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1. Introduction: 
Singularities of amplitudes

2. Discontinuities of 
amplitudes

3. Relations for sequential discontinuities
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3. Relations for sequential discontinuities
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Singularities of amplitudes

2. Discontinuities of 
amplitudes



MOTIVATION

How can we exploit the analyticity 
properties of Feynman integrals?
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INTRODUCTION

Analyticity properties of amplitudes: program dating back to pre 1960s 

Many modern applications 
(generalized unitarity, perturbative & non-perturbative bootstrap, 

dispersion relations, on-shell recursion relations, …)

Atkinson, Bjorken, Boyling, Bros, Cahill, Coleman, Cutkosky, Eden, Epstein, Fotiadi, Froissart, Glaser, 
Karplus, Landau, Landshoff, Lascoux, Mandelstam, Nakanishi, Norton, Olive, Pham, Polkinghorne, Screaton, 

Sommerfield, Stapp, Steinmann, Wichmann, …

Abreu, Arkani-Hamed, Bern, Bourjaily, Britto, Brown, Cachazo, Caron-Huot, Córdova, Correia, Dennen, Dixon, 
Drummond, Duhr, Dulat, Feng, Foster, Gardi, Golden, Goncharov, Gurdogan, He, He, Henn, Kosower, Liu, 

McLeod, Miczajka, Mizera, Papathanasiou, Paulos, Pennington, Postnikov, Schwartz, Sever, Smirnov, Smirnov, 
Spradlin, Telen, Tourkine, Trnka, Vergu, Viera, Volovich, Witten, von Hippel, Yang, Zhang, Zhiboedov, Zoia, …
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Analytic Structure of A - Example

I = p1

p2

p3

∝ Li2(z) − Li2(z̄) + 1

2
ln(zz̄) ln�1 − z

1 − z̄ �
with zz̄ = p22�p21, (1 − z)(1 − z̄) = p23�p21

Dilogarithm Li2(z) = − ∫ z
0

ln(1−x)
x dx has a branch cut for z > 1:

Discz=1Li2(z) = 2⇡i ∫ z
1

1
xdx = 2⇡i ln (z)

Logarithm ln(z) = ∫ z
1

1
xdx has a branch cut for z < 0:

Discz=0 ln(z) = 2⇡i
Structure & new branch points in sequential discontinuities

EXAMPLE OF ANALYTIC STRUCTURE

p23

p21

p22

1
2 3

z

z⇤

z

z⇤
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ANALYTIC STRUCTURE: SYMBOL
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Symbol

Symbol makes sequential-discontinuity structure manifest

Li2(z)→ −(1 − z)⊗ z

Here: Investigate constraints on consecutive symbol entries

Goncharov, Spradlin, Vergu, Volovich 2010

See talks by Dixon, Schwartz, Wilhelm



WHY CONSTRAINTS ON DISCONTINUITIES?

Learn about analytic structure from 

i) Location and types of singularities (logarithmic/square root) 
(constrains symbol entries) 

ii) Sequential discontinuities around branch points 
(constrains consecutive symbol entries) 

iii) Additional constraints in physical regions 
(fixes constant factors between terms)

See talk by McLeod
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Landau Equations

A�
G(p)∝ � ∞

0

dE↵e

GL(1) �� dLdkN exp ��↵e(q2e −m2
e + i")�

Saddle-point analysis shows branch points when

↵e(q2e −m2
e) = 0, and �

loop
↵e′qµe′ = 0

Solutions give codimension � 1 constraints on external kinematics

(As opposed to UV/IR singularities, for any kinematics)

HOW TO FIND BRANCH POINTS: LANDAU EQUATIONS

See talk by Mizera Bjorken, Landau, Nakanishi, Brown, 
Mühlbauer, Klausen, Mizera, Telen

See talks/posters by 
Córdova, Correia, He, 

Henn, McLeod, 
Pokraka, Zhiboedov

Set N=1
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LANDAU DIAGRAMS

alpha

Constrain symbol letters; must be consistent with Landau solutions

Singularities on physical sheet special: Only for solutions with ↵i � 0
-4 -2 0 2 4 6 8 10

-4

-2

0

2

4

6

8

10

Box, triangle, bubble
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GEOMETRIC INTERPRETATION OF LANDAU EQUATIONS

Reinterpretation: 

Branch points in external-
variable space S (G0) occur 

where projection map from 
internal+external-variable 

space S (G) drops rank

Landau Equations

Reinterpretation:

Branch points in external-
variable space S(G0) occur
where projection map from

internal+external-variable space
S(G) drops rank

k1

k0

S1

S2

near normal threshold

k1

k0

near pseudonormal threshold

q22 = m2
2

q21 = m2
1

S(G)

S(G0)

LG(p)

h

1

Pham

Landau Equations

Reinterpretation:

Branch points in external-
variable space occur where

projection map from
internal+external-variable space

drops rank

�
e
↵ed(q2e −m2

e)�p = 0
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Landau Equations

Reinterpretation:

Branch points occur when
projection map from

internal+external-variable space
to external-variable space drops

rank

�
e
↵ed(q2e −m2

e)�p = 0



GLIMPSE OF RESULTS
G

L

Hierarchical singularitiesNon-hierarchical singularities 
(Steinmann-type constraints)

Box, triangle, bubble
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Landshoff, Pham, Stapp
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Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I

Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I

Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I
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Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I

Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I

Feynman 
integral

Diagram

Landau 
variety

G

L

Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I
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DIFFERENCE BETWEEN DISC CONSTRAINTS

14

Total discontinuities Time-ordered perturbation 
theory constraints

This talk

See talks/posters by Córdova, 
Correia, Mazáč, Zhiboedov, …

Bourjaily, HSH, McLeod, 
Schwartz, Vergu 2020
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3. Relations for sequential discontinuities
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Intro to PL

I(s) = lim
"→0+ i⇡�

1

0
d↵

1

s↵(1 − ↵) −m2
1↵ −m2

2(1 − ↵) + i"
= −2⇡�−[s−(m1−m2)2][s−(m1+m2)2] log �

�(m1+m2)2−s−i�s−(m1−m2)2�(m1+m2)2−s+i�s−(m1−m2)2 �
How do we compute discontinuities around branch points?

Discs=(m1±m2)2I(s)

DISC OF AMPLITUDES: INTRODUCTION
`

p� `

p

↵1

↵2

s

Figure 3.1. Bubble diagram labelled by the loop momentum ` (left) and the Schwinger
parameters ↵1 and ↵2 (right). The internal particles have masses m1 and m2.

Ibub =
i

⇡D/2~2 lim
"!0+

Z

R1,D�1

dD`

Z 1

0

d↵1

Z 1

0

d↵2 exp


i

~

⇣
`2(↵1+↵2) (3.4)

+ (p2 � 2` · p)↵2 � (m2

1
� i")↵1 � (m2

2
� i")↵2

⌘�
.

Since the exponent is quadratic in the loop momentum `µ, we can attempt to perform

the Gaussian integral which has its peak at

`µ = pµ
↵2

↵1+↵2

. (3.5)

However, since the integration contour in the loop-momentum space runs over `µ 2

R1,D�1 with `2 = (`0)2 � ~̀2, the argument of the exponent in (3.4) varies between being

positive and negative along this contour. But in order to perform the Gaussian integral,

we must make sure that the integrand decays su�ciently fast as `µ ! ±1, which is

ambiguous when `2 does not have a definite sign. Hence, before evaluating the Gaussian

integral, we use Wick rotation to deform the integration contour from Lorentzian R1,D�1

to Euclidean RD. One needs to be careful, because this deformation must be done

without encountering any singularities.

Let us explain how to perform the Wick rotation. We start with changing variables

with `µ ! `µ + pµ ↵2
↵1+↵2

, resulting in

Ibub =
i

⇡D/2~2 lim
"!0+

Z

R1,D�1

dD`

Z 1

0

d↵1

Z 1

0

d↵2 exp


i

~

⇣
`2(↵1+↵2) (3.6)

+ s
↵1↵2

↵1 + ↵2

� (m2

1
� i")↵1 � (m2

2
� i")↵2

⌘�
.

The roots of the polynomial in `0 in the numerator are at

`0± = ±

s
~̀2 � s

↵1↵2

(↵1 + ↵2)
2
+

m2

1
↵1 +m2

2
↵2

↵1 + ↵2

� i". (3.7)

By expanding in ", we see that for any real value of ~̀, the root `0
+
lies in the fourth

– 29 –

16

Intro to PL

I(s) = lim
"→0+ i⇡�

1

0
d↵

1

s↵(1 − ↵) −m2
1↵ −m2

2(1 − ↵) + i"
= −2⇡�−[s−(m1−m2)2][s−(m1+m2)2] log �

�(m1+m2)2−s−i�s−(m1−m2)2�(m1+m2)2−s+i�s−(m1−m2)2 �
How do we compute discontinuities around branch points?

Discs=(m1±m2)2I(s)

<latexit sha1_base64="APGExQHviJlsU0goXJtkHY6ugkg=">AAAB9XicbVDLSgNBEJyNrxhfUY9eBoPiKexGUS9CwIvHCOYByRpmZzvJkNkHM71qWPIfXjwo4tV/8ebfOEn2oIkFDUVVN91dXiyFRtv+tnJLyyura/n1wsbm1vZOcXevoaNEcajzSEaq5TENUoRQR4ESWrECFngSmt7weuI3H0BpEYV3OIrBDVg/FD3BGRrpvoPwhKkI6Zj6V5VusWSX7SnoInEyUiIZat3iV8ePeBJAiFwyrduOHaObMoWCSxgXOomGmPEh60Pb0JAFoN10evWYHhnFp71ImQqRTtXfEykLtB4FnukMGA70vDcR//PaCfYuXfNUnCCEfLaol0iKEZ1EQH2hgKMcGcK4EuZWygdMMY4mqIIJwZl/eZE0KmXnvHx6e1aqHmdx5MkBOSQnxCEXpEpuSI3UCSeKPJNX8mY9Wi/Wu/Uxa81Z2cw++QPr8wfIR5H1</latexit>

in d = 2



Intro to PL
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How do we compute discontinuities around branch points?

Discs=(m1±m2)2I(s)

DISC OF AMPLITUDES: INTRODUCTION

1. Brute force, using full expression 
2. Use integral representation 

3. Use Picard-Lefschetz theorem

`

p� `

p

↵1

↵2

s

Figure 3.1. Bubble diagram labelled by the loop momentum ` (left) and the Schwinger
parameters ↵1 and ↵2 (right). The internal particles have masses m1 and m2.
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INTEGRAL REPRESENTATION FOR DISCONTINUITIES

PL in ↵ space

s
↵

↵−(s)

↵+(s)

s = 0
s = 0
s =∞

s =∞

s = s0 > (m1 +m2)2
h

Intro to PL

I(s) = lim
"→0+ i⇡�

1

0
d↵

1

s↵(1 − ↵) −m2
1↵ −m2

2(1 − ↵) + i"
= −2⇡�−[s−(m1−m2)2][s−(m1+m2)2] log �

�(m1+m2)2−s−i�s−(m1−m2)2�(m1+m2)2−s+i�s−(m1−m2)2 �
How do we compute monodromies around branch points?

�1 −Ms=(m1±m2)2� I(s)
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h
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1

0
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1

s↵(1 − ↵) −m2
1↵ −m2

2(1 − ↵) + i"
= −2⇡�−[s−(m1−m2)2][s−(m1+m2)2] log �

�(m1+m2)2−s−i�s−(m1−m2)2�(m1+m2)2−s+i�s−(m1−m2)2 �
How do we compute monodromies around branch points?

�1 −Ms=(m1±m2)2� I(s)

We can 
calculate the 
discontinuity 
using the new 

integration cycle 
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vanishing cell

boundary
(vanishing sphere)

coboundary
(vanishing cycle)

INTRODUCTION TO PICARD-LEFSCHETZ

Var[h] = (1)

h′
h

h

h

Var[h] = (1)

h′
h

h

h

Var[h] = (1)

h′
h

h

h

Var[h] = (1)

h′
h

h

h

Var[h] = (1)

h′
h

h

h

Var[h] =
h
′

h

(1)

h

h

Var[h] =
h
′

h

(1)

h

h
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PL

Shortcut to computing
Discs=(m1+m2)2I(s)



Introduction to Picard-Lefschetz

Discontinuity around the Landau branch point corresponding to the on-shell
surfaces S1, S2, . . . Sm given by

Var∶Hn(X� m�
i=1Si)→Hn(U� m�

i=1Si)

Varh = (−1) (n+1)(n+2)2 �e, h�(�1 . . . �m@m . . .@1e),

PICARD-LEFSCHETZ THEOREM

Integer-valued intersection number 
between contour and vanishing cell

New integration 
contour: 

Coboundary of 
boundary of 
vanishing cell

Challenging to compute

21

Pham  
Recent applications: 

Bönisch, Duhr, Fischbach, Klemm, Nega 2021 
Bogner, Schweitzer, Weinzierl 2017-18



BACK TO MOMENTUM SPACE

Near normal threshold

k

p� k

p

Vanishing cell

22

Imaginary part 
of contour

Integration contour

S1 ∶ (k0)2 − (k1)2 −m2
1 = 0

S2 ∶ (p0 − k0)2 − (k1)2 −m2
2 = 0

s = p2

`

p� `

p

↵1

↵2

s

Figure 3.1. Bubble diagram labelled by the loop momentum ` (left) and the Schwinger
parameters ↵1 and ↵2 (right). The internal particles have masses m1 and m2.

Ibub =
i

⇡D/2~2 lim
"!0+

Z

R1,D�1

dD`

Z 1

0

d↵1

Z 1

0

d↵2 exp


i

~

⇣
`2(↵1+↵2) (3.4)

+ (p2 � 2` · p)↵2 � (m2

1
� i")↵1 � (m2

2
� i")↵2

⌘�
.

Since the exponent is quadratic in the loop momentum `µ, we can attempt to perform

the Gaussian integral which has its peak at

`µ = pµ
↵2

↵1+↵2

. (3.5)

However, since the integration contour in the loop-momentum space runs over `µ 2

R1,D�1 with `2 = (`0)2 � ~̀2, the argument of the exponent in (3.4) varies between being

positive and negative along this contour. But in order to perform the Gaussian integral,

we must make sure that the integrand decays su�ciently fast as `µ ! ±1, which is

ambiguous when `2 does not have a definite sign. Hence, before evaluating the Gaussian

integral, we use Wick rotation to deform the integration contour from Lorentzian R1,D�1

to Euclidean RD. One needs to be careful, because this deformation must be done

without encountering any singularities.

Let us explain how to perform the Wick rotation. We start with changing variables

with `µ ! `µ + pµ ↵2
↵1+↵2

, resulting in

Ibub =
i

⇡D/2~2 lim
"!0+

Z

R1,D�1

dD`

Z 1

0

d↵1

Z 1

0

d↵2 exp


i

~

⇣
`2(↵1+↵2) (3.6)

+ s
↵1↵2

↵1 + ↵2

� (m2

1
� i")↵1 � (m2

2
� i")↵2

⌘�
.

The roots of the polynomial in `0 in the numerator are at

`0± = ±

s
~̀2 � s

↵1↵2

(↵1 + ↵2)
2
+

m2

1
↵1 +m2

2
↵2

↵1 + ↵2

� i". (3.7)

By expanding in ", we see that for any real value of ~̀, the root `0
+
lies in the fourth

– 29 –



INTEGRATION CONTOUR & VANISHING CELL
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INTEGRATION CONTOUR & VANISHING CELL



Normal threshold, 
S1 and S2 
tangent

Pinching of 
contour

25

INTEGRATION CONTOUR & VANISHING CELL
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INTEGRATION CONTOUR & VANISHING CELL



Pseudonormal 
threshold, 
S1 and S2 
tangent

27

INTEGRATION CONTOUR & VANISHING CELL



Near pseudonormal 
threshold: 

 
Vanishing cell exists, 

but no pinching of 
contour

28

INTEGRATION CONTOUR & VANISHING CELL

No pinching of 
contour



Cutkosky

IG(p) = �
h
!, ! = dLdkc∏ (q2e −m2

e)

Applying Picard-Lefschetz gives Cutkosky’s formula for
encircling individual branch points

DiscLIG(p) = �
�1��l@l�@1e ! = (−2⇡i)l �UL dLdkc

�(q21 −m2
1)��(q2l −m2

l )∏e=l+1(q2e −m2
e) ,

CUTKOSKY’S FORMULA

Cutkosky, Leray, Pham, Bloch, Kreimer, Mühlbauer29

Physical region 
important for getting 

delta functions

One cut at a time: 
Not same as 

imaginary part



RECAP

We have learned:  
Picard-Lefschetz theorem proves Cutkosky’s formula  

We have the tools to: 
Generalize to sequential discontinuities

30



Figure

z2

z1 ∗⌘′+ ⌘′−

⌘+ ⌘−�

↵ > 0 ↵ < 0

L1
L2

OUTLINE

3. Relations for sequential discontinuities

z

z⇤

31

1. Introduction: 
Singularities of amplitudes

2. Discontinuities of 
amplitudes
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SINGULARITIES OF DISCONTINUITIES

Since discontinuities are given by localization on on-shell surfaces, their 
singularities correspond to larger Landau diagrams

Ice cream cone 
diagram has bubble, 
sunrise and ice cream 

cone singularities

Discontinuity has a 
singularity at ice cream cone 

singularity 32



NON-HIERARCHICAL CASE

When Landau curves correspond to non-hierarchical diagrams, e.g.

q3

q4

q2

G

L

G0 q1

q2

G

L

G0

3333

Non-hierarchical case

- Curves intersect transversally

- Paths commute: ⌘± ○ ⌘′ = ⌘′ ○ ⌘±
- Sequential discontinuities in physical regions

given by cutting all particlesz2

z1
∗⌘

′

⌘+ ⌘−L1

L2



DISC OF DISC

Fotiadi, Froissart, Lascoux, Pham34

Cutkosky

Applying Picard-Lefschetz twice gives

DiscL1DiscL2IG(p)∝ �e, h′��
h′′ !

∝ �
UL1∪L2

dLdkc
�(q21 −m2

1)��(q2l+k −m2
l+k)∏e=l+k+1(q2e −m2

e)
Corollary: If the Landau equations for L1 and L2 give

incompatible conditions on the loop momenta,

DiscL1DiscL2IG(p) = 0

Cutkosky

Applying Picard-Lefschetz twice gives

DiscL1DiscL2IG(p)∝ �e, h′��
h′′ !

∝ �
UL1∪L2

dLdkc
�(q21 −m2

1)��(q2l+k −m2
l+k)∏e=l+k+1(q2e −m2

e)
Corollary: If the Landau equations for L1 and L2 give

incompatible conditions on the loop momenta,

DiscL1DiscL2IG(p) = 0



Cutkosky

Applying Picard-Lefschetz twice gives

DiscL1DiscL2IG(p)∝ �e, h′��
h′′ !

∝ �
UL1∪L2

dLdkc
�(q21 −m2

1)��(q2l+k −m2
l+k)∏e=l+k+1(q2e −m2

e)
Corollary: If the Landau equations for L1 and L2 give

incompatible conditions on the loop momenta,

DiscL1DiscL2IG(p) = 0

DISC OF DISC

Technical points: 
Assume no on-shell loop with all 
Assume isolated Landau curves 

Assume UV&IR finiteness Fotiadi, Froissart, Lascoux, Pham

New integration contour after encircling L2Vanishing cell

35

Cutkosky

Applying Picard-Lefschetz twice gives

DiscL1DiscL2IG(p)∝ �e, h′��
h′′ !

∝ �
UL1∪L2

dLdkc
�(q21 −m2

1)��(q2l+k −m2
l+k)∏e=l+k+1(q2e −m2

e)
Corollary: If the Landau equations for L1 and L2 give

incompatible conditions on the loop momenta,

DiscL1DiscL2IG(p) = 0
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DISC OF DISC

Whenever varieties do not intersect in 
loop-momentum space, the sequential 

discontinuity is zero 

For a generic-mass configuration: 
Landau diagram must factorize to 

have a nonzero sequential discontinuity

3d fig

L1 L2
s

t

k
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ALLOWED: DOUBLE TRIANGLE SINGULARITY

37

Monodromies of monodromies

I�� = q5

q6q1

q2

q3 q4

q0 GL =

Disc◁Disc▷I�� ∝ �e123, h▷��e456, h◁�� ddk▷ddk◁
q
2
0 −m2

0

�1�2�3�4�5�6



ALLOWED PHAM DIAGRAM
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ALLOWED PHAM DIAGRAM

′′

′′
′′

Kernels of contractions 
must be the same

39



No sequential discontinuities in partially overlapping channels in the physical region

s

t

s

Here: A cannot have a term of the form log(s − 4m2) log(t − 4m2)
Important for bootstrapping amplitudes

NOT ALLOWED: STEINMANN RELATIONS

40

Caron-Huot, Dixon, Drummond, Dulat, Foster, Gürdoğan, 
von Hippel, McLeod, Liu, Papathanasiou, Wilhelm 

See talks by Dixon, Wilhelm

Steinmann

No sequential discontinuities in partially overlapping channels in the physical region

s

t

s

Here: A cannot have a term of the form log(s − 4m2) log(t − 4m2)
Important for bootstrapping amplitudes



NOT ALLOWED: GENERALIZED RELATIONS

41

Same proof shows: no sequential discontinuities in channels with incompatible
kernels in the physical region

s

t

s

p
2
1

p
2
2 p

2
3

p
2
4

Here: A cannot have a term of the form log(p21 − 4m2) log(p23 − 4m2)
Text



NOT ALLOWED: GENERALIZED RELATIONS


p23


p21

p21


p23

t


s

s


t
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3d fig

L1 L2
s

t

k

STEINMANN “VIOLATION” IN SPECIAL KINEMATICS

3d fig

L1 L2
s

t

k

Special-mass 
configuration

What happens if the masses are not generic?

43



Generalizations

For special mass configurations obtained by forcing Landau equations to be

compatible, amplitude can have sequential monodromies:

G� = p1
4m

q1

2m

q2

2m

q3
m

q4

m

2m
p3

m p2

m p4

s

t

Here: Bubble, triangle and box branch points collide in physical kinematics

Includes massless case

44

Includes massless case

STEINMANN “VIOLATION” IN SPECIAL KINEMATICS



Generalizations

In (2,2) signature when M
2 = 2m2:

Compatible discontinuities in s = 4m2 and t = 4m2

Symbol factorizes:

S(Ibox) ⊃ y13 +�y
2
13 − 1

y13 −�y
2
13 − 1 ⊗

y24 +�y
2
24 − 1

y24 −�y
2
24 − 1 + (y13 ↔ y24),

with yij = p
2
ij −m2

i −m2
j

2mimj

Factorization characteristic of allowed sequential discontinuities

3d fig

L1 L2
s

t

k
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No sequential discontinuities in partially overlapping channels in the physical region

s

t

s

Here: A cannot have a term of the form log(s − 4m2) log(t − 4m2)
Important for bootstrapping amplitudes

STEINMANN “VIOLATION” IN SPECIAL KINEMATICS



HIERARCHICAL CASE

When Landau curves correspond to hierarchical diagrams, e.g.

q3

q4

q2

G

L

G0

q3q4

q1

q2

p1p2

p3 p4

p5

p6

G
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Figure

z2

z1 ∗⌘′+ ⌘′−

⌘+ ⌘−�

↵ > 0 ↵ < 0

L1
L2
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Hierarchical case

- Curves intersect tangentially

- Paths satisfy:

⌘′+ ○ ⌘+ = ⌘′− ○ ⌘− = ⌘+ ○ ⌘′− = ⌘− ○ ⌘′+
- Sequential discontinuities in physical

regions: DiscL2DiscL1IG(p) = DiscL2IG(p)



All mass n gon

Symbol of all-mass n-gon in n dimensions

S�Ione loop
n �∝ 1√

det y
�!

�{i1,i2} ⊗ !
{i1,i2}{i1,i2,i3,i4} ⊗�⊗ !

{i1,...,in−2}{1,...,n} , (even n)

S�Ione loop
n �∝ 1√

det y
�!

{i1}{i1,i2,i3} ⊗ !
{i1,i2,i3}{i1,i2,i3,i4,i5} ⊗�⊗ !

{i1,...,in−2}{1,...,n} , (odd n)

!
I
J = d log −D

I∪{i}
I∪{j} + i√DIDJ

−DI∪{i}
I∪{j} − i√DIDJ

, where J = I ∪ {i, j}.

D
J
I is the determinant of the minor of yij = p2ij−m2

i−m2
j

2mimj
,

with rows in I and columns in J .

Bourjaily, Gardi, McLeod, Vergu 2019

,

Figure 1: The all-mass n-gon integral, which has all generic internal and external masses.

where
⇥
d
n�1

~↵
⇤
is the projective integration measure over n Feynman parameters ↵i, and y is

an n ⇥ n matrix whose entries are defined in terms of the internal masses mi and external

momenta pi. Specifically, its entries are given by

yij =
x
2
ij �m

2
i �m

2
j

2mimj
, (4.3)

where x
2
ij = (xj � xi)2 = (pi + pi+1 + . . . pj�1)2 is the squared di↵erence of the dual points

xi and xj . Note that, unlike [4], we have defined these integrals without any numerator, and

take the spacetime signature to be ⌘ = diag(1,�1, . . . ,�1).

In what follows, we focus on the kinematic-dependent part of these integrals,

În =

Qn
i=1mi

⇡n/2�(n/2)
In , (4.4)

which evaluate to multiple polylogarithms of uniform transcendental weight bn/2c multiplied

by an overall algebraic prefactor [5]. Up to a loop-momentum-independent factor, these

integrals are invariant under a modified conformal symmetry, as a result of which they only

depend on n(n � 1)/2 independent kinematic variables. This counting is made manifest by

the symmetric matrix y, which has precisely this number of independent entries.

In Minkowski signature, În is related to the volume of an (n�1)-dimensional hyperbolic

simplex [6, 7]. In particular, the entries of y in this kinematic region are greater than or equal

to 1, or less than or equal to -1, and thus can be interpreted as angles:

yij = cosh'ij . (4.5)

Owing to this geometric interpretation, the explicit polylogarithmic form of these integrals

is known up to five points [4, 8–10]. More generally, this connection has been leveraged by

a multitude of techniques for studying one-loop integrals [5–7, 11–18]; we refer the reader

to [4, 6] for further details on this simplicial volume interpretation.

Although the polylogarithmic form of (5.2) becomes increasingly complicated for large n,

its symbol [19] can be computed recursively for any n with the use of the Schläfli formula [20].

– 6 –

SYMBOL OF ALL MASS N-GON IN N-DIMENSIONS
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Cuts and tail terms

In Lorentzian signature,

S �Ione loop
n �∝ �

!0,�!⌫

⌫�
�=0
�Sn−2� �
2n+1−� !

�{i1,i2} ⊗ !{i1,i2}{i1,i2,i3,i4} ⊗�⊗ !{i1,...,i�−2}{1,...,�}
with Sn−1 = 2⇡n�2

� (n�2)
Cuts of n-gon:

cutJ I
one loop
n (y) = (2⇡i)�J �√

det y

�
det y′ Ione loop

n−�J � (y′) with y′ = DJ∪{i}
J∪{j}
DJ

ALL MASS N-GON, “TAIL” TERMS AND CUTS

Aomoto 1977

See Abreu, Britto, Duhr, Gardi 2017
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Cuts and tail terms

In Lorentzian signature,

S �Ione loop
n �∝ �

!0,�!⌫

⌫�
�=0
�Sn−2� �
2n+1−� !

�{i1,i2} ⊗ !{i1,i2}{i1,i2,i3,i4} ⊗�⊗ !{i1,...,i�−2}{1,...,�}
with Sn−1 = 2⇡n�2

� (n�2)
Cuts of n-gon:

cutJ I
one loop
n (y) = (2⇡i)�J �√

det y

�
det y′ Ione loop

n−�J � (y′) with y′ = DJ∪{i}
J∪{j}
DJ

Cuts and tail terms

In Lorentzian signature,

S �Ione loop
n �∝ �

!0,�!⌫

⌫�
�=0
�Sn−2� �
2n+1−� !1 ⊗ !2 ⊗�⊗ !n

with S
n−1 = 2⇡n�2

� (n�2)
Cuts of n-gon:

cutJ Ione loop
n (y) = (2⇡i)�J �√

det y

�
det y′ Ione loop

n−�J � (y′) with y
′ = D

J∪{i}
J∪{j}
DJ



3d fig

L1 L2
s

t

k

CONCLUSIONS

Explored two types of constraints on sequential 
discontinuities of massive amplitudes: 

I. Non-hierarchical (Steinmann-type)                II. Hierarchical        . 
 
 

In special-mass configurations, sequential 
discontinuities may become allowed
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Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I

Glimpse of results

DiscL DiscL I = 0 DiscL DiscL I = DiscL I



THANKS!
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