+ 1)



EnIngltEEopy : How to generalize it to H ≠ Ha ④ His ?
- - - - - - - - - -- -- .

* Strategy :| - define subsystem in terms of observables

- require lower bound
"

SA = min
"

as in Thmca)

☒ Example : S-pi-N-twrkbasis-t.to in Hr

• IT
, je , in > = simultaneous eigenstate of a c.as

. of Ene - ETE '

Ii n
edihedral angles / quantum polyhedra

area

• subsystem ( " region
" Pr ) ¥¥÷÷÷÷÷÷i÷÷¥•÷:→ subset of polyhedra

• probability of outcomes for areas & angles / !
!S(areasdangles in R.IT >1=0 ⇒ Sr / It > ) = min S( Or

"'

,
14> )

Opii'
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i
-
- - - - - -
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i
← I

!
am ,..

.

,→⇔;
, , ,

,
, , ,

111
• to statement 1 Split > ) = I logokjetl )

"

from non -gauge
inv
.
observ

. )



EIaiglement-E-rop.it :Qperati-E-finition-efs-bsystem-o.lt
= Hilbert Space , A- = BCH ) = Algebra of Observables

• ARC A s-ubalgebra-tho.to/---fine- the subsystem I
• Api = { 0ps C- A / [ Ops , Or ] = ◦ *Or EAR / "

rest of -16 system
"

* note : in general Aru Api ≠ A

* note : in general £= Arn AE ≠ 111 non-trivial center

• Decomposition of the Hilbert space. adapted to An

⊕ ( H|2t=,,zp⊕HÉ IOhya&Petz 1200411

• State 14 > EH ⇒ 14 > = ¥£r±p1∅ with low c- Hii"⊕HÉ
"

• Entropy : fsrli-H-2-pxs.info/aH-Epxlogpx-#
Entanglement Entropy of 14 > restricted to Ar



R I
☒ Example of system with constraint :

g.
-- - -

- - - -
- -

- - - i

,

Bosoniclatticewithtvoexcitations " " "⇒" = ÷::÷÷÷-÷:÷÷÷• •• Kinematical Hilbert Space kin
{ = I

• Constraint : fixed number of excitations where Ñ= 2¥; at Qi

• Physical States : É IT > = 0

• Observables : [ ②
,
É ] = ° 1 number preserving )

• Physical Hilbert Space H'No )
Phys

C #
kin

•

S-ubsy-st-md-IP.si/-iIf2t'Nd=.+..-EfHpii#xOHn-N')-/Phys Phys Ñ

→ direct sum over nf excitations in R
of tensor products of Hilbert spaces at fixed Nr



☒ Example of system with constraint :

Bosoniclatticewi-KNo-cxcito.to#Note : it can be realized in the lab as

ultracoldatomsinanop-tio.la/tie-

• 3D lattice : 5×5×5 sites (from -850 nm lasers )
• lattice spacing -5µm , wells -200Wh
• 32 atoms "Is
◦ Coherence time - 7s [D.Weiss Lab at Penn State 12016) ]



R I

☒ Bosoniclatticewithdloexcitations
• Observables

,
[O
,
C]=◦ [ = 2¥ Oita; - No

÷
- - - - - -

- -
- -

;

* note : [ Qi + at
,
C ] ≠ o not observable

• Observable Algebra A ) ) ) ) ) ) )
""" * ⇐±⇔⇒+:¥÷¥÷:÷:÷¥;;÷:
hopping operator

• Geometric Subsystem R : Ar_= gedy with re R

• Rest of the system : AE = everything that commutes with Ar
= {generated by Essi with s c- Ñ and Ñr=%ratrQr /

* Note : Ers ¢ Aru Añ ≠ A
• Center F- = Arn A- e- = 4 generated by Ñr /
• su-bsy-t-Emp.si/-i- |HÉ"=H¥H%_R

• on
.

basis adapted to the decomposition 14 > = ¥ pÑ Ip gp(Nr ) It, Nr > ⊕ Ip, No -Nr >

• Reduced density matrix fr = ⊕ (plNr ) frcnr ) )Nr

• Entanglement Entropy : |SplH>)=-Tr(prlogpr)=§pcNr)qNr)l◦#Nr1)-¥plNigplNr÷- 1-
Average over sectors Shannon Entropy of plNr)

R

• H-ibr-Epo.se/HpY;'--iq(HpYi#HN-k-/PhysR



III G-c-metris-bsyst-m-spin.net#s
n
e

• Hilbert
space of Spin Networks

|Hr=⊕2* ÷¥÷÷÷÷÷i÷¥•÷:/ Je c- OR /
(Hr"
""

⊕ H5e c-OR ))= ⊕
Ñ

Pr
• Gauge - invariant state

14 > = 2- if I 2-

/ Je/ c- OR iii. inter lji.iiyc.pt/jiiin!ji.ii)lje.in'k1je
"

,
in
"

¥

1-

= 145N >

• Entanglement Entropy

|Splm>)=Ép_¥gP
Average over sectors Shannon Entropy of probability
at fixed {jet c- OR plje ) of being in a sector
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→

|☒TypicalEntangeeme?;i☒ Applications :
- CM

f- QFT

- QG

• BchiDzoi
,
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KIIy.pe#Entangementa-d-6PageCurv--
N qubits in a

purestakqg.BG y - - - - NB

IT > = 2- NA•g••••

••

••
i.. .,in=±Fi. - - in

lie > - -1in > µ÷•÷••/÷⇒¥-56m A of NA spins ••

Pa = Tr•(14>5+1 )

E-ntazle-E-rop-y.in A ÷÷,;:¥"""÷÷.Salut > ) = - Tra (galogfa ) ••

• ii. I 1 i
• note : Salix>) = 5,3114> ) I 1 I

÷÷ÉÉ¥ñ
.

"
N/2 N

"

i.
- - -
- - - - - -

- - - -
- -

-
- -

- - -

- -
- - -

- -

;
* I Given a random

pure
state and a subsystem, i

I 1

I what is the probability of finding entropy SA 9 !
i. - - - - - - - -

- - -
-
-
- - -

- - -
-
=

-
i



0.95 0.96 0.97 0.98 0.99 1.00

bit.ly/LQG-Summer-School-2021

Examples : N qubits
DA = 2µA

,
dB = 2. NB

<Sa>

µ
N --10 ⇒

F-(Sa) NA =3

NB= -7 <Sa>± 2 ASA

< SA > = Na log? + 012
-NB )

ASA = 012-NB )

• near meet entropy
• narrow distribution
→ typicality

-

Mathematica
•
nb SA/

Snu



bit.ly/LQG-Summer-School-2021

N

Examples : N qubits
Page Curve

\
.

Mathematica
•
nb



☒ IypitangeEageG
• Hilbert Space H = Ha ④ His da = dim Ha

dis = dim HB
• Random Pure State 14 > = U Into >

-
← Reference state

from uniform probability distribution dµ(U) (Haar Measure)

• Entanglement Entropy Salt > )
What is the probability of finding

•Page,PRL Average Entropy of a Subsystem 55A > = Jsa/UH.>) dµlU)
• BianÉP_RD : Typical entropy < Sa > ± ASA

from moments fun
= J (Sa)" PISA )dSa

•Bianehi-HK-kieberg-R-igo-V-dmar.PRO : Ensembles & Constraints



☒ Results :

☐%Age Entropy ( Page , PRL
'
93 )

TSai-T-dad.tt/-~I(#--dg--&
' < •↳ ≤ dis

7-(x) = P'ex)/PK) dilemma func.

• Asymptotic : <Sa > ≈

,
¥ - ¥☐ᵈA{ + 01kg2 )

is da ssdB_

☐• Vari (Bianchi - Don 'a, PRD
'
19 ) (Asa )? = <Sat > - SSA > 2

Hsn.lk?d:j;!?-.~I'cdrs+.1--Iida-d#-&:-.!!:
• Asymptotic : Casa )2 ≈ jᵈ!a÷•z + 01%3 )

I
Isola ssdB_



DA dis
• State 14> = 2- I

•= ' b= ,
W-a-b.IQ > Its >

ÉTeᵈnⁿ%

, @µ,.gg#w=yw.jgwithTr(ww+)= "

• Density matrix ya = TrB(14>571) →

ga =
Wtvt

• Entropy Salix> / = -Tralpalogpa ) = - Giraffe) /
⇐ ,

= -%Tr(WWF /

• Average Entropy
< sa > = -1£ /EÉ

"

8idWdW7
d
> = [- @

a - it ) ( i - Trwwt )

e-
Trlwwt)

[dwdwt]→ Fourier Transform of
the Complex Wishart- Laguerre Ensemble in Random MatrixTh

.



Bo

T-••-
-

y ••w
.¥:÷'

••

¥;÷!"""""".÷:÷•i| 01A = 24 Gaussian with <Sa > and ASA

sample = 105
bins = 200#

sa.a.m.am
,
, ,, ,,, ,

c.f. :
concentration of measure bound Erf

Phra ≤a) ≤ e-%¥
~.



Bo☒ Iy.pi-E-anyle-twi-ET.int ÷••••n.••I÷i .Bo
Bo fB

i*E Page
'93 : qubit model of unitary black hole evaporation "

SA

and typical entanglement entropy of a subsystem ÷:÷:;:÷÷:÷(note : no Hamiltonian
••

' I
\

I 1

* Assumptions : ÷÷ii÷É÷÷ñ.

qubits ✓

{ QFT ✗

9QG
G

- F ᵈ """

keen .su#hrThm)
qubits ✓

- Factorization H= Ha ☒His QFT ×/
as ×

☐• Constraints : Ñ 14 > = N int >
,

H = +0N 2T
"'

Tt
"'
c Ha④His qubits → fixed N excitations

e.g. :|fiim, n_on
-factorized QFT - fixed energy

QG → Diff& It constraints
BH mass → fixed energy



☒ E-ntanglementwithconstro.in/-s- : two perspectives

e. Kinematical Hilbert Space with constraints ⇒ It
'PʰH

• Kinematical Hilbert Space with Tensor Prod. It
'" "" '

= Ha ④His

• Constraint <= Ca + Cis

• Physical state 14 > c- H
'"" '

set
.
C 17 > = ◦

⇒ Cant > = - ↳ it >

• Decomposition of the Hilbert space ( we

/H'P↳→=£(H¥⊕µ
"" " = - igenval G)

• State 14 > c- H'PY" ⇒ 14 > = Ez rp.to, > with ¥ > c- Ha""⊕H☐
""

• Entropy of 14 > restricted to Aa

fsali~H-2-p.fn.CI#-Ep.gp-



☒ E-ntanglementwithconstro.in/-s- : two perspectives

e.

Qpera-tinaeef-ofa-bsysk-ma-dits-en-rop.y.tt
algebra of observables of the system

• Aac A bÉdeksystem
=

• Aps = { be A / to
,
b) = o ka C- AA } rest of the system

* Note : 2- = Aa n Aps Center , in general non-trivial
• Decomposition of the Hilbert space

in Ohya & Petz (2004)

|H'P↳→=£(ygx⊕¥
""I :

• State 14 > c- H'PY" ⇒ 14 > = Ez rp.to, > with 1¢, > c- Ha""⊕H☐
""

• Entropy of 14 > restricted to Aa

fsaliwl-2-p.fn.CI#-Ep.gp-



☒ Iy.pica-E-anglementwithconstro.in/-s-
• Direct - sum Hilbert spree

H'"↳s ' = ⊕ (Ha"" ⊕ Hj")
×

• Dimensions : day = dim Hat" ,
dis, = dim His"

d. = dim H'Phys ' = § dad dad
phys

• Random Pure state 14 > c- H'Pks)

• Typical Entanglement Entropy for Subalgebra A
i.
- - -

-

2¥
- -

- -
-
- - -

- - - -
-

-

,

I <SA >phys
=

✗⇒min ᵈA"d%- (4-1%4.1-1) - 7-(drs.fi ) - dA;j£-
I

+
met

I

' dphys
Ah

F-
+ . . _ _

⇔.
:• """"""

÷÷÷÷÷
"

where : i. s.io?-=-i-..-------a-
± -1,

and ~Icx) = P '/×)/PK ))
* C.f. : Page '93 for trivialI
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Entanglement Entropy in Constrained Systems

☒ typical"ÉiÉÉÉ"Éi! constraints

\⇔⇔=±*"÷÷⇔""""""÷÷ᵗ+±÷÷
""÷÷⇔"""""""÷÷#A- imin

☒ Applications :
- CM

- QFT

BH

- QG



☒ [CM ] : Iy.pi-E-angle-tineryy-I.ge#6-sof-Many--BodyHamiltonians
→ Exploration of new phenomena in constrained systems IE

,
N >
-

[BianeLi-Hackl-Kieburg-Rigol-Vidmar_PRX
'221



☒ [CM ] : Iige-tak-efR.no#Mny--BdyHamietoni- with NumberConservat_
- Fermionic system lai.at/=oij,i=i,.-Y,dim2t-- 2 "

- Random
many

- body Hamiltonian with number conservation :[ It,Ñ]=o
,

Ñ atai
ZV

H= É Map is>spi = É H
""

9=2
SYK

with H'9)
syn

= Ji
, . .iq ¥ - - - 0¥

,"
Qi
,,i+i
"

iqa,p

- Ensemble of energy eigenstates IE.ua/-fixedN--
→ uniform distribution in H'N' C H = Has

- Page curve SSA )N * note : H'
N) ≠ Ha ☒ His

• subsystem fraction |yf=¥( filling fraction n=N⇒
n

f
f

[BianeLi-Hackl-Kieburg-Rigol-Vidmar_PRX
'
22 ]



☒ [CM ] : Iige-ta-ksef-R-Many-B-dyH.mil/-onia- with NumberConseruat_
* Remarks :

•Éw with n- dependent slope
→Tdyno-misofa-par-magnet-from-etang.limeat

e term athalf-systmsiz.clfirst observed numerically by Vidmar& Rigol '17 )

[Bianehi-Hackl-Kieburg-Rigol-Vidmar_PRX
'
22 ]



8.1. A BASIC RADIATION MODEL 43

Assuming time periodicity and integrating in time over a time period, we
have integrating by parts in time,

R ≡
∫

r(t) dt =

∫ ∫
γü(x, t)2dxdt ≥ 0 (8.5)

showing the dissipative nature of the radiation term.
If the incoming wave is an emitted wave f = −γ

...
U of amplitude U , then

A−R ≡
∫ ∫

(fu̇− γü2)dxdt =

∫ ∫
γ(Ü ü− ü2) dx ≤ 1

2
(R̄in − R̄), (8.6)

with Rin =
∫ ∫

γÜ2 dxdt the incoming radiation energy, and R the outgoing.
We conclude that if E(t) is increasing, then R̄ ≤ R̄in, that is, in order for
energy to be stored as internal/heat energy, it is required that the incoming
radiation energy is bigger than the outgoing.

Of course, this is what is expected from conservation of energy. It can
also be viewed as a 2nd Law of Radiation stating that radiative heat transfer
is possible only from warmer to cooler. We shall see this basic law expressed
differently more precisely below.

Figure 8.1: Standing waves in a vibrating rope.

☒ [QFT ] : Iy.pieal-E-anglemnt-E-ropy-BKB.tt#dynamics
*

µ we derive black body thermodynamics

from typical entanglement in an energy eigenstate 7
v

Electromagnetic field in a box
with EL >> teTat

, energy#
• Hilbert spree : tensor prod. over wavelengths d

H=④, 21 , with d=(÷× , ¥ , ¥
.

)

r.su#kmA:antennaoflengthl-
±

.

→ picks wavelengths ↳ = (¥, , ¥ , ?_? )
* /What is the typical entropy measured by the antenna
in a random eigenstate IE

,
a > ? [Bianchini

,
PRD 'is]



8.1. A BASIC RADIATION MODEL 43

Assuming time periodicity and integrating in time over a time period, we
have integrating by parts in time,

R ≡
∫

r(t) dt =

∫ ∫
γü(x, t)2dxdt ≥ 0 (8.5)

showing the dissipative nature of the radiation term.
If the incoming wave is an emitted wave f = −γ

...
U of amplitude U , then

A−R ≡
∫ ∫

(fu̇− γü2)dxdt =

∫ ∫
γ(Ü ü− ü2) dx ≤ 1

2
(R̄in − R̄), (8.6)

with Rin =
∫ ∫

γÜ2 dxdt the incoming radiation energy, and R the outgoing.
We conclude that if E(t) is increasing, then R̄ ≤ R̄in, that is, in order for
energy to be stored as internal/heat energy, it is required that the incoming
radiation energy is bigger than the outgoing.

Of course, this is what is expected from conservation of energy. It can
also be viewed as a 2nd Law of Radiation stating that radiative heat transfer
is possible only from warmer to cooler. We shall see this basic law expressed
differently more precisely below.

Figure 8.1: Standing waves in a vibrating rope.

☒ [QFT ] : Iy.p.ca#tangleIEntropy&Be-ackBodyTher-mdynemies
☒ Energy Eigen space and Partition of Energy

IHK-t-i-Q.CH#x-0Hrs--)-
antenna

☒ Iy_picIgle•

Pf

(use exact
,
center formula + saddle

approx)

k=÷⇔p↳%≈⇔_
•dynafntangk

kT=(%Éa
,

⇒ <Sa≥ ≈ E(¥Pmin(e!_
[Bianchini

,
PRD 'is]



☒ [BH] : Iypi-IE-ngle-tamdBEET.pt
☐• Quantum Gravity in Asymptotically Flat Spacetime

• Gravitational Hilbert Space at Fixed ADM Energy E

dim Agra (E. E+iE) = Tr /8/ ltgreu - E) ) IE = ✓(E) SE

• Semiclassical computation : Micro canonical from Canonical vie Laplace
*

F-(B) = force) e-BEDE = /Dga . e- Iptgov ]/t
↓

✗ + in Gibbons - Hawking '74
✓ (E) = Jzcp) ÉPE ≈ N @

+↳*¥ᵈ
Brown - York '93

o - in

* Note : • spherically symmetric geom .

⇒ WE)= Éᵗ*{¥
• radiative perturbations 4. e. 1- (E) = N = •



☒ [BH] : Iypi-IE-ngle-tamdBK.to#nTopy
* / Can we derive BH entropy from
typical entanglement in a QG eigenstate IE

,
a> ? ¥1.9m

""

i;"i:*.* / What subalgebra of observables corresponds
to BH thermodyn energy exchanges ?

→ A tentative proposal
☒ Gravitational Subsystem :

"Ñ⊕(e perturbations
,

( MB= MADM - A-M )
⊕ 711am)

1 grau
Im radiat.ve#-

☒ Typical Entanglement Entropy → BeKenstein - Hawking Formula

logfninidimhg.EE" dimH'
⇔

]/ ≈ ↳ a- GET=nI grew

_
"bio

-
- - -

radiative

finite
to



☒ IQG] : Engleme-txrit-treof-po.ae/-ime-
"

SA
☒ In CM & QFT

,
as we lower the energy, ¥1I ••we transition from volume -law to area- law |÷!÷%;••¥"÷;%

e. In QG with asymptotically flat b. c. ;i÷i%:
→ expect similar behavior for
the geometric entanglement entropy

* In QG in finite regions ( general boundary in A. Haggard 's Lec. )
~> not notion of energy (*see L . Freidel's Talk )

⇒ Reverse Perspective :

E¥nglemenPr◦b^:::÷::÷:⇔f """"Semiclassical 14 > in ⑥G-
,ISplint >) = 21T A%I +

. . .

-

Bianchi - Myers [ 1212.5183]
Bianchi - Guglielmon - Hackl_ Yokomizo [ 1605.05356]



☒ IQG] : S-enari.fr#rEfPrim-riaEntenglem-ent

og

^ &A-
Planck Seale → Pre - Inflationary Phase - Inflation → Hot Big Bang & CMB

Gozzi ni - Vido 1-to [ 1906.02211 ]

Bianchi- Hackl- Yokomizo [ 1512.08959 ]



Iy.pical-E-angeme-n-i.no#-mGreity-
Entanglement Entropy in Constrained Systems

☒ typical"ÉÉÉÉÉÉi! constraints
A- imin|=a*pᵈ÷¥÷?""-÷-a.i-lt.EE?::::-K-ia....+i-*a...+.i-::.:#-

- CM : Paramagnet Thermodyn . from Typical Entanglement
- ① FT : Black Body Thermodyn . from Typical Entanglement
- BH : Black Hole Thermodyn . from Typical Entanglement
- QG : Architecture of Spacetime Geometry

✗


