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3d Loop Quantum Gravity
with
a cosmological constant

 Motivations
 The Program

o Latest results - see also Qiaoyin Pan’s talk




[Motivationsj

* Geometrically

* From other approaches



[Motivationsj [Regge calculus with curved simplices] [B. Bahr, B. Dittrich *09)

Regge calculus when A #0

 Geometricall
Y Comparison between

Flat simplices & Simplices with homogeneous curvature

A

to approximate the (homogeneously) curved space

\4

Better approximation of the W

(Perfect action - reflecting the dynamics and the
symmetries of the continuum - can be computed)

/




[ MotivationsJ

* From other approaches

[The cosmological constant in 3d quantum gravity]

BF Action ) e
A
Sprle, Al = j Trle AF(A) +—e ANe e
Y 3
canonical path
quantization integral
Loop Quantum Spinfoam

Gravity

U q(gu(Z)) Turaev-Viro

SU(2) spin networks
model [V. Turaev, O. Viro '92]

Hamiltonian constraint?

\/

Reconciliation
at the dynamical level

[K. Noui, A. Perez, D. Pranzetti 10-’11;
D. Pranzetti ’14]

Case g=1

Chern-Simons Action

4

k 2
S[A] =—j Tr(A AdA + A AA AA]
M

combinatorial quantization/
path integral

|

Chern-Simons
Amplitude

[A. Achucarro, P. Townsend ’86;

E. Witten ’88

V. Fock, A. Rosly 99
A. Aleskeev, H. Grosse, V. Schomerus, 95

E. Buffenoir, Ph. Roche ’99]

\/

Ly = |Zcg > [J. Roberts *95]

[L. Freidel, D. Louapre ’04]



[The ProgramJ

For Euclidean 3D gravity with a negative cosmological constant

e Continuous theory
* Classical discrete theory

* Quantum Theory

Seminal work on LQG with a guantum group using loop variables: S. Major, L. Smolin ’94.



[The Programj

A=0

* Continuous theory »  BF theory
* Classical discrete theory

* Quantum Theory
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* Continuous theory discretization > ¢ interior of the 2-cells:
. - % C=F =0
* Classical discrete theory truncation

L. Freidel, M. Geiller, J. Ziprick, ’13
° Quantum TheOry MD, L.Freidel, F. Girelli, ‘17




[The ProgramJ
A=0

e Continuous theory

» Classical discrete theory > Loop gravity
Model of discrete geometries

* Quantum Theory
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[El'he Progranﬂ

A=0
* Continuous theory

* Classical discrete theory

) quantization - Dirac quantization
* Quantum Theory



[The ProgramJ
A=0

* Continuous theory

* Classical discrete theory

* Quantum Theory »  Loop Quantum gravity




(The ProgramJ [ BF action with a non-zero cosmological constantj

[Dupuis, Freidel, Girelli, Osumanu, Rennert '20]

EOM ﬁe—

JAN
» Continuous theory Sprle.Al=| €' A (FI[A] + gGIJKe] A eK) F(A) + —[e Ae] =




(The ProgramJ [ BF action with a non-zero cosmological constantj

[Dupuis, Freidel, Girelli, Osumanu, Rennert '20]

; A P EOMMB_
» Continuous theory Sprle; Al =| e A FllA]+ § W Ae F(A) + —[e Ael=0

Change of var/able

Here:
Euclidean signature
Negative cosmological constant

e!lP, e R° — elr, € 36(2,C)

AJ — o = A"+ xe)) n’=-A
r I '
Sle,w] =] e-Flw)——(eXe)-dn
Iy 2
EOM Phase space analysis
1 . .
=d, e+ 5[[8 Ael,n] =0 {wl(x), e’ (y) = €ij56252(x — )

= Flw] — [e Ad,n] =0 {wi(x), 0](0)} = {ef'(x),e/(y)} =0



(The ProgramJ [ BF action with a non-zero cosmological constantj

[Dupuis, Freidel, Girelli, Osumanu, Rennert '20]

“ A
: _ I S J K
* Continuous theory Sprle, Al = U// A (F,[A]+ —CuKe N )

Change of variable

discretization

& Here:

truncation Euclidean signature
Negative cosmological constant

e!lP, e R° — elr, € 36(2,C)

AJ — o' = AT+ (nxe))] n=-—A
r i '
Sle,w] =] e-Flw)——(eXe)-dn

Iy 2

EOM Phase space analysis
, 1 . .

7" =dae+ ;llene],n| =0 {Ay(x),e}(y)} = ¢/ 0%0%(z — y)
C'=F[A] —[eAdan] =0 {A (), AY(y)} = {ef (2),€}(y)} = 0

-------------
......

- ~

L4 ~ o

discregzation E% interior of the 2-cells:
I ol
truncation T =C=0




Bonzom, MD,

Here: Girelli, Livine 14
[The Program] Euclidean signature [ 3D Loop Gravity phase spacej

Negative cosmological constant Bonzon, MD,

Girelli, Pan ‘22

LQG A=0
e Continuous theory T+SU(2)
® 6) @
discretization Ze Te = ge > Te
&
truncation (ge, xe) € SU(2) x su(2)

. . i
 Classical discrete theory {x/,g.} = Ea“ge, (X, x2} = ex5 {80 80} =

- (38, 32) = 0, {7, g,} = —g,0°, (¥4, ) = — €K
quantization 2

v

* Quantum Theory




Bonzom, MD,

Here: Girelli, Livine 14
[The Program] Euclidean signature [ 3D Loop Gravity phase spacej

Negative cosmological constant Bonzon, MD,

Girelli, Pan ‘22

LQG A=0
e Continuous theory r*SUQ)
® 6) @
discretization Ze Te = ge > Te
&
truncation (ge, xe) € SU(2) x su(2)

. . i
 Classical discrete theory {x/,g.} = Ea“ge, (X, x2} = ex5 {80 80} =

L (x4 7 = 0, (¥, g,) = =g,0° T} = — e F
quantization 2

v

* Quantum Theory

Gauss c

*©A V“
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[The Program]

e Continuous theory

discretization
&
truncation

 Classical discrete theory

quantization

v

* Quantum Theory

-
Here:

Euclidean signature
Negative cosmological constant -

3D Loop Gravity phase space

~

J

LQG A=0

T*SU(2)

ge
> ®

Te Te = e D> Te

(ge, xe) € SU(2) x su(2)

l
(x4 g,} = Eaage, (x4, xP) = e"x¢, {g,g,) =0
i
(x4, =0, {(3g)= S80% (% 0} = — e?exe
Constr

(Gauss constraint + Fle

g’” — Ze|v:s(e) Le — Zelvzt(e) :Ee

Bonzom, MD,
Girelli, Livine '14

Bonzon, MD,
Pan '21



s Loop Gravity phase space h

(The ProgramJ _ Geometrical interpretation |

e Loop Quantum Gravity A =0 AN Loop Quantum Gravity A # 0

Gy IA]

C

Deformation parameter in the Euclidean case with « =

Curvature introduced in the momentum space:

T*SU(2) ~ ISUR2) = SUR) X su(2) — SL(2,C) = SU(2) X SB(2I,<C)

* Classical discrete theory | v
x appears in the 8b(2,C) generators, the 7's

Symplectic structure defined through the r-matrix, r = %Z 7’ ® o

@berg Double (D(G) = @
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Loop Gravity phase space
Geometrical interpretation

(The ProgramJ

\— _J

e Loop Quantum Gravity A =0 AN Loop Quantum Gravity A # 0

G/ |A]

C

Deformation parameter in the Euclidean case with « =

Curvature introduced in the momentum space:

T*SU(2) ~ ISUR2) = SUR) X su(2) — SL(2,C) = SU(2) X SB(2I,<C)

* Classical discrete theory | v
x appears in the 8b(2,C) generators, the 7's

Symplectic structure defined through the r-matrix, r = %Z 7’ ® o

1 a
e SL(2,C)=SU(2) X SB(2,C) with the symplectic defined through r = 7 Z T ® o

and the “deformed” Gauss and flathess constraints define

a model of discrete hyperbolic geometries.
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Loop Gravity phase space
Geometrical interpretation

(The ProgramJ

\— _J

e Loop Quantum Gravity A =0 AN Loop Quantum Gravity A # 0

G/ |A]

C

Deformation parameter in the Euclidean case with « =

Curvature introduced in the momentum space:

T*SU(2) ~ ISUR2) = SUR) X su(2) — SL(2,C) = SU(2) X SB(2I,<C)

* Classical discrete theory | v
x appears in the 8b(2,C) generators, the 7's

Symplectic structure defined through the r-matrix, r = %Z 7’ ® o

1 a
e SL(2,C)=SU(2) X SB(2,C) with the symplectic defined through r = 7 Z T ® o

and the “deformed” Gauss and flathess constraints define
a model of discrete hyperbolic geometries.

e k=0, A=0 Loop Quantum Gravity is recovered.



(The ProgramJ

Phase space

r-matrix

quantization

g h

Quantization Bonzom, MD. Girelli, Pan, ‘22

. & . (Z,u) € SB(2,C) x SUR2)/ D = #u € SL(2,0)
e ~
f):\ > ):\€ 0,0 =—1rn6], (€,u} =—207u,,
I %L I {l/ll, fz} — le’tul . {ul, uz} —_- — [Ft, uluz]

r —> R
gt 0 0 0
0 g7 g7 (g2—q7) O
r=|Y 97 97 1 ) ~1® 1+ ifir + O(h2)
0 0 g7 0
0 0 0 g

Poisson brackets given by the r-matrix — commutators given by the R-matrix

A, B] = ih{A, B}



(The ProgramJ Quantization Bonzom, MD, Girelli, Pan, ‘22

U
< £.u) € SB2,C)XSUR)/ D =7¢ue SL2,C
Phase space z: ¢ - (7,10 € SB(2,C) X SUE) —
).k ).\é {flafz}z_[”aflfz], {fl,u2}=—f1ru2,
| ( ]
U {l/ll, fz} — le’tul R {ul, uz} == [Ft, uluz]

e r-matrix r —> R
g7 0 0 0
0 g7 g7 (g2—q7) O
r=|Y 97 97 1 ) ~1® 1+ ifir + O(h2)
quantization 00 9 ° 0
0 0 0 g

 Phase space variables D=¢u=if € SLQ2,C)
Quantization

¢ €SB2,C) — L& Fun(SB2,0)) = U (81(2))

ieSUQ) — UeSUuy 2




(The ProgramJ [Quantum GFOUpS]
[Hopf algebra l[q(éu(Z))]

e Generators [,/ K =g?

q
q

e Commutation relations KI,K ' =q*"1,, [J.,J.1=1[2J], with[n]=

=1 s

q
g

e Hopf algebra with coproduct, antipode and counit
AU =L QK+K'®J.,, AK):=K®K, SU,:=—-qg*2J,, SK):=K', ¢eK=1, €J.=0

e Quasitriangular Hopf algebra with R-matrix

quantization satisfying the quantum Yang-Baxter equation ~ R#, R 3R; = B3 R 3R,

[Hopf algebra SU(2) J
T _ ( ¢ Z) with  det,T = ab—q 2éd =1

e Commutation relations

/\/\ —l/\/\

ab=q 2ba,
/\A —l A/\ A/\
cd =q 2dc, bc
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g-deformed LQG Bonzom, MD, Girelli, Pan, 22
(The ProgramJ : A 0 B

Variables
e SBRC) — Le Funq_l(SB(z,C)) o~ uq_l(éu(Z))
ue Sy — UeSU(2)

¢ €SB2,C) — L& Fun(SB2,0)) = U (81(2))
ieSUQ) — UeSUuy2)

Gauss law at “vertex” v oy loy=1 — L, L,,
_ . iy K®K 0
AF.. = .. RF.,.— AL = B B B B B B
y ; Al (a(q)(f+ QK+K'®J,) K'® K1>
* Quantum Theory LiLoLyii i =105 = 0, = Z (= 1y mg== C#lf%; o L M) @ | o, Mp) & | J3, 1m13)
m;==]; ]z




4 R
q-deformed LQG Bonzom, MD, Pan, ‘21

\_ A#0 J
. . — o) ue if 06 —
(Classical) Flatness constraint /= Huee Vol it o —
ecf € e

-----




(The ProgramJ

* Quantum Theory

~ R
g-deformed LQG

A#0

Bonzom, MD, Pan, ‘21

if 0. = +

ifOeZ_

gl < [Qiaoyin's talk]

Spinorial formalism
for g-deformed loop gravity
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(Classical) Flatness constraint Fr= HuZ =9 -1
ecf \ue
7
sha N .
(VA
up—l"_ Tel _
¥ L
T //7
€p \r\
ln
Up Up
7 R Tyl
- @p gn N
Invariant Scalars Eeise, =) Tepa (“eﬁii "'“ei)AB fer
A B
Hamiltonian p
for face f —
and edges €2y =E =2

> Quantum version: quantum deformed Hamiltonian
iInvariant under Pachner moves and related with the Turaev-Viro model




g-deformed Loop Quantum Gravity

A quantum theory for 3d Euclidean gravity with a negative cosmological constant

\_ J
o oy
l discretization & truncation ldiscretization & truncation l
MD, Freidel, Girelli, Osumanu, Rennert '20]
Model of discrete Deformation Fock and Rosly’s
flat metri > <
At geometHes [Bonzom, MD, Girelli, Livine *14] [MD, Livine, Pan, *19] framework
Phase space: T*SU(2) Deformed phase space: SL(2,C)
Constraints: Gauss and flatness Deformed constraints:Gauss and flatness
| | [Bonzom, MD, Girelli, ’14]
Quantization Quantization [Bonzom, MD, Pan '21]
v y [Bonzom, MD, Girelli, Pan, '22] Y
| SUQ2) — CZlq(éu(Z)) Combi al
Loop Quantum Gravity > ombinatoria
[MD, Girelli, 13] quantization
SU(2) Spin Network % (81(2)) Spin Network
Hamiltonian constraint Hamiltonian constraint
1} [Bonzom, MD, Girelli, ’14]
1} [Bonzom, MD, Pan, ’22]

Ponzano-Regge
Spinfoam Model




g-deformed Loop Quantum Gravity

A quantum theory for 3d Euclidean gravity with a negative cosmological constant
- J

BF theory, A =0 Chern-Simons
theory

l discretization & truncation dlscretlzatlon & truncation l
I\/ID Freidel, Girelli, Osumanu, Rennert *20]

I\/]lloc:el of dis:[c.rete Deformation > - Fock and Rosly’s
metr .
At gEOMEtes [Bonzom, MD, Girelli, Livine *14] [MD, Livine, Pan, "19] framework
Phase space: T*SU(2) Deformed phase space: SL(2,C)
Constraints: Gauss and flatness Deformed constraints:Gauss and flatness
| | [Bonzom, MD, Girelli, >14]
Quantization Quantization [Bonzom, MD, Pan "21]
M [Bonzom, MD, Girelli, Pan, ’22] Y
SUQR) — U (3u(2)) _ ,
Loop Quantum Gravity > Combinatorial
[MD, Girelli, *13] quantization
SU(2) Spin Network % (81(2)) Spin Network
Hamiltonian constraint Hamiltonian constraint Using spinorial formalism
0 [Bonzom, MD, Girelli, *14] \|2
[Bonzom, MD, Pan, "22] Complete sets of

observables

gl < [Qiaoyin's talk]

Ponzano-Regge
Spinfoam Model




{ Some open questions}

Other cases of signatures, sign of cosmological constant
Framework to study the BTZ black hole?
What can we learn for the 4d case?

Use of geometrical technics in other approaches?



Thank you!

Thank to Qiaoyin for the nice pictures!



