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Art by Clifford Johnson

I have been told that 
you do not have a classical limit…

There was progress,  
old confusions are clearing up!
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Art by Clifford Johnson

I have been told that 
you cannot compute anything…

Not any more, the numerical codes are  
getting better and better!





ar
X

iv
:g

r-q
c/

01
10

04
5v

3 
 2

4 
Ja

n 
20

02

AN EFFIC
IENT ALGORITHM FOR THE RIEMANNIAN 10j

SYMBOLS

J. DANIEL CHRISTENSEN AND GREG EGAN

Abstrac
t. The 10j symbol is a spin network

that appear
s in the partitio

n

functio
n for the Barrett

-Crane model of
Riemannian

quantu
m gravity

. Ele-

mentary
methods

of calcu
lating the 10j symbol req

uire O(j9) or more oper-

ations
and O(j2) or more space,

where j is the average
spin. We present

an

algorith
m that computes the 10j symbol usi

ng O(j5 ) operati
ons and O(j2)

space,
and a variant

that uses O(j6) operati
ons and a constan

t amount of

space.
An implementatio

n has been made availab
le on the web.

1. Introd
uction

The Barrett
-Crane

model of
four-dim

ensiona
l Riemannian

quantum
gravity

[6]

has been of signi
ficant interest

recently
[1, 2, 1

0, 12].
The model is

discrete
and

well-defi
ned, an

d the part
ition function

for the P
erez-Ro

velli ver
sion has bee

n rigor-

ously sh
own to conve

rge [11]
for a fix

ed triangu
lation of space

time. The R
iemannian

model ser
ves as a

step along the way
to underst

anding
the less trac

table bu
t phys-

ically more realistic
Lorentz

ian version
[7]. Howeve

r, despi
te its simplicity,

we are

current
ly lacking

explicit
numerical c

omputatio
ns of th

e partitio
n function

and of

expecta
tion values of obser

vables in the Riemannian
model. These are necessa

ry

to test its
large-sc

ale beha
viour an

d other p
hysical

propert
ies.

It has been shown [3] that
the amplitudes

in the Barrett
-Crane

model are
al-

ways no
n-negat

ive, and
therefor

e that t
he expe

ctation
values o

f observ
ables ca

n be

approxi
mated using the Metropoli

s algori
thm. This g

reatly reduces
the number of

samples tha
t must be t

aken, an
d thus the

remaining o
bstacle

is the ti
me requir

ed to

compute ea
ch sample. Th

is paper
present

s a very efficient al
gorithm

for doin
g these

computatio
ns. The algorith

m is used in [4] and
[5] to underst

and the asymptotic

behavio
ur of the 10j symbols and the depend

ence of the partitio
n function

on a

cutoff.

To explain
further,

we need
to describe

the Bar
rett-Cra

ne model in
more deta

il.

It has been formulated by Baez [2] as a discrete
spin foam model, in

which faces

in the dual 2-
skeleton

of a fixed triangu
lation of spac

etime are labeled
by spins.

The du
al 2-ske

leton consists
of a dual ve

rtex at the center o
f each 4-simplex of the

triangu
lation, fi

ve dual
edges in

cident t
o each dual ver

tex (one for
each tetrahed

ron

in the bounda
ry of the 4-simplex), a

nd ten dual fac
es incid

ent to each dual ve
rtex

(one for each
triangle

in the bounda
ry of the 4-simplex).

Baez no
tes that

the part
ition function

for this
model is t

he sum, over al
l labelin

gs

of the d
ual face

s by spins, o
f an express

ion that con
tains th

e produ
ct of a 1

0j symbol

for each
dual ver

tex. A 10j sym
bol, des

cribed in detail in
Section

2, is a S
pin(4) s

pin

Date: Ja
nuary 23, 200

2.

The authors
would like to thank John Baez for many useful c

onversa
tions about the material

in this paper.
1
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Art by Clifford Johnson

Yet you do not have holography, tensor 
networks, spacetime from entanglement…

These are part of a larger story  
that we understand actually better…



CONSTRAINTS 
SYMMETRIES 
BOUNDARIES 
PARTITIONS

QUANTUM INFORMATION  
ENTANGLEMENT ENTROPY 

QUANTUM REFERENCE FRAMES  

COVARIANT THERMODYNAMICS 
 PERSPECTIVAL ARROW OF TIME 

CLOCK DEFINITION
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White holes and remnants (astrophysical effects? pre-bounce?)

nope

nope
Too good not to fit together?
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Not by brute force
But smart thinking

New ideas for 
Phenomenology
Are from anywhere

Phenomenology
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LARGE TELESCOPES

ATOM INTERFEROMETRY

TEV ASTRONOMY

QUANTUM SIMULATION



LOOP QUANTUM GRAVITY MAP

https://bit.ly/LQGmap



You are part of the team:

BE THE CHANGE YOU WANT TO SEE!


