Tuterval boundaries of the amplituhedrov
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Outline

. Tutro to Amplituhedron, positive geometry, cavonical form

. Loop amplituhedron veeds geveralisation of positive geometryl

.Reason? Interval boundaries

. peepest cuts
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Natural Geveralization
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Loops tooll (Tutegrand)

L-Loop amplituhedron A = amplituhedron ¥
together with L lives L, =1, L €& Gr(2,m+k)
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i % o loop flipping number.

R
Claim: canonical form of the (nklm=4) amplituhedron = planar, l-loop, N WMHV, u-point
amplitude (integrand)



Cavovical Form

o Natural map from aeometry to differewtial form: "cavovical form”

* £y Triangle: A, , \‘
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Positive geometry = region possessiig a canonical form



Amplitude = Cavonical Form of Amplituhedron
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e This is precisely the v-point NMHV tree-level superamplitude in N=4 SYW [l

o Claim: The cavovical form of the (nk,4) amplituhedron is the u-point, NkW\H\/,
tree-level, plavar scattering amplitude in N=4 SYWM

o Similar geometry with fewer sign flips -> products of amplitudes

o Similar geometry without sigw flip constraint -> square of superamplitude



Cavonical form

e Cavovical Form(and hewce positive geometry) defived recursively via it's
residues

o Cavovical form = volume form; log diveragences on the boundary

* residue on boundary= canonical form of boundary

2%

bonndary on =0

i TZQSﬂ 2
Residue at =0 5

) y canowicat form of
lim fQ — df AN, geometry on £=0
f—0

(True for all boundary components)



~Tventually reach dimension O boundaries
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(depending on orientation)

4 Waximal residues of positive geometries = +/-1
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WMultiple residue = Residues of residue of residue ..
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Boundary components of boundary components of boundary components....



(Small Aside) Multiple residue vot unigue
Higher codimension boundaries not unigue

o Tu general wmultiple residues depend ov the order you Take sivgle residues
o Analogous statement true for boundaries
* Everything i P@mc@cﬂq consistent!

- (Bonndary component of)k @@om@er
| K - (not clear what nterpretation

i ~ of thisis for k> 1)
Coallvmemsypm n k boundary component of @@om@er

Simple
example

Codimension 2 boundary = [A,C]
Boundary of sloping roof boundary = [B,C]

Boundary of flat roof boundary = [AB]
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Small Problem

> amplitude as max resianes dlitfferen

2 loop WHV: / +

MHV (2) = (A1B1d” A1) (A1 B1d” B1) (A3 Byd” Ap) (A3 Byd” By) (1234)°
(A1 B1A3B) (A1 B114) (A1 B112){ A3 B223) (A3 B2 34)

(A, B130) (A3 By12) | (A;B123)(As By14)

e Parametrise 4x4 Z = (Z1Z27Z37,4) as identity and the loops as

Ai o 1 a; 0 —bi
Bi N 0 C; 1 dz '

Cbgdl + a1d2 + bgCl + blCQ
aiazb1bacicadids ((al — a2) (d1 - d2) + (b1 — b2) (C1 — C2))




Now we take the residues in by = 0,¢1 = 0,60 =0,¢c9 =0
complicated pole factorises revealing new pole

asdy + ayds

o e of F
U120 (W]

Now take the residue in a1 at a1 = a-

B (dy + d2)
aodyds (dl — dz) .

Now take residue in d; at di = do,

2)

asdo

max res=2




« « Loop amplituhedron # positive geometryll?e

Examive the above residues geometrically .
Start with amplituhedron. Carefully take bonndaries

correspondiig to each of the above residues:

e 19dy + ayd:
50, >0, —(a1—a)(di—dy) > O axhtod
a ) ) (al CLQ)( i v 2) 7 (1.1(1.2(11(12 (al - (LQ) (dl - Clz)

1 :={ay,a9,d1,dy | a1 > ay >0 A :>.Jl }
9 :={a1,a9,d1,dy | ag ,ul_\{)/\ll

same orlentation
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Previously umoticed feature:

The (loop) amplituhedron cowrtains interwal boundaries!
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Simple toy example
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Generalised positive geometry

Geveralized canonical form recursive def:

lim fQ = df N (Wext + 2wWint)

f=0 |

/ R
cononical form of

comonical form of internal boundary region
standard (external)
boundary regiow




dx dy 2dx dy :
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Tuterval 'l’YlﬁV]@l@S)
boundary
External boundary
o Agrees with the formula Exterval Tuterval

boundary boundary



GPGs more complete than P(s:
Anything that triangulates v GPGs is a GPG

e not true for positive geometries eo.




But suggests turther gevneralisation:
Weighted Positive Geometry (WPG)

First recall:

Orientation = volume form O ~ NO, Mo

(everalise: "weighted orientation”

(w,O) ~ (sign(\)w, \O") A#£0

Twteaer valued Volume form

» Define geometry by a piecewise constant Z-valued weight
function w (and orientation form O)



weighted Positive Geometry (WPE):

o Natural additive structure (geometries can overlap - makes proofs easier!)
W (w1, 01) B (wa, O2) = (wq + sign(A)ws, Oy)

Pl where O; = A0y

%,\ o /\ = =
Wy e A




Residue of canonical form is canonical form of

the projection:

RescQ(w, O) = Q1 (w, O))

iz,




WPGS -> GPGS avd PES

* PGS are WPGHs with w =1 (in the GP&), O everywhere
else

* Positive Geometries (PGs) are WPEs with w = +1, O
everywhere (so a GiPG) AND induced weight on all nested
boundary compovents is +1, 0.

o WPEIS are a concrete realisation of the more avstract Grotinendieck

aroup of psendo-positive geometries (formal sum) introduced v



Characterising Geveralised Positive Geometries?

e any region defined by s a PG
e cavovical form given uniguely via cylivdrical decomposition:

(algorithwm one uses to convert integration over region into multiple integral)
a < T < bl
CLQ(CL’1> < Ty < bz(l’l)

M R = {an,

@d(ﬂﬁl, e 75Ud—1> < Zg < bd(xb T 7$d—1)

/
>0

\//\ Only if change of variables rational

Push forward WMultilivear inedualities ensures this



Characterising Geveralised Positive Geometries?

o Multi-livear regions = very wide class

. = multi-linear (inequalities defined by
determinants which are multi-linear functions of the matrix components)

o But nov exhaustive: there are (PGS which are wot multi-linear reaions
° (@@

hyperbolic: Xy +1 >0, x>0 is multi-livear but...

reaion mvolvivg a circle X2 +y*2 4 <0, y>D is vot)

o WMopst @@mem[ characterisation? Boundaries rational varieties?




Deepest cuts

o All loop proposal for a multiple (2.L-3)-dim residue of loop amplitudes

o Geometrical configuration: All loop lines intersect v a common point (or all v a

plane) A Y A\

L; :(AI [5&)

o Cavovical form of this configuration can be written down at arbitrary loop order



But how to get this result algebraically

A& 10 1 CONEVICES O TANE T ESTUNES oY AN E a " OSU

* €9 3 loop:

(A®A) [, (AB;d*B;)
(AB; By Bs)

x($ ©os mmetr)
(AB,14)(AB,12)(AB,34) (AB,12) (AB23) (AB323)(AB;34) A

"Im%erseﬁ ond slide”

e A vew pole appears at:




o Geometrically: Two regions with opposite oriewtation separated by an
nternal boundary

RY = R{°URY

REE — AS? N {(AB1B>B3) > 0} positive orientation

R‘;C = Agf’;) N {(ABlBng> < O} negative orientation

<44Bl Bng) = ”

igher loops?

e Above 3 loop result uiigque (differewt orderings of intersect [ slide give same
result up to sign)

e From 4 loops: different orderings of intersect [ slide give different results

o All include further <ABBB> type poles [ uterval boundaries



 Owe can avalyse the boundary of boundary ... Correspondivg +o
multiple residues +o very high loop order

e No explicit all loop formula but

e Tmpossible without amplituhedron

o Huge amonnts of info about the amplitude

* Determine higher 4-point amplimd@/cow@lﬁor to even higher (that
ten-) loop order?

C the relevant f-graphs (rather than usivg a basis)



Maximal loop-loop residue

Al in one point AND all in one plane AND only three loop lines remaining |

B P
5.
ai R

CLATW: ANY way vou reach this configuration gives the same answer (up +o
a vumerical factor = number of iuterval boundaries crossed)




Final comments:

e Tuternal boundaries first found v

) (mon wmax winding number) = amplitude x amplitude

o Sum of amplituhedron-like = squared amplituhedron =

—limitof correlahedron—

o Squared amplitude contains non-unit max residues (but wmore trivially --
almost disconnected sum of positive aeometries)

ST i s |

o Loop amplituhedron = GPG or WPH




TFuture:

o ook back at amplituhedron boundary structure (+ relation
to symbol etc.):

\/ - Vv \/ a a T v / - 7V - - - 7 V -

correlator at higher loops (constructive approaci?)

o Applications of weighted positive geometry? - Cosmologjical
polytope , heaative geometries

non-planar amplitude ,
momentum amplituhedron exC 7



Amplituhedron, Amplituhedron-like geometries

Awmplituhedron:

Yii+1jj+1) >0 1<i<j—1<n-2
=Y € Grik,k+4)| (Yiit1ln) (-1)*>0 1<i<n—1 (tree
{(Y'123i)} has k sign flips as i =4, ..,n level)

for Z7 € Gr.(k

Natural @@m@mliwﬁom

Amplituhedron-like:

Yii4+1jj+1) >0 [1<i<j—1<n-—2
9 =Y € Grik,k+4) | (Yiit1ln) (—1{)> 0 |<i<n—1
{(Y123i)} has f sign flipsasi=4,..,n
for Z7 € Gro(k+4,n
O<S<k
‘ k
_ We ovly consider e i = A

Loop versions also [km-tf)



Loops tooll (Tutegrand)

L-Loop amplituhedron = amplituhedron v
together with L lives L, =1, L €& Gr(2,m+k)

: Mtk

Al YL WD

Ag/ - A e

i % o loop flipping number.

R
Claim: cavonical form of the amplituhedron = planar, -loop, N WHV, -point
amplitude (integrand)



AVV]P“—{’(A\/]GJV‘OV] = ﬁVV\P[H’(/WlGS (N=4 SYW planar, perturbative integrands)

products of superamplitudes M=4
conovical form

* | oop Version too!
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Correlahedron

ntk-plave  2-planes

,Geometny il Ine K ikl CYGNT20 = Gk

Large dimension but simple, io winding vamber constraint

correlahedron ————— correlator lighht-like
/I\ / \ i in
| | amplituhedron
f Te@T/J PTEJBCt free;e/f)Tjecté 5 4
sduared amplituhedron cylindrical decomp amplitudez.

e Correlanedrou gives  Walf BPS siugle trace corvelators =

o correlators = new observationll Consegquence frowm
o previonsly thonght just stress-tensor multiplet
e Equivalent to all TIB gravity amplitudes in AdS



'PVOOFS (are hard!)
(amplituhedron-like -> products of amplitudes)

. Alternative definition of amplituhedron-like (analogue of original
amplituhedron definition via a positive C matrix Y=C.Z but now C splits vto two
pieces )

. Partial proof of equivalence of definitions (prove defm contains defu2,

assuming equivalence of amplituledron defivitions)

. Prove products of onshell diagrams give a tessellation of
amplituhedron-like geometries (defu2)

. Tree level ouly. Similar proof should work for loops. Not dove in
geveral but nteresting special cases.



‘sduared amplituhedron”

e physical inedqualities
e o flipping constraint
e ic union over all flipping constraints

Cyclic +
e U twisted ovelic

n,n—4,l

Yii+1j7+ 1) >0|1<i<j—1<n-—2

+ (Yii+1ln) >0 1<i<n-—1

Squared amplituhedron: Hoynay = I

n,

Aoy =3 Y. (AB)1,..,(AB)| (Y(AB)jii+1) >0 Vj, Vi=1,.,n—1
+(Y(AB);1n) >0 Vj

(Y(AB);(AB);) >0 Vi#j
for 7 € Gro(k+4,n)

physical nedqualities only




;sqmar@d amplituhedron = wiion of amplituhedron-like

squared K

. : D)
amplituhedron n n—4,l — U ‘n,n—4,l Orientations
£l match precisely!

(5,00

)
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:7 %V\Mﬂﬁt - 3 H"‘m i E A’/‘ %‘\ ”)"'4'%(‘0

= //AVM j (agreeing with correlahedrov)
{/ n | et

Sauared amplituhedron -> Sdauare of amplitudel



Problem:

e Cavonical form (amplitude from
amplituhedron) wmeans max residues = 0, +/-1

are vot ovly +/- 1

Q4. (/A‘L)é,L :ZAé,L j Agi +
e

max residues = 0, +/-2., +/-4




