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and
[Keview



Inkroduckion

Recent advances in formulations
w for observables in @FTs:

— s

Geomelbries with some notion of "F'osi&i,vi%j"
substituting other conceplts such as "localilty”

l Gemevatgza&m&\ c;wf convex pob&cﬂpes ﬂ

this talk focus on amplitudes in N=4 sYM: amplituhedra

(picture by A, Gilmore)



Inkroduckion

Positive geomekries

* Regions with boundaries of all codimension, each bdry again a
positive geometry

* Equipped with a unique differential form with Logarithmic
singularities along all boundaries: the canonical form

ST - — N
for physically relevant positive geometries i\
bke canonical form is a physical quantity |

—_— —_— = — —
== = =

Griven a set of external kinematic data, there exists a qeometbrical
object defined by imposing particular positivity constraints

From posi&iv&j:

* appropriate boundaries = localiby

% appropriate factorisation into smaller pieces when approaching one of
the boundaries = unitarity



Amyliﬁukedra . N=4 s M

1. AMFLL%ukEdTOM (N. Arkcani-Hamed, I, Trinka)
* wmomentum bwistor space (A, xA, x): pmv\acr sector
sk MHY part foctorized oub: Wilson loops => A, =A,, W,

%k bree and i.cmp ampti&udes

2. Momenbum Amyti%uhec&.ram
(D. Damgaard, LF, T. Lukowski, M. Parisi)

sk non-chiral spimor-heti&i&j space (/l,nlﬂf, 1)
* bree level ampti&w&es

\

' Can we generalize this construction to clude:
¥ Lamps <~ Ehis kalle
¥ Mav\mpmmar sector



Am’au%uhedrom

tree

Tree Amptimkecim-m A, relevant for N“MHY Wilson loops
Image of the positive Grassmannian G.(KK'n) through the map

gz G (k',n) - Gk, kK'+4) - G(4,nD

Momentbum bwiskors

L C — Y — Z, J ( L. >
I

7. = ) )
l = x%A,

where

7 bosonized wmomentum-—twisktor superspace

{ma&rix Z posi&iva}



AmPLEEuhedrom

Tree Amplituhedron o0 @ relevant for NYMHY Wilson Loops
Image of the positive Grassmannian G.(KK'n) through the map

gz G (k',n) - Gk, kK'+4) - G(4,nD

Momentbum bwiskors

& C —> Y > Z J ( /lla >
4 = ao'z/l

~d_
Hi =X

The momenbum bwiskors sik tnside bhe bosonized space:

[z =Y'Z=(CZ2)*Z j

n

1 1

Ya - anizi
=1

This map defines a subset in the kinematic space of 7z, for which
(Gi+1jj+1)>0,i<j
and the sequence {(1234),(1235),...,(123n)} has k' sign «fu,ps}



Momenkum Ampté%uk@.drov\

Momentum Amplituhedron M) @ relevant for N<2MHY amplitudes

Image of the positive Grassmannian G(k,n) through the map

D jy - Galksn) = Gk k+2) X G(n = k,n = k+2) = G(2,n) X G(2,n)
c ~ 7 Y -] y

where

A= =1,...n—k+2
P, = Zc A Z T o T
A=(,a)=1,.. . k+2

k=k'+2
(A, A) bosonized spinor he.iic:i&j variables

{mo&rix A Posi&ive and  wmakrix Al Posi&&va}



Momenkum Ampté%ub\@.a&rom

Momentum Amplituhedron M) @ relevant for N<2MHY amplitudes
Image of the positive Grassmannian G(k,n) through the map

D jy - Galksn) = Gk k+2) X G(n = k,n = k+2) = G(2,n) X G(2,n)
c ~ 7 Y -] y

The spimor-—-heu«ta&j variables stk inside bhe bosownized space:

Q = YA = (C*AA 1= VA = (CA*A )

n n
CA _ XA A _ 1 AA
Yy = Z Cai N} Yo = 2, Cail\;
j i=1

This map defines a subsebt in the kinematic space (4, A1) for which

{Gi+1)20ii+11205,. 4 20,
the sequence {(12),(13),....(In)} has k-2 sign ﬂfiaps

A AL | A A4,
the sequence {[12],[13],....([1n]} has k sign flips } () = Aighi', 1 ] =

ia’j

2
Si,i+1,...,l+j (pz +pl+1 + . +pi+j)



Boundaries and Sinqularities

Amplituhedra encode physical singularities of amplitudes in
the structure of their boundaries

(ii+1)=0, [ii+1]=0 Collinear Limiks
Momenktum Faceks: _ o
Ampti&uhedron Siitl...itp = U p=2,...n—4 actorizakions
Full stratification kiown
(LF, T. Lukowski, R. Moerman)
Ampti&uh&drom Faceks: (ii+1jj+1)=0
C Full stratification nobk kiown
Since the MHV ampti&ude factored oub, no boundaries corresyonding bo (ii+1)=0
(\e’erj different at tree Levei.!) o (i D+ o+ D)
(ii+1jj+1)=

i+ 1){jj+1)
Tree level momenbun ampu&uhedram s hob a sim[aie
translation of the ampti&uhedrom construction






LOOFQ Ampiiﬁukedrom

Loop Amyt&uhedrov\ QQY}/IOZP . Image of the map

r
®,: G (K,n) x G2n) = Gk, K +4) x GR.K +4) = G(4.n) X G2.4)
K C Da > Y L = (ZA, ZB) > < (ZA, ZB) J
where
4 n )
Ych = Z Cai ZiI }/(a) 2 yi(a) ZiI y =12
L =1 ( J a=1,....70

N

Each loop = Line (AB) = point x in dual space-time

£ < 252p

Integral over the space of lines (AB) = integral over a pair of points A and B,
divided by the GLQR) redundancies labeling their positions on the line

d4ZAd4ZB

vol(GL(2))

d*¢




LOOF? Ampiiﬁukedram

Loop Amyt&uﬁea&rom QQY}/IOZP . Image of the map

r
D, : G, (K,n) x G2n) — Gk, k' +4) X Gk +4) - G(4,n) X G4
K C D > Y L = (ZA, ZB) > < (ZA, ZB) J
<< n -
. (D, ) t
(C) ( gl)> D(af) F’(L)Si&i\/ﬁ v D(l) D(Z) D(f)
. C ) k'I C

"Extended positivity” from idea of hiding pairs of adjacent particles

Al By 1 2 ... m Ay, By m+1 ... n
(1 0 x =x x 0 0 * *\ y
0 1 % % *x 0 0 * * D
0 0 * = x 1 0 * * W D(l) D(2) W
0 0 * = x 0 1 * * (C) D(2)
0 0 x x *x 0 0 * * C C
: : S : : \ C )




LOOFQ Ampti@ukedrom

Main obstacle i generalizing this to ordinary momentum space:

difficult to find a proper, global definition of
off-shell loop momentum

In dual space (planar theory):

.xl o_xé...... X3

\ unhiquely defined

up to a global shift

I womenbum space:

pl\ P
T f*

we cah redefine e.q. 7' =7 +p,

diagram by diagram: /
the integrand changes D4 D3




Agproa&l« 1

CMLM&(: the hiding particles approach for spinor helicity syaae)

Remember that Y= C- A: Erj o extend ik ko nclude some D makrices

entc;:-dihg Loays:

//g —D. /N\//
with some mubual Fosi&vi&v condikion

But not enough space to talke the perp: not clear what to do with /

< >
n—k D D D
Dy, D Dz — ?
kI C
Y=C-A L=D-A Y=Ct.-A Z=72-A

Moreover, the relakion 0{ & L to Loc:p momenbum ot clear



Agproacl« 1

(Mi,mi,c: the hiding particles approach for spinor helicity syace)

Remember that Y= C- A: Erj o extend it to include some D wmabrices

@.Mtc-di,hg loo ps:

:ar what bo do with A

k|| [/

W . .
x\ s i G
5% G O s
o g =)
\ \'._ ~
I B |

Y=Cc-A Z=D-A y=ct.A Z=7?-A

0‘”

Moreover, the relakion o{: & L to Loa-p momenbum ot clear



Awraack 2

@v\e parametrization of loop momentum given by BFCW cans&rurz&ma

BFCW tn spinor helicity space for loop amplitudes:
(N. Arkani-Hamed, 2, Bou,rjai,i.j, F. Cachazo, A. Goncharov, A, Postinikov, 3. Trinka)

ractorizakion
channels

7T

1 n

Forward Limik

merqing of
legs A and B

BCFW bridge

"Boundary measurement” from on-shell diagrams —> matrices C and D



Awraack 2

@v\e_ parametrization of loop momentum given bv BFCW cm\sf:rm:&ma

BFCW tn spinor helicity space for loop amplitudes:
(N. Arkani-Hamed, 2, Bou,rjai,i.j, F. Cachazo, A. Goncharov, A, Postinikov, 3. Trinka)

ractorizakion
channels

Forward Limik

merqing of

legs A and B
.
Thewn l N
£ = diplip+ald,  d = df(ci (%f da(12,) (5]

+ Aup Asp con be paramebrised i terms of external momenta
+ positivity conditions not obvicus X



Agpraack 2

@ne parametrization of loop momentum given bv BFCW ﬁov\sf:ruczﬁwa

BFCW n spinor helicity space for loop amyti&ud&sz
(N. Arkani-Hamed, 2, Bou,rjaitj, F. Cachazo, A. Goncharov, A, Postinikov, 3. Trinka)

merqing of
legs A and B

B d*A,5d* ),

~ vol(GL(1))

£ = yphpg+ard,  d*

da(l/lAB)[n/TAB]

+ Aup Asp con be Parame&rised i terms of external momenta
+ F’OSEEEVE,&:’ conditions not obvious X



Rack ko Boundaries

Amyti&ukecirmm vs Momenbum Amyti&ukeciram

sinqularities at bree level are different
but

singularities of Loop-level integrands can be mapped
bebween momentum bwistors and momenkum space

(& + ij)2=0 o (ABii+1)=0
J
(&) — Lﬂz)z =0 < ((AB){(AB),)=0

Direct Eranslaktion bebween kree ampii&uhedron and momenkum
ampti&ukedrah nok possibi.e buk mavbe itk can be done ok i.cm-p level'



LOC}P Momenktum Ampu?:ukedrom



LQQF? Momentum Amﬂ&%uke&ran

Direct translation: from momentum btwistors ko spinor-helicity variables

. /1i AA,B
“fC}T' exterinal PQTELCL@S 3= x /11. - nfc)r the LQQF: IAB = X /1A,B

From ampii&uhedrow Zap = Z dia p)i%i

l

Therefore: o
LXA’B —_ Z d(A,B)l'/ll. -2 E«Mh@."i&ﬁd GL(Z) oW lA’ /IB

Off-shell momentum it GLR) invariant form:

f — AAEA + /IB/TB —_ /’{AEB — /IB/TA i, —> A«G ,)’:, —> G_IZ

MX/ALA,B = Z dia pyiXiti 5\‘? A, = Z dai<il—];>/1~j J

j<i

and:

+ we made a choice how to relate ¢ to dual space: £ = x — x,

+ bhis is a global choice



LQQF? Momentum AMPLQEuk@.cirQM

Loop Momentum Amplituhedron ﬂ}igp: Image of the map

(o
D\ i) : Gk,n) X G2,n)" - G(2,n) X G(2,n) X GL(2)"
C D, = 2 A Y
- ),
where
A=YA =(CtA)IA  1=VA = (CALA

: \
() -
_ (Z dAi/li) Y dy, <A]B > /1].)

(if) 7
2 (AB) Y

(2]

WAL ]<l )

Elis map associates to  every pom& C and D,

the kree-level variables (1, 1) and the loop momenta

tree

i.c:vc:vp

4

a



LOOF Momentum AMFLQEM\Q&\“QM

Loop Momentum Amplituhedron ﬂ}igp: Image of the map
. ¢ ¢
D\ 1) 1 Golkon) X G2n) = G(2.1) X G(2.n) X GL(2)
C D, = 2 A Y
\_ _J
Positivity inherited from the amplituhedron:
¥ for every element C € G (k,n) and (4, Y= /%gif, define

s

(i — 1i)(ii+ 1)

Miﬁk Q,‘j =

map relating spincw*keuci,&j G, (k,n) with momentum twistor G, (k —2,n)
(N. Arkani-Hamed, F. Cachazo, C. Cheung)

Impor&amﬂv Ehis E,m[ai.i,es LCV’ € G, (k- 2,n))




L(‘)OF Momentum AMFLQEM\Q&\“QM

Loop Momentum Amplituhedron ﬂ}igp: Image of the map
. ¢ ¢
D\ 1) 1 Golkon) X G2n) = G(2.1) X G(2.n) X GL(2)
C D, A A Y
\_
Positivity inherited from the amplituhedron:
¥ for every element C € G (k,n) and (4, 1) €

(e=¢c)

¥ same positivity conditions as for loop amplituhedron:

—

),

ﬂ tree

nk?

define

‘n )
D,
(¢) BPa D. positive
(Vj (ay)
. C



LQQF Momentum AMPLQEuk@.cirQM

Example: MHY amyii&ud&s

* since k—2 =0, C is an emp%v makbrix and there is no Fosi&iv&j
condition involving it

-» C positive and D, positive
* for MHV amplitudes: no need to triangulate tree level

* ot one looyp, ampti&ukedram triangulated b*j so-called kermits

l
. 1 0 ... ,31 ﬂz O ... 0
Ki,j ' (1 0O ... 0 0 0 p ﬁ4>

J

L %1 IOOp U (I)(A A)(C




LQQF Momentum AMPLQEuk@.cirQM

Example: MHY amyii&ud&s

L %1 IOOp U (I)(A A)(C

The differential form

1100 t
QITIP = QI A N O

1<j

£ — £x ) -3 p)? (¢ = ¢} =Y p)?
. e dlog =1 = Adlog A dlog a=]
N (& — i, )? (& = Cfi)? (f Ot (& = fi1)?

spurious singularities

j—1 i—1
and % = L /1,-2 (1j)A, — /’tjz O
) =1 =1



Cownclusions
and
Opem Questions



Conclusions and (}Pem Queskions

Main features of our construction:

o singularities of loop integrands can be mapped between spinor
helicity and momentum twistor spaces —> allows for direct
Eranslakion from loop ampii&ukedrom

¥ loop momentum written in GLR2) tnvariant way

¥ global definition of loop momentum fixed bv the mayp 615( AR

Challenges:

O definition still relies on positivity conditions that are not very
nakural from the point of view of spinor helicity space: improve?
O finding triangulations: is it possible to solve BCFW to find GL(2)

loop momentum?

O still planar Loop integrand: generalize to hon-planar sector?
DQQ’Q’






