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Geometry & EFT
Field space geometry for EFT 

2-deriv. terms define metric on the scalar manifold:

Fields  are coordinates on space of field values (“target space”). 
Non-derivative field redefs are just coordinate transforms. 

  

Use geometric quantities to connect Lagrangians and amplitudes, 
geometric invariants to classify EFTs, easily capture field redefs.

ϕ

Application to EFTs of the SM [Alonso, Jenkins, Manohar ‘15 & ’16; 
Helset, Martin, Trott ‘20; Cohen, NC, Lu, Sutherland ’20;…]

Long history (primarily) applied to nonlinear sigma models, e.g.  
[Honerkamp ’72; Tataru ’75; Alvarez-Gaume, Freedman, Mukhi ’81, …]
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Measuring Geometry
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Amplitudes can be written in terms of geometric 
quantities on scalar manifold, e.g. for Higgs EFT 
[Alonso, Jenkins, Manohar ’15; Nagai, Tanabashi, 

Tsumura, Uchida ’19; Cohen, NC, Lu, Sutherland ’21; 
Cheung, Helset, Parra-Martinez ’21]

A (⇡i⇡j ! hh) = ��ijKh(h = ⇡k = 0)E2 + . . .
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Connection is transparent in normal coordinates 
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Geometry and Unitarity
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Parts of  amplitudes that grow with 
energy are derivatives of sectional curvatures  

[Cohen, NC, Lu, Sutherland ’21]

2 → n > 2

Higher-point amplitudes reconstruct coefficients in the Taylor 
expansion of geometric invariants on the EFT manifold.

It will be apparent in high-point amplitudes measured here 
if something unusual is happening (say) over there

A (⇡i⇡j ! hn) = �E2 �ij @
n�2
h Kh|h=0 +O(E0)
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Applying unitarity 
bound to ππ → hn E . 4⇡ ⇥
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What’s the problem?
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Target space geometric picture only contains information up to 2 derivatives (no positivity bounds ☹)  
Even worse, “invariants” are susceptible to derivative field redefinitions:

“Just don’t do that” won’t suffice.

1. Derivative redefinitions often arise in 
basis transformations & using 
equations of motion. 

2. Inevitable IR consequence of non-
derivative field redefinitions in the UV. 



Functional Geometry
The main idea [Cohen, NC, Lu, Sutherland ’22]: go off-shell, and switch from studying fields at 

one spacetime point (target space) to fields at every spacetime point (configuration space).

As we learned, this is not unlike an approach advocated by DeWitt; 
let’s use his absurdly condensed notation:

�↵(x) ! �x
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The sum of tree graphs assembled from  

• k-point 1PI vertices  

• propagators iD

Functional Geometry

�x = Jx = 0
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The interesting objects will be 
the amputated correlators  ℳ
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These are “almost amplitudes”; obtain amplitudes  by setting𝒜
and tacking on external wavefunctions



Functional Geometry
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Define configuration space generalizations of the familiar “target space” geometric quantities:

“Metric” “Connection”

Reduce to familiar target space geometric objects when restricted to constant field configurations

5

where

Ux1···xn = ax1···xny1
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for some a and b, are a set of ‘evanescent’ terms that
vanishes if the field redefinition �[�̃] preserves the two
on-shell conditions in Eq. (10). In other words, on-shell
covariance implies that M transforms like a tensor up
to a set of evanescent terms that do not contribute to
physical observables. In fact, Gy

x1...xn
and �iD�1

x1x2
only

transform as a Christo↵el symbol and a metric in the
same sense, i.e., up to evanescent terms.

Finally, let us show that our ‘functional geometry’ for-
malism is a generalization of the constant field space ge-
ometric picture explored in Refs. [10–12]. To this end,
we consider the generic form of the Lagrangian
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explicitly. Making flavor indices (a, b, . . .)
explicit, one can check that it satisfies
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We see that restricting to constant field configurations
and taking the high momentum transfer limit, Gy

x1x2
re-

duces to the Christo↵el symbol in Refs. [10–12] i.e. the
second line in Eq. (25). Similarly, the inverse propagator
�iD�1
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reduces to the metric on the constant field space

manifold when taking the same limit:
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This shows that we have indeed generalized the build-
ing blocks of Riemannian geometry in Refs. [10–12] as
promised.

V. CONCLUSIONS AND OUTLOOK

In this paper, we have presented a generalization of field
space geometry that accommodates field redefinitions in-
volving derivatives. The key building blocks are the
functional metric and functional Christo↵el symbol in-
troduced here. These objects enabled us to write down
a covariant derivative on the field space manifold. When
acting on an amplitude, the parallel transport gener-
ated by this covariant derivative yields a new amplitude
with an additional leg. This provides a new type of o↵-
shell recursion relation for computing amplitudes. We
then leveraged this recursion relation to demonstrate that
tree-level amplitudes have a manifest notion of on-shell
covariance, namely that they transform like tensors up to
terms which vanish when the on-shell conditions are en-
forced. This gives us a new way of understanding the in-
variance of amplitudes under field redefinitions reframed
in terms of functional geometry.
There are many settings where this generalization can

be applied. One immediate application is the general-
ization of invariant criteria for EFTs to linearly realize
a symmetry [10, 11, 14] to accommodate derivative field
redefinitions. We claim that if there exists a fixed point
�0(x) on the field configuration space manifold, which
corresponds to the point where the symmetry can be lin-
early realized, then we can solve for it using

�n(��)

�⇡x1 · · · �⇡xn

����
�=�0(x)

= 0 , (27)

where the ⇡’s are the Goldstone directions on the man-
ifold. The existence of the fixed point �0(x) determined
using this criterion can not be obscured using derivative
field redefinitions anywhere on the field space manifold.
Our framework should similarly generalize our under-
standing of how Lagrangian terms map onto kinematic
structures in amplitudes, and allow the generalization of
the analysis of soft-theorems presented in Ref. [17] to ac-
commodate the full set of allowed field redefinitions.
This paper opens many directions for future research.

Given the supporting details and explicit examples in
[21], one obvious extension will be to understand how
the functional geometry manifests beyond tree-level. We
know that such a framework must exist, since it is well
known that amplitudes are invariant under field redefini-
tions to any order in perturbation theory. Although our
recursion relation Eq. (11) holds to all orders in perturba-
tion theory, the 1PI e↵ective action is no longer invariant
beyond tree level, i.e., Eq. (21) does not hold. An under-
standing of the covariance properties of the loop level 1PI
e↵ective action will likely make it clear how to geometrize
the loop level amplitudes as well.
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E.g. for



Off-shell Recursion
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These identifications also make sense because, remarkably, we can write an n+1-leg 
correlator in terms of an n-leg correlator by acting with “covariant derivative” ∇ ∼ ∂ − Γ

A new form of off-shell recursion! Can be used to obtain Berends-Giele when  is enforced. J = 0

Functional derivative w/ “connection” generates parallel transport on field space manifold. 

(take the string  and replace  w/ )x1⋯xi⋯xn xi y



Off-shell Recursion
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On-shell Covariance
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Consider a general field redefinition (possibly w/ derivatives)
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Can use this to show that the 
amputated correlators (also 
“metric”, “connection”) are 
covariant up to evanescent 
terms vanishing on shell: 
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on shell

 manifests invariance of amplitudes under derivative field redefinitions⇒

Does this “functional geometry” accommodate derivative field redefinitions? 



Another approach

13

“Geometry-Kinematics Duality” [Cheung, Helset, Parra-Martinez ’22]:  
Treat momentum like a flavor index; an arbitrary theory of massless bosons is 

classically equivalent to an NLSM with momentum-dependent target space metric. 
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We propose a mapping between geometry and kinematics that implies the classical equivalence
of any theory of massless bosons—including spin and exhibiting arbitrary derivative or potential
interactions—to a nonlinear sigma model (NLSM) with a momentum-dependent metric in field
space. From this kinematic metric we construct a corresponding kinematic connection, covariant
derivative, and curvature, all of which transform appropriately under general field redefinitions, even
including derivatives. We show explicitly how all tree-level on-shell scattering amplitudes of massless
bosons are equal to those of the NLSM via the replacement of geometry with kinematics. Lastly,
we describe how the recently introduced geometric soft theorem of the NLSM, which universally
encodes all leading and subleading soft scalar theorems, also captures the soft photon theorems.

Introduction. Color-kinematics duality is an extraordi-
nary structure relating the on-shell scattering amplitudes
of gauge theory and gravity [1–3]. Mechanically, the for-
mer is mapped to the latter by promoting color structure
constants fabc to momentum-dependent functions that
conform to identical antisymmetry properties and Jacobi
identities. Hence, gravity is simply a gauge theory for
which color has been substituted for kinematics.

In this paper, we argue that the classical dynamics of
any theory of massless bosons is similarly obtained via a
mapping of geometry to kinematics. Our starting point is
the nonlinear sigma model (NLSM), which defines scalar
fields as coordinates on an internal field space manifold
endowed with a metric and a well-known apparatus of ge-
ometrical structures [4–18]. The dynamics of the NLSM
are then specified by the field space metric and its deriva-
tives at the vacuum, gij , gij,k, gij,kl, etc. By uplifting
these metric coefficients to momentum-dependent func-
tions, we obtain a kinematic metric that defines a general-
ized field space geometry, simultaneously encoding flavor,
spin, and momentum all at once. We then construct the
kinematic analogs of the connection, covariant derivative,
and curvature, which transform covariantly under arbi-
trary field redefinitions. From this perspective, all mass-
less bosons—e.g. in higher-derivative scalar theories, φ3

theory, and Yang-Mills (YM) theory—are described by
an NLSM for a concrete, calculable choice of momentum-
dependent metric. Our results imply the invariance of
tree-level on-shell scattering amplitudes under arbitrary
field redefinitions, even including derivatives of fields.

A powerful corollary of this geometry-kinematics du-
ality is that any tree-level on-shell scattering amplitude
of massless bosons is directly obtained from an NLSM
amplitude after a suitable replacement of geometry with
kinematics. This rewriting of the amplitude is field-
redefinition invariant term by term, though on occasion
at the expense of manifest locality. Furthermore, un-
der this substitution, the geometric soft theorem for any
massless scalar [19]—which generalizes the Adler zero
[20] and dilaton soft theorems [21–24]—also encodes the
leading and subleading soft photon theorems [25–28].

Geometry of Field Space. The NLSM is a general
two-derivative theory of scalar fields φi described by

L = − 1
2gij(φ)∂φ

i∂φj , (1)

where the spacetime metric is in mostly plus signature.
The field space metric expanded about the vacuum is

gij(φ) = gij + gij,kφ
k + 1

2gij,klφ
kφl + · · · , (2)

where hereafter any quantity without an explicit φ argu-
ment is to be evaluated at the vacuum.
On-shell scattering amplitudes are invariant under

changes of field basis whereby φi is rewritten in terms
of φ̃i through the mapping φi(φ̃). The Lagrangian be-
comes L = − 1

2 g̃ij(φ̃)∂φ̃
i∂φ̃j , so the metric is a tensor

that transforms as g̃ij(φ̃) =
∂φk

∂φ̃i

∂φl

∂φ̃j
gkl(φ). In turn, gij(φ)

is associated with a menagerie of geometric objects, such
as the connection Γijk(φ), curvature Rijkl(φ), and so on.
Since on-shell scattering amplitudes of the NLSM are

field basis independent, they depend solely on geometric
invariants, so e.g. at four- and five-point they are [19]

Aijkl = Rijklu+Rikjls,

Aijklm = ∇kRiljms45 +∇lRikjms35 +∇lRijkms25

+∇mRikjls34 +∇mRijkl(s24 + s45),
(3)

where sij = −(pi + pj)2 and s, t, u = s12, s23, s31. Here-
after, indices in lexographical order i, j, k, etc., will de-
note the flavors of the corresponding legs, 1, 2, 3, etc.

Geometry of Kinematics. Consider a single scalar
with arbitrary interactions. Despite the absence of fla-
vor, there exists a notion of kinematic geometry in which
momentum plays the role of the index. Concretely, we
map the flavor multiplet of the NLSM to a single scalar,

φi → φ(p). (4)

Under this replacement, the internal field space metric is
mapped to the momentum-dependent kinematic metric,

gij → g(p1, p2)δ(p12)

gij,k → g(p1, p2|p3)δ(p123)

gij,kl → g(p1, p2|p3, p4)δ(p1234),

(5)

Map NLSM flavor multiplet to a single scalar:
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We propose a mapping between geometry and kinematics that implies the classical equivalence
of any theory of massless bosons—including spin and exhibiting arbitrary derivative or potential
interactions—to a nonlinear sigma model (NLSM) with a momentum-dependent metric in field
space. From this kinematic metric we construct a corresponding kinematic connection, covariant
derivative, and curvature, all of which transform appropriately under general field redefinitions, even
including derivatives. We show explicitly how all tree-level on-shell scattering amplitudes of massless
bosons are equal to those of the NLSM via the replacement of geometry with kinematics. Lastly,
we describe how the recently introduced geometric soft theorem of the NLSM, which universally
encodes all leading and subleading soft scalar theorems, also captures the soft photon theorems.

Introduction. Color-kinematics duality is an extraordi-
nary structure relating the on-shell scattering amplitudes
of gauge theory and gravity [1–3]. Mechanically, the for-
mer is mapped to the latter by promoting color structure
constants fabc to momentum-dependent functions that
conform to identical antisymmetry properties and Jacobi
identities. Hence, gravity is simply a gauge theory for
which color has been substituted for kinematics.

In this paper, we argue that the classical dynamics of
any theory of massless bosons is similarly obtained via a
mapping of geometry to kinematics. Our starting point is
the nonlinear sigma model (NLSM), which defines scalar
fields as coordinates on an internal field space manifold
endowed with a metric and a well-known apparatus of ge-
ometrical structures [4–18]. The dynamics of the NLSM
are then specified by the field space metric and its deriva-
tives at the vacuum, gij , gij,k, gij,kl, etc. By uplifting
these metric coefficients to momentum-dependent func-
tions, we obtain a kinematic metric that defines a general-
ized field space geometry, simultaneously encoding flavor,
spin, and momentum all at once. We then construct the
kinematic analogs of the connection, covariant derivative,
and curvature, which transform covariantly under arbi-
trary field redefinitions. From this perspective, all mass-
less bosons—e.g. in higher-derivative scalar theories, φ3

theory, and Yang-Mills (YM) theory—are described by
an NLSM for a concrete, calculable choice of momentum-
dependent metric. Our results imply the invariance of
tree-level on-shell scattering amplitudes under arbitrary
field redefinitions, even including derivatives of fields.

A powerful corollary of this geometry-kinematics du-
ality is that any tree-level on-shell scattering amplitude
of massless bosons is directly obtained from an NLSM
amplitude after a suitable replacement of geometry with
kinematics. This rewriting of the amplitude is field-
redefinition invariant term by term, though on occasion
at the expense of manifest locality. Furthermore, un-
der this substitution, the geometric soft theorem for any
massless scalar [19]—which generalizes the Adler zero
[20] and dilaton soft theorems [21–24]—also encodes the
leading and subleading soft photon theorems [25–28].

Geometry of Field Space. The NLSM is a general
two-derivative theory of scalar fields φi described by

L = − 1
2gij(φ)∂φ

i∂φj , (1)

where the spacetime metric is in mostly plus signature.
The field space metric expanded about the vacuum is

gij(φ) = gij + gij,kφ
k + 1

2gij,klφ
kφl + · · · , (2)

where hereafter any quantity without an explicit φ argu-
ment is to be evaluated at the vacuum.
On-shell scattering amplitudes are invariant under

changes of field basis whereby φi is rewritten in terms
of φ̃i through the mapping φi(φ̃). The Lagrangian be-
comes L = − 1

2 g̃ij(φ̃)∂φ̃
i∂φ̃j , so the metric is a tensor

that transforms as g̃ij(φ̃) =
∂φk

∂φ̃i

∂φl

∂φ̃j
gkl(φ). In turn, gij(φ)

is associated with a menagerie of geometric objects, such
as the connection Γijk(φ), curvature Rijkl(φ), and so on.
Since on-shell scattering amplitudes of the NLSM are

field basis independent, they depend solely on geometric
invariants, so e.g. at four- and five-point they are [19]

Aijkl = Rijklu+Rikjls,

Aijklm = ∇kRiljms45 +∇lRikjms35 +∇lRijkms25

+∇mRikjls34 +∇mRijkl(s24 + s45),
(3)

where sij = −(pi + pj)2 and s, t, u = s12, s23, s31. Here-
after, indices in lexographical order i, j, k, etc., will de-
note the flavors of the corresponding legs, 1, 2, 3, etc.

Geometry of Kinematics. Consider a single scalar
with arbitrary interactions. Despite the absence of fla-
vor, there exists a notion of kinematic geometry in which
momentum plays the role of the index. Concretely, we
map the flavor multiplet of the NLSM to a single scalar,

φi → φ(p). (4)

Under this replacement, the internal field space metric is
mapped to the momentum-dependent kinematic metric,

gij → g(p1, p2)δ(p12)

gij,k → g(p1, p2|p3)δ(p123)

gij,kl → g(p1, p2|p3, p4)δ(p1234),

(5)

2

and so on, where p1···n = p1 + · · · + pn. Note that the
only constraint on the functions on the right-hand sides
is that they are separately permutation invariant under
exchange of 1 and 2, and under exchange of 3, 4, · · · , n.
This ensures that the kinematic metric has the same sym-
metry properties as the usual metric on field space.
For later convenience, we canonically normalize the ki-

netic terms. This condition in the NLSM maps to gij =
δij → g(p1, p2) = 1. Meanwhile, any sum over an inter-
nal field space index maps to an integral over momentum,

∑

i →
∫

p
=

∫

dDp
(2π)D . Together, these imply that the field

with lowered indices maps to φi = gijφ
j → φ(−p), so

raised and lowered indices correspond to incoming and
outgoing momenta. We will refer to the above replace-
ments as the geometry-kinematics mapping or duality.

Applying this replacement to the Lagrangian for the
NLSM in Eq. (1), we obtain the action for a single scalar
expressed in momentum space,

S = 1
2

∫

p1,p2

(p1 · p2)φ(p1)φ(p2)

[

δ(p12) +

∫

p3

g(p1, p2|p3)δ(p123)φ(p3) + 1
2

∫

p3,p4

g(p1, p2|p3, p4)φ(p3)φ(p4)δ(p1234) + · · ·

]

,

(6)

which actually has sufficient freedom to parameterize ar-
bitrary higher-derivative and potential interactions. As
we will see, one simply compares the action for a given
scalar theory directly to Eq. (6), reading off the kinematic
metric coefficients in Eq. (5) by inspection. We will im-
plement this procedure in numerous examples later on.
By design, this setup reduces to the usual NLSM when-

ever the metric coefficients in Eq. (5) are constant. Fur-
thermore, from Eq. (5) we see that geometry-kinematics
duality maps the full metric gij(φ) in Eq. (2), which is
a function of the fields, to a kinematic metric that is a
functional of the fields.

Invariants and Field Redefinitions. To calculate the
kinematic analog of a given geometric invariant, we ex-
press the invariant in the NLSM in terms of the field space
metric and its derivatives and then apply the geometry-
kinematics replacement. For example, the NLSM con-
nection is Γijk = 1

2

[

gij,k + gik,j − gjk,i
]

, which maps to
Γijk → Γ(p1, p2, p3)δ(p123) for

Γ(p1, p2, p3) =
1
2

[

g(p1, p2|p3) + g(p1, p3|p2)− g(p2, p3|p1)
]

.
(7)

Similarly, the NLSM curvature is expressed in terms of
the metric as Rijkl = 1

2 [gil,jk+gjk,il−gik,jl−gjl,ik]+ · · · ,
which maps to Rijkl → R(p1, p2, p3, p4)δ(p1234), where

R(p1, p2, p3, p4) =
1
2

[

g(p1, p4|p2, p3) + g(p2, p3|p1, p4) · · ·
]

.
(8)

Here the sums over internal indices map to momentum in-
tegrals, so for example a term like gik,mgmngnj,l is sent to
g(p1, p3|− p13)g(−p24, p2|p4)δ(p1234), and so on. Higher-
point geometric objects like ∇iRjklm are similarly calcu-
lated by expanding explicitly in terms of the metric and
then applying the geometry-kinematics replacement.
The kinematic curvature in Eq. (8) transforms as

a tensor—even for off-shell momenta—under the kine-
matic generalization of a change of coordinates. Indeed,
the geometry-kinematics replacement sends an arbitrary

NLSM field redefinition, φi = φ̃i + 1
2c

i
jkφ̃

j φ̃k + · · · , to

φ(p1) = φ̃(p1) +
1
2

∫

p2

c(p1,−p2, p12)φ̃(p2)φ̃(−p12) + · · · ,

(9)
where the functions on the right-hand side are arbitrary.

The NLSM Jacobian, ∂φi

∂φ̃j
= δij + cijkφ̃

k + · · · , maps to

∂φ(p1)

∂φ̃(p2)
= δ(p1 − p2) + c(p1,−p2, p12)φ̃(−p12) + · · · .

(10)
The astute reader will notice that the transformation
in Eq. (9) is literally the momentum-space expression
of a field redefinition of the single scalar allowing for
derivatives. For example, the specific transformation
φ = φ̃ + 1

2c3∂φ̃∂φ̃ + 1
6c4φ̃∂φ̃∂φ̃ + · · · is obtained from

c(p1, p2, p3) = −c3(p2 · p3), c(p1, p2, p3, p4) = − 1
3c4[(p2 ·

p3) + (p3 · p4) + (p4 · p2)], and so on. The kinematic
curvature is a tensor under an arbitrary derivative field
redefinition, i.e. for any choice of functions in Eq. (9).
In summary, kinematic geometry is formally identical

to the standard geometry in the NLSM, albeit with reg-
ular derivatives with respect to a constant scalar back-
ground effectively replaced with functional derivatives.

Scalar Theory. Let us now examine some examples,
starting with the case of a single scalar field.

i) Nambu-Goldstone Boson Theory. Consider a deriva-
tively coupled scalar field described by the Lagrangian,

L = − 1
2∂φ∂φ

[

1− λ4
4 ∂φ∂φ+ λ6

8 (∂φ∂φ)2 + · · ·
]

, (11)

where λ4 = λ6 = 1 corresponds to Dirac-Born-Infeld
theory. Eq. (11) matches Eq. (6) for the choice of metric,

g(p1, p2|p3, p4) =
λ4
2 (p3 · p4)

g(p1, p2|p3, p4, p5, p6) = λ6[(p3 · p4)(p5 · p6) + · · · ].
(12)

The corresponding kinematic curvature is

R(p1, p2, p3, p4) = −λ4
4 (t− u), (13)

Target space metric maps to a “kinematic metric”:

Index sums map to momentum integrals:

See Julio’s talk on Friday



Conclusions
• Field space geometry a powerful bridge between UV theories, EFTs, and 

amplitudes, but conventional geometry (“target space”) fails past 2 derivatives. 

• Functional geometry (“configuration space”) provides a generalization that  

1. reduces to conventional target space geometry in appropriate limits,  

2. gives rise to new off-shell recursion relating amputated correlators,  

3. manifests on-shell covariance under general field redefinitions. 

• Intriguing relation to “geometry-kinematics duality” (see Julio’s talk) 

• Much to learn from a geometric picture incorporating higher-derivative terms… 

14 Thank you!


