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A Few Reviews:  



Symmetries have played a central role in 
physics for centuries.  
Quantum Mechanics elevated the importance of 
symmetries even further.



Outline:

¥ An elementary example 
¥ Review the ``textbookÓ notion of a symmetry 
¥ Discuss recent generalizations  
¥ De!ine anomalies and generalized anomalies  
¥ Discuss applications for the dynamics of some 

strongly coupled theories! 



To motivate the discussion I will start from an example 
in QM. It is su"iciently elementary for any graduate 
course, and yet, its complete understanding requires 
somewhat unfamiliar ideas. 

<latexit sha1_base64="wMuVx33a0IL7G87FsMSMaqOvmrs=">AAAB/3icbVDLSgNBEOyNrxhfq4IXL4NBiAhhN4h6EYJecoxgHpBdw+xkNhky+2BmVgxrDv6KFw+KePU3vPk3TpI9aLSgoajqprvLizmTyrK+jNzC4tLySn61sLa+sbllbu80ZZQIQhsk4pFoe1hSzkLaUExx2o4FxYHHacsbXk381h0VkkXhjRrF1A1wP2Q+I1hpqWvu1S4cX2BiV5wBVii+rRw3S/dHXbNola0p0F9iZ6QIGepd89PpRSQJaKgIx1J2bCtWboqFYoTTccFJJI0xGeI+7Wga4oBKN53eP0aHWukhPxK6QoWm6s+JFAdSjgJPdwZYDeS8NxH/8zqJ8s/dlIVxomhIZov8hCMVoUkYqMcEJYqPNMFEMH0rIgOs41A6soIOwZ5/+S9pVsr2adm+PilWL7M48rAPB1ACG86gCjWoQwMIPMATvMCr8Wg8G2/G+6w1Z2Qzu/ALxsc3b8KUcA==</latexit>

H =
1
2

öp2 + V(x)

<latexit sha1_base64="WFJDi9PJWT0mMRUpw4YqYXL8cgA=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY9OKxgv2AdinZNNuGJtklyYpl6V/w4kERr/4hb/4bs+0etPXBwOO9GWbmBTFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbR0litAWiXikugHWlDNJW4YZTruxolgEnHaCyW3mdx6p0iySD2YaU1/gkWQhI9hkUrv6dD4oV9yaOwdaJV5OKpCjOSh/9YcRSQSVhnCsdc9zY+OnWBlGOJ2V+ommMSYTPKI9SyUWVPvp/NYZOrPKEIWRsiUNmqu/J1IstJ6KwHYKbMZ62cvE/7xeYsJrP2UyTgyVZLEoTDgyEcoeR0OmKDF8agkmitlbERljhYmx8ZRsCN7yy6ukfVHzLmvefb3SuMnjKMIJnEIVPLiCBtxBE1pAYAzP8ApvjnBenHfnY9FacPKZY/gD5/MHVeeNxw==</latexit>

V (x)

<latexit sha1_base64="8yaoKCskarkczxuKjVJDmOoaVJQ=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWrX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD6DGNAg==</latexit>x
Instantons lift the classical 
two-fold degeneracy and the 
ground state is gapped



Sometimes there is a destructive interference between 
instantons that happens to all orders and leads to exact  
degeneracy. Consider an electron on a ring with two 
minima Ñ at the top and bottom of the ring

<latexit sha1_base64="zQf440idHA26rxK/iheGT4/6YbA=">AAACB3icbVDLSsNAFJ3UV62vqEtBBotQF5YkiLoRim66rGAf0MQymU6aoZNkmJkIJXTnxl9x40IRt/6CO//GaZuFth64cDjnXu69x+eMSmVZ30ZhaXllda24XtrY3NreMXf3WjJJBSZNnLBEdHwkCaMxaSqqGOlwQVDkM9L2hzcTv/1AhKRJfKdGnHgRGsQ0oBgpLfXMw/qVGwiEbccNkYL83jkduDiRFcflIT3pmWWrak0BF4mdkzLI0eiZX24/wWlEYoUZkrJrW1x5GRKKYkbGJTeVhCM8RAPS1TRGEZFeNv1jDI+10odBInTFCk7V3xMZiqQcRb7ujJAK5bw3Ef/zuqkKLr2MxjxVJMazRUHKoErgJBTYp4JgxUaaICyovhXiEOlYlI6upEOw519eJC2nap9X7duzcu06j6MIDsARqAAbXIAaqIMGaAIMHsEzeAVvxpPx YrwbH7PWgpHP7IM/MD5/AHrWl8s=</latexit>

H =
1
2

öp2 ! gcos(2! )
<latexit sha1_base64="xH80K6ZZ2TbyJq8WTfrYtg+NiNE=">AAACA3icbVDLSgMxFM34rPU16k43wSK4scyIqBuh6MZlBfuAzlAymUwbmklCkhHKUHDjr7hxoYhbf8Kdf2PazkJbDwQO55zLzT2RZFQbz/t2FhaXlldWS2vl9Y3NrW13Z7epRaYwaWDBhGpHSBNGOWkYahhpS0VQGjHSigY3Y7/1QJSmgt+boSRhinqcJhQjY6Wuux/0kYESXsETmseBsFkYB7JPR7DrVryqNwGcJ35BKqBAvet+BbHAWUq4wQxp3fE9acIcKUMxI6NykGkiER6gHulYylFKdJhPbhjBI6vEMBHKPm7gRP09kaNU62Ea2WSKTF/PemPxP6+TmeQyzCmXmSEcTxclGYNGwHEhMKaKYMOGliCsqP0rxH2kEDa2trItwZ89eZ40T6v+edW/O6vUros6SuAAHIJj4IMLUAO3oA4aAINH8AxewZvz5Lw4787HNLrgFDN74A+czx9CvJam</latexit>

öp = ! i
d

d!



Quantum tunneling (instantons) lift the classical two-fold 
degeneracy. The ground state is symmetric under                  
and               .  

<latexit sha1_base64="9I4R9nwUYUYwDnbOQFJJ07nN6bM=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFEISSiKjLohuXFewFmlAm00k7dDIJMxOlxD6KGxeKuPVJ3Pk2TtostPWHgY//nMOc8wcJZ0o7zrdVWlldW98ob1a2tnd29+zqflvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgmr3ceqFQsFvd6klA/wkPBQkawNlbfrnrJiCFPxyiHUy9hfbvm1J2Z0DK4BdSgULNvf3mDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnkGBI6r8bLb6FB0bZ4DCWJonNJq5vycyHCk1iQLTGWE9Uou13Pyv1kt1eOVnTCSppoLMPwpTjsyleQ5owCQlmk8MYCKZ2RWREZaYaJNWxYTgLp68DO2zuntRd+/Oa43rIo4yHMIRnIALl9CAW2hCCwg8wjO8wpv1ZL1Y79bHvLVkFTMH8EfW5w9ovZN0</latexit>

! ! ! + "
<latexit sha1_base64="RpOcXA9OV3U0yev9lixqQW9sK30=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEN5YZEXVZdOOygr1AZyyZNNOGZjIhyShl6Hu4caGIW9/FnW9jpp2Ftv4Q+PjPOeScP5ScaeO6387S8srq2nppo7y5tb2zW9nbb+kkVYQ2ScIT1QmxppwJ2jTMcNqRiuI45LQdjm7yevuRKs0ScW/GkgYxHggWMYKNtR58OWTINwk6zalXqbo1dyq0CF4BVSjU6FW+/H5C0pgKQzjWuuu50gQZVoYRTidlP9VUYjLCA9q1KHBMdZBNt56gY+v0UZQo+4RBU/f3RIZjrcdxaDtjbIZ6vpab/9W6qYmugowJmRoqyOyjKOXInplHgPpMUWL42AImitldERlihYmxQZVtCN78yYvQOqt5FzXv7rxavy7iKMEhHMEJeHAJdbiFBjSBgIJneIU358l5cd6dj1nrklPMHMAfOZ8/n5SR8g==</latexit>

! ! " !

The last step is to introduce a half-integer !lux unit in the 
core of the ring (an AB solenoid)

<latexit sha1_base64="RmKax9EUabnNYgv7tTFAc3OBUdc=">AAACHHicbVDJSgNBEO1xjXGLevTSGITkkDATRb0IQS85RjALZMbQ0+mZadKz0F0jhJAP8eKvePGgiBcPgn9jZxE08UHB470qquq5ieAKTPPLWFpeWV1bz2xkN7e2d3Zze/tNFaeSsgaNRSzbLlFM8Ig1gINg7UQyErqCtdz+9dhv3TOpeBzdwiBhTkj8iHucEtBSN3dSu7Q9SahVsQXzoGAHBHBS+tEk9wMo3lVKvk1jVajYScCL3VzeLJsT4EVizUgezVDv5j7sXkzTkEVABVGqY5kJOEMigVPBRlk7VSwhtE981tE0IiFTznDy3Agfa6WHvVjqigBP1N8TQxIqNQhd3RkSCNS8Nxb/8zopeBfOkEdJCiyi00VeKjDEeJwU7nHJKIiBJoRKrm/FNCA6F9B5ZnUI1vzLi6RZKVtnZevmNF+9msWRQYfoCBWQhc5RFdVQHTUQRQ/oCb2gV+PReDbejPdp65IxmzlAf2B8fgPSEZ/3</latexit>

H =
1
2

!
öp !

1
2

" 2

! gcos(2! )



This is an interacting quantum model for which for all g 
there are exactly two ground states. At g=0 this is 
obvious since the spectrum is 

And clearly n=0 and n=1 give the same ground state 
energy. Why this degeneracy survives for all g is what we 
intend to clarify. 

<latexit sha1_base64="ioDhz6nfcXa13hUdNwdZozh4BwE=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUhWWmiLoRiiK4rGAf0BlLJs20oZnMkNwRSukHuPFX3LhQxK0f4M6/MW1H0NYDgZNzziW5x48F12DbX1ZmYXFpeSW7mltb39jcym/v1HWUKMpqNBKRavpEM8ElqwEHwZqxYiT0BWv4/cux37hnSvNI3sIgZl5IupIHnBIwUjtfuGrLczdQhDplV7AAivLo56p4tweHd2WTskv2BHieOCkpoBTVdv7T7UQ0CZkEKojWLceOwRsSBZwKNsq5iWYxoX3SZS1DJQmZ9oaTZUb4wCgdHETKHAl4ov6eGJJQ60Hom2RIoKdnvbH4n9dKIDjzhlzGCTBJpw8FicAQ4XEzuMMVoyAGhhCquPkrpj1iqgDTX86U4MyuPE/q5ZJzUnJujguVi7SOLNpD+6iIHHSKKugaVVENUfSAntALerUerWfrzXqfRjNWOrOL/sD6+AaZXZoR</latexit>

En =
1
2

!
n !

1
2

" 2



What is a symmetry ?



Ordinary  continuous symmetries are associated to a 
conserved current                   .  One can  then de!ine the 
charge operators  
 
 
 
 
with      a d-1 dimensional (co-dimension 1) surface.  
Conservation of the current guarantees that  
is independent of small deformations of     . 

<latexit sha1_base64="qqs6thkfC12yeP4UoyGLrW51FMw=">AAAB/nicbVDLSgMxFL1TX7W+RsWVm2ARXJUZEXUjFN24rGAf0BmHTJq2sZnMkGSEMhT8FTcuFHHrd7jzb8y0s9DqgYTDOffe3Jww4Uxpx/mySguLS8sr5dXK2vrG5pa9vdNScSoJbZKYx7ITYkU5E7Spmea0k0iKo5DTdji6yv32A5WKxeJWjxPqR3ggWJ8RrI0U2HtegqVmmN95UYrug/y+cAK76tScKdBf4hakCgUagf3p9WKSRlRowrFSXddJtJ/lowmnk4qXKppgMsID2jVU4IgqP5uuP0GHRumhfizNERpN1Z8dGY6UGkehqYywHqp5Lxf/87qp7p/7GRNJqqkgs4f6KUc6RnkWqMckJZqPDcFEMrMrIkMsMdEmsYoJwZ3/8l/SOq65pzX35qRavyziKMM+HMARuHAGdbiGBjSBQAZP8AKv1qP1bL1Z77PSklX07MIvWB/fZR2VHA==</latexit>

! µ j µ = 0

<latexit sha1_base64="97JkvGe/baEWXEE4A5ogBu0KBxA=">AAACHXicbVBNS8NAEN34WetX1aOXxSLowZKIqBdB9OKxolWhqWGy2barm03YnYgl9I948a948aCIBy/iv3Fbc/DrwcDb92bYmRemUhh03Q9nZHRsfGKyNFWenpmdm68sLJ6ZJNOMN1giE30RguFSKN5AgZJfpJpDHEp+Hl4fDvzzG66NSNQp9lLeiqGjRFswQCsFla1G4INMu0D3qM9v0zVRPH2hMPBPRCcGGl3m0YbXv/UNgqZX60Gl6tbcIehf4hWkSgrUg8qbHyUsi7lCJsGYpuem2MpBo2CS98t+ZngK7Bo6vGmpgpibVj68rk9XrRLRdqJtKaRD9ftEDrExvTi0nTFg1/z2BuJ/XjPD9m4rFyrNkCv29VE7kxQTOoiKRkJzhrJnCTAt7K6UdUEDQxto2Ybg/T75LznbrHnbNe94q7p/UMRRIstkhawRj+yQfXJE6qRBGLkjD+SJPDv3zqPz4rx+tY44xcwS+QHn/RPzjKE4</latexit>

U! = exp( i !
!

!
dd! 1x " j )

<latexit sha1_base64="UsuKnzNCr+1BpkSULjnZyqLoDVQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhLnNXrJkd+/Y3RNCyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j94NEmmKWvQRCS6FaFhgivWsNwK1ko1QxkJ1oyGN1O/+cS04Yl6sKOUhRL7iseconVSs3PP+xJJt1zxq/4MZJkEOalAjnq3/NXpJTSTTFkq0Jh24Kc2HKO2nAo2KXUyw1KkQ+yztqMKJTPheHbuhJw4pUfiRLtSlszU3xNjlMaMZOQ6JdqBWfSm4n9eO7PxVTjmKs0sU3S+KM4EsQmZ/k56XDNqxcgRpJq7WwkdoEZqXUIlF0Kw+PIyeTyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gMIQnuEV3rzUe/HevY95a8HLZw7hD7zPH8USjzM=</latexit>

!

<latexit sha1_base64="UsuKnzNCr+1BpkSULjnZyqLoDVQ=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E1DJoYxnRmEByhLnNXrJkd+/Y3RNCyI+wsVDE1t9j579xk1yhiQ8GHu/NMDMvSgU31ve/vcLK6tr6RnGztLW9s7tX3j94NEmmKWvQRCS6FaFhgivWsNwK1ko1QxkJ1oyGN1O/+cS04Yl6sKOUhRL7iseconVSs3PP+xJJt1zxq/4MZJkEOalAjnq3/NXpJTSTTFkq0Jh24Kc2HKO2nAo2KXUyw1KkQ+yztqMKJTPheHbuhJw4pUfiRLtSlszU3xNjlMaMZOQ6JdqBWfSm4n9eO7PxVTjmKs0sU3S+KM4EsQmZ/k56XDNqxcgRpJq7WwkdoEZqXUIlF0Kw+PIyeTyrBhfV4O68UrvO4yjCERzDKQRwCTW4hTo0gMIQnuEV3rzUe/HevY95a8HLZw7hD7zPH8USjzM=</latexit>

!

<latexit sha1_base64="3q14SzpcfLECoC0N7cY3f2d2oNw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6SRTlPk0EYlqh6iZ4JL5hhvB2qliGIeCPYSjm6n/8MSU5om8N+OUBTEOJI84RWOltt/rokiH2KvW3Lo7A1kmXkFqUKDZq351+wnNYiYNFah1x3NTE+SoDKeCTSrdTLMU6QgHrGOpxJjpIJ/dOyEnVumTKFG2pCEz9fdEjrHW4zi0nTGaoV70puJ/Xicz0VWQc5lmhkk6XxRlgpiETJ8nfa4YNWJsCVLF7a2EDlEhNTaiig3BW3x5mbTO6t5F3bs7rzWuizjKcATHcAoeXEIDbqEJPlAQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QPsw4/m</latexit>

U!



When       wraps local operators we get the usual action 
of the symmetry

<latexit sha1_base64="3q14SzpcfLECoC0N7cY3f2d2oNw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6SRTlPk0EYlqh6iZ4JL5hhvB2qliGIeCPYSjm6n/8MSU5om8N+OUBTEOJI84RWOltt/rokiH2KvW3Lo7A1kmXkFqUKDZq351+wnNYiYNFah1x3NTE+SoDKeCTSrdTLMU6QgHrGOpxJjpIJ/dOyEnVumTKFG2pCEz9fdEjrHW4zi0nTGaoV70puJ/Xicz0VWQc5lmhkk6XxRlgpiETJ8nfa4YNWJsCVLF7a2EDlEhNTaiig3BW3x5mbTO6t5F3bs7rzWuizjKcATHcAoeXEIDbqEJPlAQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QPsw4/m</latexit>

U!

<latexit sha1_base64="LCYW+rIIUJ/KaDsvDM2GGbrWvI8=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRizcr2A9oQ9lsN+3SzSbuToQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1gOOE+xEdKBEKRtFK7azLqCR3k1654lbdGcgy8XJSgRz1Xvmr249ZGnGFTFJjOp6boJ9RjYJJPil1U8MTykZ0wDuWKhpx42ezeyfkxCp9EsbalkIyU39PZDQyZhwFtjOiODSL3lT8z+ukGF75mVBJilyx+aIwlQRjMn2e9IXmDOXYEsq0sLcSNqSaMrQRlWwI3uLLy6R5VvUuqt79eaV2ncdRhCM4hlPw4BJqcAt1aAADCc/wCm/Oo/PivDsf89aCk88cwh84nz+4GY/D</latexit>

O

<latexit sha1_base64="+k2mqKvOVWc0eRK63j4AvO3MqXo=">AAACC3icbVDLSsNAFJ34rPUVdelmaBHcWBIRdSMU3bizgn1AE8PNdJIOnTyYmQglZO/GX3HjQhG3/oA7/8bpY6GtBy4czrmXe+/xU86ksqxvY2FxaXlltbRWXt/Y3No2d3ZbMskEoU2S8ER0fJCUs5g2FVOcdlJBIfI5bfuDq5HffqBCsiS+U8OUuhGEMQsYAaUlz6xchF7uAE/7UNznR3aBc4cAxzcFDr2J7plVq2aNgeeJPSVVNEXDM7+cXkKyiMaKcJCya1upcnMQihFOi7KTSZoCGUBIu5rGEFHp5uNfCnyglR4OEqErVnis/p7IIZJyGPm6MwLVl7PeSPzP62YqOHdzFqeZojGZLAoyjlWCR8HgHhOUKD7UBIhg+lZM+iCAKB1fWYdgz748T1rHNfu0Zt+eVOuX0zhKaB9V0CGy0Rmqo2vUQE1E0CN6Rq/ozXgyXox342PSumBMZ/bQHxifPxVmmnE=</latexit>

= g! 1
! Og!

<latexit sha1_base64="3q14SzpcfLECoC0N7cY3f2d2oNw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKphbaUCbbTbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T9o6SRTlPk0EYlqh6iZ4JL5hhvB2qliGIeCPYSjm6n/8MSU5om8N+OUBTEOJI84RWOltt/rokiH2KvW3Lo7A1kmXkFqUKDZq351+wnNYiYNFah1x3NTE+SoDKeCTSrdTLMU6QgHrGOpxJjpIJ/dOyEnVumTKFG2pCEz9fdEjrHW4zi0nTGaoV70puJ/Xicz0VWQc5lmhkk6XxRlgpiETJ8nfa4YNWJsCVLF7a2EDlEhNTaiig3BW3x5mbTO6t5F3bs7rzWuizjKcATHcAoeXEIDbqEJPlAQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QPsw4/m</latexit>

U!

Using this property and the invariance under small 
deformations, all the Ward identities follow.



Recent Generalizations



The idea is to associate topological operators to 
generalized symmetries. This generalization works in 
several directions.



¥ Ordinary discrete symmetries: while there is no 
continuous current, there is still a topological co-
dimension 1 operator. This is a somewhat trivial (and 
not really new) remark.



¥ There could be topological operators of co-dimension 
2 etc. A p-form symmetry is associated to a topological 
operator of co-dimension p+1. Ordinary symmetries 
correspond to p=0.



Free Maxwell theory has a 1-form electric symmetry 
and a d-3 - form magnetic symmetry.

<latexit sha1_base64="TZD3MqWDvr6eFhxIeUWQUBxnbAk=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBbBVUlKUTdCURAXLirYBzRpmUwn7dDJJMxMhBKyceOvuHGhiFv/wZ1/46TNQlsPDBzOOZe593gRo1JZ1rdRWFpeWV0rrpc2Nre2d8zdvZYMY4FJE4csFB0PScIoJ01FFSOdSBAUeIy0vfFV5rcfiJA05PdqEhE3QENOfYqR0lLfPHQCpEYYseQ2vUhsJ9RhWCO9anrdq/bNslWxpoCLxM5JGeRo9M0vZxDiOCBcYYak7NpWpNwECUUxI2nJiSWJEB6jIelqylFApJtMr0jhsVYG0A+FflzBqfp7IkGBlJPA08lsZznvZeJ/XjdW/rmbUB7FinA8+8iPGVQhzCqBAyoIVmyiCcKC6l0hHiGBsNLFlXQJ9vzJi6RVrdinFfuuVq5f5nUUwQE4AifABmegDm5AAzQBBo/gGbyCN+PJeDHejY9ZtGDkM/vgD4zPH27xl+A=</latexit>

L =
1

4e2
F 2

<latexit sha1_base64="Ajt6dopBOSyknmSi/ciwU3ewCj0=">AAACNXicbVDLSsNAFJ3UV62vqEs3g0VwY0mKqBuhKIgLFxXsA5oYJpNJO3byYGYilJCfcuN/uNKFC0Xc+gtO2oDaemDgcM653LnHjRkV0jBetNLc/MLiUnm5srK6tr6hb261RZRwTFo4YhHvukgQRkPSklQy0o05QYHLSMcdnud+555wQaPwRo5iYgeoH1KfYiSV5OhXd05qBYljWtiLpMhp6h3UswyeQovEgjKVmk542cVtWkTN7GfG0atGzRgDzhKzIFVQoOnoT5YX4SQgocQMCdEzjVjaKeKSYkayipUIEiM8RH3SUzREARF2Or46g3tK8aAfcfVCCcfq74kUBUKMAlclAyQHYtrLxf+8XiL9EzulYZxIEuLJIj9hUEYwrxB6lBMs2UgRhDlVf4V4gDjCUhVdUSWY0yfPkna9Zh7VzOvDauOsqKMMdsAu2AcmOAYNcAmaoAUweADP4A28a4/aq/ahfU6iJa2Y2QZ/oH19A/v/rMY=</latexit>

j µ 1 áááµ d ! 2 = ! µ 1 áááµ d F µ d ! 1 µ d ! 2

<latexit sha1_base64="M9eIRp/e2BwFNd0lc+dLQxGuSDU=">AAACFXicbVDLSgMxFM3UV62vUZdugkWooGWmiLoRiqK4rGAf0GnLnUzahmYeJBlpGfoTbvwVNy4UcSu4829MHwttPRA4Oede7r3HjTiTyrK+jdTC4tLySno1s7a+sbllbu9UZBgLQssk5KGouSApZwEtK6Y4rUWCgu9yWnV7VyO/+kCFZGFwrwYRbfjQCVibEVBaaplH5eZ1ywEedeHCof0oxyYfhwUKe83EOy4M+45UIPDNYcvMWnlrDDxP7CnJoilKLfPL8UIS+zRQhIOUdduKVCMBoRjhdJhxYkkjID3o0LqmAfhUNpLxVUN8oBUPt0Ohn15mrP7uSMCXcuC7utIH1ZWz3kj8z6vHqn3eSFgQxYoGZDKoHXOsQjyKCHtMUKL4QBMgguldMemCAKJ0kBkdgj178jypFPL2ad6+O8kWL6dxpNEe2kc5ZKMzVES3qITKiKBH9Ixe0ZvxZLwY78bHpDRlTHt20R8Ynz9ydJ5c</latexit>

UE
! = exp( i !

!
dd! 2x " F )

<latexit sha1_base64="OJ5H2xkUQCi2b4+jndtmkP0arho=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0GITdgNojZC0MZGiOAmgexmuTuZJGNmH8zMSkLIL9j4KzYWitja2fk3Th6FJh4YOHPOvdx7T5BwJpVlfRuZpeWV1bXsem5jc2t7x9zdq8o4FYQ6JOaxqAcgKWcRdRRTnNYTQSEMOK0FvauxX3ugQrI4ulODhHohdCLWZgSUlnyz4DRvfBd40oULl/aTApt+XBYp3GqW+q5UIPD9sW/mraI1AV4k9ozk0QwV3/xyWzFJQxopwkHKhm0lyhuCUIxwOsq5qaQJkB50aEPTCEIqveHkohE+0koLt2Ohn15kov7uGEIo5SAMdGUIqivnvbH4n9dIVfvcG7IoSRWNyHRQO+VYxXgcD24xQYniA02ACKZ3xaQLAojSIeZ0CPb8yYukWirap0X79iRfvpzFkUUH6BAVkI3OUBldowpyEEGP6Bm9ojfjyXgx3o2PaWnGmPXsoz8wPn8Aj26c1w==</latexit>

UM
! = exp( i !

!
d2x " j );



Classically these conservation laws describe the 
conservation of electric and magnetic charges inside 
any region of space.

In d=4, both the 1-form electric symmetry and the 1-form 
magnetic symmetry are spontaneously broken Ñ the 
Goldstone boson is the photon!



¥ Finally, there could be topological surfaces not 
associated to a group element at all, namely, they 
could be non-invertible. A non-invertible symmetry 
could annihilate some local operators.  



Anomalies and Generalized 
Anomalies 



The notion of Õt Hooft anomaly is very familiar for 
ordinary, continuous 0-form symmetries. It captures 
the lack of charge conservation in the presence of 
classical  background sources (not to be confused with 
ABJ anomaly Ñ which simply means that there is no 
symmetry at all).

<latexit sha1_base64="fv96VTSsXMAg84k57FWo7tQdXwo=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiLotCcVnBPqCpZTK5acfOJGFmopTQD3Djr7hxoYhbP8Cdf+M0zUJbLwxzOOdc7r3HizlT2ra/rYXFpeWV1cJacX1jc2u7tLPbVFEiKTRoxCPZ9ogCzkJoaKY5tGMJRHgcWt7wcqK37kEqFoU3ehRDV5B+yAJGiTZUr1R2YyI1I7znigTju9vscxUTuOY+gN8HXDMuu2JnheeBk4MyyqveK325fkQTAaGmnCjVcexYd9PJIMphXHQTBTGhQ9KHjoEhEaC6aXbMGB8axsdBJM0LNc7Y3x0pEUqNhGecguiBmtUm5H9aJ9HBeTdlYZxoCOl0UJBwrCM8SQb7TALVfGQAoZKZXTEdEEmoNvkVTQjO7MnzoHlccU4rzvVJuXqRx1FA++gAHSEHnaEqukJ11EAUPaJn9IrerCfrxXq3PqbWBSvv2UN/yvr8AQr5mlQ=</latexit>

! µ j µ ! F " F



Being that Õt Hooft anomalies are quantized c-
number e#ects (hence cannot be renormalized) 
they have been an indispensable tool for several 
decades.

The most striking applications are of course for 
the chiral SU(3)xSU(3) symmetry in QCD, where 
the Õt Hooft anomaly leads to predictions for the 
neutral pion decay and the violation of G-parity in 
meson scattering. 



The notion of Õt Hooft anomaly can be generalized to 
discrete 0-form symmetries, to p-form symmetries, and 
even to non-invertible symmetries and also further, to 
more complicated structures that I wonÕt mention.



The idea is to consider networks of the topological 
charges and require that these networks can 
consistency re-connect. 

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>= <latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>=



If the networks can consistently re-connect we say 
that there is no anomaly, and otherwise there is a Õt 
Hooft anomaly. 

         anomaly in 1+1 dimensions (bosonic)
<latexit sha1_base64="Q4W1G183VtxZlWviIzPmltPBiZ0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2Ad2hpJJM21oJhOSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4YnqhVhTzgRtG2Y47UlFcRxy2g0nt7nffaJKs0Q8mKmkQYxHgkWMYGMl34+xGYdh9jgbNAbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8o172cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQade+y7t1f1Jo3RR1lOIFTOAcPrqAJd9CCNhCQ8Ayv8Oakzovz7nwsRktOsXMMf+B8/gD515Gl</latexit>

Z2

<latexit sha1_base64="feYJlqRAt9N6RJRnwkNptAVwjek=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIehGKXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz321lZXVvf2CxsFbd3dvf2SweHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7qZ+6wmV5rF8MOME/YgOJA85o8ZK9ZteqexW3BnIMvFyUoYctV7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NAJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0a9LnCpkRY0soU9zeStiQKsqMzaZoQ/AWX14mzfOKd1nx6hfl6m0eRwGO4QTOwIMrqMI91KABDBCe4RXenEfnxXl3PuatK04+cwR/4Hz+AI7FjMc=</latexit>= <latexit sha1_base64="KTcTtUnmZcm/a2cj2dg6AHoG/wY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4sSQi6rHoxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nZXVtfWNzcJWcXtnd2+/dHDY1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hobuq3nlBpHssHM07Qj+hA8pAzaqxUP++Vym7FnYEsEy8nZchR65W+uv2YpRFKwwTVuuO5ifEzqgxnAifFbqoxoWxEB9ixVNIItZ/NDp2QU6v0SRgrW9KQmfp7IqOR1uMosJ0RNUO96E3F/7xOasIbP+MySQ1KNl8UpoKYmEy/Jn2ukBkxtoQyxe2thA2poszYbIo2BG/x5WXSvKh4VxWvflmu3uZxFOAYTuAMPLiGKtxDDRrAAOEZXuHNeXRenHfnY9664uQzR/AHzucPdoWMtw==</latexit>!

This minus sign might be hard to compute!! Not 
a triangle diagramÉ



Continuous anomalies imply that the ground state must be 
gapless either due to symmetry breaking or massless 
fermions. 

Discrete anomalies are a little less constraining. They can 
be satis!ied by: 

¥ Symmetry breaking 
¥ Massless modes  
¥ A topological !ield theory 



For some discrete anomalies it is possible to rule out the 
last option. The consequences of such anomalies are 
pretty much identical to the continuous case. 



We are !inally ready to revisit our elementary QM 
example 

This theory has a                0-form symmetry 
corresponding to the transformations                  and          
              . 

<latexit sha1_base64="MzKsXfFMpdmr/G19N2Xb5wqzQyU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRbBU0mKqMeiF48V7Ac2IWy2m3bpZhN2J0IJvXnxr3jxoIhX/4I3/42bNofa+mDg8d4MM/OChDMFtv1jlFZW19Y3ypuVre2d3T1z/6Ct4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjd5H7nkUrFYnEP44R6ER4IFjKCQUu+eexGGIZBkD1M/LoLLKJqXvHNql2zp7CWiVOQKirQ9M1vtx+TNKICCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaCqwXetn0j4l1qpW+FcZSlwBrqs5PZDhSahwFujO/US16ufif10shvPIyJpIUqCCzRWHKLYitPBSrzyQlwMeaYCKZvtUiQywxAR1dRYfgLL68TNr1mnNRc+7Oq43rIo4yOkIn6Aw56BI10C1qohYi6Am9oDf0bjwbr8aH8TlrLRnFzCH6A+PrF374mbU=</latexit>

Z2 ! Z2
<latexit sha1_base64="9I4R9nwUYUYwDnbOQFJJ07nN6bM=">AAAB+nicbZDLSsNAFIZP6q3WW6pLN4NFEISSiKjLohuXFewFmlAm00k7dDIJMxOlxD6KGxeKuPVJ3Pk2TtostPWHgY//nMOc8wcJZ0o7zrdVWlldW98ob1a2tnd29+zqflvFqSS0RWIey26AFeVM0JZmmtNuIimOAk47wfgmr3ceqFQsFvd6klA/wkPBQkawNlbfrnrJiCFPxyiHUy9hfbvm1J2Z0DK4BdSgULNvf3mDmKQRFZpwrFTPdRLtZ1hqRjidVrxU0QSTMR7SnkGBI6r8bLb6FB0bZ4DCWJonNJq5vycyHCk1iQLTGWE9Uou13Pyv1kt1eOVnTCSppoLMPwpTjsyleQ5owCQlmk8MYCKZ2RWREZaYaJNWxYTgLp68DO2zuntRd+/Oa43rIo4yHMIRnIALl9CAW2hCCwg8wjO8wpv1ZL1Y79bHvLVkFTMH8EfW5w9ovZN0</latexit>

! ! ! + "
<latexit sha1_base64="RpOcXA9OV3U0yev9lixqQW9sK30=">AAAB9XicbZDLSgMxFIbPeK31VnXpJlgEN5YZEXVZdOOygr1AZyyZNNOGZjIhyShl6Hu4caGIW9/FnW9jpp2Ftv4Q+PjPOeScP5ScaeO6387S8srq2nppo7y5tb2zW9nbb+kkVYQ2ScIT1QmxppwJ2jTMcNqRiuI45LQdjm7yevuRKs0ScW/GkgYxHggWMYKNtR58OWTINwk6zalXqbo1dyq0CF4BVSjU6FW+/H5C0pgKQzjWuuu50gQZVoYRTidlP9VUYjLCA9q1KHBMdZBNt56gY+v0UZQo+4RBU/f3RIZjrcdxaDtjbIZ6vpab/9W6qYmugowJmRoqyOyjKOXInplHgPpMUWL42AImitldERlihYmxQZVtCN78yYvQOqt5FzXv7rxavy7iKMEhHMEJeHAJdbiFBjSBgIJneIU358l5cd6dj1nrklPMHMAfOZ8/n5SR8g==</latexit>

! ! " !

However, there is a phase in the algebra of those 
symmetries 

<latexit sha1_base64="KpXSJ39smPXoJU/rUS5khQLWb5I=">AAACNHicbVBdS8MwFE3n15xfVR99CQ5BkI1WRH0Rhr4Ivkyw22AtJc3SLSxNS5IKo+xH+eIP8UUEHxTx1d9guhXUzQPhnpx7D8k9QcKoVJb1YpQWFpeWV8qrlbX1jc0tc3unJeNUYOLgmMWiEyBJGOXEUVQx0kkEQVHASDsYXuX99j0Rksb8To0S4kWoz2lIMVJa8s0bx8/cZEBdFdfyOv655+XITegYXsAa/Eeftfpm1apbE8B5YhekCgo0ffPJ7cU4jQhXmCEpu7aVKC9DQlHMyLjippIkCA9Rn3Q15Sgi0ssmS4/hgVZ6MIyFPlzBifrbkaFIylEU6MkIqYGc7eXif71uqsJzL6M8SRXhePpQmDKoYpgnCHtUEKzYSBOEBdV/hXiABMJK51zRIdizK8+T1nHdPq3btyfVxmURRxnsgX1wCGxwBhrgGjSBAzB4AM/gDbwbj8ar8WF8TkdLRuHZBX9gfH0DtYCsFw==</latexit>

U! !" ! U! ! ! + " = ! U! ! ! + " U! !" !

<latexit sha1_base64="RmKax9EUabnNYgv7tTFAc3OBUdc=">AAACHHicbVDJSgNBEO1xjXGLevTSGITkkDATRb0IQS85RjALZMbQ0+mZadKz0F0jhJAP8eKvePGgiBcPgn9jZxE08UHB470qquq5ieAKTPPLWFpeWV1bz2xkN7e2d3Zze/tNFaeSsgaNRSzbLlFM8Ig1gINg7UQyErqCtdz+9dhv3TOpeBzdwiBhTkj8iHucEtBSN3dSu7Q9SahVsQXzoGAHBHBS+tEk9wMo3lVKvk1jVajYScCL3VzeLJsT4EVizUgezVDv5j7sXkzTkEVABVGqY5kJOEMigVPBRlk7VSwhtE981tE0IiFTznDy3Agfa6WHvVjqigBP1N8TQxIqNQhd3RkSCNS8Nxb/8zopeBfOkEdJCiyi00VeKjDEeJwU7nHJKIiBJoRKrm/FNCA6F9B5ZnUI1vzLi6RZKVtnZevmNF+9msWRQYfoCBWQhc5RFdVQHTUQRQ/oCb2gV+PReDbejPdp65IxmzlAf2B8fgPSEZ/3</latexit>

H =
1
2

!
öp !

1
2

" 2

! gcos(2! )



This phase precludes us from unambiguously laying 
out a network of topological operators and hence it is 
a Õt Hooft anomaly. It forces the system to have at least 
two degenerate ground states!  

This minus sign can be calculated in the g=0 theory 
and, since the sign cannot change continuously, it 
holds for any g. 

For QM models with just       symmetry such anomalies 
cannot arise, one needs Òat leastÓ                .   

<latexit sha1_base64="Q4W1G183VtxZlWviIzPmltPBiZ0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2Ad2hpJJM21oJhOSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4YnqhVhTzgRtG2Y47UlFcRxy2g0nt7nffaJKs0Q8mKmkQYxHgkWMYGMl34+xGYdh9jgbNAbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8o172cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQade+y7t1f1Jo3RR1lOIFTOAcPrqAJd9CCNhCQ8Ayv8Oakzovz7nwsRktOsXMMf+B8/gD515Gl</latexit>

Z2
<latexit sha1_base64="MzKsXfFMpdmr/G19N2Xb5wqzQyU=">AAACB3icbVBNS8NAEN3Ur1q/oh4FCRbBU0mKqMeiF48V7Ac2IWy2m3bpZhN2J0IJvXnxr3jxoIhX/4I3/42bNofa+mDg8d4MM/OChDMFtv1jlFZW19Y3ypuVre2d3T1z/6Ct4lQS2iIxj2U3wIpyJmgLGHDaTSTFUcBpJxjd5H7nkUrFYnEP44R6ER4IFjKCQUu+eexGGIZBkD1M/LoLLKJqXvHNql2zp7CWiVOQKirQ9M1vtx+TNKICCMdK9Rw7AS/DEhjhdFJxU0UTTEZ4QHuaCqwXetn0j4l1qpW+FcZSlwBrqs5PZDhSahwFujO/US16ufif10shvPIyJpIUqCCzRWHKLYitPBSrzyQlwMeaYCKZvtUiQywxAR1dRYfgLL68TNr1mnNRc+7Oq43rIo4yOkIn6Aw56BI10C1qohYi6Am9oDf0bjwbr8aH8TlrLRnFzCH6A+PrF374mbU=</latexit>

Z2 ! Z2
<latexit sha1_base64="gXIdkVKm7tINjvpVj/GetbyfeOc=">AAACH3icbVDLSgMxFM3UV62vqks3wSK0mzIzSBVEKLrpsoJ90IdDJs20oZnMkGSEMvRP3PgrblwoIu76N2baWdTWA4HDOfeSc48bMiqVac6MzMbm1vZOdje3t39weJQ/PmnKIBKYNHDAAtF2kSSMctJQVDHSDgVBvstIyx3fJ37rmQhJA/6oJiHp+2jIqUcxUlpy8pXak13s+UiNXBd2HLunqE8kTJW4M3XsG9goWqXS7bLm5Atm2ZwDrhMrJQWQou7kf3qDAEc+4QozJGXXMkPVj5FQFDMyzfUiSUKEx2hIuppypFP04/l9U3ihlQH0AqEfV3CuLm/EyJdy4rt6MskoV71E/M/rRsq77seUh5EiHC8+8iIGVQCTsuCACoIVm2iCsKA6K8QjJBBWutKcLsFaPXmdNO2yVSlbD5eF6l1aRxacgXNQBBa4AlVQA3XQABi8gDfwAT6NV+Pd+DK+F6MZI905BX9gzH4BJiChMg==</latexit>

H 2(Z2 ! Z2; U(1)) = Z2



Applications 



We will go over examples in 2d, 3d, and 4d where 
anomalies and generalized symmetries give us an 
insight into the low-energy physics of strongly 
interacting models. 



2d 

<latexit sha1_base64="Omb2Dzff4VIrhzfOIMAnwIMGlrg="></latexit>

L =
! 1
4g2 Tr F 2 + i ! T ! 0Dµ ! µ !

<latexit sha1_base64="ZQjm2hOFW/g/ebXCBszDUsieC+c=">AAAB63icbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0S8mm2TY0yS5JVihL/4IXD4p49Q9589+YbfegrQ8GHu/NMDMvTAQ31vO+UWltfWNzq7xd2dnd2z+oHh61TZxqylo0FrHuhsQwwRVrWW4F6yaaERkK1gknd7nfeWLa8Fg92mnCAklGikecEptL/abhg2rNq3tz4FXiF6QGBZqD6ld/GNNUMmWpIMb0fC+xQUa05VSwWaWfGpYQOiEj1nNUEclMkM1vneEzpwxxFGtXyuK5+nsiI9KYqQxdpyR2bJa9XPzP66U2ugkyrpLUMkUXi6JUYBvj/HE85JpRK6aOEKq5uxXTMdGEWhdPxYXgL7+8StoXdf+q7j9c1hq3RRxlOIFTOAcfrqEB99CEFlAYwzO8whuS6AW9o49FawkVM8fwB+jzB/VojjA=</latexit>

 is a non-chiral Majorana fermion in the adj 
representation of SU(N).  

This theory has a        1-form symmetry along with a         
chiral symmetry but also exponentially many            non-
invertible symmetries.   

<latexit sha1_base64="eOTh46Su1NQQdgH+YauQvT+MX6I=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiG1dSwT6wM5RMmmlDM8mQZIQy9DfcuFDErT/jzr8x085CWw8EDufcyz05YcKZNq777ZRWVtfWN8qbla3tnd296v5BW8tUEdoikkvVDbGmnAnaMsxw2k0UxXHIaScc3+R+54kqzaR4MJOEBjEeChYxgo2VfD/GZhSG2eO0f9ev1ty6OwNaJl5BalCg2a9++QNJ0pgKQzjWuue5iQkyrAwjnE4rfqppgskYD2nPUoFjqoNslnmKTqwyQJFU9gmDZurvjQzHWk/i0E7mGfWil4v/eb3URFdBxkSSGirI/FCUcmQkygtAA6YoMXxiCSaK2ayIjLDCxNiaKrYEb/HLy6R9Vvcu6t79ea1xXdRRhiM4hlPw4BIacAtNaAGBBJ7hFd6c1Hlx3p2P+WjJKXYO4Q+czx8kVpHB</latexit>

ZN
<latexit sha1_base64="Q4W1G183VtxZlWviIzPmltPBiZ0=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqswUUZdFNy4r2Ad2hpJJM21oJhOSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnlJxp47rfTmltfWNzq7xd2dnd2z+oHh51dJIqQtsk4YnqhVhTzgRtG2Y47UlFcRxy2g0nt7nffaJKs0Q8mKmkQYxHgkWMYGMl34+xGYdh9jgbNAbVmlt350CrxCtIDQq0BtUvf5iQNKbCEI617nuuNEGGlWGE01nFTzWVmEzwiPYtFTimOsjmmWfozCpDFCXKPmHQXP29keFY62kc2sk8o172cvE/r5+a6DrImJCpoYIsDkUpRyZBeQFoyBQlhk8twUQxmxWRMVaYGFtTxZbgLX95lXQade+y7t1f1Jo3RR1lOIFTOAcPrqAJd9CCNhCQ8Ayv8Oakzovz7nwsRktOsXMMf+B8/gD515Gl</latexit>

Z2
<latexit sha1_base64="D4VyTftlbU0wrsIV2LL3kLzsrIw=">AAAB8nicbVDLSgNBEJz1GeMr6tHLYBA8hd0g6jHoxZNEMA9I1jA7mU2GzGOZ6RXCks/w4kERr36NN//GSbIHTSxoKKq66e6KEsEt+P63t7K6tr6xWdgqbu/s7u2XDg6bVqeGsgbVQpt2RCwTXLEGcBCsnRhGZCRYKxrdTP3WEzOWa/UA44SFkgwUjzkl4KRO13KJq49Z9W7SK5X9ij8DXiZBTsooR71X+ur2NU0lU0AFsbYT+AmEGTHAqWCTYje1LCF0RAas46giktkwm508wadO6eNYG1cK8Ez9PZERae1YRq5TEhjaRW8q/ud1UoivwoyrJAWm6HxRnAoMGk//x31uGAUxdoRQw92tmA6JIRRcSkUXQrD48jJpVivBRSW4Py/XrvM4CugYnaAzFKBLVEO3qI4aiCKNntErevPAe/HevY9564qXzxyhP/A+fwB565C7</latexit>

! 22N



Analyzing the consequences of this huge number of 
symmetries one !inds some concrete predictions: 

¥ Decon!inement (even though no fundamental quark 
is present) 

¥ An exponential vacuum degeneracy (!)  
¥ The string tension in the theory with a small quark 

mass:
<latexit sha1_base64="l/Ko72TstkvDIVq8VMg8wHjgtHM=">AAACFHicbVDLSgMxFM34rPVVdekmWISKUGZE1GXRjSup0Bd0SsmkmTY0yQzJHaFM+xFu/BU3LhRx68Kdf2P6WGjrgZDDOfeQ3BPEghtw3W9naXlldW09s5Hd3Nre2c3t7ddMlGjKqjQSkW4ExDDBFasCB8EasWZEBoLVg/7N2K8/MG14pCowiFlLkq7iIacErNTOnVbafd9wiYdyaG/lCxZCIfVjjvvYj2wU3418zbs9OGnn8m7RnQAvEm9G8miGcjv35XcimkimgApiTNNzY2ilRAOngo2yfmJYTGifdFnTUkUkM610stQIH1ulg8NI26MAT9TfiZRIYwYysJOSQM/Me2PxP6+ZQHjVSrmKE2CKTh8KE4EhwuOGcIdrRkEMLCFUc/tXTHtEEwq2x6wtwZtfeZHUzoreRdG7P8+Xrmd1ZNAhOkIF5KFLVEK3qIyqiKJH9Ixe0Zvz5Lw4787HdHTJmWUO0B84nz+JOJ59</latexit>

Tk ! |m| sin
!

! k
N

"



3d

Consider U(1) gauge theory with two charged bosons:

<latexit sha1_base64="BWQWj4CFcDYuNVeRiKrUkndo9IA="></latexit>�1

4e2
F 2 + |D�i|2 +M2|�i|2 + �|(�i|2)2

<latexit sha1_base64="VcdSRqd3WMb2iBmM5FsX/NKtQ9s=">AAACHHicbVDLSgMxFM34rPU16tJNsAiuykwVdSMUBXFZwT6gMw6ZNNPGZpIhyQhlmA9x46+4caGIGxeCf2P6ELT1QOBwzrnc3BMmjCrtOF/W3PzC4tJyYaW4ura+sWlvbTeUSCUmdSyYkK0QKcIoJ3VNNSOtRBIUh4w0w/7F0G/eE6mo4Dd6kBA/Rl1OI4qRNlJgH94FXpyeZa4nTAxWvITmHkkUZcbNjOXx1JM9kV/eZj80sEtO2RkBzhJ3Qkpgglpgf3gdgdOYcI0ZUqrtOon2MyQ1xYzkRS9VJEG4j7qkbShHMVF+Njouh/tG6cBISPO4hiP190SGYqUGcWiSMdI9Ne0Nxf+8dqqjUz+jPEk14Xi8KEoZ1AIOm4IdKgnWbGAIwpKav0LcQxJhbfosmhLc6ZNnSaNSdo/L7vVRqXo+qaMAdsEeOAAuOAFVcAVqoA4weABP4AW8Wo/Ws/VmvY+jc9ZkZgf8gfX5DbcKowo=</latexit>

j µ =
1

2!
"µ !" F !" is a 0-form U(1) symmetry (called the 

topological charge). In addition we have the 
SO(3) rotations acting on       . 

<latexit sha1_base64="+CWcY2ExxVMNvWBx3bKJObMe7c0=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V7Ae0a8mm2TY2myxJVihL/4MXD4p49f9489+YtnvQ1gcDj/dmmJkXJoIb63nfqLCyura+UdwsbW3v7O6V9w+aRqWasgZVQul2SAwTXLKG5VawdqIZiUPBWuHoZuq3npg2XMl7O05YEJOB5BGnxDqp2a0P+QPvlSte1ZsBLxM/JxXIUe+Vv7p9RdOYSUsFMabje4kNMqItp4JNSt3UsITQERmwjqOSxMwE2ezaCT5xSh9HSruSFs/U3xMZiY0Zx6HrjIkdmkVvKv7ndVIbXQUZl0lqmaTzRVEqsFV4+jruc82oFWNHCNXc3YrpkGhCrQuo5ELwF19eJs2zqn9R9e/OK7XrPI4iHMExnIIPl1CDW6hDAyg8wjO8whtS6AW9o495awHlM4fwB+jzB1+ZjwA=</latexit>

! i



There is a mixed anomaly between SO(3) and U(1) and 
this precludes a trivial phase. Landau-Ginzburg theories 
never have such phase diagrams, which is why this type 
of dynamics is called ``beyond Landau-Ginzburg.Ó

<latexit sha1_base64="VQ8NyvzR9VN9w7sWVSkHc94yuSc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BL16EiOYByRpmJ51kyOzsMjMrhCWf4MWDIl79Im/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup76zSdUmkfywYxj9EM6kLzPGTVWur99rHSLJbfszkCWiZeREmSodYtfnV7EkhClYYJq3fbc2PgpVYYzgZNCJ9EYUzaiA2xbKmmI2k9np07IiVV6pB8pW9KQmfp7IqWh1uMwsJ0hNUO96E3F/7x2YvqXfsplnBiUbL6onwhiIjL9m/S4QmbE2BLKFLe3EjakijJj0ynYELzFl5dJo1L2zsve3VmpepXFkYcjOIZT8OACqnADNagDgwE8wyu8OcJ5cd6dj3lrzslmDuEPnM8fzBaNew==</latexit>

M 2

<latexit sha1_base64="l10bie3IQ6nw8/XMNUJvDhQ2jdQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIdVMSFXVZdOPOiqYttKFMppN26OTBzEQoobjxV9y4UMStX+HOv3GaZqGtBwYO59zLnXO8mDOpLOvbKCwsLi2vFFdLa+sbm1vm9k5DRokg1CERj0TLw5JyFlJHMcVpKxYUBx6nTW94NfGbD1RIFoX3ahRTN8D9kPmMYKWlrrl3d1M5OeooFlCJnIqtaYQyrWuWraqVAc0TOydlyFHvml+dXkSSgIaKcCxl27Zi5aZYKEY4HZc6iaQxJkPcp21NQ6xPumkWYYwOtdJDfiT0CxXK1N8bKQ6kHAWengywGshZbyL+57UT5V+4KQvjRNGQTA/5CUc65qQP1GOCEsVHmmAimP4rIgMsMFG6tZIuwZ6NPE8ax1X7rGrfnpZrl3kdRdiHA6iADedQg2uogwMEHuEZXuHNeDJejHfjYzpaMPKdXfgD4/MHSYSUyw==</latexit>

SO(3) ! U(1) " SO(3)
<latexit sha1_base64="Irrgw4dwvzQ/HqNL67sTOWhBusg=">AAACAXicbVBNS8NAEJ3Ur1q/ol4EL8Ei1EtJVNRj0Ys3K5q20Iay2W7apZtN2N0IJdSLf8WLB0W8+i+8+W/cpjlo68Cyj/dmmHnPjxmVyra/jcLC4tLySnG1tLa+sbllbu80ZJQITFwcsUi0fCQJo5y4iipGWrEgKPQZafrDq4nefCBC0ojfq1FMvBD1OQ0oRkpTXXPv7qZyctRRNCTSciuOhlH2d82yXbWzsuaBk4My5FXvml+dXoSTkHCFGZKy7dix8lIkFMWMjEudRJIY4SHqk7aGHOmNXpo5GFuHmulZQST048rK2N8TKQqlHIW+7gyRGshZbUL+p7UTFVx4KeVxogjH00VBwiztchKH1aOCYMVGGiAsqL7VwgMkEFY6tJIOwZm1PA8ax1XnrOrcnpZrl3kcRdiHA6iAA+dQg2uogwsYHuEZXuHNeDJejHfjY9paMPKZXfhTxucPpVKUcg==</latexit>

SO(3)⇥ U(1) ! U(1)
??

??



Time reversal symmetry has interesting anomalies in 
3d, given by a phase which is a 16th root of unity. 

This has implications for nonAbelian gauge theories 
with fermions. 

Let us consider SU(2) gauge theory with an adjoint 
Majorana fermion. The symmetries and anomalies imply 
that it must be decon!ined and nontrivial in the infrared.

<latexit sha1_base64="uruaqnOekeOcPcwYJNQsKFICvyQ="></latexit>

SU(2) + adjoint � �!  + U(1)2
<latexit sha1_base64="eLA+y64OeTyP6pTD+C3ClOuFvII=">AAACBHicbVC7TsMwFL0pr1JeAcYuFhUSU5UAAsYKFsYi9SU1oXIcp7VqJ5HtIFVRBxZ+hYUBhFj5CDb+BvcxQMuRLB2dc4+u7wlSzpR2nG+rsLK6tr5R3Cxtbe/s7tn7By2VZJLQJkl4IjsBVpSzmDY105x2UkmxCDhtB8Obid9+oFKxJG7oUUp9gfsxixjB2kg9u+zVFfMUEyj3pEANOUYeN/EQ35/17IpTdaZAy8SdkwrMUe/ZX16YkEzQWBOOleq6Tqr9HEvNCKfjkpcpmmIyxH3aNTTGgio/nx4xRsdGCVGUSPNijabq70SOhVIjEZhJgfVALXoT8T+vm+noys9ZnGaaxmS2KMo40gmaNIJCJinRfGQIJpKZvyIywBITbXormRLcxZOXSeu06l5U3bvzSu16XkcRynAEJ+DCJdTgFurQBAKP8Ayv8GY9WS/Wu/UxGy1Y88wh/IH1+QPV8JeT</latexit>

! ! Tr ! 3



4d

There again many interesting examples. I will mention 
only one example before we close. 

This is just the famous Yang-Mills theory. At 
we believe it is gapped and con!ined but at 
there is a new anomaly and the theory must either break time 
reversal symmetry or be decon!ined!  

<latexit sha1_base64="JubLoW4TOK0v+FHJEggEoU3w63k=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0lE1ItQ9OKxgv2ANpTNdtIu3Wzi7kQooX/CiwdFvPp3vPlv3LY5aOuDgcd7M8zMCxIpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmkODxzLW7YAZkEJBAwVKaCcaWBRIaAWj26nfegJtRKwecJyAH7GBEqHgDK3U7uIQkF27vXLFrboz0GXi5aRCctR75a9uP+ZpBAq5ZMZ0PDdBP2MaBZcwKXVTAwnjIzaAjqWKRWD8bHbvhJ5YpU/DWNtSSGfq74mMRcaMo8B2RgyHZtGbiv95nRTDKz8TKkkRFJ8vClNJMabT52lfaOAox5YwroW9lfIh04yjjahkQ/AWX14mzbOqd1H17s8rtZs8jiI5IsfklHjkktTIHamTBuFEkmfySt6cR+fFeXc+5q0FJ585JH/gfP4AmjGPrw==</latexit>

✓ = 0
<latexit sha1_base64="IYCKdz07/UubgY6PQy1q9mBJo9k=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1ItQ9OKxgv3AJpTNdtsu3WzC7kQoof/CiwdFvPpvvPlv3LY5aOuDgcd7M8zMCxMpDLrut1NYWV1b3yhulra2d3b3yvsHTROnmvEGi2Ws2yE1XArFGyhQ8naiOY1CyVvh6Hbqt564NiJWDzhOeBDRgRJ9wSha6dHHIUd67SeiW664VXcGsky8nFQgR71b/vJ7MUsjrpBJakzHcxMMMqpRMMknJT81PKFsRAe8Y6miETdBNrt4Qk6s0iP9WNtSSGbq74mMRsaMo9B2RhSHZtGbiv95nRT7V0EmVJIiV2y+qJ9KgjGZvk96QnOGcmwJZVrYWwkbUk0Z2pBKNgRv8eVl0jyrehdV7/68UrvJ4yjCERzDKXhwCTW4gzo0gIGCZ3iFN8c4L8678zFvLTj5zCH8gfP5A3ZPkMg=</latexit>

! = "



¥ Generalized symmetries and discrete anomalies in all 
dimensions, with  and with out  fermions.   

¥ Stringent constraints on the infrared physics. Many new 
proposals for various gauge theories.  

¥ A parallel, analogous story for condensed matter systems. 
¥ Intriguing connections to mathematics.  
¥ Many topics we did not cover: two-groups, fractionalization 

classes, symmetry preserving boundary conditions etc. 



Thank you!


