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KLT Double-Copy Bootstrap

• Review ideas of the KLT Double-Copy Bootstrap.

• New results at 6-point.

• Bootstrapping Z-theory.

• Where is the string theory kernel?
This talk:
Tree Level



We have been investigating the fundamental structure of the KLT double-copy and how it may generalize, 
in particular in the context of EFTs. 

Chi, HE, Herderschee, Jones, Paranjape (2021)
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KLT kernels

Field theory KLT kernel is inverse of any (n-3)! x (n-3)! submatrix of the tree amplitudes of the 
cubic Bi-Adjoint Scalar model (BAS). Cachazo, He, Yuan 

R / L BAS �PT YM N = 4 SYM
BAS BAS �PT YM N = 4 SYM
�PT �PT sGal BI N = 4 sDBI
YM YM BI gravity+ N = 4 SG

N = 4 SYM N = 4 SYM N = 4 sDBI N = 4 SG N = 8 SG

Table 1. The table shows the tree-level double-copy L⌦R of a selection of different choices for the
L and R single-color models. BAS is the cubic bi-adjoint scalar model which is described more in
the maintext. The important point we want to make here is that BAS acts as the identity under
the KLT map. The other single-color models are �PT = chiral perturbation theory (NLSM), YM =
Yang-Mills theory, and N = 4 super Yang Mills theory (SYM). For the results for the double-copy,
sGal stands for the special Galileon, BI is Born-Infeld theory, gravity+ is Einstein gravity with a
dilaton and Bµ⌫ , and SG stands for supergravity.

and here Sn[1234|1243] = �s/g, where g denotes a scale (and will be identified more
precisely shortly).
Using exactly the same KLT kernel, the KLT formula (1.1) can be used more generally to
double-copy tree amplitudes of other theories with particles in the adjoint representation
of the color-groups GL or GR. Table 1 shows a set of examples of how products of field
theories of massless particles are mapped under KLT. In this table, BAS stands for the
cubic bi-adjoint scalar theory defined by the Lagrangian

LBAS = �
1

2

⇣
@µ�

aa0
⌘2

� gf
abc

f̃
a0b0c0

�
aa0

�
bb0
�
cc0
. (1.3)

The scalar fields transform in the adjoint of two color-groups GL and GR and the tree
amplitudes mn[↵|�] are single-trace color-ordered for each color-group. Examples are

m4[1234|1234] =
g

s
+

g

u
, m4[1234|1243] = �

g

s
. (1.4)

When BAS is used as input in the KLT formula, one color-group is actively taking part in
the double-copy while the other is inert: specifically one finds that

A
R
n [�] =

X

↵,�

mn[�|↵]Sn[↵|�]A
R
n [�] , A

L
n[�] =

X

↵,�

A
L
n[↵]Sn[↵|�]mn[�|�] . (1.5)

Furthermore, one finds that when BAS is double-copied with itself it gives back BAS:

mn[�|�] =
X

↵,�

mn[�|↵]Sn[↵|�]mn[�|�]. (1.6)

Equations (1.5) and (1.6) are the mathematical statements behind the first column and
first row of Table 1.
We can view the KLT double-copy abstractly as a map on the space of (certain) field
theories and for this map the BAS model is the identity 1: we can summarize (1.5) and

– 2 –
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String theory KLT kernel is inverse of any (n-3)! x (n-3)! submatrix of the tree amplitudes of the 
cubic Bi-Adjoint Scalar model (BAS) + specific higher derivative terms
determined by the alpha’ expansion.

Mizera

1/ sin(⇡↵0
p
2) or 1/ tan(⇡↵0

p
2). For example,

m4[1234|1243] = �
g
2

s
�! m

(↵0)
4 [1234|1243] = �

1

sin(⇡↵0s)
. (1.18)

When one replaces

mn ! m
(↵0)
n and Sn ! S

(↵0)
n = (m(↵0)

n )�1 (1.19)

the relations (1.11) and (1.10) continues to hold, where now An are taken to the color-
ordered open-string amplitudes. (In this context, the KKBCJ relations (1.10) are often
called the monodromy relations [8–12].) This means that for the string theory double-copy,
the model that gives the amplitudes m

(↵0)
n is the identity for the string-version of the KLT

algebra (1.12).
It may be puzzling that m

(↵0)
n are called amplitudes. However, in the ↵

0-expansion this
makes perfect sense. For example, consider the low-energy expansion s ⌧ ↵

0 of (1.18):

m
(↵0)
4 [1234|1243] = �

1

⇡↵0s
�

1

6
⇡↵

0
s�

7

360
(↵0

⇡s)3 + . . . . (1.20)

The leading term matches that in m4[1234|1243] in (1.18) with g = 1/(⇡↵0) and the sub-
leading terms arise from higher-derivative corrections to the BAS model. Schematically, we
can write

L↵0 = LBAS + ↵
0
@
2
�
4 + ↵

03
@
6
�
4 + . . . (1.21)

Thus the amplitudes m(↵0)
n are the re-summed tree amplitudes of an effective field theory of

a bi-adjoint scalar with higher-derivative corrections. The string KLT kernel is the inverse
of a submatrix of these effective field theory amplitudes.
It is clear that the Lagrangian (1.21) describes a model with a very specific set of higher-
derivative corrections. For example, there are no �

4 terms or @
4
�
4 terms. One goal of

this paper is to systematically examine what higher-derivative corrections to BAS give a

well-defined KLT kernel.

As we show below, one immediately runs into trouble with locality in the KLT double-
copy if one modifies the BAS model without imposing any restrictions. For example, it
will become clear why a �

4 modification is not allowed. So the key issue is to understand
what constraints one must impose on a KLT kernel, or equivalently on the amplitudes of
its inverse, in order for the generalized double-copy to yield sensible physical amplitudes
A

L⌦R
n .

We propose to take the “KLT algebra” defined by (1.12) as the fundamental principle for
generalizing the KLT double-copy. For a double-copy map on a (sub)space of field theories,

KLT: (field theory)L ⌦ (field theory)R ! (field theory)L⌦R , (1.22)

to be well-defined, we propose that there must exist an identity 1 for which the KLT algebra
(1.12) holds and the KLT kernel is the inverse of a suitable submatrix of amplitudes of this
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String theory KLT kernel is inverse of any (n-3)! x (n-3)! submatrix of the tree amplitudes of the 
cubic Bi-Adjoint Scalar model (BAS) + specific higher derivative terms
determined by the alpha’ expansion.

Mizera

Generalized EFT KLT kernel is inverse of any (n-3)! x (n-3)! submatrix of the amplitudes of the 
cubic Bi-Adjoint Scalar model (BAS) + general higher derivative terms.
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..but what are the rules for adding higher-derivative terms without wrecking the desired kernel properties?
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(1.6) as
L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.7)

If (1.6) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn it itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.8)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though: using (1.4) we have for example

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg
, S4[1234|1243] =

�
m4[1243|1234]

��1
= �

s

g
.

(1.9)
The latter is the kernel given below (1.2).
Equation (1.5) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arise in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
the KK and BCJ relations are necessary conditions one must impose on the tree amplitudes
of a theory in order to be able to use it in the double-copy and they reduce the number of
independent color-ordered amplitudes from (n�1)! to (n�3)!. At 4-point, these 5 KKBCJ
conditions are comprised of

Trace-reversal: A4[1432] = A4[1234] , A4[1342] = A4[1243] , A4[1423] = A4[1324]

(1.10)
and

U(1)-decoupling: A4[1234] +A4[1243] +A4[1423] = 0 , (1.11)

BCJ: A4[1234]�
t

u
A4[1243] = 0 . (1.12)

If they do not hold, the result AL⌦R
n of attempting the double-copy may not be a well-defined

amplitude of any local theory.
The KKBCJ conditions (1.5) allow some models to be double-copied but not others. For
example, the amplitudes of a model with an adjoint scalar ' and a fully symmetry inter-
action tr

�
'{','}

�
does not obey KKBCJ. Similarly, it was shown in [7] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
Perhaps the reader is concerned that YM with an trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
appear to be in conflict with trF 4 not passing the KKBCJ constraints. The resolution is
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Double-copy

FT⌦ FT YM N = 4 SYM �PT BAS

YM gravity+ N = 4 SG BI YM

N = 4 SYM N = 4 SG N = 8 SG N = 4 sDBI N = 4 SYM

�PT BI N = 4 sDBI sGalileon �PT

BAS YM N = 4 SYM �PT BAS
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The Rules: The KLT algebra.
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sGal stands for the special Galileon, BI is Born-Infeld theory, gravity+ is Einstein gravity with a
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Equations (1.5) and (1.6) are the mathematical statements behind the first column and
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theories and for this map the BAS model is the identity 1: we can summarize (1.5) and
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“Standard” field theory double-copy has an identity element
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1 = BAS model

This links identity element to the kernel => inverse submatrix relation



Proposal

Proposal: take the KLT algebra as the fundamental property

The double-copy kernel is the inverse of a suitable submatrix 
of the tree amplitudes in the identity model.

(1.6) as
L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.7)
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simple though: using (1.4) we have for example

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg
, S4[1234|1243] =

�
m4[1243|1234]

��1
= �

s

g
.

(1.9)
The latter is the kernel given below (1.2).
Equation (1.5) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arise in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
the KK and BCJ relations are necessary conditions one must impose on the tree amplitudes
of a theory in order to be able to use it in the double-copy and they reduce the number of
independent color-ordered amplitudes from (n�1)! to (n�3)!. At 4-point, these 5 KKBCJ
conditions are comprised of

Trace-reversal: A4[1432] = A4[1234] , A4[1342] = A4[1243] , A4[1423] = A4[1324]

(1.10)
and

U(1)-decoupling: A4[1234] +A4[1243] +A4[1423] = 0 , (1.11)

BCJ: A4[1234]�
t

u
A4[1243] = 0 . (1.12)

If they do not hold, the result AL⌦R
n of attempting the double-copy may not be a well-defined

amplitude of any local theory.
The KKBCJ conditions (1.5) allow some models to be double-copied but not others. For
example, the amplitudes of a model with an adjoint scalar ' and a fully symmetry inter-
action tr

�
'{','}

�
does not obey KKBCJ. Similarly, it was shown in [7] that adding an

operator trF 3 to YM theory does satisfy KKBCJ but adding trF 4 violates it.
Perhaps the reader is concerned that YM with an trF 4 cannot be double-copied. After all,
the low-energy expansion (i.e. ↵0-expansion) of the open string theory gluon amplitude does
indeed produce an operator of the form trF 4. And the KLT formula was originally derived
as a map from open string amplitudes to closed string amplitudes [1]. These statements
appear to be in conflict with trF 4 not passing the KKBCJ constraints. The resolution is
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R / L BAS �PT YM N = 4 SYM
BAS BAS �PT YM N = 4 SYM
�PT �PT sGal BI N = 4 sDBI
YM YM BI gravity+ N = 4 SG

N = 4 SYM N = 4 SYM N = 4 sDBI N = 4 SG N = 8 SG

Table 1. The table shows the tree-level double-copy L⌦R of a selection of different choices for the
L and R single-color models. BAS is the cubic bi-adjoint scalar model which is described more in
the main text. The important point we want to make here is that BAS acts as the identity under
the KLT map. The other single-color models are �PT = chiral perturbation theory (NLSM), YM =
Yang-Mills theory, and N = 4 super Yang-Mills theory (SYM). For the results for the double-copy,
sGal stands for the special Galileon, BI is Born-Infeld theory, gravity+ is Einstein gravity with a
dilaton and Bµ⌫ , and SG stands for supergravity.

Furthermore, one finds that when BAS is double-copied with itself, it gives back BAS:

mn[�|�] =
X

↵,�

mn[�|↵]Sn[↵|�]mn[�|�]. (1.11)

Equations (1.10) and (1.11) are the mathematical statements behind the first column and
first row of Table 1.
We can abstractly view the KLT double-copy as a map on the space of (certain) field
theories and for this map, the BAS model is the identity 1. We can summarize (1.10) and
(1.11) as

L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.12)

If (1.11) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn is itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.13)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though. For example, using (1.9), we find

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg2
,

S4[1234|1243] =
�
m4[1243|1234]

��1
= �

s

g2
.

(1.14)

The latter is the kernel given below (1.8).
Equation (1.10) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arises in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
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ó (n-1)! x (n-1)! matrix of tree amplitudes of the identity model has rank (n-3)!

“Minimal rank condition”



follows:

m4[1234|1234] = f1(s, t) with f1(s, t) = f1(u, t) ,

m4[1234|1243] = f2(s, t) ,

m4[1234|1324] = f3(s, t) = f2(u, t) ,

m4[1234|1342] = f4(s, t) = f2(s, t) ,

m4[1234|1423] = f5(s, t) = f2(u, t) ,

m4[1234|1432] = f6(s, t) with f6(s, t) = f6(u, t) .

(4.2)

where here and in the following it is always understood that s+ t+ u = 0. For example, to
obtain the 3rd line, we use that

f3(s, t) = m4[1234|1324] = m4[4123|4132] = m4[1234|1243]
���
1!4!3!2!1

= f2(s, t)
���
1!4!3!2!1

= f2(u, t) .
(4.3)

We allow for the possibility that mn[�|↵] 6= mn[↵|�] and we do not assume trace reversal
symmetry, e.g. mn[↵|�T ] is not necessarily related to mn[↵|�]. In terms of f1, f2, and f6,
the matrix m4 of (2.2) then takes the form

m4 =

0

BBBBBBB@

f1(s, t) f2(s, t) f2(u, t) f2(s, t) f2(u, t) f6(s, t)

f2(s, u) f1(s, u) f2(t, u) f6(s, u) f2(t, u) f2(s, u)

f2(u, s) f2(t, s) f1(t, s) f2(t, s) f6(t, s) f2(u, s)

f2(s, u) f6(t, u) f2(t, u) f1(t, u) f2(t, u) f2(s, u)

f2(u, s) f2(t, s) f6(u, s) f2(t, s) f1(u, s) f2(u, s)

f6(u, t) f2(s, t) f2(u, t) f2(s, t) f6(u, t) f2(u, t)

1

CCCCCCCA

. (4.4)

Generically this matrix has rank 6, so we must impose the rank 1 bootstrap condition by
setting all 2-by-2 minor to zero. This can be done very simply. Consider the vanishing of
the 2-by-2 minor of (4.4) with rows 1 and 2 and columns 1 and 6:

�
f1(s, t)� f6(s, t)

�
f2(s, u) = 0 . (4.5)

This implies8

f6(s, t) = f1(s, t). (4.6)

Next, the 2-by-2 minor of (4.4) with rows 1 and 3 and columns 1 and 2 vanishes when

0 = f1(s, t)f2(t, s)� f2(s, t)f2(u, s) , (4.7)

while the vanishing of the minor with rows 1 and 2 and columns 1 and 3 requires

0 = f1(s, t)f2(t, u)� f2(s, u)f2(u, t) . (4.8)

8When f2 = 0, the other rank 1 conditions set f1 = f6 = 0. So we assume f2 to be non-zero.
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of the (n � 1)! ⇥ (n � 1)! matrix of zeroth copy amplitudes and shows that they imply
generalized KKBCJ relations for the L and R sector single-copy amplitudes. Appendix B
gives the results for the generalized double-copy of �PT with itself and with YM including
the leading orders of compatible higher-derivative operators. Appendix C lists analytic
solutions to the KLT bootstrap at 5-point.

2 Double-Copy Bootstrap

In the Introduction, we have outlined the ideas of the double-copy bootstrap. The purpose
of this section is to make each step of the procedure precise.

2.1 Double-Copy Kernel and Zeroth-Copy Models: Bootstrap 1⌦ 1 = 1

In the KLT double-copy formula,

A
L⌦R
n =

X

↵,�

A
L
n[↵]Sn[↵|�]A

R
n [�], (2.1)

the L (R) sector refers to field theories with all states in the adjoint representation of color
groups GL (GR), which could for example be SU(N) (SU(Ñ)). The single-copy amplitudes
A

L
n[↵] (AR

n [�]) are color-ordered with respect to a single-trace of n generators of GL (GR).
The structure of the formula (2.1) shows that the double-copy kernel Sn has a color-structure
associated with the product GL ⇥ GR. As we indicated in the Introduction, the kernel is
the inverse of a submatrix of doubly color-ordered mn amplitudes, so they must have a
color-structure GR⇥GL. The candidates for the zeroth-copy models are local field theories
with a single scalar field �

aa0 that transforms in the adjoint of each group factors.
At n-point there are n! possible color-orderings for each color-group factor, but only (n�1)!

are independent under the cyclicity of each color-trace. We use mn to denote the (n�1)!⇥

(n � 1)! matrix of color-ordered tree amplitudes of the zeroth copy. For example, at 4-
point we choose the ordering {1234, 1243, 1324, 1342, 1423, 1432} and the 6 ⇥ 6 matrix of
zeroth-copy tree amplitudes is then

m4 =

0

BBBB@

m4[1234|1234] m4[1234|1243] m4[1234|1324] · · · m4[1234|1432]

m4[1243|1234] m4[1243|1243] m4[1243|1324] · · · m4[1243|1432]
...

...
...

...
m4[1432|1234] m4[1432|1243] m4[1432|1324] · · · m4[1432|1432]

1

CCCCA
. (2.2)

We do not make any assumptions a priori about the properties of the color-ordered ampli-
tudes mn. For example, we do not assume trace-reversal, so in general

m[�|↵T ] 6= m[�|↵] or m[�T
|↵] 6= m[�T

|↵], (2.3)

where for example {1234}T = {4321} = {1432}. Also, we do not assume that the mn is
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4-point bootstrap
4-point: (n-1)! = 6 independent single-trace color-orderings:   1234, 1243, 1324, 1342, 1423, 1432

=> 6 x 6 matrix of doubly-ordered tree amplitudes m[a|b] for the identity model

Cyclic symmetry and momentum relabeling: can express in terms of just three functions f1 , f2 , f6



4-point: (n-1)! = 6 independent single-trace color-orderings:   1234, 1243, 1324, 1342, 1423, 1432

=> 6 x 6 matrix of doubly-ordered tree amplitudes m[a|b] for the identity model

Cyclic symmetry and momentum relabeling: can express in terms of just three functions f1 , f2 , f6

of the (n � 1)! ⇥ (n � 1)! matrix of zeroth copy amplitudes and shows that they imply
generalized KKBCJ relations for the L and R sector single-copy amplitudes. Appendix B
gives the results for the generalized double-copy of �PT with itself and with YM including
the leading orders of compatible higher-derivative operators. Appendix C lists analytic
solutions to the KLT bootstrap at 5-point.

2 Double-Copy Bootstrap

In the Introduction, we have outlined the ideas of the double-copy bootstrap. The purpose
of this section is to make each step of the procedure precise.

2.1 Double-Copy Kernel and Zeroth-Copy Models: Bootstrap 1⌦ 1 = 1

In the KLT double-copy formula,

A
L⌦R
n =

X

↵,�

A
L
n[↵]Sn[↵|�]A

R
n [�], (2.1)

the L (R) sector refers to field theories with all states in the adjoint representation of color
groups GL (GR), which could for example be SU(N) (SU(Ñ)). The single-copy amplitudes
A

L
n[↵] (AR

n [�]) are color-ordered with respect to a single-trace of n generators of GL (GR).
The structure of the formula (2.1) shows that the double-copy kernel Sn has a color-structure
associated with the product GL ⇥ GR. As we indicated in the Introduction, the kernel is
the inverse of a submatrix of doubly color-ordered mn amplitudes, so they must have a
color-structure GR⇥GL. The candidates for the zeroth-copy models are local field theories
with a single scalar field �

aa0 that transforms in the adjoint of each group factors.
At n-point there are n! possible color-orderings for each color-group factor, but only (n�1)!

are independent under the cyclicity of each color-trace. We use mn to denote the (n�1)!⇥

(n � 1)! matrix of color-ordered tree amplitudes of the zeroth copy. For example, at 4-
point we choose the ordering {1234, 1243, 1324, 1342, 1423, 1432} and the 6 ⇥ 6 matrix of
zeroth-copy tree amplitudes is then

m4 =

0

BBBB@

m4[1234|1234] m4[1234|1243] m4[1234|1324] · · · m4[1234|1432]

m4[1243|1234] m4[1243|1243] m4[1243|1324] · · · m4[1243|1432]
...

...
...

...
m4[1432|1234] m4[1432|1243] m4[1432|1324] · · · m4[1432|1432]

1

CCCCA
. (2.2)

We do not make any assumptions a priori about the properties of the color-ordered ampli-
tudes mn. For example, we do not assume trace-reversal, so in general

m[�|↵T ] 6= m[�|↵] or m[�T
|↵] 6= m[�T

|↵], (2.3)

where for example {1234}T = {4321} = {1432}. Also, we do not assume that the mn is
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follows:

m4[1234|1234] = f1(s, t) with f1(s, t) = f1(u, t) ,

m4[1234|1243] = f2(s, t) ,

m4[1234|1324] = f3(s, t) = f2(u, t) ,

m4[1234|1342] = f4(s, t) = f2(s, t) ,

m4[1234|1423] = f5(s, t) = f2(u, t) ,

m4[1234|1432] = f6(s, t) with f6(s, t) = f6(u, t) .

(4.2)

where here and in the following it is always understood that s+ t+ u = 0. For example, to
obtain the 3rd line, we use that

f3(s, t) = m4[1234|1324] = m4[4123|4132] = m4[1234|1243]
���
1!4!3!2!1

= f2(s, t)
���
1!4!3!2!1

= f2(u, t) .
(4.3)

We allow for the possibility that mn[�|↵] 6= mn[↵|�] and we do not assume trace reversal
symmetry, e.g. mn[↵|�T ] is not necessarily related to mn[↵|�]. In terms of f1, f2, and f6,
the matrix m4 of (2.2) then takes the form

m4 =

0

BBBBBBB@

f1(s, t) f2(s, t) f2(u, t) f2(s, t) f2(u, t) f6(s, t)

f2(s, u) f1(s, u) f2(t, u) f6(s, u) f2(t, u) f2(s, u)

f2(u, s) f2(t, s) f1(t, s) f2(t, s) f6(t, s) f2(u, s)

f2(s, u) f6(t, u) f2(t, u) f1(t, u) f2(t, u) f2(s, u)

f2(u, s) f2(t, s) f6(u, s) f2(t, s) f1(u, s) f2(u, s)

f6(u, t) f2(s, t) f2(u, t) f2(s, t) f6(u, t) f2(u, t)

1

CCCCCCCA

. (4.4)

Generically this matrix has rank 6, so we must impose the rank 1 bootstrap condition by
setting all 2-by-2 minor to zero. This can be done very simply. Consider the vanishing of
the 2-by-2 minor of (4.4) with rows 1 and 2 and columns 1 and 6:

�
f1(s, t)� f6(s, t)

�
f2(s, u) = 0 . (4.5)

This implies8

f6(s, t) = f1(s, t). (4.6)

Next, the 2-by-2 minor of (4.4) with rows 1 and 3 and columns 1 and 2 vanishes when

0 = f1(s, t)f2(t, s)� f2(s, t)f2(u, s) , (4.7)

while the vanishing of the minor with rows 1 and 2 and columns 1 and 3 requires

0 = f1(s, t)f2(t, u)� f2(s, u)f2(u, t) . (4.8)

8When f2 = 0, the other rank 1 conditions set f1 = f6 = 0. So we assume f2 to be non-zero.
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R / L BAS �PT YM N = 4 SYM
BAS BAS �PT YM N = 4 SYM
�PT �PT sGal BI N = 4 sDBI
YM YM BI gravity+ N = 4 SG

N = 4 SYM N = 4 SYM N = 4 sDBI N = 4 SG N = 8 SG

Table 1. The table shows the tree-level double-copy L⌦R of a selection of different choices for the
L and R single-color models. BAS is the cubic bi-adjoint scalar model which is described more in
the main text. The important point we want to make here is that BAS acts as the identity under
the KLT map. The other single-color models are �PT = chiral perturbation theory (NLSM), YM =
Yang-Mills theory, and N = 4 super Yang-Mills theory (SYM). For the results for the double-copy,
sGal stands for the special Galileon, BI is Born-Infeld theory, gravity+ is Einstein gravity with a
dilaton and Bµ⌫ , and SG stands for supergravity.

Furthermore, one finds that when BAS is double-copied with itself, it gives back BAS:

mn[�|�] =
X

↵,�

mn[�|↵]Sn[↵|�]mn[�|�]. (1.11)

Equations (1.10) and (1.11) are the mathematical statements behind the first column and
first row of Table 1.
We can abstractly view the KLT double-copy as a map on the space of (certain) field
theories and for this map, the BAS model is the identity 1. We can summarize (1.10) and
(1.11) as

L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.12)

If (1.11) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn is itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.13)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though. For example, using (1.9), we find

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg2
,

S4[1234|1243] =
�
m4[1243|1234]

��1
= �

s

g2
.

(1.14)

The latter is the kernel given below (1.8).
Equation (1.10) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arises in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,
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ó All 2x2 minors vanish  ó 6x6 matrix has rank 1

where we have used cyclic symmetry and momentum relabeling to infer the listed relations,

f3(s, t) = m4[1234|1324] = m4[4123|4132] = m4[1234|1243]
���
1!4!3!2!1

= f2(s, t)
���
1!4!3!2!1

= f2(�s� t, t) .
(4.2)

We allow for the possibility that mn[�|↵] 6= mn[↵|�] and we do not assume reversal sym-
metry, e.g. mn[↵|�T ] is not necessarily related to mn[↵|�].
At 4-point, the minimal rank condition imposes that all 2-by-2 minors of the propagator
matrix must vanish,

m4[↵|�]m4[�|�] = m4[↵|�]m4[�|�], (4.3)

for any choice of ↵,�, �, � 2 {1234, 1243, 1324, 1342, 1423, 1432}.
Suppose we take ↵ = � = 1234 while � = 1432 and � = 1243. Then (4.3) reads,

0 = m4[1234|1234]m4[1243|1432]�m4[1234|1432]m4[1243|1234]

= m4[1234|1234]
⇣
m4[1234|1342]

���
3$4

⌘
�m4[1234|1432]

⇣
m4[1234|1243]

���
3$4

⌘

=
�
f1(s, t)� f6(s, t)

�
f2(u, t) ,

(4.4)

which implies,
f6(s, t) = f1(s, t) . (4.5)

Similarly, taking ↵ = � = 1234, � = 1243, and � = 1324 in (4.3) gives

0 = f1(s, t)f2(t, s)� f2(s, t)f2(�s� t, s) (4.6)

while interchanging the choices of �, and � gives

0 = f1(s, t)f2(t,�s� t)� f2(s,�s� t)f2(�s� t, t) (4.7)

Equation (4.6) allows us to solve for f1 in terms of f2 as

f1(s, t) =
f2(s, t)f2(�s� t, s)

f2(t, s)
, (4.8)

and combining (4.6) and (4.7) gives a final self-consistency condition for f2,

f2(s, t)f2(�s� t, s)f2(t,�s� t) = f2(t, s)f2(�s� t, t)f2(s,�s� t) . (4.9)

Note that the RHS is equal to the LHS with s $ t.
As we shall see, the bootstrap equations are alone not quite su! cient to guarantee that
(4.1) correspond to doubly-color-ordered amplitudes of a local theory. For a choice f2 that
solves (4.9) and is local, the outcome for f1 via (4.8) is not necessarily local. Therefore
locality constraints on f1 may further restrict the solution. This is an important constraint
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where we have used cyclic symmetry and momentum relabeling to infer the listed relations,

f 3(s, t) = m4[1234|1324] = m4[4123|4132] = m4[1234|1243]
!
!
!
1! 4! 3! 2! 1

= f 2(s, t)
!
!
!
1! 4! 3! 2! 1

= f 2(! s ! t, t ) .
(4.2)

We allow for the possibility that mn[! |" ] "= mn[" |! ] and we do not assume reversal sym-
metry, e.g. mn[" |! T ] is not necessarily related tomn[" |! ].

At 4-point, the minimal rank condition imposes that all 2-by-2 minors of the propagator
matrix must vanish,

m4[" |! ]m4[#|$] = m4[" |$]m4[#|! ], (4.3)

for any choice of" , ! , $, # # { 1234, 1243, 1324, 1342, 1423, 1432} .

Suppose we take" = ! = 1234 while $ = 1432 and # = 1243. Then (4.3) reads,

0 = m4[1234|1234]m4[1243|1432]! m4[1234|1432]m4[1243|1234]

= m4[1234|1234]
"

m4[1234|1342]
!
!
!
3" 4

#
! m4[1234|1432]

"
m4[1234|1243]

!
!
!
3" 4

#

=
$
f 1(s, t) ! f 6(s, t)

%
f 2(u, t) ,

(4.4)

which implies,
f 6(s, t) = f 1(s, t) . (4.5)

Similarly, taking " = ! = 1234, $ = 1243, and # = 1324 in (4.3) gives

0 = f 1(s, t)f 2(t, s) ! f 2(s, t)f 2(! s ! t, s) (4.6)

while interchanging the choices of$, and # gives

0 = f 1(s, t)f 2(t, ! s ! t) ! f 2(s, ! s ! t)f 2(! s ! t, t ) (4.7)

Equation (4.6) allows us to solve forf 1 in terms of f 2 as

f 1(s, t) =
f 2(s, t)f 2(! s ! t, s)

f 2(t, s)
, (4.8)

and combining (4.6) and (4.7) gives a Þnal self-consistency condition forf 2,

f 2(s, t)f 2(! s ! t, s)f 2(t, ! s ! t) = f 2(t, s)f 2(! s ! t, t )f 2(s, ! s ! t) . (4.9)

Note that the RHS is equal to the LHS with s $ t.

As we shall see, the bootstrap equations are alone not quite su! cient to guarantee that
(4.1) correspond to doubly-color-ordered amplitudes of a local theory. For a choicef 2 that
solves (4.9) and is local, the outcome forf 1 via (4.8) is not necessarily local. Therefore
locality constraints on f 1 may further restrict the solution. This is an important constraint
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where we have used cyclic symmetry and momentum relabeling to infer the listed relations,

f 3(s, t) = m4[1234|1324] = m4[4123|4132] = m4[1234|1243]
!
!
!
1! 4! 3! 2! 1

= f 2(s, t)
!
!
!
1! 4! 3! 2! 1

= f 2(! s ! t, t ) .
(4.2)

We allow for the possibility that mn[! |" ] "= mn[" |! ] and we do not assume reversal sym-
metry, e.g. mn[" |! T ] is not necessarily related tomn[" |! ].

At 4-point, the minimal rank condition imposes that all 2-by-2 minors of the propagator
matrix must vanish,

m4[" |! ]m4[#|$] = m4[" |$]m4[#|! ], (4.3)

for any choice of" , ! , $, # # { 1234, 1243, 1324, 1342, 1423, 1432} .

Suppose we take" = ! = 1234 while $ = 1432 and # = 1243. Then (4.3) reads,

0 = m4[1234|1234]m4[1243|1432]! m4[1234|1432]m4[1243|1234]

= m4[1234|1234]
"

m4[1234|1342]
!
!
!
3" 4

#
! m4[1234|1432]

"
m4[1234|1243]

!
!
!
3" 4

#

=
$
f 1(s, t) ! f 6(s, t)

%
f 2(u, t) ,

(4.4)

which implies,
f 6(s, t) = f 1(s, t) . (4.5)

Similarly, taking " = ! = 1234, $ = 1243, and # = 1324 in (4.3) gives

0 = f 1(s, t)f 2(t, s) ! f 2(s, t)f 2(! s ! t, s) (4.6)

while interchanging the choices of$, and # gives

0 = f 1(s, t)f 2(t, ! s ! t) ! f 2(s, ! s ! t)f 2(! s ! t, t ) (4.7)

Equation (4.6) allows us to solve forf 1 in terms of f 2 as

f 1(s, t) =
f 2(s, t)f 2(! s ! t, s)

f 2(t, s)
, (4.8)

and combining (4.6) and (4.7) gives a Þnal self-consistency condition forf 2,

f 2(s, t)f 2(! s ! t, s)f 2(t, ! s ! t) = f 2(t, s)f 2(! s ! t, t )f 2(s, ! s ! t) . (4.9)

Note that the RHS is equal to the LHS with s $ t.

As we shall see, the bootstrap equations are alone not quite su! cient to guarantee that
(4.1) correspond to doubly-color-ordered amplitudes of a local theory. For a choicef 2 that
solves (4.9) and is local, the outcome forf 1 via (4.8) is not necessarily local. Therefore
locality constraints on f 1 may further restrict the solution. This is an important constraint
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4-point bootstrap



Ansatz

Let’s look more at the bootstrap results at 4-point
<latexit sha1_base64="xspSigvHUFNisZmZc/nfid3D4oQ="></latexit>

f 2(s, t) = !
g2

s
+ a0,0 + a1,0 t + a1,1 s + a2,0 t2 + a2,1 st + a2,2 s2 + . . .



4-point bootstrap + locality 

<latexit sha1_base64="IESfVXp+Wx/+TP9/E4Ts1t7kVEU=">AAACMHicbZBbSwJBFMdn7WZ2s3rsZUiCQJFdlepR6qEeDfICusrsOOrg7IWZs4EsfqRe+ij1UlBEr32Kxl2D0g4M/M/vnMOZ83cCwRWY5quRWlldW99Ib2a2tnd297L7Bw3lh5KyOvWFL1sOUUxwj9WBg2CtQDLiOoI1nfHVrN68Z1Jx37uDScBslww9PuCUgEa97HUedwqY9KJywZxqCd0yzie5NcsVhm4J52NQioFO4aelnJAyxr1sziyaceBlYc1FDs2j1ss+dfo+DV3mARVEqbZlBmBHRAKngk0znVCxgNAxGbK2lh5xmbKj+OApPtGkjwe+1M8DHNPfExFxlZq4ju50CYzUYm0G/6u1Qxhc2BH3ghCYR5NFg1Bg8PHMPdznklEQEy0IlVz/FdMRkYSC9jijTbAWT14WjVLROitWbiu56uXcjjQ6QsfoFFnoHFXRDaqhOqLoAT2jN/RuPBovxofxmbSmjPnMIfoTxtc3wR2ixw==</latexit>

+ a3,0 t3 + a3,1 st2 + a3,2 s2t + a3,3 s3

<latexit sha1_base64="MTxT0cQeJPc59DIfkYDs18eQL3Q="></latexit>

+ a4,0 t4 + a4,1 st3 + a4,2 s2t2 +
!
a4,0 + a4,1 + a4,2

"
s3t

<latexit sha1_base64="68wlxnoIVRaOoz4ViN0HVMmPjUc=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgQcKuBvUY9OIxgnlAEkLvZDYZMju7zswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3+bHg2rjut5NbWV1b38hvFra2d3b3ivsHDR0lirI6jUSkWj5qJrhkdcONYK1YMQx9wZr+6HbqN5+Y0jySD2Ycs26IA8kDTtFYqYW9tHJ2MSG9YsktuzOQZeJlpAQZar3iV6cf0SRk0lCBWrc9NzbdFJXhVLBJoZNoFiMd4YC1LZUYMt1NZ/dOyIlV+iSIlC1pyEz9PZFiqPU49G1niGaoF72p+J/XTkxw3U25jBPDJJ0vChJBTESmz5M+V4waMbYEqeL2VkKHqJAaG1HBhuAtvrxMGudl77Jcua+UqjdZHHk4gmM4BQ+uoAp3UIM6UBDwDK/w5jw6L8678zFvzTnZzCH8gfP5A+mUjz4=</latexit>a4,3 fixed to this

All 
<latexit sha1_base64="xby2+aTvhNnOa7lz2GA0ATQrzqk=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgQcJuCOpFCHrxGME8IFnC7GQ2GXZ2dpmHEJb8hhcPinj1Z7z5N06SPWhiQUNR1U13V5ByprTrfjuFtfWNza3idmlnd2//oHx41FaJkYS2SMIT2Q2wopwJ2tJMc9pNJcVxwGkniO5mfueJSsUS8agnKfVjPBIsZARrK/XxIKtFF7VoeoPcQbniVt050CrxclKBHM1B+as/TIiJqdCEY6V6nptqP8NSM8LptNQ3iqaYRHhEe5YKHFPlZ/Obp+jMKkMUJtKW0Giu/p7IcKzUJA5sZ4z1WC17M/E/r2d0eO1nTKRGU0EWi0LDkU7QLAA0ZJISzSeWYCKZvRWRMZaYaBtTyYbgLb+8Stq1qndZrT/UK43bPI4inMApnIMHV9CAe2hCCwik8Ayv8OYY58V5dz4WrQUnnzmGP3A+fwBvhpCm</latexit>

a2k, 2k = 0
by locality of f1

<latexit sha1_base64="HBQAR9H7mRywYUF0+Zql6fHO/Ng="></latexit>

f 2(s, t) = !
g2

s
+ a1,0 t + a1,1 s + a2,0 t(s + t)

!"#$

<latexit sha1_base64="QcOYCNl+4sQYElkjS3KLTZG1w3s=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ie0oWw2m3bpZjfsboQS+iu8eFDEqz/Hm//GTZuDtj4YeLw3w8y8IOFMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3+Z+54kqzaR4MJOE+jEeChYxgo2VHs9Rn4fS6PKgUnVr7gxomXgFqUKB5qDy1Q8lSWMqDOFY657nJsbPsDKMcDot91NNE0zGeEh7lgocU+1ns4On6NQqIYqksiUMmqm/JzIcaz2JA9sZYzPSi14u/uf1UhNd+xkTSWqoIPNFUcqRkSj/HoVMUWL4xBJMFLO3IjLCChNjM8pD8BZfXibti5p3Wavf16uNmyKOEhzDCZyBB1fQgDtoQgsIxPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4As3qPtA==</latexit>

+ . . .

Let’s look more at the bootstrap results at 4-point

Ansatz

<latexit sha1_base64="xspSigvHUFNisZmZc/nfid3D4oQ="></latexit>

f 2(s, t) = !
g2

s
+ a0,0 + a1,0 t + a1,1 s + a2,0 t2 + a2,1 st + a2,2 s2 + . . .
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Compare with the inverse string kernel

<latexit sha1_base64="IyR5tGnCQOjBM+fMNGZri6hyxa0="></latexit>

f string
2 (s, t) = !

1
sin(!" !s)

= !
1

!" !s
!

1
6

!" !s !
7

360
(!" !s)3 !

31
15120

(!" !s)5 + . . .

1/ sin(⇡↵0
p
2) or 1/ tan(⇡↵0

p
2). For example,

m4[1234|1243] = �
g
2

s
�! m

(↵0)
4 [1234|1243] = �

1

sin(⇡↵0s)
. (1.18)

When one replaces

mn ! m
(↵0)
n and Sn ! S

(↵0)
n = (m(↵0)

n )�1 (1.19)

the relations (1.11) and (1.10) continues to hold, where now An are taken to the color-
ordered open-string amplitudes. (In this context, the KKBCJ relations (1.10) are often
called the monodromy relations [8–12].) This means that for the string theory double-copy,
the model that gives the amplitudes m

(↵0)
n is the identity for the string-version of the KLT

algebra (1.12).
It may be puzzling that m

(↵0)
n are called amplitudes. However, in the ↵

0-expansion this
makes perfect sense. For example, consider the low-energy expansion s ⌧ ↵

0 of (1.18):

m
(↵0)
4 [1234|1243] = �

1

⇡↵0s
�

1

6
⇡↵

0
s�

7

360
(↵0

⇡s)3 + . . . . (1.20)

The leading term matches that in m4[1234|1243] in (1.18) with g = 1/(⇡↵0) and the sub-
leading terms arise from higher-derivative corrections to the BAS model. Schematically, we
can write

L↵0 = LBAS + ↵
0
@
2
�
4 + ↵

03
@
6
�
4 + . . . (1.21)

Thus the amplitudes m(↵0)
n are the re-summed tree amplitudes of an effective field theory of

a bi-adjoint scalar with higher-derivative corrections. The string KLT kernel is the inverse
of a submatrix of these effective field theory amplitudes.
It is clear that the Lagrangian (1.21) describes a model with a very specific set of higher-
derivative corrections. For example, there are no �

4 terms or @
4
�
4 terms. One goal of

this paper is to systematically examine what higher-derivative corrections to BAS give a

well-defined KLT kernel.

As we show below, one immediately runs into trouble with locality in the KLT double-
copy if one modifies the BAS model without imposing any restrictions. For example, it
will become clear why a �

4 modification is not allowed. So the key issue is to understand
what constraints one must impose on a KLT kernel, or equivalently on the amplitudes of
its inverse, in order for the generalized double-copy to yield sensible physical amplitudes
A

L⌦R
n .

We propose to take the “KLT algebra” defined by (1.12) as the fundamental principle for
generalizing the KLT double-copy. For a double-copy map on a (sub)space of field theories,

KLT: (field theory)L ⌦ (field theory)R ! (field theory)L⌦R , (1.22)

to be well-defined, we propose that there must exist an identity 1 for which the KLT algebra
(1.12) holds and the KLT kernel is the inverse of a suitable submatrix of amplitudes of this

– 6 –



4-point bootstrap + locality 

<latexit sha1_base64="IESfVXp+Wx/+TP9/E4Ts1t7kVEU=">AAACMHicbZBbSwJBFMdn7WZ2s3rsZUiCQJFdlepR6qEeDfICusrsOOrg7IWZs4EsfqRe+ij1UlBEr32Kxl2D0g4M/M/vnMOZ83cCwRWY5quRWlldW99Ib2a2tnd297L7Bw3lh5KyOvWFL1sOUUxwj9WBg2CtQDLiOoI1nfHVrN68Z1Jx37uDScBslww9PuCUgEa97HUedwqY9KJywZxqCd0yzie5NcsVhm4J52NQioFO4aelnJAyxr1sziyaceBlYc1FDs2j1ss+dfo+DV3mARVEqbZlBmBHRAKngk0znVCxgNAxGbK2lh5xmbKj+OApPtGkjwe+1M8DHNPfExFxlZq4ju50CYzUYm0G/6u1Qxhc2BH3ghCYR5NFg1Bg8PHMPdznklEQEy0IlVz/FdMRkYSC9jijTbAWT14WjVLROitWbiu56uXcjjQ6QsfoFFnoHFXRDaqhOqLoAT2jN/RuPBovxofxmbSmjPnMIfoTxtc3wR2ixw==</latexit>

+ a3,0 t3 + a3,1 st2 + a3,2 s2t + a3,3 s3

<latexit sha1_base64="MTxT0cQeJPc59DIfkYDs18eQL3Q="></latexit>

+ a4,0 t4 + a4,1 st3 + a4,2 s2t2 +
!
a4,0 + a4,1 + a4,2

"
s3t

<latexit sha1_base64="HBQAR9H7mRywYUF0+Zql6fHO/Ng="></latexit>

f 2(s, t) = !
g2

s
+ a1,0 t + a1,1 s + a2,0 t(s + t)

<latexit sha1_base64="QcOYCNl+4sQYElkjS3KLTZG1w3s=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSIIQkmkqMeiF48V7Ie0oWw2m3bpZjfsboQS+iu8eFDEqz/Hm//GTZuDtj4YeLw3w8y8IOFMG9f9dlZW19Y3Nktb5e2d3b39ysFhW8tUEdoikkvVDbCmnAnaMsxw2k0UxXHAaScY3+Z+54kqzaR4MJOE+jEeChYxgo2VHs9Rn4fS6PKgUnVr7gxomXgFqUKB5qDy1Q8lSWMqDOFY657nJsbPsDKMcDot91NNE0zGeEh7lgocU+1ns4On6NQqIYqksiUMmqm/JzIcaz2JA9sZYzPSi14u/uf1UhNd+xkTSWqoIPNFUcqRkSj/HoVMUWL4xBJMFLO3IjLCChNjM8pD8BZfXibti5p3Wavf16uNmyKOEhzDCZyBB1fQgDtoQgsIxPAMr/DmKOfFeXc+5q0rTjFzBH/gfP4As3qPtA==</latexit>

+ . . .

Compare with the inverse string kernel

<latexit sha1_base64="KHhJB/0xHYXmO6IvpXozagUgzFg=">AAACBHicdVC7SgNBFJ2Nrxhfq5ZpBoNotczGJCaFELSxjGAekF3D7GQ2GTL7YGZWCEsKG3/FxkIRWz/Czr9x8hBU9MCFwzn3cu89XsyZVAh9GJml5ZXVtex6bmNza3vH3N1rySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3upj67VsqJIvCazWOqRvgQch8RrDSUs/MD26K8Aw6vsAktSepEzPoYB4P8dGkZxaQhSrlGqpBZJWRXZ0RhCrV4gm0NZmiABZo9Mx3px+RJKChIhxL2bVRrNwUC8UIp5Ock0gaYzLCA9rVNMQBlW46e2ICD7XSh34kdIUKztTvEykOpBwHnu4MsBrK395U/MvrJsqvuikL40TRkMwX+QmHKoLTRGCfCUoUH2uCiWD6VkiGWOehdG45HcLXp/B/0ipadsUqXZUK9fNFHFmQBwfgGNjgFNTBJWiAJiDgDjyAJ/Bs3BuPxovxOm/NGIuZffADxtsnkKOXdA==</latexit>

g2 =
1

!" !

<latexit sha1_base64="SHdXM2vaCnH1fghyJL7y1/IYXrc=">AAACAHicdVC7SgNBFJ2NrxhfqxYWNoNBtHGZjUlMuqCNZQTzgOwSZiezyZDZBzOzQli28VdsLBSx9TPs/BsnD0FFD1w4nHMv997jxZxJhdCHkVtaXlldy68XNja3tnfM3b22jBJBaItEPBJdD0vKWUhbiilOu7GgOPA47Xjjq6nfuaNCsii8VZOYugEehsxnBCst9c2DM8cXmKR2llYzJ2bQwTwe4ZO+WUQWqlbqqA6RVUF2bUYQqtZK59DWZIoiWKDZN9+dQUSSgIaKcCxlz0axclMsFCOcZgUnkTTGZIyHtKdpiAMq3XT2QAaPtTKAfiR0hQrO1O8TKQ6knASe7gywGsnf3lT8y+slyq+5KQvjRNGQzBf5CYcqgtM04IAJShSfaIKJYPpWSEZYB6J0ZgUdwten8H/SLll21SrflIuNy0UceXAIjsApsMEFaIBr0AQtQEAGHsATeDbujUfjxXidt+aMxcw++AHj7RNGapY7</latexit>

!
1
6

!" !

<latexit sha1_base64="EOBLdgM4VtxXtRPezyQlkdfDOhM=">AAACBnicdVDLSgMxFM3UV62vqksRgkV0Y8n03V3RjcsKthY605JJM21o5kGSEcowKzf+ihsXirj1G9z5N6YPQUUPXDiccy/33uOEnEmF0IeRWlpeWV1Lr2c2Nre2d7K7e20ZRILQFgl4IDoOlpQzn7YUU5x2QkGx53B644wvpv7NLRWSBf61moTU9vDQZy4jWGmpnz08s1yBSVxN4mIFJVbIekVoYR6O8Emv2M/mUB5VynVUhyhfRmZtRhCq1ApFaGoyRQ4s0Oxn361BQCKP+opwLGXXRKGyYywUI5wmGSuSNMRkjIe0q6mPPSrtePZGAo+1MoBuIHT5Cs7U7xMx9qSceI7u9LAayd/eVPzL60bKrdkx88NIUZ/MF7kRhyqA00zggAlKFJ9ogolg+lZIRljHonRyGR3C16fwf9Iu5M1KvnRVyjXOF3GkwQE4AqfABFXQAJegCVqAgDvwAJ7As3FvPBovxuu8NWUsZvbBDxhvn63TmAI=</latexit>

!
7

360
! 3" !3

!" #$%&'%()*#&"+&#$%&, -.#&/01&2""#(#'3.&4(&!"#$%!&'(%)(*('+,%-$+*%-$(%.-'/*).%0('*(,5&

<latexit sha1_base64="IyR5tGnCQOjBM+fMNGZri6hyxa0="></latexit>

f string
2 (s, t) = !

1
sin(!" !s)

= !
1

!" !s
!

1
6

!" !s !
7

360
(!" !s)3 !

31
15120

(!" !s)5 + . . .



! "#$%&'()$$'*'+,#

<latexit sha1_base64="uTQPcWoNLkODjBZ4PnvHj7V/joY=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi8cI5gHJGmYns8mQmdllZlYJS/wOLx4U8eq/ePNvnE32oIkFDUVVN91dQcyZNq777RSWlldW14rrpY3Nre2d8u5eU0eJIrRBIh6pdoA15UzShmGG03asKBYBp61gdJ35rQeqNIvknRnH1Bd4IFnICDZWuhe9M/SEujqJNTWlXrniVt0p0CLxclKBHPVe+avbj0giqDSEY607nhsbP8XKMMLppNRNNI0xGeEB7VgqsaDaT6dXT9CRVfoojJQtadBU/T2RYqH1WAS2U2Az1PNeJv7ndRITXvopk3FiqCSzRWHCkYlQFgHqM0WJ4WNLMFHM3orIECtMjA0qC8Gbf3mRNE+q3nn19Pa0UrvK4yjCARzCMXhwATW4gTo0gICCZ3iFN+fReXHenY9Za8HJZ/bhD5zPH3Nqkdg=</latexit>m5 ! +

5-point bootstrap gives no constraints 
on 4-point coefficients.
There is freedom in local coefficients 
starting at order (Mandelstam)! .

4-pt local terms 5-pt local terms

R / L BAS �PT YM N = 4 SYM
BAS BAS �PT YM N = 4 SYM
�PT �PT sGal BI N = 4 sDBI
YM YM BI gravity+ N = 4 SG

N = 4 SYM N = 4 SYM N = 4 sDBI N = 4 SG N = 8 SG

Table 1. The table shows the tree-level double-copy L⌦R of a selection of different choices for the
L and R single-color models. BAS is the cubic bi-adjoint scalar model which is described more in
the main text. The important point we want to make here is that BAS acts as the identity under
the KLT map. The other single-color models are �PT = chiral perturbation theory (NLSM), YM =
Yang-Mills theory, and N = 4 super Yang-Mills theory (SYM). For the results for the double-copy,
sGal stands for the special Galileon, BI is Born-Infeld theory, gravity+ is Einstein gravity with a
dilaton and Bµ⌫ , and SG stands for supergravity.

Furthermore, one finds that when BAS is double-copied with itself, it gives back BAS:

mn[�|�] =
X

↵,�

mn[�|↵]Sn[↵|�]mn[�|�]. (1.11)

Equations (1.10) and (1.11) are the mathematical statements behind the first column and
first row of Table 1.
We can abstractly view the KLT double-copy as a map on the space of (certain) field
theories and for this map, the BAS model is the identity 1. We can summarize (1.10) and
(1.11) as

L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.12)

If (1.11) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn is itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.13)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though. For example, using (1.9), we find

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg2
,

S4[1234|1243] =
�
m4[1243|1234]

��1
= �

s

g2
.

(1.14)

The latter is the kernel given below (1.8).
Equation (1.10) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arises in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,

– 4 –

ó (n-1)! x (n-1)! matrix has rank (n-3)!

Boostrap:   24 x 24 matrix of tree amplitudes must have rank 2
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At 6-points, things start to get interesting because factorization to lower-point plays a crucial role

+<latexit sha1_base64="Tut+tl3kCmQ/AfYliIrbzP2M/vc=">AAAB9XicbVBNSwMxEM3Wr1q/qh69BIvgqeyKVI9FLx4r2A9o15JNZ9vQJLskWaUs9Xd48aCIV/+LN/+N2XYP2vpg4PHeDDPzgpgzbVz32ymsrK6tbxQ3S1vbO7t75f2Dlo4SRaFJIx6pTkA0cCahaZjh0IkVEBFwaAfj68xvP4DSLJJ3ZhKDL8hQspBRYqx0L/o1/IR7Ook1mFK/XHGr7gx4mXg5qaAcjX75qzeIaCJAGsqJ1l3PjY2fEmUY5TAt9RINMaFjMoSupZII0H46u3qKT6wywGGkbEmDZ+rviZQIrScisJ2CmJFe9DLxP6+bmPDST5mMEwOSzheFCccmwlkEeMAUUMMnlhCqmL0V0xFRhBobVBaCt/jyMmmdVb1a9fz2vFK/yuMooiN0jE6Rhy5QHd2gBmoiihR6Rq/ozXl0Xpx352PeWnDymUP0B87nD3T5kdk=</latexit>m6 !

- "#$%&'()$$'*'+,#

R / L BAS �PT YM N = 4 SYM
BAS BAS �PT YM N = 4 SYM
�PT �PT sGal BI N = 4 sDBI
YM YM BI gravity+ N = 4 SG

N = 4 SYM N = 4 SYM N = 4 sDBI N = 4 SG N = 8 SG

Table 1. The table shows the tree-level double-copy L⌦R of a selection of different choices for the
L and R single-color models. BAS is the cubic bi-adjoint scalar model which is described more in
the main text. The important point we want to make here is that BAS acts as the identity under
the KLT map. The other single-color models are �PT = chiral perturbation theory (NLSM), YM =
Yang-Mills theory, and N = 4 super Yang-Mills theory (SYM). For the results for the double-copy,
sGal stands for the special Galileon, BI is Born-Infeld theory, gravity+ is Einstein gravity with a
dilaton and Bµ⌫ , and SG stands for supergravity.

Furthermore, one finds that when BAS is double-copied with itself, it gives back BAS:

mn[�|�] =
X

↵,�

mn[�|↵]Sn[↵|�]mn[�|�]. (1.11)

Equations (1.10) and (1.11) are the mathematical statements behind the first column and
first row of Table 1.
We can abstractly view the KLT double-copy as a map on the space of (certain) field
theories and for this map, the BAS model is the identity 1. We can summarize (1.10) and
(1.11) as

L = L ⌦ 1 , R = 1⌦ R , 1 = 1⌦ 1 . (1.12)

If (1.11) is multiplied from both the left and right with the inverse of (n � 3)! ⇥ (n � 3)!

submatrices of BAS amplitudes mn, one finds that the KLT kernel Sn is itself the inverse
of a (n� 3)!⇥ (n� 3)! submatrix of BAS amplitudes; loosely written we have

Sn =
�
mn

��1
. (1.13)

We make this relation more precise in Section 2.1. For the 4-point case, this is particularly
simple though. For example, using (1.9), we find

S4[1234|1234] =
�
m4[1234|1234]

��1
= �

su

tg2
,

S4[1234|1243] =
�
m4[1243|1234]

��1
= �

s

g2
.

(1.14)

The latter is the kernel given below (1.8).
Equation (1.10) can be viewed as a set of linear relations among the single-color amplitudes
An. These relations combine the well-known Kleiss-Kuijf (KK) [5] and fundamental BCJ
identities [6]; the latter arises in the color-kinematics duality version of the double-copy
pioneered by Bern, Carrasco, and Johansson [6]. From the color-kinematic point of view,

– 4 –

ó (n-1)! x (n-1)! matrix has rank (n-3)!

Alan (Shih-Kuan) Chen & HE (to appear)

+  …



At 6-points, things start to get interesting because factorization to lower-point plays a crucial role

+
<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g

<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .
<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .

<latexit sha1_base64="+aA7DVhGVUchwy9EAAbHupASSRk="></latexit>

a1,i s + a2,i s2 + a3,i s3 . . .

<latexit sha1_base64="lHd5m8EfHGbIrkeiP6Ti7boOJ1A=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7XUoFhCNqp4bq0MkV1BjudeGOJ5dbdagY6NFiiBFZqD4nt/GJM0okITjpXqOSjRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scOoNnRhnCMJamhIYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqhjOP8aDpmkRPOpIZhIZm6FZIwlJtpkUzAhfH0K/yedsu1UbbfllhqXqzjy4AScgnPggBpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CWNrjVo=</latexit>s %$&'($!)
*$&$+,-)."&%$/!("#<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g +  …

Alan (Shih-Kuan) Chen & HE (to appear)

- "#$%&'()$$'*'+,#



At 6-points, things start to get interesting because factorization to lower-point plays a crucial role

+
<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g

<latexit sha1_base64="+aA7DVhGVUchwy9EAAbHupASSRk="></latexit>

a1,i s + a2,i s2 + a3,i s3 . . .

<latexit sha1_base64="lHd5m8EfHGbIrkeiP6Ti7boOJ1A=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7XUoFhCNqp4bq0MkV1BjudeGOJ5dbdagY6NFiiBFZqD4nt/GJM0okITjpXqOSjRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scOoNnRhnCMJamhIYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqhjOP8aDpmkRPOpIZhIZm6FZIwlJtpkUzAhfH0K/yedsu1UbbfllhqXqzjy4AScgnPggBpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CWNrjVo=</latexit>s %$&'($!)
*$&$+,-)."&%$/!("#

O(1/s)     Non-trivial that minimal rank conditions holds, no adjustments possible from local 6pt terms. 
It does work.

<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .
<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .

!"#$%&'("$'%)*+,"-.*"*/0-*&%,0*"$*12+%')$

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g +  …

Alan (Shih-Kuan) Chen & HE (to appear)



At 6-points, things start to get interesting because factorization to lower-point plays a crucial role

+
<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g

<latexit sha1_base64="+aA7DVhGVUchwy9EAAbHupASSRk="></latexit>

a1,i s + a2,i s2 + a3,i s3 . . .

<latexit sha1_base64="lHd5m8EfHGbIrkeiP6Ti7boOJ1A=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7XUoFhCNqp4bq0MkV1BjudeGOJ5dbdagY6NFiiBFZqD4nt/GJM0okITjpXqOSjRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scOoNnRhnCMJamhIYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqhjOP8aDpmkRPOpIZhIZm6FZIwlJtpkUzAhfH0K/yedsu1UbbfllhqXqzjy4AScgnPggBpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CWNrjVo=</latexit>s %$&'($!)
*$&$+,-)."&%$/!("#

O(s" )    No constraints on a#$"

<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .
<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g +  …

Alan (Shih-Kuan) Chen & HE (to appear)

!"#$%&'("$'%)*+,"-.*"*/0-*&%,0*"$*12+%')$



At 6-points, things start to get interesting because factorization to lower-point plays a crucial role

+
<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="+QNNrTUW9hBbtKffH9OX8UXCKRs=">AAAB8nicdVDLSsNAFJ34rPVVdelmsAiuwqSmj+yKblxWsA9IQ5lMJ+3QySTMTIQS+hluXCji1q9x5984fQgqeuDC4Zx7ufeeMOVMaYQ+rLX1jc2t7cJOcXdv/+CwdHTcUUkmCW2ThCeyF2JFORO0rZnmtJdKiuOQ0244uZ773XsqFUvEnZ6mNIjxSLCIEayN5PcjiUnuzHI1G5TKyEZVz61XILKryPHcS0M8r+HWqtCx0QJlsEJrUHrvDxOSxVRowrFSvoNSHeRYakY4nRX7maIpJhM8or6hAsdUBfni5Bk8N8oQRok0JTRcqN8nchwrNY1D0xljPVa/vbn4l+dnOmoEORNppqkgy0VRxqFO4Px/OGSSEs2nhmAimbkVkjE2KWiTUtGE8PUp/J90KrZTs91bt9y8WsVRAKfgDFwAB9RBE9yAFmgDAhLwAJ7As6WtR+vFel22rlmrmRPwA9bbJyDLkdc=</latexit>

1
s

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g

<latexit sha1_base64="+aA7DVhGVUchwy9EAAbHupASSRk="></latexit>

a1,i s + a2,i s2 + a3,i s3 . . .

<latexit sha1_base64="lHd5m8EfHGbIrkeiP6Ti7boOJ1A=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7XUoFhCNqp4bq0MkV1BjudeGOJ5dbdagY6NFiiBFZqD4nt/GJM0okITjpXqOSjRfoalZoTTWaGfKppgMsEj2jNU4IgqP1scOoNnRhnCMJamhIYL9ftEhiOlplFgOiOsx+q3Nxf/8nqpDut+xkSSairIclGYcqhjOP8aDpmkRPOpIZhIZm6FZIwlJtpkUzAhfH0K/yedsu1UbbfllhqXqzjy4AScgnPggBpogGvQBG1AAAUP4Ak8W3fWo/VivS5bc9Zq5hj8gPX2CWNrjVo=</latexit>s %$&'($!)
*$&$+,-)."&%$/!("#

O(s%)
<latexit sha1_base64="jwIxHUUG6btMu80zveYWTB49Tmg=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4kCHTTl+7ohuXFexD2qFk0kwbmswMSUYoQ7/CjQtF3Po57vwb04egogcuHM65l3vv8WPOlEbow8qsrW9sbmW3czu7e/sH+cOjtooSSWiLRDySXR8ryllIW5ppTruxpFj4nHb8ydXc79xTqVgU3uppTD2BRyELGMHaSHd4kJYu2AyqQb6AbFSuu9UiRHYZOXW3ZEi9XnMrZejYaIECWKE5yL/3hxFJBA014VipnoNi7aVYakY4neX6iaIxJhM8oj1DQyyo8tLFwTN4ZpQhDCJpKtRwoX6fSLFQaip80ymwHqvf3lz8y+slOqh5KQvjRNOQLBcFCYc6gvPv4ZBJSjSfGoKJZOZWSMZYYqJNRjkTwten8H/SLtpOxXZv3ELjchVHFpyAU3AOHFAFDXANmqAFCBDgATyBZ0taj9aL9bpszVirmWPwA9bbJ5IVkEo=</latexit>a3,i s

<latexit sha1_base64="CILwBSIWv1F/ZHA37pRvnJeq9ys=">AAAB8nicdVDLSgMxFM34rPVVdekmWAQXMszU6WtXdOOygn3AdCyZNNOGZpIhyQhl6Ge4caGIW7/GnX9j+hBU9MCFwzn3cu89YcKo0o7zYa2srq1vbOa28ts7u3v7hYPDthKpxKSFBROyGyJFGOWkpalmpJtIguKQkU44vpr5nXsiFRX8Vk8SEsRoyGlEMdJG8lE/c8/p9K4EVb9QdGynXPeqJejYZcetexeG1Os1r1KGru3MUQRLNPuF995A4DQmXGOGlPJdJ9FBhqSmmJFpvpcqkiA8RkPiG8pRTFSQzU+ewlOjDGAkpCmu4Vz9PpGhWKlJHJrOGOmR+u3NxL88P9VRLcgoT1JNOF4silIGtYCz/+GASoI1mxiCsKTmVohHSCKsTUp5E8LXp/B/0i7ZbsX2brxi43IZRw4cgxNwBlxQBQ1wDZqgBTAQ4AE8gWdLW4/Wi/W6aF2xljNH4Aest0+5tpDs</latexit>

a2
1,i s

Rank condition imposes relations like 
<latexit sha1_base64="keBZujl8Ucdlvtssr32tV95ljSU=">AAACA3icdVBJSwMxGM241rqNetNLsAgeyjDTTpe5Fb14rGAXaMchk6ZtbGYhyQhlKHjxr3jxoIhX/4Q3/43pIqjog8DLe99H8p4fMyqkaX5oS8srq2vrmY3s5tb2zq6+t98UUcIxaeCIRbztI0EYDUlDUslIO+YEBT4jLX90PvVbt4QLGoVXchwTN0CDkPYpRlJJnn6IvLSYv5nAbsyjWEZQ3a08nVwXoKfnTMMsOXalAE2jZFqOXVTEcap2uQQtw5whBxaoe/p7txfhJCChxAwJ0bHMWLop4pJiRibZbiJIjPAIDUhH0RAFRLjpLMMEniilB/sRVyeUcKZ+30hRIMQ48NVkgORQ/Pam4l9eJ5H9qpvSME4kCfH8oX7CoMo6LQT2KCdYsrEiCHOq/grxEHGEpaotq0r4Sgr/J82CYZUN+9LO1c4WdWTAETgGp8ACFVADF6AOGgCDO/AAnsCzdq89ai/a63x0SVvsHIAf0N4+AcoFlwE=</latexit>

a3,j ! a2
1,i

<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .
<latexit sha1_base64="CMNrH22cyXPoPCcustlHGVr/yag=">AAAB/XicdVDLSsNAFJ34rPVVHzs3g0UQLCGp6SO7ohuXFewD2hAm02k7dJIJMxOhhuKvuHGhiFv/w51/4/QhqOiBC4dz7uXee4KYUaks68NYWl5ZXVvPbGQ3t7Z3dnN7+03JE4FJA3PGRTtAkjAakYaiipF2LAgKA0Zawehy6rduiZCURzdqHBMvRIOI9ilGSkt+7hD5qV2gk24BSngGu6zHlfRzecu0Sq5TKULLLFm265xr4rpVp1yCtmnNkAcL1P3ce7fHcRKSSGGGpOzYVqy8FAlFMSOTbDeRJEZ4hAako2mEQiK9dHb9BJ5opQf7XOiKFJyp3ydSFEo5DgPdGSI1lL+9qfiX10lUv+qlNIoTRSI8X9RPGFQcTqOAPSoIVmysCcKC6lshHiKBsNKBZXUIX5/C/0mzaNpl07l28rWLRRwZcASOwSmwQQXUwBWogwbA4A48gCfwbNwbj8aL8TpvXTIWMwfgB4y3Twu5lFw=</latexit>

a1,i s + . . .

All four ! !"#are completely fixed!

<latexit sha1_base64="9OeSpULA/hDEpW7E6loR+IwFpOI=">AAAB6HicdVDLSgMxFM3UV62vqks3wSK4GjJ1+phd0Y3LFmwrtEPJpJk2NpMZkoxQhn6BGxeKuPWT3Pk3pg9BRQ9cOJxzL/feEyScKY3Qh5VbW9/Y3MpvF3Z29/YPiodHHRWnktA2iXksbwOsKGeCtjXTnN4mkuIo4LQbTK7mfveeSsVicaOnCfUjPBIsZARrI7VGg2IJ2ajiubUyRHYFOZ57YYjn1d1qBTo2WqAEVmgOiu/9YUzSiApNOFaq56BE+xmWmhFOZ4V+qmiCyQSPaM9QgSOq/Gxx6AyeGWUIw1iaEhou1O8TGY6UmkaB6YywHqvf3lz8y+ulOqz7GRNJqqkgy0VhyqGO4fxrOGSSEs2nhmAimbkVkjGWmGiTTcGE8PUp/J90yrZTtd2WW2pcruLIgxNwCs6BA2qgAa5BE7QBARQ8gCfwbN1Zj9aL9bpszVmrmWPwA9bbJ1E7jU4=</latexit>g +  …

Alan (Shih-Kuan) Chen & HE (to appear)

!"#$%&'("$'%)*+,"-.*"*/0-*&%,0*"$*12+%')$



!"#$%&'()*+,')($+)$-. +'/$0.1&,')$2&33&#$2*&4$)5"$6.1&,')$7&&)()*+1
<latexit sha1_base64="4aNpX4qcKiUZKqorBnRhqXNK00A="></latexit>

a3,0 =
2

5g2 a1,0
!
a1,0 ! 2a1,1

"

<latexit sha1_base64="6HA4coKh5mTFVn/G+GdQBIPi3vE="></latexit>

a3,1 =
1

10g2 a1,0
!
a1,0 ! 12a1,1

"

<latexit sha1_base64="uTMFN5imbmsbWK92bQONSHGRWyE="></latexit>

a3,2 =
1

5g2 a1,0
!
2a1,0 ! 9a1,1

"

<latexit sha1_base64="Z5JRvLOKXRiG4FmHffelbfpCRtE="></latexit>

a3,3 = !
7

10g2 a2
1,1

Alan (Shih-Kuan) Chen & HE (to appear)



<latexit sha1_base64="SoNKUQLNaV+D6U4e1AEXXsGwcdw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUS9C0YvHCvYD2lAm2227dLMJuxuhhP4NLx4U8eqf8ea/cdPmoK0PBh7vzTAzL4gF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRRoihr0EhEqh2gZoJL1jDcCNaOFcMwEKwVjO8yv/XElOaRfDSTmPkhDiUfcIrGSl3spd65OyU3xC32SmW34s5AlomXkzLkqPdKX91+RJOQSUMFat3x3Nj4KSrDqWDTYjfRLEY6xiHrWCoxZNpPZzdPyalV+mQQKVvSkJn6eyLFUOtJGNjOEM1IL3qZ+J/XSczg2k+5jBPDJJ0vGiSCmIhkAZA+V4waMbEEqeL2VkJHqJAaG1MWgrf48jJpXlS8y0r1oVqu3eZxFOAYTuAMPLiCGtxDHRpAIYZneIU3J3FenHfnY9664uQzR/AHzucPY/OP9w==</latexit>

a1,0 = 0

Recall that string theory has 

<latexit sha1_base64="6Hmw6RYTdHbHu8Gvaw5K1AD6yeI=">AAAB8XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJiLoRi25cVrAXbEOZTCft0MkkzEyEEpqncONCEV36IO7diG/j9LLQ1h8GPv7/HOac48ecKe0431ZuYXFpeSW/aq+tb2xuFbZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+1ejvH5PpWKRuNWDmHoh7goWMIK1se6yLGvpKMuQ0y4UnZIzFpoHdwrFiw/7PH77sivtwmerE5EkpEITjpVquk6svRRLzQinQ7uVKBpj0sdd2jQocEiVl44nHqID43RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ+6jBJieYDA5hIZmZFpIclJtocyTZHcGdXnofaUck9KR3fOMXyJUyUhz3Yh0Nw4RTKcA0VqAIBAQ/wBM+Wsh6tF+t1Upqzpj278EfW+w8LtJQp</latexit>

! 0
<latexit sha1_base64="6Hmw6RYTdHbHu8Gvaw5K1AD6yeI=">AAAB8XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJiLoRi25cVrAXbEOZTCft0MkkzEyEEpqncONCEV36IO7diG/j9LLQ1h8GPv7/HOac48ecKe0431ZuYXFpeSW/aq+tb2xuFbZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+1ejvH5PpWKRuNWDmHoh7goWMIK1se6yLGvpKMuQ0y4UnZIzFpoHdwrFiw/7PH77sivtwmerE5EkpEITjpVquk6svRRLzQinQ7uVKBpj0sdd2jQocEiVl44nHqID43RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ+6jBJieYDA5hIZmZFpIclJtocyTZHcGdXnofaUck9KR3fOMXyJUyUhz3Yh0Nw4RTKcA0VqAIBAQ/wBM+Wsh6tF+t1Upqzpj278EfW+w8LtJQp</latexit>

! 0
<latexit sha1_base64="6Hmw6RYTdHbHu8Gvaw5K1AD6yeI=">AAAB8XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJiLoRi25cVrAXbEOZTCft0MkkzEyEEpqncONCEV36IO7diG/j9LLQ1h8GPv7/HOac48ecKe0431ZuYXFpeSW/aq+tb2xuFbZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+1ejvH5PpWKRuNWDmHoh7goWMIK1se6yLGvpKMuQ0y4UnZIzFpoHdwrFiw/7PH77sivtwmerE5EkpEITjpVquk6svRRLzQinQ7uVKBpj0sdd2jQocEiVl44nHqID43RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ+6jBJieYDA5hIZmZFpIclJtocyTZHcGdXnofaUck9KR3fOMXyJUyUhz3Yh0Nw4RTKcA0VqAIBAQ/wBM+Wsh6tF+t1Upqzpj278EfW+w8LtJQp</latexit>

! 0

Exactly the string kernel values

<latexit sha1_base64="KHhJB/0xHYXmO6IvpXozagUgzFg=">AAACBHicdVC7SgNBFJ2Nrxhfq5ZpBoNotczGJCaFELSxjGAekF3D7GQ2GTL7YGZWCEsKG3/FxkIRWz/Czr9x8hBU9MCFwzn3cu89XsyZVAh9GJml5ZXVtex6bmNza3vH3N1rySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3upj67VsqJIvCazWOqRvgQch8RrDSUs/MD26K8Aw6vsAktSepEzPoYB4P8dGkZxaQhSrlGqpBZJWRXZ0RhCrV4gm0NZmiABZo9Mx3px+RJKChIhxL2bVRrNwUC8UIp5Ock0gaYzLCA9rVNMQBlW46e2ICD7XSh34kdIUKztTvEykOpBwHnu4MsBrK395U/MvrJsqvuikL40TRkMwX+QmHKoLTRGCfCUoUH2uCiWD6VkiGWOehdG45HcLXp/B/0ipadsUqXZUK9fNFHFmQBwfgGNjgFNTBJWiAJiDgDjyAJ/Bs3BuPxovxOm/NGIuZffADxtsnkKOXdA==</latexit>

g2 =
1

!" !

<latexit sha1_base64="YJVcWL6T2iijuY9eAHOBnk4kf8o=">AAACCnicbVC7SgNBFJ2NrxhfUQsRm9EgWmjYFYlphKCNZQTzgGwIdyezyZDZBzOzQli2tvFXbCwUsfUDxE4bWz/DyaNQ44ELh3Pu5d57nJAzqUzz3UhNTc/MzqXnMwuLS8sr2dW1qgwiQWiFBDwQdQck5cynFcUUp/VQUPAcTmtO73zg166pkCzwr1Q/pE0POj5zGQGlpVZ2G1qxdWAlp/jQdgWQ2EriQmKHDNvAwy7sZVrZnJk3h8CTxBqTXKn4+brx8bVZbmXf7HZAIo/6inCQsmGZoWrGIBQjnCYZO5I0BNKDDm1o6oNHZTMevpLgXa20sRsIXb7CQ/XnRAyelH3P0Z0eqK786w3E/7xGpNxiM2Z+GCnqk9EiN+JYBXiQC24zQYnifU2ACKZvxaQLOhGl0xuEYP19eZJUj/JWIX98qdM4QyOk0RbaQfvIQieohC5QGVUQQTfoDj2gR+PWuDeejOdRa8oYz6yjXzBevgE3rZ0a</latexit>

a1,1 = !
1
6

!" !

<latexit sha1_base64="tozLGxzTnCxRwGHDWuN31uNwRAA=">AAACD3icbVDLTsJAFJ3iC/FVdelmIvGxkbRCwCXRjUtM5JHQQqbDFCZMH5mZmpCm/QI3/oobFxrj1q07/8YBulDwJDc5Oefe3HuPEzIqpGF8a7mV1bX1jfxmYWt7Z3dP3z9oiSDimDRxwALecZAgjPqkKalkpBNygjyHkbYzvpn67QfCBQ38ezkJie2hoU9dipFUUl8/TdPUkkGawgvL5QjHtSQuV43ECmmvDC3EwhE665X7etEoGTPAZWJmpAgyNPr6lzUIcOQRX2KGhOiaRijtGHFJMSNJwYoECREeoyHpKuojjwg7nv2TwBOlDKAbcFW+hDP190SMPCEmnqM6PSRHYtGbiv953Ui6V3ZM/TCSxMfzRW7EoAzgNBw4oJxgySaKIMypuhXiEVKxSBVhQYVgLr68TFqXJbNaqtxVivXrLI48OALH4ByYoAbq4BY0QBNg8AiewSt40560F+1d+5i35rRs5hD8gfb5A+VSm+o=</latexit>

! "
7

360
! 3" !3

<latexit sha1_base64="4aNpX4qcKiUZKqorBnRhqXNK00A="></latexit>

a3,0 =
2

5g2 a1,0
!
a1,0 ! 2a1,1

"

<latexit sha1_base64="6HA4coKh5mTFVn/G+GdQBIPi3vE="></latexit>

a3,1 =
1

10g2 a1,0
!
a1,0 ! 12a1,1

"

<latexit sha1_base64="uTMFN5imbmsbWK92bQONSHGRWyE="></latexit>

a3,2 =
1

5g2 a1,0
!
2a1,0 ! 9a1,1

"

<latexit sha1_base64="ukh3NcJWGSkIP5lcq0idupfRhj0=">AAAB83icbVBNSwMxEJ2tX7V+VT16CRbBg5RsKepFKHrxWMF+QLuUbJptQ7PZJckKZenf8OJBEa/+GW/+G7PtHrT1wcDjvRlm5vmx4Npg/O0U1tY3NreK26Wd3b39g/LhUVtHiaKsRSMRqa5PNBNcspbhRrBurBgJfcE6/uQu8ztPTGkeyUczjZkXkpHkAafEWKlPBmntAs/QDcKlQbmCq3gOtErcnFQgR3NQ/uoPI5qETBoqiNY9F8fGS4kynAo2K/UTzWJCJ2TEepZKEjLtpfObZ+jMKkMURMqWNGiu/p5ISaj1NPRtZ0jMWC97mfif10tMcO2lXMaJYZIuFgWJQCZCWQBoyBWjRkwtIVRxeyuiY6IINTamLAR3+eVV0q5V3ctq/aFeadzmcRThBE7hHFy4ggbcQxNaQCGGZ3iFNydxXpx352PRWnDymWP4A+fzB2V/j/g=</latexit>

a2,0 = 0<latexit sha1_base64="Z5JRvLOKXRiG4FmHffelbfpCRtE="></latexit>

a3,3 = !
7

10g2 a2
1,1

Alan (Shih-Kuan) Chen & HE (to appear)

!"#$%&'()*+,')($+)$-. +'/$0.1&,')$2&33&#$2*&4$)5"$6.1&,')$7&&)()*+1



<latexit sha1_base64="SoNKUQLNaV+D6U4e1AEXXsGwcdw=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4kJJIUS9C0YvHCvYD2lAm2227dLMJuxuhhP4NLx4U8eqf8ea/cdPmoK0PBh7vzTAzL4gF18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRRoihr0EhEqh2gZoJL1jDcCNaOFcMwEKwVjO8yv/XElOaRfDSTmPkhDiUfcIrGSl3spd65OyU3xC32SmW34s5AlomXkzLkqPdKX91+RJOQSUMFat3x3Nj4KSrDqWDTYjfRLEY6xiHrWCoxZNpPZzdPyalV+mQQKVvSkJn6eyLFUOtJGNjOEM1IL3qZ+J/XSczg2k+5jBPDJJ0vGiSCmIhkAZA+V4waMbEEqeL2VkJHqJAaG1MWgrf48jJpXlS8y0r1oVqu3eZxFOAYTuAMPLiCGtxDHRpAIYZneIU3J3FenHfnY9664uQzR/AHzucPY/OP9w==</latexit>

a1,0 = 0

Recall that string theory has 

<latexit sha1_base64="6Hmw6RYTdHbHu8Gvaw5K1AD6yeI=">AAAB8XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJiLoRi25cVrAXbEOZTCft0MkkzEyEEpqncONCEV36IO7diG/j9LLQ1h8GPv7/HOac48ecKe0431ZuYXFpeSW/aq+tb2xuFbZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+1ejvH5PpWKRuNWDmHoh7goWMIK1se6yLGvpKMuQ0y4UnZIzFpoHdwrFiw/7PH77sivtwmerE5EkpEITjpVquk6svRRLzQinQ7uVKBpj0sdd2jQocEiVl44nHqID43RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ+6jBJieYDA5hIZmZFpIclJtocyTZHcGdXnofaUck9KR3fOMXyJUyUhz3Yh0Nw4RTKcA0VqAIBAQ/wBM+Wsh6tF+t1Upqzpj278EfW+w8LtJQp</latexit>

! 0
<latexit sha1_base64="6Hmw6RYTdHbHu8Gvaw5K1AD6yeI=">AAAB8XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJiLoRi25cVrAXbEOZTCft0MkkzEyEEpqncONCEV36IO7diG/j9LLQ1h8GPv7/HOac48ecKe0431ZuYXFpeSW/aq+tb2xuFbZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+1ejvH5PpWKRuNWDmHoh7goWMIK1se6yLGvpKMuQ0y4UnZIzFpoHdwrFiw/7PH77sivtwmerE5EkpEITjpVquk6svRRLzQinQ7uVKBpj0sdd2jQocEiVl44nHqID43RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ+6jBJieYDA5hIZmZFpIclJtocyTZHcGdXnofaUck9KR3fOMXyJUyUhz3Yh0Nw4RTKcA0VqAIBAQ/wBM+Wsh6tF+t1Upqzpj278EfW+w8LtJQp</latexit>

! 0
<latexit sha1_base64="6Hmw6RYTdHbHu8Gvaw5K1AD6yeI=">AAAB8XicbZDLSsNAFIZP6q3GW9Wlm8EiuCqJiLoRi25cVrAXbEOZTCft0MkkzEyEEpqncONCEV36IO7diG/j9LLQ1h8GPv7/HOac48ecKe0431ZuYXFpeSW/aq+tb2xuFbZ3aipKJKFVEvFINnysKGeCVjXTnDZiSXHoc1r3+1ejvH5PpWKRuNWDmHoh7goWMIK1se6yLGvpKMuQ0y4UnZIzFpoHdwrFiw/7PH77sivtwmerE5EkpEITjpVquk6svRRLzQinQ7uVKBpj0sdd2jQocEiVl44nHqID43RQEEnzhEZj93dHikOlBqFvKkOse2o2G5n/Zc1EB2deykScaCrI5KMg4UhHaLQ+6jBJieYDA5hIZmZFpIclJtocyTZHcGdXnofaUck9KR3fOMXyJUyUhz3Yh0Nw4RTKcA0VqAIBAQ/wBM+Wsh6tF+t1Upqzpj278EfW+w8LtJQp</latexit>

! 0

<latexit sha1_base64="KHhJB/0xHYXmO6IvpXozagUgzFg=">AAACBHicdVC7SgNBFJ2Nrxhfq5ZpBoNotczGJCaFELSxjGAekF3D7GQ2GTL7YGZWCEsKG3/FxkIRWz/Czr9x8hBU9MCFwzn3cu89XsyZVAh9GJml5ZXVtex6bmNza3vH3N1rySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3upj67VsqJIvCazWOqRvgQch8RrDSUs/MD26K8Aw6vsAktSepEzPoYB4P8dGkZxaQhSrlGqpBZJWRXZ0RhCrV4gm0NZmiABZo9Mx3px+RJKChIhxL2bVRrNwUC8UIp5Ock0gaYzLCA9rVNMQBlW46e2ICD7XSh34kdIUKztTvEykOpBwHnu4MsBrK395U/MvrJsqvuikL40TRkMwX+QmHKoLTRGCfCUoUH2uCiWD6VkiGWOehdG45HcLXp/B/0ipadsUqXZUK9fNFHFmQBwfgGNjgFNTBJWiAJiDgDjyAJ/Bs3BuPxovxOm/NGIuZffADxtsnkKOXdA==</latexit>

g2 =
1

!" !

<latexit sha1_base64="YJVcWL6T2iijuY9eAHOBnk4kf8o=">AAACCnicbVC7SgNBFJ2NrxhfUQsRm9EgWmjYFYlphKCNZQTzgGwIdyezyZDZBzOzQli2tvFXbCwUsfUDxE4bWz/DyaNQ44ELh3Pu5d57nJAzqUzz3UhNTc/MzqXnMwuLS8sr2dW1qgwiQWiFBDwQdQck5cynFcUUp/VQUPAcTmtO73zg166pkCzwr1Q/pE0POj5zGQGlpVZ2G1qxdWAlp/jQdgWQ2EriQmKHDNvAwy7sZVrZnJk3h8CTxBqTXKn4+brx8bVZbmXf7HZAIo/6inCQsmGZoWrGIBQjnCYZO5I0BNKDDm1o6oNHZTMevpLgXa20sRsIXb7CQ/XnRAyelH3P0Z0eqK786w3E/7xGpNxiM2Z+GCnqk9EiN+JYBXiQC24zQYnifU2ACKZvxaQLOhGl0xuEYP19eZJUj/JWIX98qdM4QyOk0RbaQfvIQieohC5QGVUQQTfoDj2gR+PWuDeejOdRa8oYz6yjXzBevgE3rZ0a</latexit>

a1,1 = !
1
6

!" !

<latexit sha1_base64="tozLGxzTnCxRwGHDWuN31uNwRAA=">AAACD3icbVDLTsJAFJ3iC/FVdelmIvGxkbRCwCXRjUtM5JHQQqbDFCZMH5mZmpCm/QI3/oobFxrj1q07/8YBulDwJDc5Oefe3HuPEzIqpGF8a7mV1bX1jfxmYWt7Z3dP3z9oiSDimDRxwALecZAgjPqkKalkpBNygjyHkbYzvpn67QfCBQ38ezkJie2hoU9dipFUUl8/TdPUkkGawgvL5QjHtSQuV43ECmmvDC3EwhE665X7etEoGTPAZWJmpAgyNPr6lzUIcOQRX2KGhOiaRijtGHFJMSNJwYoECREeoyHpKuojjwg7nv2TwBOlDKAbcFW+hDP190SMPCEmnqM6PSRHYtGbiv953Ui6V3ZM/TCSxMfzRW7EoAzgNBw4oJxgySaKIMypuhXiEVKxSBVhQYVgLr68TFqXJbNaqtxVivXrLI48OALH4ByYoAbq4BY0QBNg8AiewSt40560F+1d+5i35rRs5hD8gfb5A+VSm+o=</latexit>

! "
7

360
! 3" !3

<latexit sha1_base64="4aNpX4qcKiUZKqorBnRhqXNK00A="></latexit>

a3,0 =
2

5g2 a1,0
!
a1,0 ! 2a1,1

"

<latexit sha1_base64="6HA4coKh5mTFVn/G+GdQBIPi3vE="></latexit>

a3,1 =
1

10g2 a1,0
!
a1,0 ! 12a1,1

"

<latexit sha1_base64="uTMFN5imbmsbWK92bQONSHGRWyE="></latexit>

a3,2 =
1

5g2 a1,0
!
2a1,0 ! 9a1,1

"

<latexit sha1_base64="Z5JRvLOKXRiG4FmHffelbfpCRtE="></latexit>

a3,3 = !
7

10g2 a2
1,1

6-pt bootstrap: all ! 01,)fixed, except for one.
all ! ! 1,)fixed.
all ! " 1,)fixed, except for one.
…

<latexit sha1_base64="pvWiwoPrCNX1yFQ319i/1q08ZJc=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFcCElKaW6EYpuXFawF2hDmEyn7dDJhZmJUEJ3bnwVNy4UcesruPNtnKRZaOsPAx//OYcz5/cizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B20ZxoLQFgl5KLoelpSzgLYUU5x2I0Gx73Ha8SY3ab3zQIVkYXCvphF1fDwK2JARrLTlmsfYTarn1gxdIU01TRnUM7BKrlm2KlYmtAx2DmXI1XTNr/4gJLFPA0U4lrJnW5FyEiwUI5zOSv1Y0giTCR7RnsYA+1Q6SXbHDJ1qZ4CGodAvUChzf08k2Jdy6nu608dqLBdrqflfrRer4aWTsCCKFQ3IfNEw5kiFKA0FDZigRPGpBkwE039FZIwFJkpHl4ZgL568DO1qxa5Xane1cuM6j6MIR3ACZ2DDBTTgFprQAgKP8Ayv8GY8GS/Gu/Exby0Y+cwh/JHx+QPtwZYp</latexit>

a2,0 = a4,0 = a6,0 = 0

Alan (Shih-Kuan) Chen & HE (to appear)

!"#$%&'()*+,')($+)$-. +'/$0.1&,')$2&33&#$2*&4$)5"$6.1&,')$7&&)()*+1
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Not quite, there must be free parameters. 
For a good reason: our results must in fact be more general than the string kernel. 

"#$%&&$'()*$'&$+&&,$-#$-!.&$!$/0--/&$,&-#123

3$-#$!+#-(&2$4#2+&2$#5$-(&$67"$,#18/&94#:)$2&/!-0#+$'#2/,3;



! "#$%&'(

Z-theory             YM    =  open string    
<latexit sha1_base64="q7xLOLfqr53cS9sw02fXWr3Xi6I=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16CRbBU0lE1GPRi8dK7Qe0IWy2m3bpZjfsTtQS+1O8eFDEq7/Em//GbZuDtj4YeLw3w8y8MOFMg+t+W4WV1bX1jeJmaWt7Z3fPLu+3tEwVoU0iuVSdEGvKmaBNYMBpJ1EUxyGn7XB0PfXb91RpJsUdjBPqx3ggWMQIBiMFdrkngcVUBz2gj5A1GpPArrhVdwZnmXg5qaAc9cD+6vUlSWMqgHCsdddzE/AzrIARTielXqppgskID2jXUIHNOj+bnT5xjo3SdyKpTAlwZurviQzHWo/j0HTGGIZ60ZuK/3ndFKJLP2MiSYEKMl8UpdwB6UxzcPpMUQJ8bAgmiplbHTLEChMwaZVMCN7iy8ukdVr1zqtnt2eV2lUeRxEdoiN0gjx0gWroBtVRExH0gJ7RK3qznqwX6936mLcWrHzmAP2B9fkD4AuUaQ==</latexit>

! SS

Standard BAS kernel
YM without higher derivative correctionsResult of 

string
disk integrals

Open string with its alpha’ corrections

An Invitation to Color-Kinematics Duality and the Double Copy 20

Gravity Gauge theories Refs.

Unbroken N ! 4 Yang-Mills-
Einstein supergravities

¥ SYM theory
¥ YM-scalar theory with trilinear scalar couplings

[158,180,188]
[11,181,183]
[12,184Ð187]

HiggsedN ! 4 Yang-Mills-
Einstein supergravities

¥ SYM theory on the Coulomb branch
¥ YM-scalar theory with trilinear scalar couplings

and extra massive scalars
[170]

N = 2 Yang-Mills-
Einstein supergravities
(non-compact gauge groups)

¥ N = 2 SYM theory on the Coulomb branch
with massive hypers

¥ YM-scalar theory with trilinear scalar couplings
and massive fermions

[189]

U(1)R gauged supergravities
(with Minkowski vacua)

¥ SYM theory on Coulomb branch
¥ YM theory with SUSY broken by fermion masses

[190]

Non-abelian gauged
supergravities
(with Minkowski vacua)

¥ SYM theory on the Coulomb branch
¥ YM-scalar theory with trilinear scalar couplings

and massive fermions
[191]

Table 2: Gauged/YME gravities and supergravities for which a double-copy construction is
presently known.

Double copy Starting theories Refs.

N ! 4 Dirac-Born-Infeld
theory

¥ NLSM
¥ (S)YM theory [11Ð16,22]

Volkov-Akulov theory
¥ NLSM
¥ SYM theory (only fermions as external states)

[11,192Ð195]
[17,19,20]

Special Galileon theory
¥ NLSM
¥ NLSM

[11,12,21]
[17,22]

N ! 4 DBI + (S)YM
theory

¥ NLSM + ! 3

¥ (S)YM theory [11Ð18,23]

DBI + NLSM
theory

¥ NLSM
¥ YM + ! 3 theory [11Ð16,23]

3D N = 8
DBI theory

¥ 3D N = 4 Chern-Simons-matter theory
¥ 3D N = 4 Chern-Simons-matter theory

[62]

Table 3: Non-gravitational local Þeld theories constructed as double copies.

[196,197],

Z! (! (1, 2, . . . , n)) = (2 " !)n" 3
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Mafra, Schlotterer, Stieberger (2011)+(2013)
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Z-theory             YM    =  open string    
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! SS

Standard BAS kernel
YM without higher derivative correctionsResult of 

string
disk integrals

Open string with its alpha’ corrections
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Sum over (n-3)! color-orderings Mafra, Schlotterer, Stiewerger (2011)+(2013)



Specifically, the Z-theory amplitudes must obey                             (but not necessarily                         )   
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Henriette Elvang D3-branes and Oxidation of Symmetries 10 / 10
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Henriette Elvang D3-branes and Oxidation of Symmetries 10 / 10



Specifically, the Z-theory amplitudes must obey                             (but not necessarily                         )   
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This can be imposed as 
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a

Z [c|a] ni [a] = 0

Sum over (n-1)! color-orderings

where are the (n-1)! – (n-3)! null vectors
of the matrix of BAS amplitudes 
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ni [a] = 0

That means the matrix of Z-amplitudes itself has the (n-1)! – (n-3)! null vectors under R-multiplication. 
So it too has rank (n-3)! and therefore 0-$%#/<&%$-(&$67"$8##-%-2!:$&=1!-0#+. 
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Z-theory then defines its own kernel: 
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1Z = 1Z ! Z 1Z

This means that Z-theory must be a special case of our generalized KLT bootstrap!! 

The most general solution to the KLT bootstrap equations must include both 
1) the inverse string kernel 
2) Z-theory

Alan (Shih-Kuan) Chen & HE (to appear)
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Beta function

Use the KKBCJ relation
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Low-energy expansion
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Low-energy expansion
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Alan (Shih-Kuan) Chen & HE (to appear)
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g2 =
1

!" !

<latexit sha1_base64="YJVcWL6T2iijuY9eAHOBnk4kf8o=">AAACCnicbVC7SgNBFJ2NrxhfUQsRm9EgWmjYFYlphKCNZQTzgGwIdyezyZDZBzOzQli2tvFXbCwUsfUDxE4bWz/DyaNQ44ELh3Pu5d57nJAzqUzz3UhNTc/MzqXnMwuLS8sr2dW1qgwiQWiFBDwQdQck5cynFcUUp/VQUPAcTmtO73zg166pkCzwr1Q/pE0POj5zGQGlpVZ2G1qxdWAlp/jQdgWQ2EriQmKHDNvAwy7sZVrZnJk3h8CTxBqTXKn4+brx8bVZbmXf7HZAIo/6inCQsmGZoWrGIBQjnCYZO5I0BNKDDm1o6oNHZTMevpLgXa20sRsIXb7CQ/XnRAyelH3P0Z0eqK786w3E/7xGpNxiM2Z+GCnqk9EiN+JYBXiQC24zQYnifU2ACKZvxaQLOhGl0xuEYP19eZJUj/JWIX98qdM4QyOk0RbaQfvIQieohC5QGVUQQTfoDj2gR+PWuDeejOdRa8oYz6yjXzBevgE3rZ0a</latexit>

a1,1 = !
1
6

!" !

6-pt bootstrap: 
all ! #1,)fixed
all ! 01,)fixed, except for ! 012

all ! ! 1,)fixed.
all ! " 1,)fixed, except for ! " 12

…

<latexit sha1_base64="pvWiwoPrCNX1yFQ319i/1q08ZJc=">AAACB3icbZDLSsNAFIZP6q3WW9SlIINFcCElKaW6EYpuXFawF2hDmEyn7dDJhZmJUEJ3bnwVNy4UcesruPNtnKRZaOsPAx//OYcz5/cizqSyrG+jsLK6tr5R3Cxtbe/s7pn7B20ZxoLQFgl5KLoelpSzgLYUU5x2I0Gx73Ha8SY3ab3zQIVkYXCvphF1fDwK2JARrLTlmsfYTarn1gxdIU01TRnUM7BKrlm2KlYmtAx2DmXI1XTNr/4gJLFPA0U4lrJnW5FyEiwUI5zOSv1Y0giTCR7RnsYA+1Q6SXbHDJ1qZ4CGodAvUChzf08k2Jdy6nu608dqLBdrqflfrRer4aWTsCCKFQ3IfNEw5kiFKA0FDZigRPGpBkwE039FZIwFJkpHl4ZgL568DO1qxa5Xane1cuM6j6MIR3ACZ2DDBTTgFprQAgKP8Ayv8GY8GS/Gu/Exby0Y+cwh/JHx+QPtwZYp</latexit>

a2,0 = a4,0 = a6,0 = 0

Z-theory
<latexit sha1_base64="g0qzyMipGiRXQ7yiTm8B6/cN7YE="></latexit>

a1,1 = a1,0 = !
1
6

!" !

<latexit sha1_base64="/Ss9fhDCbk00zxXg8kzL+0KvOYY="></latexit>

a2,0 = !
! (3)

"
#!2

etc

etc

<latexit sha1_base64="Vb8ALOVSjFO3ecRA1yerrkdE47U="></latexit>

a6,0 = !
! (7)

"
#!6

<latexit sha1_base64="TN23KNZuoG2PXN8q3XL2FyOEP8o="></latexit>

a4,0 = !
! (5)

"
#!4

Higher-point
KLT bootstrap cannot
fix more at 4pt b/c
of transcendentality

Alan (Shih-Kuan) Chen & HE (to appear)



Observations

• Z-theory obeys                              Standard BAS KKBCJ relations from the right

• Impose BAS KKBCJ from the right on most general ansatz GS model: 

• Find at 4-point:   GS = Z V  for %-1-symmetric local function V. 

1$4(&6%37(8&&&&&/01&2""#(#'3.&9&+4:47;&+!"# <&+!"! =>&&&&?-#$%"'@

<latexit sha1_base64="CycbymSJfkfOMRi/4LnvX8avyqc=">AAACGnicbVDLSsNAFJ3UV62vqks3g0VwVRIp6rLoxmWl9oFNCJPppB06eTBzI5bQ73Djr7hxoYg7cePfOGkDauuBgcM59zLnHi8WXIFpfhmFpeWV1bXiemljc2t7p7y711ZRIilr0UhEsusRxQQPWQs4CNaNJSOBJ1jHG11mfueOScWj8AbGMXMCMgi5zykBLbllyw4IDD0/vZ1gOwIeMOXawO4hbTa1kpvW5Ed0yxWzak6BF4mVkwrK0XDLH3Y/oknAQqCCKNWzzBiclEjgVLBJyU4UiwkdkQHraRoSncFJp6dN8JFW+tiPpH4h4Kn6eyMlgVLjwNOTWVY172Xif14vAf/cSXkYJ8BCOvvITwSGCGc94T6XjIIYa0Ko5DorpkMiCQXdZkmXYM2fvEjaJ1XrtFq7rlXqF3kdRXSADtExstAZqqMr1EAtRNEDekIv6NV4NJ6NN+N9Nlow8p199AfG5zcFJqIe</latexit>

Z ! SS 1SS



Where is the string theory kernel?

<latexit sha1_base64="niAUaMwA3NWYAGDC0i/7YSzr/Kw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF48R88JkDbOT3mTI7OwyMyuEkE/w4kERr36RN//GSbIHTSxoKKq66e4KEsG1cd1vJ7eyura+kd8sbG3v7O4V9w8aOk4VwzqLRaxaAdUouMS64UZgK1FIo0BgMxjeTP3mEyrNY1kzowT9iPYlDzmjxkr3D4+1brHklt0ZyDLxMlKCDNVu8avTi1kaoTRMUK3bnpsYf0yV4UzgpNBJNSaUDWkf25ZKGqH2x7NTJ+TEKj0SxsqWNGSm/p4Y00jrURTYzoiagV70puJ/Xjs14ZU/5jJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/HlZdI4K3sX5fO781LlOosjD0dwDKfgwSVU4BaqUAcGfXiGV3hzhPPivDsf89ack80cwh84nz8UcY2t</latexit>

Z TLet             be the model whose matrix of tree amplitudes are the transpose of the (n-1)! x (n-1)! 
tree amplitudes of Z-theory amplitudes. Will obey BAS KKBCJ relations from the left 
and string monodromy on the right.

Z-theory obeys string monodromy relations on the left: 
<latexit sha1_base64="nUIgbgo2Rawgq6sCJ9cCvOEd+Yw=">AAAB73icbVBNSwMxEJ3Ur1q/qh69BIvgqexKUY9FLx4r2A/cLiWbZtvQbHZNskJZ+ye8eFDEq3/Hm//GtN2Dtj4YeLw3w8y8IBFcG8f5RoWV1bX1jeJmaWt7Z3evvH/Q0nGqKGvSWMSqExDNBJesabgRrJMoRqJAsHYwup767UemNI/lnRknzI/IQPKQU2Ks1LnvSY88BX6vXHGqzgx4mbg5qUCORq/81e3HNI2YNFQQrT3XSYyfEWU4FWxS6qaaJYSOyIB5lkoSMe1ns3sn+MQqfRzGypY0eKb+nshIpPU4CmxnRMxQL3pT8T/PS0146WdcJqlhks4XhanAJsbT53GfK0aNGFtCqOL2VkyHRBFqbEQlG4K7+PIyaZ1V3fNq7bZWqV/lcRThCI7hFFy4gDrcQAOaQEHAM7zCG3pAL+gdfcxbCyifOYQ/QJ8/+i+P8Q==</latexit>

Zn [a|b]

string monodromy BAS KKBCJ

So:  The result of                                will obey string monodromy on both L and R.

Is it the inverse string kernel??

Almost!                                                     ,   where

<latexit sha1_base64="BW6RaEUVCo9Iy5owkF5r6Vz51wE=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAInsKuBPUY9OIxkifJrsvsZJIMmX0w0yuGJV78FS8eFPHqX3jzb5wke9DEgoaiqpvuLj8WXIFlfRtLyyura+u5jfzm1vbOrrm331BRIimr00hEsuUTxQQPWR04CNaKJSOBL1jTH15P/OY9k4pHYQ1GMXMD0g95j1MCWvLMwzZ2IuABU54D7AHSanWM23c17JkFq2hNgReJnZECylDxzC+nG9EkYCFQQZTq2FYMbkokcCrYOO8kisWEDkmfdTQNid7pptMPxvhEK13ci6SuEPBU/T2RkkCpUeDrzoDAQM17E/E/r5NA79JNeRgnwEI6W9RLBIYIT+LAXS4ZBTHShFDJ9a2YDogkFHRoeR2CPf/yImmcFe3zYum2VChfZXHk0BE6RqfIRheojG5QBdURRY/oGb2iN+PJeDHejY9Z65KRzRygPzA+fwDFKZZ1</latexit>

Z ! SS Z T

<latexit sha1_base64="UqK+jy5afQwCoMN5p7AivrGbBPA=">AAACHHicbZC7TgJBFIZn8YZ4Qy1tRonRwpBdJWpjQrSxxHANLJDZYYAJs5fMnDWSDQ9i46vYWGiMjYWJb+MAWyj4J5N8+c85mXN+JxBcgWl+G4mFxaXlleRqam19Y3Mrvb1TUX4oKStTX/iy5hDFBPdYGTgIVgskI64jWNUZ3Izr1XsmFfe9EgwD1nRJz+NdTgloq50+q2PbB+4y1baBPUBULI5wvVXC+Aq7rcgmIuiTI3s/hpF9gsvtdMbMmhPhebBiyKBYhXb60+74NHSZB1QQpRqWGUAzIhI4FWyUskPFAkIHpMcaGj2i12lGk+NG+FA7Hdz1pX4e4In7eyIirlJD19GdLoG+mq2Nzf9qjRC6l82Ie0EIzKPTj7qhwODjcVK4wyWjIIYaCJVc74ppn0hCQeeZ0iFYsyfPQ+U0a51nc3e5TP46jiOJ9tABOkYWukB5dIsKqIwoekTP6BW9GU/Gi/FufExbE0Y8s4v+yPj6AWr0oE8=</latexit>

Z ! SS Z T = m! !! !
U

<latexit sha1_base64="IGAFzZMT0+VrZbM0uQkG5t5Acbk=">AAACYHicbVHPS8MwGE3rrzk3N/Wml+AQvWy0MtSLIHrQo4LVwVrG1yzdwpK2JKkyyv5Jbx68+JeYzQra+SDweO97fMlLmHKmtOO8W/bK6tr6RmWzulWrbzeaO7tPKskkoR5JeCJ7ISjKWUw9zTSnvVRSECGnz+HkZu4/v1CpWBI/6mlKAwGjmEWMgDbSoPnq4Uvc9iMJJPdvQQjo+8DTMRxjFZQEXRayYPYTai+l2kux9q/coNlyOs4CeJm4BWmhAveD5ps/TEgmaKwJB6X6rpPqIAepGeF0VvUzRVMgExjRvqExCKqCfFHQDB8ZZYijRJoTa7xQfydyEEpNRWgmBeixKntz8T+vn+noIshZnGaaxuR7UZRxrBM8bxsPmaRE86khQCQzd8VkDKZsbf6kakpwy09eJk+nHfes033otq6uizoq6AAdohPkonN0he7QPfIQQR/WilWz6tanXbEb9s73qG0VmT30B/b+FyXZtEc=</latexit>

U = !
! [! !s]! [! ! t ]! [! !u]

! [! ! !s]! [! ! ! t ]! [! ! !u]



Where is the string theory kernel?

Closing in on bootstrapping the most general 4-point kernel to be in the 
%!>&equivalence class as the string kernel!

Differ by stu-symmetric function

Hybrid decomposition conjecture:

General minimal rank model amplitudes obey 
<latexit sha1_base64="S9GjuyygzKy5sQ/+1BCP4fHnano=">AAACHXicbVDLSgMxFM3UV62vqks3wSK4KjNS1I1QdFGXldoHtGXIpJk2mJkMyR2xDP0RN/6KGxeKuHAj/o2ZdhbaeiBw7jn3cnOPFwmuwba/rdzS8srqWn69sLG5tb1T3N1raRkryppUCqk6HtFM8JA1gYNgnUgxEniCtb27q9Rv3zOluQxvYRyxfkCGIfc5JWAkt1jpAXuApFabYHyBs6IxwT0JPGDanSmNVJmxtNEtluyyPQVeJE5GSihD3S1+9gaSxgELgQqiddexI+gnRAGngk0KvViziNA7MmRdQ0NiVveT6XUTfGSUAfalMi8EPFV/TyQk0HoceKYzIDDS814q/ud1Y/DP+wkPoxhYSGeL/FhgkDiNCg+4YhTE2BBCFTd/xXREFKFgAi2YEJz5kxdJ66TsnJYrN5VS9TKLI48O0CE6Rg46Q1V0jeqoiSh6RM/oFb1ZT9aL9W59zFpzVjazj/7A+voBHC2h8Q==</latexit>

GG = GS ! SS SG

where the “hybrid models” GS and SG obey BAS KKBCJ from the R / L, respectively 

4-point:                          after fixing a%$"=a%$%gives 
<latexit sha1_base64="OuiPlXcSGJjk950EOXHGwdryUFs=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KIqMeiBz1WtB/YhLLZbtulm03YnUhLyF/x4kERr/4Rb/4bt20O2vpg4PHeDDPzglhwDY7zbRVWVtfWN4qbpa3tnd09e7/c1FGiKGvQSESqHRDNBJesARwEa8eKkTAQrBWMrqd+64kpzSP5AJOY+SEZSN7nlICRunbZAzaG9OY+w9jTPMSPuGtXnKozA14mbk4qKEe9a395vYgmIZNABdG64zox+ClRwKlgWclLNIsJHZEB6xgqSci0n85uz/CxUXq4HylTEvBM/T2RklDrSRiYzpDAUC96U/E/r5NA/9JPuYwTYJLOF/UTgSHC0yBwjytGQUwMIVRxcyumQ6IIBRNXyYTgLr68TJqnVfe8enZ3Vqld5XEU0SE6QifIRReohm5RHTUQRWP0jF7Rm5VZL9a79TFvLVj5zAH6A+vzB74Ek5o=</latexit>

GS ! Z

<latexit sha1_base64="sw9zX4UwJmVkoaE2UoJyA61l5cI="></latexit>

GG ! GS" SS SG ! GS" SS (GS)T ! Z " SS Z T ! inv str kernel

Alan (Shih-Kuan) Chen & HE (to appear)
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