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• First direct observation of gravitational waves

‣ LIGO and Virgo

‣ Binary black hole merger  
 
 
 
 
 
 

• Three phases

‣ Inspiral

‣ Merge

‣ Ringdown

                Motivation
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Figure 1: The physical e↵ect of the GW polarizations h+ and h⇥. In the illustration, a sinusoidal GW travels through the z
axis or perpendicular to the page and the e↵ect over the ring of particle that lay in the xy plane or over the page is to stretch
and to squeeze the separation distance between them.

C. Gravitational Waves from Inspiral Binary Systems

The first two direct observations of GW signals recently reported by the LIGO team (GW150914 and GW151226)
were produced by the coalescence of two stellar-mass black holes [13, 14]. In these systems, the two objects gradually
spirals inwards while GW are emitted. In this process, the system evolves in three di↵erent phases, inspiral, merger
and ringdown (Figure 2).

In the inspiral phase the two objects are orbiting and approaching each other while the orbital frequency increases.
At this stage, post-Newtonian approximations to general relativity analytically model the evolution of the system
and thus, high accurate signals can be computed [22]. The resulting GW waveform is a chirp signal, i.e., a sinusoid
increasing in frequency and amplitude up to a limit. The merger phase initiates when the separation distance between
the two objects reaches the so-called innermost stable circular orbit (ISCO). In consequence, the objects collide and
plunge into one. The system is dynamically unstable which leads to a highly complex non-linear system of the Einstein
equations where no analytical solution exits. Therefore, numerical relativity is needed to compute the GW signal [23].
Finally, the ringdown phase stars after the collision and the resulting object, a black hole, relaxes to a stationary
state. In this process, the perturbation theory can used to analytically solve the Einstein equations. This leads to
the quasi-normal modes of the final Kerr black hole where the GW signal is described by well-modeled exponentially
damped sinusoidal oscillations [24]. These three stages in the life of a compact binary system are known as Compact
Binary Coalescence (CBC).
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Figure 2: The three phases in the temporal evolution of a binary system. In the inspiral phase the two object are orbiting and
approaching each other. In the merger phase the two objects fuse into one. In the ringdown phase the resulting object relaxes
to a stationary state.

This work focuses in the detection of GW from the inspiral phase using LIGO data. To accomplish this, we need
the analytical model of the GW. The masses of the two astrophysical objects are m1 and m2, they are separated
a distance a and are orbiting in their common center of mass. The reference frame of the source (Figure 3) is the
Cartesian coordinate system (x, y, z) where the origin is the center of the binary, and the GW is observed at point
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• Black hole scattering in GR from a  
Heavy-mass Effective Field Theory (HEFT)

‣ Two heavy scalars + gluons or gravitons from a novel colour/kinematics duality

‣ Two-loop (3PM) scattering angle 

• Uncovering the hidden “kinematic algebra” of amplitudes

‣ a quasi-shuffle Hopf algebra for BCJ numerators

‣ discovered in the HEFT…

‣ …applies also to pure Yang-Mills theory after decoupling the heavy scalars

Menu



  Newton potential from amplitudes



• Extract from elastic scattering of two heavy particles

‣ Connection to amplitudes first suggested by Iwasaki in 1971, computed  
classical + quantum correction at  from one-loop Feynman diagrams O(G2)

‣ Iwasaki pointed out the “erroneous belief” that only tree diagrams contribute 
to classical processes e.g. R. P. Feynman,  Acta Phys. Polon. 24 (1963), 697 
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• Loops contribute to classical physics!  
(Iwasaki; Donoghue & Holstein; ….; Kosower, Maybee, O’Connell)

‣ Main reason: masses  
 

  Newton potential from amplitudes
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• Loops contribute to classical physics!  
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‣ Main reason: masses  
 

‣ Loop expansion is not an  expansionℏ
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• Static amplitude:  A = 

• Static potential:  
 
 
 
 

• Single-graviton exchange gives Newton potential  
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  Newton’s law from 
scattering amplitudes!

Vstatic = �Gm1m2

r
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momentum tranfer

<latexit sha1_base64="vUn58566RpZB6noRTPbaaJD9vfY=">AAACCXicdVDLSgMxFM3UV62vUZdugkVwY5mZ1rYuhKIblxVsK7SlZNJMG5rJjEmmUIbZuvFX3LhQxK1/4M6/MdMHqOiBkJNz7uXmHjdkVCrL+jQyS8srq2vZ9dzG5tb2jrm715RBJDBp4IAF4tZFkjDKSUNRxchtKAjyXUZa7ugy9VtjIiQN+I2ahKTrowGnHsVIaalnwlxnTHB8l5xP7zDpFWF8ApPFy+mZeatwVi07pw60CpZVcYrllDiVklOEtlZS5MEc9Z750ekHOPIJV5ghKdu2FapujISimJEk14kkCREeoQFpa8qRT2Q3nm6SwCOt9KEXCH24glP1e0eMfCknvqsrfaSG8reXin957Uh51W5MeRgpwvFskBcxqAKYxgL7VBCs2EQThAXVf4V4iATCSoeX0yEsNoX/k6ZTsMuF0nUpX7uYx5EFB+AQHAMbVEANXIE6aAAM7sEjeAYvxoPxZLwab7PSjDHv2Qc/YLx/ATONmg4=</latexit>

~q = ~p3�~p2



• Static amplitude:  A = 

• Static potential:  
 
 
 
 

• Single-graviton exchange gives Newton potential  

• Amplitude-based derivations 

‣ classical (Neill & Rothstein 2013), classical + quantum (Bjerrum-Bohr, Donoghue, Vanhove 2013)

‣ no sums over many diagrams, fully relativistic computation
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  Newton’s law from 
scattering amplitudes!

Vstatic = �Gm1m2
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momentum tranfer
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What can be reliably computed?



• Non-local/non-analytic effects from low-energy theory

‣ GR is non-renormalisable, however….

‣ …IR theory:  low-energy gravitons that can propagate long distances

‣ From momentum space to position space:  
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• Non-local/non-analytic effects from low-energy theory

‣ GR is non-renormalisable, however….

‣ …IR theory:  low-energy gravitons that can propagate long distances

‣ From momentum space to position space:  
  
 
 
 

‣ non-analytic terms cannot be reabsorbed by a local counterterm, i.e. they 
cannot be modified by any high-energy change in the theory

‣ from long-range propagation of massless particles at low energy

‣ Ideal for unitarity-based techniques 
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Black hole scattering from HEFT
(Brandhuber, Chen, GT,  Wen)



• Compute scattering angle  χ
‣ coordinate-independent quantity

‣ spinless black holes, PM expansion

‣ as a function of the masses, impact parameter, and velocities 

Black hole scattering from HEFT
(Brandhuber, Chen, GT,  Wen)

 



• Compute scattering angle  χ
‣ coordinate-independent quantity

‣ spinless black holes, PM expansion

‣ as a function of the masses, impact parameter, and velocities 

• Preliminary observations: 

‣ black holes exchange momenta that are much smaller than their masses 

‣ similar to Heavy-Quark Effective Theory (Georgi)

‣ small momentum expansion same as  expansion, need only  limit! ℏ ℏ → 0

‣ two massive scalars + gluons/gravitons (see also Aoude, Damgaard, Haddad Helset) 

Black hole scattering from HEFT
(Brandhuber, Chen, GT,  Wen)

 



To do:



• Formulate Heavy-mass Effective Field Theory (HEFT): 
massive scalars + gluons (YM) (Brandhuber, Chen, GT,  Wen)

‣ colour-kinematics friendly, double copy to black-hole + graviton amplitudes

‣ manifestly gauge-invariant formulae

To do:



• Formulate Heavy-mass Effective Field Theory (HEFT): 
massive scalars + gluons (YM) (Brandhuber, Chen, GT,  Wen)

‣ colour-kinematics friendly, double copy to black-hole + graviton amplitudes

‣ manifestly gauge-invariant formulae

• Compute the scattering angle at 3PM

‣ HEFT expansion suitable to take the classical limit as soon as possible

‣ treats all contributions (including radiation reaction) on same footing

To do:



• Formulate Heavy-mass Effective Field Theory (HEFT): 
massive scalars + gluons (YM) (Brandhuber, Chen, GT,  Wen)

‣ colour-kinematics friendly, double copy to black-hole + graviton amplitudes

‣ manifestly gauge-invariant formulae

• Compute the scattering angle at 3PM

‣ HEFT expansion suitable to take the classical limit as soon as possible

‣ treats all contributions (including radiation reaction) on same footing

• Bonus: find the kinematic algebra of HEFT & pure YM 
theory! (Brandhuber, Chen, GT,  Johansson, Wen)

‣ all-multiplicity formulae

To do:



                       Examples



• Three point:

• Four points: 
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obtainedfromtheproductoftwocopiesoftheexpandedfour-pointamplitude(4.10)
–oneforparticle1(lowerline),theotherforparticle2(upperline).
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)comparedtotheclassicalterms).Thelastdiagramgivesriseto

quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
twodiagramsarerelevantforclassicalscattering,andwillbecomputedinSection5.
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AswewilldiscussinSection4.5,thesediagramsfactoriseinimpactparameterspace,

andhenceexponentiate.Thereforetheydonotneedtobecomputedandwecandrop
themdirectlyatthediagrammaticlevel.
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• Three point:

• Four points: 
 

Its expansion in terms of 1/m̄2 is
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Similarly, the expansion of the five-point amplitude in the heavy-mass limit is
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where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
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• Three point:

• Four points: 
 

‣ — = cut from  prescriptionsiϵ
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where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2
), while the HEFT amplitude is of O(m̄2
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), and the dots represent terms of
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Similarly, the expansion of the five-point amplitude in the heavy-mass limit is
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where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·
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AGR
3 =

obtainedfromtheproductoftwocopiesoftheexpandedfour-pointamplitude(4.10)
–oneforparticle1(lowerline),theotherforparticle2(upperline).

Thefirstdiagramistwomassiveparticlereducibleandgivesahyper-classicalcon-
tribution(O(!

−1
)comparedtotheclassicalterms).Thelastdiagramgivesriseto

quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
twodiagramsarerelevantforclassicalscattering,andwillbecomputedinSection5.

Attwoloops,theintegrandisexpandedintermsofahyper-classical,classicaland
quantumpart.Thehyper-classicalgraphsare
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AswewilldiscussinSection4.5,thesediagramsfactoriseinimpactparameterspace,

andhenceexponentiate.Thereforetheydonotneedtobecomputedandwecandrop
themdirectlyatthediagrammaticlevel.

Theclassicalpiecesareobtainedfromthe2MPIdiagrams:
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dots stand for higher-order in the masses
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where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3
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Similarly, the expansion of the five-point amplitude in the heavy-mass limit is
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where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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obtainedfromtheproductoftwocopiesoftheexpandedfour-pointamplitude(4.10)
–oneforparticle1(lowerline),theotherforparticle2(upperline).

Thefirstdiagramistwomassiveparticlereducibleandgivesahyper-classicalcon-
tribution(O(!

−1
)comparedtotheclassicalterms).Thelastdiagramgivesriseto

quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
twodiagramsarerelevantforclassicalscattering,andwillbecomputedinSection5.

Attwoloops,theintegrandisexpandedintermsofahyper-classical,classicaland
quantumpart.Thehyper-classicalgraphsare

m̄
4
1m̄

4
2m̄

3
1m̄

4
2m̄

4
1m̄

3
2

p1p4

p2p3

p1Hp4

p2p3

p1

p2Hp3

p4

(4.13)

AswewilldiscussinSection4.5,thesediagramsfactoriseinimpactparameterspace,

andhenceexponentiate.Thereforetheydonotneedtobecomputedandwecandrop
themdirectlyatthediagrammaticlevel.
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                       Examples ❲HEFT amplitude



• Three point:

• Four points: 
 

‣ — = cut from  prescriptionsiϵ

‣ Expansion conveniently separates different orders in  (from ),  
dots stand for higher-order in the masses

ℏ m /ℏ

‣ HEFT amplitudes manifestly gauge invariant and of order m2
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where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3
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), while the HEFT amplitude is of O(m̄2
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where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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is of O(m̄3

2
), while the HEFT amplitude is of O(m̄2

2
), and the dots represent terms of

O(1) in the mass.

Similarly, the expansion of the five-point amplitude in the heavy-mass limit is

A(GR)

5
! (�i⇡)2 m̄4

2
�(v̄2·`1)�(v̄2·`2)(v̄2·"1)

2(v̄2·"2)
2(v̄2·"3)

2

�
i⇡ m̄3

2

`2
12

�(v̄2·`12)
⇣ v̄2·F1·F2·v̄2

v̄2·`2

⌘2

(v̄2·"3)
2
�

i⇡ m̄3

2

`2
23

�(v̄2·`23)
⇣ v̄2·F2·F3·v̄2

v̄2·`3

⌘2

(v̄2·"1)
2

�
i⇡ m̄3

2

`2
13

�(v̄2·`13)
⇣ v̄2·F1·F3·v̄2

v̄2·`3

⌘2

(v̄2·"2)
2 + A5(234, v̄2) + · · · ,

(4.11)

where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.
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Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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AGR
3 =

obtainedfromtheproductoftwocopiesoftheexpandedfour-pointamplitude(4.10)
–oneforparticle1(lowerline),theotherforparticle2(upperline).

Thefirstdiagramistwomassiveparticlereducibleandgivesahyper-classicalcon-
tribution(O(!

−1
)comparedtotheclassicalterms).Thelastdiagramgivesriseto

quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
twodiagramsarerelevantforclassicalscattering,andwillbecomputedinSection5.

Attwoloops,theintegrandisexpandedintermsofahyper-classical,classicaland
quantumpart.Thehyper-classicalgraphsare
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AswewilldiscussinSection4.5,thesediagramsfactoriseinimpactparameterspace,

andhenceexponentiate.Thereforetheydonotneedtobecomputedandwecandrop
themdirectlyatthediagrammaticlevel.

Theclassicalpiecesareobtainedfromthe2MPIdiagrams:
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= m2(✏1 ·v)2

                       Examples ❲HEFT amplitude



• Three point:

• Four points: 
 

‣ — = cut from  prescriptionsiϵ

‣ Expansion conveniently separates different orders in  (from ),  
dots stand for higher-order in the masses

ℏ m /ℏ

‣ HEFT amplitudes manifestly gauge invariant and of order m2

• Generalises to higher points: 
 

‣ sum of delta functions and HEFT amplitudes (more HEFT examples later)
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where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2
), while the HEFT amplitude is of O(m̄2
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), and the dots represent terms of

O(1) in the mass.
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obtainedfromtheproductoftwocopiesoftheexpandedfour-pointamplitude(4.10)
–oneforparticle1(lowerline),theotherforparticle2(upperline).

Thefirstdiagramistwomassiveparticlereducibleandgivesahyper-classicalcon-
tribution(O(!

−1
)comparedtotheclassicalterms).Thelastdiagramgivesriseto

quantumcorrections,whichwewillnotcomputeinthispaper.Onlytheremaining
twodiagramsarerelevantforclassicalscattering,andwillbecomputedinSection5.

Attwoloops,theintegrandisexpandedintermsofahyper-classical,classicaland
quantumpart.Thehyper-classicalgraphsare
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AswewilldiscussinSection4.5,thesediagramsfactoriseinimpactparameterspace,

andhenceexponentiate.Thereforetheydonotneedtobecomputedandwecandrop
themdirectlyatthediagrammaticlevel.
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obtained from the product of two copies of the expanded four-point amplitude (4.10)
– one for particle 1 (lower line), the other for particle 2 (upper line).

The first diagram is two massive particle reducible and gives a hyper-classical con-
tribution (O(!−1) compared to the classical terms). The last diagram gives rise to

quantum corrections, which we will not compute in this paper. Only the remaining
two diagrams are relevant for classical scattering, and will be computed in Section 5.

At two loops, the integrand is expanded in terms of a hyper-classical, classical and
quantum part. The hyper-classical graphs are
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As we will discuss in Section 4.5, these diagrams factorise in impact parameter space,

and hence exponentiate. Therefore they do not need to be computed and we can drop
them directly at the diagrammatic level.

The classical pieces are obtained from the 2MPI diagrams:
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❲HEFT amplitude



One loop



• Expansion of the one-loop amplitude in the masses: 
 
 
 
 
 

‣ Four diagrams, different dependence on the masses and hence  ℏ

One loop

hyperclassical Classical Quantum

 m3
1m3

2

At one loop, the amplitude integrand is expanded as

m3

1
m3

2
m2

1
m3

2
m3

1
m2

2
m2

1
m2

2

p1 p4

p2 p3

p1 H p4

p2 p3

p1

p2 H p3

p4 p1 H p4

p2 H p3

Hyper Classical Classical Classical Quantum

Each sub-graph is inserted by the leading terms in the HEFT amplitude.
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• Expansion of the one-loop amplitude in the masses: 
 
 
 
 
 

‣ Four diagrams, different dependence on the masses and hence  ℏ

• Further simplifications to extract classical physics!
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     Exponentiation



• Conservative amplitude is a phase in impact parameter 
space (Glauber; Levi & Sucher; ….;  Amati, Ciafaloni & Veneziano; Kabat & Ortiz)  
 
 
 

     Exponentiation
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• Conservative amplitude is a phase in impact parameter 
space (Glauber; Levi & Sucher; ….;  Amati, Ciafaloni & Veneziano; Kabat & Ortiz)  
 
 
 

• Convolution becomes product after Fourier transform: 
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where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2), while the HEFT amplitude is of O(m̄2
2), and the dots represent terms of

O(1) in the mass.
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)2
(v̄2·ε1)2

− iπ m̄3
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( v̄2·F1·F3·v̄2
v̄2·#3

)2
(v̄2·ε2)2 + A5(234, v̄2) + · · · ,

(4.11)

where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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3
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(4.12)

Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts δ(l2i ), while the continuous vertical red lines represent

the delta functions δ(2p̄i·
∑

lj) of the massive lines – these are not unitarity cuts but
arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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• Conservative amplitude is a phase in impact parameter 
space (Glauber; Levi & Sucher; ….;  Amati, Ciafaloni & Veneziano; Kabat & Ortiz)  
 
 
 

• Convolution becomes product after Fourier transform: 
 
 
 

• Already accounted for from exponentiating tree level !

     Exponentiation

obtained from the product of two copies of the expanded four-point amplitude (4.10)
– one for particle 1 (lower line), the other for particle 2 (upper line).

The first diagram is two massive particle reducible and gives a hyper-classical con-
tribution (O(!−1) compared to the classical terms). The last diagram gives rise to

quantum corrections, which we will not compute in this paper. Only the remaining
two diagrams are relevant for classical scattering, and will be computed in Section 5.

At two loops, the integrand is expanded in terms of a hyper-classical, classical and
quantum part. The hyper-classical graphs are
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4
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(4.13)

As we will discuss in Section 4.5, these diagrams factorise in impact parameter space,

and hence exponentiate. Therefore they do not need to be computed and we can drop
them directly at the diagrammatic level.

The classical pieces are obtained from the 2MPI diagrams:
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GR
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Its expansion in terms of 1/m̄2 is

A(GR)
4 → −(iπ) m̄3

2 δ(v̄2·#1)(v̄2·ε1)2(v̄2·ε2)2 +
m̄2

2

#212

( v̄2·F1·F2·v̄2
v̄2·#2

)2
+ · · · (4.10)

where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2), while the HEFT amplitude is of O(m̄2
2), and the dots represent terms of

O(1) in the mass.

Similarly, the expansion of the five-point amplitude in the heavy-mass limit is

A(GR)
5 → (−iπ)2 m̄4

2δ(v̄2·#1)δ(v̄2·#2)(v̄2·ε1)2(v̄2·ε2)2(v̄2·ε3)2
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2

#223
δ(v̄2·#23)

( v̄2·F2·F3·v̄2
v̄2·#3

)2
(v̄2·ε1)2
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)2
(v̄2·ε2)2 + A5(234, v̄2) + · · · ,

(4.11)

where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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(4.12)

Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts δ(l2i ), while the continuous vertical red lines represent

the delta functions δ(2p̄i·
∑

lj) of the massive lines – these are not unitarity cuts but
arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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•  directly obtained from 2-massive-particle-irreducible 
(2MPI) diagrams 
 
 

δHEFT

‣ Simply drop hyperclassical diagrams, which exponentiate lower-order 
perturbative contributions 
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•  directly obtained from 2-massive-particle-irreducible 
(2MPI) diagrams 
 
 

δHEFT

‣ Simply drop hyperclassical diagrams, which exponentiate lower-order 
perturbative contributions 

• Great simplification of the diagrammatics/computation! 
 
 

<latexit sha1_base64="yzwl3x2TrM+wXZ827TqvA5ERjcU="></latexit>

�HEFT =
1

J

Z
dD�2q

(2⇡)D�2
e�i~q·~bM2MPI

HEFT

<latexit sha1_base64="q8aaD9hQ1uYZtJhjx//jVIcWxcI="></latexit>

S = ei�HEFT = ei(�
(0)

HEFT
+�(1)

HEFT
+··· )

Its expansion in terms of 1/m̄2 is

A(GR)

4
! �(i⇡) m̄3

2
�(v̄2·`1)(v̄2·"1)

2(v̄2·"2)
2 +

m̄2

2

`2
12

⇣ v̄2·F1·F2·v̄2
v̄2·`2

⌘2

+ · · · (4.10)

where we have defined p̄i = m̄iv̄i with v̄2i = 1 and i = 1, 2. The delta function term
is of O(m̄3

2
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), and the dots represent terms of

O(1) in the mass.

Similarly, the expansion of the five-point amplitude in the heavy-mass limit is
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(4.11)

where A5(234, v̄2) is given in (3.4). It is easy to see that gauge invariance, locality and
crossing symmetry of the gravitons are manifest.

4.4 Loops

At one loop, the amplitude integrand can be expanded as
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(4.12)

Here the black dots represent three-point HEFT amplitudes while higher-point ones are
depicted using grey blobs. The wavy lines correspond to the graviton lines, the dashed
red lines denote unitarity cuts �(l2i ), while the continuous vertical red lines represent
the delta functions �(2p̄i·

P
lj) of the massive lines – these are not unitarity cuts but

arise from linear propagators as in (4.7). More concretely the four cut diagrams are
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• Write down 2MPI HEFT diagrams only:  
 
 
 
 
 

Two loops

At one loop, the amplitude integrand is expanded as
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Then for the two loop amplitude, the integrand is expanded as hyper-classical,
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There are additional graphs to consider, usually called “radiation-reaction contribu-
tions”. These are
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(4.16)

In Section 5 we will compute explicitly all these 2MPI diagrams (including radiation
reaction). We will also show that the last cut diagram in (4.15), which does not have
a three-graviton cut, does not add any new contribution to the four-dimensional 2MPI
amplitude, and hence to classical physics.

We also note that the following graph has the correct mass scaling to potentially
give classical contributions
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(4.17)

but as we argue in the next subsection it can be dropped since it is not 2MPI, similarly
to the diagrams in (4.13).

The heavy-mass expansion can in principle be extended to compute quantum cor-
rections, leading to the following diagrams at two loops:
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· · ·

(4.18)

where we do not draw diagrams which are related by crossing of the external legs. In
this paper we will not be concerned with such quantum contributions.

At higher loops, more graph topologies need to be calculated, but we stress that
only 2MPI diagrams need to be evaluated. As an important example of higher-loop
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• Write down 2MPI HEFT diagrams only:  
 
 
 
 
 

‣ Probe limit, “zig-zag”, radiation reaction

‣ “Washing machine” does not add new contributions 
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There are additional graphs to consider, usually called “radiation-reaction contribu-
tions”. These are
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In Section 5 we will compute explicitly all these 2MPI diagrams (including radiation
reaction). We will also show that the last cut diagram in (4.15), which does not have
a three-graviton cut, does not add any new contribution to the four-dimensional 2MPI
amplitude, and hence to classical physics.

We also note that the following graph has the correct mass scaling to potentially
give classical contributions
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but as we argue in the next subsection it can be dropped since it is not 2MPI, similarly
to the diagrams in (4.13).

The heavy-mass expansion can in principle be extended to compute quantum cor-
rections, leading to the following diagrams at two loops:

m̄2

1
m̄3

2
m̄2

1
m̄3

2
m2

1
m̄2

2

p1 H p4

p2 H p3

p1 H p4

p2 H H p3

p1 H p4

p2 H p3

· · ·

(4.18)

where we do not draw diagrams which are related by crossing of the external legs. In
this paper we will not be concerned with such quantum contributions.

At higher loops, more graph topologies need to be calculated, but we stress that
only 2MPI diagrams need to be evaluated. As an important example of higher-loop
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“radiation reaction” “conservative part”

obtained from the product of two copies of the expanded four-point amplitude (4.10)
– one for particle 1 (lower line), the other for particle 2 (upper line).

The first diagram is two massive particle reducible and gives a hyper-classical con-
tribution (O(~�1) compared to the classical terms). The last diagram gives rise to
quantum corrections, which we will not compute in this paper. Only the remaining
two diagrams are relevant for classical scattering, and will be computed in Section 5.

At two loops, the integrand is expanded in terms of a hyper-classical, classical and
quantum part. The hyper-classical graphs are
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As we will discuss in Section 4.5, these diagrams factorise in impact parameter space,
and hence exponentiate. Therefore they do not need to be computed and we can drop
them directly at the diagrammatic level.

The classical pieces are obtained from the 2MPI diagrams:
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• Write down 2MPI HEFT diagrams only:  
 
 
 
 
 

‣ Probe limit, “zig-zag”, radiation reaction

‣ “Washing machine” does not add new contributions 

• Advantages of HEFT:

‣ HEFT trees are compact, gauge invariant, and contain linear propagators 

‣ Expansion done at an earlier stage (contrast to other approaches)
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There are additional graphs to consider, usually called “radiation-reaction contribu-
tions”. These are
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In Section 5 we will compute explicitly all these 2MPI diagrams (including radiation
reaction). We will also show that the last cut diagram in (4.15), which does not have
a three-graviton cut, does not add any new contribution to the four-dimensional 2MPI
amplitude, and hence to classical physics.

We also note that the following graph has the correct mass scaling to potentially
give classical contributions
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but as we argue in the next subsection it can be dropped since it is not 2MPI, similarly
to the diagrams in (4.13).

The heavy-mass expansion can in principle be extended to compute quantum cor-
rections, leading to the following diagrams at two loops:
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where we do not draw diagrams which are related by crossing of the external legs. In
this paper we will not be concerned with such quantum contributions.

At higher loops, more graph topologies need to be calculated, but we stress that
only 2MPI diagrams need to be evaluated. As an important example of higher-loop
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As we will discuss in Section 4.5, these diagrams factorise in impact parameter space,
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Results



• Standard variables:  
 

‣ Static limit:      ,      ultra-relativistic limit:       y → 1 y → ∞

Results
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• Standard variables:  
 

‣ Static limit:      ,      ultra-relativistic limit:       y → 1 y → ∞

• HEFT phase computed from  
 
 

• Scattering angle 
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Final result for the scattering angle



• Up to 3PM:  
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• Up to 3PM:  
 
 
 
 
 
 

• Agreement with previous 3PM calculations:

‣ Conservative part: Bern, Cheung,  Roiban, Shen, Solon, Zeng (2019), Cheung 
& Solon (2020)

‣ Radiation reaction: Di Vecchia, Heissenberg, Russo, Veneziano; Herrmann, 
Parra-Martinez, Rif, Zeng;  Bjerrum-Bohr, Damgaard, Planté, Vanhove

Final result for the scattering angle
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Comments



• Connection to Damgaard, Planté & Vanhove’s work 
(2107.12891)

‣ They write  with N hermitianS = exp(i N )

‣ They extract matrix element of N at two loops:  
 
 
 
 
 

‣ Simplicity hidden in N  

‣ Our  agrees with the matrix element of their N, with our method 
providing  a way to compute it directly, no subtraction needed   

Re δHEFT

‣ Imaginary part arising from 

Comments

and at two-loop order,

N2 = M2 −
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The cut involving T̂ rad
0 was first computed in ref. [18]. We see here how this imag-

inary part of the matrix element of T̂2 is automatically subtracted off as dictated

by unitarity. Similar radiative cancellations occur at higher orders. It is interesting
to compare with the manner in which terms exponentiate in the eikonal approach
where the additional subtractions of imaginary parts of eq. (2.15) occur as part of

the lower-point iterations, instead, as here, in one go because of unitarity.
To summarize this part, the matrix element of any N̂i is manifestly real. In addi-

tion, all iterations of lower-point amplitudes and their corresponding super-classical
terms are automatically subtracted off so that matrix elements of N̂ admit a semi-

classical limit where ! → 0. Such an object could be expected to have a classical
meaning from analytical mechanics. Resembling the method of Born subtractions
that lead to the classical potential from the solution of the Lippmann-Schwinger

equation [8] one might guess that it could define in an alternative manner the clas-
sical potential. Although Born subtractions share the properties of removing all

imaginary parts from the amplitude and of ensuring the existence of a semi-classical
limit ! → 0, such an identification does not hold beyond leading orders.

We can instead get a hint from the identification of the exponential represen-
tation of the two-body S-matrix in momentum space with the semi-classical WKB
approximation. As shown in ref. [45], the Schrödinger-like equation satisfied by the

U -matrix (the limit of which provides the S-matrix) leads to a systematic semi-
classical expansion of the momentum-space S-matrix that is a direct analog of the

semi-classical WKB expansion of the wave function in non-relativistic quantum me-
chanics. The pertinent Hamilton-Jacobi equation of the leading-order approximation
is in a canonically transformed form compared to the more commonly used in an-

alytical mechanics where, up to a sign, coordinates and momenta are swapped. In
quantum field theory this is implemented by a Fourier transform in the usual way.

With this identification, the two-body S-matrix in momentum space admits a clas-
sical limit in terms of the WKB phase shift,

〈p′1, p′2|Ŝ|p1, p2〉 ∼ e2iδ/! (2.18)
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Iteration terms, simply not present in our approach 
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The kinematic algebra of HEFT and YM 
(Brandhuber, Chen, GT,  Johansson, Wen)



• Two goals, one practical and one conceptual:

‣ Obtain all tree amplitude in manifestly gauge-invariant form, great for unitarity cuts

‣ Uncover the hidden kinematic algebra  
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‣ Obtain all tree amplitude in manifestly gauge-invariant form, great for unitarity cuts

‣ Uncover the hidden kinematic algebra  

• Kinematic algebra known in the self-dual sector of YM: 
area-preserving diffeomorphisms (Monteiro & O’Connell)

‣ Self-dual Yang-Mills is somewhat trivial. What about the full interacting theory? 
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• Two goals, one practical and one conceptual:

‣ Obtain all tree amplitude in manifestly gauge-invariant form, great for unitarity cuts

‣ Uncover the hidden kinematic algebra  

• Kinematic algebra known in the self-dual sector of YM: 
area-preserving diffeomorphisms (Monteiro & O’Connell)

‣ Self-dual Yang-Mills is somewhat trivial. What about the full interacting theory? 

• Work in HEFT, then extract  YM results as follows: 

‣ Label the two scalars as n−1 and n, with gluons being 1, 2, …, n−2

‣ Then replace scalar velocity    with  and impose 
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• General HEFT amplitudes in YM (A) and GR (M):  
 

‣  =(un)ordered nested commutators of  gluon (graviton) labels, leftmost fixed to 1ρ(ρ̃) n−2

‣ n = 4 :      
 
n = 5 :    

ρ = ρ̃ ={[1,2]}

ρ ={[[1,2],3], [1,[2,3]]}, ρ̃ ={[[1,2],3], [[1,3],2], [1,[2,3]]}

‣ Each nested commutator  corresponds to a cubic graph and hence BCJ numerator 
 
 
 

Γ
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of gluons/gravitons. Interestingly, the obtained fusion
product has the same structure as the quasi-shuffle prod-
uct, known from the mathematical literature, specifically
in the context of combinatorial Hopf algebras of shuffles
and quasi-shuffles [25–27]. The quasi-shuffle Hopf alge-
bra generates all ordered partitions for a given set [25]
(often called SC – the linear species of set compositions,
or ordered partitions). Mapping the generators to gauge-
invariant expressions, we obtain a closed formula for all
tree-level BCJ numerators relevant to the HEFT. The
numerators are gauge invariant, manifestly crossing sym-
metric and factorise into lower-point numerators on the
massive poles. The underlying quasi-shuffle Hopf alge-
bra implies that the counting of the number of terms in
a numerator with n−2 gluons gives the Fubini numbers
Fn−3, which counts the number of ordered partitions of
n−3 elements.

Finally, all the considerations in HEFT directly trans-
late to pure YM theory. The pure-gluon BCJ numera-
tors, and the corresponding expressions for the genera-
tors, are obtained from the natural on-shell factorisation
limit [9], which removes the two heavy particles and re-
places them with an additional gluon (with label n−1).
This is straightforward: replace the heavy-particle veloc-
ity v with the last polarisation vector, v → εn−1, and
impose the last on-shell condition p21...n−2 → 0. This op-
eration does not modify the generator fusion rules, and
hence YM theory admits the same kinematic algebra.
The heavy-mass poles become spurious in this limit, and
cancel out once the amplitude is assembled.

THE HEFT KINEMATIC ALGEBRA

A novel colour-kinematic duality and double copy for
HEFT was obtained in [9], by four of the present authors.
Ignoring couplings, the YM and gravity tree amplitudes
with two heavy particles and n−2 gluons/gravitons are

A(12 . . . n−2, v) =
∑

Γ∈ρ

N (Γ, v)

dΓ
,

M(12 . . . n−2, v) =
∑

Γ∈ρ̃

[

N (Γ, v)
]2

dΓ
,

(1)

where ρ (ρ̃) denotes all (un)ordered nested commutators
of the particle labels {1, . . . , n−2}, where the leftmost
label is fixed to 1. The ordering is important since here
we work with colour-ordered YM amplitudes. Consid-
ering the set {1, 2, 3}, we have ρ = {[[1, 2], 3], [1, [2, 3]]}
and ρ̃ = {[[1, 2], 3], [[1, 3], 2], [1, [2, 3]]}. In general, labels
1, . . . , n−2 are reserved for the gluons/gravitons and the
heavy particles are assigned n−1 and n, and v is the
velocity that characterises the heavy particles.

The nested commutators are in one-to-one correspon-
dence with cubic graphs (and hence BCJ numerators),

and the corresponding massless scalar-like propagator de-
nominators are denoted as dΓ. For instance, the nested
commutator [[1, 2], 3] corresponds to the following cubic
graph, associated BCJ numerator, and propagator de-
nominator:

1 2 3

↔ N ([[1, 2], 3], v) , d[[1,2],3] = p212p
2
123 , (2)

where pi1...ir := pi1 + · · ·+pir and the red square denotes
the heavy-particle source.

The BCJ numerator N (Γ, v) is a function of a nested
set of labels Γ, and it has an expansion which parallels
that of the commutator, e.g.

N ([1, [2, 3]], v) = N (123, v)−N (132, v)

−N (231, v) +N (321, v) , (3)

and we refer to the object N (1 . . . n−2, v) as the pre-
numerator. In analogy with a Lie algebra, this quantity
should be obtained by multiplying generators through an
associative fusion product. Thanks to the nested commu-
tator structure, the BCJ numerators will automatically
satisfy kinematic Jacobi identities.

Explicit pre-numerators can be obtained from the con-
straint imposed by requiring that they lead to correct
amplitudes, and in [9] this was done up to six points.
In the following, it will be crucial to find representations
of the pre-numerators where any non-locality will corre-
spond to a massive physical pole ∼ 1

v·P , where P is a
sum of gluon momenta [28]. This linearised propagator
arises because of the large-mass expansion. Our results
will be an improvement compared to [9], since in that
work additional spurious poles were present in the pre-
numerators. We find the following explicit new results
up to five points:

N (1, v) = v·ε1 ,

N (12, v) = −
v·F1·F2·v

2v·p1
,

N (123, v) = −
v·F1·F2·V12·F3·v

3v·p1v·p12
−

v·F1·F3·V1·F2·v

3v·p1v·p13

+
v·F1·F2·F3·v

3v·p1
, (4)

where Fµν
i := pµi ε

ν
i−εµi p

ν
i , and V µν

τ := vµ
∑

j∈τ p
ν
j = vµpντ .

Following [9, 15, 16], the pre-numerators are presumed
to be constructible in an algebraic fashion, by multiplying
abstract generators of the kinematic algebra via a fusion
product,

N (12 . . . n−2, v) := 〈T(1) $ T(2) $ · · · $ T(n−2)〉 , (5)

where the T(i)s are generators carrying the gluon label i,
and $ denotes the bilinear and associative fusion product
[29]. The angle bracket represents a linear map from
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of gluons/gravitons. Interestingly, the obtained fusion
product has the same structure as the quasi-shuffle prod-
uct, known from the mathematical literature, specifically
in the context of combinatorial Hopf algebras of shuffles
and quasi-shuffles [25–27]. The quasi-shuffle Hopf alge-
bra generates all ordered partitions for a given set [25]
(often called SC – the linear species of set compositions,
or ordered partitions). Mapping the generators to gauge-
invariant expressions, we obtain a closed formula for all
tree-level BCJ numerators relevant to the HEFT. The
numerators are gauge invariant, manifestly crossing sym-
metric and factorise into lower-point numerators on the
massive poles. The underlying quasi-shuffle Hopf alge-
bra implies that the counting of the number of terms in
a numerator with n−2 gluons gives the Fubini numbers
Fn−3, which counts the number of ordered partitions of
n−3 elements.

Finally, all the considerations in HEFT directly trans-
late to pure YM theory. The pure-gluon BCJ numera-
tors, and the corresponding expressions for the genera-
tors, are obtained from the natural on-shell factorisation
limit [9], which removes the two heavy particles and re-
places them with an additional gluon (with label n−1).
This is straightforward: replace the heavy-particle veloc-
ity v with the last polarisation vector, v → εn−1, and
impose the last on-shell condition p21...n−2 → 0. This op-
eration does not modify the generator fusion rules, and
hence YM theory admits the same kinematic algebra.
The heavy-mass poles become spurious in this limit, and
cancel out once the amplitude is assembled.

THE HEFT KINEMATIC ALGEBRA

A novel colour-kinematic duality and double copy for
HEFT was obtained in [9], by four of the present authors.
Ignoring couplings, the YM and gravity tree amplitudes
with two heavy particles and n−2 gluons/gravitons are

A(12 . . . n−2, v) =
∑

Γ∈ρ

N (Γ, v)

dΓ
,

M(12 . . . n−2, v) =
∑

Γ∈ρ̃

[

N (Γ, v)
]2

dΓ
,

(1)

where ρ (ρ̃) denotes all (un)ordered nested commutators
of the particle labels {1, . . . , n−2}, where the leftmost
label is fixed to 1. The ordering is important since here
we work with colour-ordered YM amplitudes. Consid-
ering the set {1, 2, 3}, we have ρ = {[[1, 2], 3], [1, [2, 3]]}
and ρ̃ = {[[1, 2], 3], [[1, 3], 2], [1, [2, 3]]}. In general, labels
1, . . . , n−2 are reserved for the gluons/gravitons and the
heavy particles are assigned n−1 and n, and v is the
velocity that characterises the heavy particles.

The nested commutators are in one-to-one correspon-
dence with cubic graphs (and hence BCJ numerators),

and the corresponding massless scalar-like propagator de-
nominators are denoted as dΓ. For instance, the nested
commutator [[1, 2], 3] corresponds to the following cubic
graph, associated BCJ numerator, and propagator de-
nominator:

1 2 3

↔ N ([[1, 2], 3], v) , d[[1,2],3] = p212p
2
123 , (2)

where pi1...ir := pi1 + · · ·+pir and the red square denotes
the heavy-particle source.

The BCJ numerator N (Γ, v) is a function of a nested
set of labels Γ, and it has an expansion which parallels
that of the commutator, e.g.

N ([1, [2, 3]], v) = N (123, v)−N (132, v)

−N (231, v) +N (321, v) , (3)

and we refer to the object N (1 . . . n−2, v) as the pre-
numerator. In analogy with a Lie algebra, this quantity
should be obtained by multiplying generators through an
associative fusion product. Thanks to the nested commu-
tator structure, the BCJ numerators will automatically
satisfy kinematic Jacobi identities.

Explicit pre-numerators can be obtained from the con-
straint imposed by requiring that they lead to correct
amplitudes, and in [9] this was done up to six points.
In the following, it will be crucial to find representations
of the pre-numerators where any non-locality will corre-
spond to a massive physical pole ∼ 1

v·P , where P is a
sum of gluon momenta [28]. This linearised propagator
arises because of the large-mass expansion. Our results
will be an improvement compared to [9], since in that
work additional spurious poles were present in the pre-
numerators. We find the following explicit new results
up to five points:

N (1, v) = v·ε1 ,

N (12, v) = −
v·F1·F2·v

2v·p1
,

N (123, v) = −
v·F1·F2·V12·F3·v

3v·p1v·p12
−

v·F1·F3·V1·F2·v

3v·p1v·p13

+
v·F1·F2·F3·v

3v·p1
, (4)

where Fµν
i := pµi ε

ν
i−εµi p

ν
i , and V µν

τ := vµ
∑

j∈τ p
ν
j = vµpντ .

Following [9, 15, 16], the pre-numerators are presumed
to be constructible in an algebraic fashion, by multiplying
abstract generators of the kinematic algebra via a fusion
product,

N (12 . . . n−2, v) := 〈T(1) $ T(2) $ · · · $ T(n−2)〉 , (5)

where the T(i)s are generators carrying the gluon label i,
and $ denotes the bilinear and associative fusion product
[29]. The angle bracket represents a linear map from
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• Comments:

‣ BCJ (pre-)numerators are manifestly gauge invariant (written in terms of field strengths)
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‣ Number of terms:  1, 3, 13, 75… for  n = 4, 5, 6, 7….
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• n = 4:    

• n = 5:

• Consistent with general formula:  
 
 

‣   τ1 ∪ τ2 ∪ ⋯ ∪ τr = {2,3,…, n − 2} τi ∩ τj = ∅

‣ Θ(τi) = ({1} ∪ τ1 ∪ ⋯ ∪ τi−1) ∩ {1,…, τi[1]}

‣ Example:  for                                                                              draw musical diagram 
 
 
                                                       
                                                         
                                           

Θ(26) = {1}, Θ(37) = {1,2}
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the abstract generators to gauge- and Lorentz-invariant
functions. It preserves the multi-linearity with respect
to the polarisation vectors and the linear scaling in the
velocity v of the heavy particles.

The starting point of the construction is 〈T(i)〉 = v·εi,
which is the unique choice that respects all the properties
listed above, and furthermore generates the correct three-
point amplitude. We can then combine two generators
to obtain

N (12, v) := 〈T(1) " T(2)〉 = −〈T(12)〉 , (6)

where we choose 〈T(12)〉 =
v·F1·F2·v

2v·p1
to reproduce Eq. (4)

[30]. Similarly, at five points one finds

T(12) " T(3) = −T(123) + T(12),(3) + T(13),(2) , (7)

with

〈T(123)〉 =
v·F1·F2·F3·v

3v·p1
, 〈T(12),(3)〉 =

v·F1·F2·V12·F3·v

3v·p1v·p12
,

〈T(13),(2)〉 =
v·F1·F3·V1·F2·v

3v·p1v·p13
. (8)

The particular index assignments in the obtained genera-
tors are consistent with a general formula, which we find
to work to any number of points,

〈T(1τ1),(τ2),...,(τr)〉 :=
τ1 τ2 · · · τr1

=
v·F1τ1 ·VΘ(τ2)·Fτ2 · · ·VΘ(τr)·Fτr ·v

(n−2)v·p1v·p1τ1 · · · v·p1τ1τ2···τr−1

. (9)

The τis are ordered non-empty sets such that τ1∪τ2∪· · ·∪
τr = {2, 3, . . . , n−2} and τi ∩ τj = ∅, i.e. they constitute
a partition. The set Θ(τi) consists of all indices to the
left of τi and smaller than the first index in τi; that is
Θ(τi) = ({1} ∪ τ1 ∪ · · · ∪ τi−1) ∩ {1, . . . , τi[1]}. Note that
the denominators in Eq. (9) are the advertised massive
propagators. For convenience, we also define Fτi as the
ordered contraction of several linearised field strengths
Fµν
j with indices in τi, e.g. Fµν

12 = Fµα
1 F ν

2α.

To clarify the formula, consider a non-trivial example,
T(1458),(26),(37), that is mapped to

〈T(1458),(26),(37)〉 =
v·F1458·V1·F26·V12·F37·v

v·p1 v·p1458 v·p124568
. (10)

We may further clarify the Θ(τi)s by drawing a “musi-
cal diagram”, where the gluon labels (notes) are filled in
progressively from left to right and each horizontal line
indicates which set in the partition they belong to:

(1τ1) 1 4 5 8

(τ2) 2 6

(τ3) 3 7

(11)

A given Θ(τi) is associated with the first gluon on the
horizontal line τi, and the set includes all labels “south-
west” of this gluon. Specifically, in this example, the
relevant sets used in Eq. (10) are Θ(26) = {1}, and
Θ(37) = {1, 2}. Furthermore, the contraction of field
strengths can be read out by following each horizon-
tal τi-line in this musical diagram. A horizontal line
can be thought of as the fundamental representation of
the Lorentz group, and the linearised field strengths as
Lorentz generators acting in this space.

Let us return to the algebra of the abstract generators.
The pre-numerators can be recursively constructed from
only knowing the following fusion product:

T(1τ1),(τ2),...,(τr) " T(j). (12)

We assume that the possible outcome of this fusion prod-
uct maintains the relative order of the labels in the left
and right generator. Then by assuming we have a com-
plete set of generators, we can only produce the terms

T(1j),(τ1),(τ2),...,(τr), T(1τ1),(τ2),...,(τi),(j),(τi+1),...,(τr),

T(1τ1),(τ2),...,(τij),...,(τr), where i ∈ {1, · · · , r}. (13)

By writing up a general ansatz, and fixing the free coef-
ficients by comparing to the correct amplitudes via the
map in Eq. (9), we find a simple all-multiplicity solution.
The fusion product is captured by the general formula

T(1τ1),...,(τr) " T(j) =
∑

σ∈{(τ1),...,(τr)} {(j)}

T(1σ1),...,(σr+1)

−
r

∑

i=1

T(1τ1),...,(τi−1),(τij),(τi+1),...,(τr) , (14)

where denotes the shuffle product between two sets,
e.g. {A,B} {C} = {ABC,ACB,CAB}. A proof for
Eq. (14) will be given in the next section; here we will
study examples. For n = 4, 5, Eqs. (6) and (7) are recov-
ered, and at six points, the fusion products are

T(123) " T(4) = −T(1234) + T(123),(4) + T(14),(23)

T(12),(3) " T(4) = −T(12),(34) − T(124),(3)

+ T(12),(3),(4) + T(12),(4),(3) + T(14),(2),(3)

T(13),(2) " T(4) = −T(13),(24) − T(134),(2) + T(13),(2),(4)

+ T(13),(4),(2) + T(14),(3),(2) , (15)

leading to the six-point pre-numerator

N (1234, v) = 〈−T(12),(3),(4) − T(12),(4),(3) − T(14),(2),(3)

− T(14),(3),(2) − T(13),(2),(4) − T(13),(4),(2)

+ T(123),(4) + T(124),(3) + T(134),(2)

+ T(12),(34) + T(13),(24) + T(14),(23) − T(1234)〉 .
(16)

As already advertised, the algebra defined by the fusion
product in Eq. (14) is known in the context of combina-
torial Hopf algebras of shuffles and quasi-shuffles [25–27].

<latexit sha1_base64="7CZs/UY/u5+TCDtPg6DjJ0GrjVk="></latexit>

hT(1⌧1),(⌧2),...,(⌧r)i := =
v · F1⌧1 · V⇥(⌧2) · F⌧2 · · ·V⇥(⌧r) · F⌧r · v
(n�2)v · p1v · p1⌧1 · · · v · p1⌧1⌧2···⌧r�1

<latexit sha1_base64="kIo+wu4KUmKngLIZ8fvC82OBpRM="></latexit>

hT(1458),(26),(37)i =
v · F1458 · V1 · F26 · V12 · F37 · v

v · p1 v · p1458 v · p124568

3

the abstract generators to gauge- and Lorentz-invariant
functions. It preserves the multi-linearity with respect
to the polarisation vectors and the linear scaling in the
velocity v of the heavy particles.

The starting point of the construction is 〈T(i)〉 = v·εi,
which is the unique choice that respects all the properties
listed above, and furthermore generates the correct three-
point amplitude. We can then combine two generators
to obtain

N (12, v) := 〈T(1) " T(2)〉 = −〈T(12)〉 , (6)

where we choose 〈T(12)〉 =
v·F1·F2·v

2v·p1
to reproduce Eq. (4)

[30]. Similarly, at five points one finds

T(12) " T(3) = −T(123) + T(12),(3) + T(13),(2) , (7)

with

〈T(123)〉 =
v·F1·F2·F3·v

3v·p1
, 〈T(12),(3)〉 =

v·F1·F2·V12·F3·v

3v·p1v·p12
,

〈T(13),(2)〉 =
v·F1·F3·V1·F2·v

3v·p1v·p13
. (8)

The particular index assignments in the obtained genera-
tors are consistent with a general formula, which we find
to work to any number of points,

〈T(1τ1),(τ2),...,(τr)〉 :=
τ1 τ2 · · · τr1

=
v·F1τ1 ·VΘ(τ2)·Fτ2 · · ·VΘ(τr)·Fτr ·v
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The τis are ordered non-empty sets such that τ1∪τ2∪· · ·∪
τr = {2, 3, . . . , n−2} and τi ∩ τj = ∅, i.e. they constitute
a partition. The set Θ(τi) consists of all indices to the
left of τi and smaller than the first index in τi; that is
Θ(τi) = ({1} ∪ τ1 ∪ · · · ∪ τi−1) ∩ {1, . . . , τi[1]}. Note that
the denominators in Eq. (9) are the advertised massive
propagators. For convenience, we also define Fτi as the
ordered contraction of several linearised field strengths
Fµν
j with indices in τi, e.g. Fµν

12 = Fµα
1 F ν

2α.

To clarify the formula, consider a non-trivial example,
T(1458),(26),(37), that is mapped to

〈T(1458),(26),(37)〉 =
v·F1458·V1·F26·V12·F37·v

v·p1 v·p1458 v·p124568
. (10)

We may further clarify the Θ(τi)s by drawing a “musi-
cal diagram”, where the gluon labels (notes) are filled in
progressively from left to right and each horizontal line
indicates which set in the partition they belong to:

(1τ1) 1 4 5 8

(τ2) 2 6

(τ3) 3 7

(11)

A given Θ(τi) is associated with the first gluon on the
horizontal line τi, and the set includes all labels “south-
west” of this gluon. Specifically, in this example, the
relevant sets used in Eq. (10) are Θ(26) = {1}, and
Θ(37) = {1, 2}. Furthermore, the contraction of field
strengths can be read out by following each horizon-
tal τi-line in this musical diagram. A horizontal line
can be thought of as the fundamental representation of
the Lorentz group, and the linearised field strengths as
Lorentz generators acting in this space.

Let us return to the algebra of the abstract generators.
The pre-numerators can be recursively constructed from
only knowing the following fusion product:

T(1τ1),(τ2),...,(τr) " T(j). (12)

We assume that the possible outcome of this fusion prod-
uct maintains the relative order of the labels in the left
and right generator. Then by assuming we have a com-
plete set of generators, we can only produce the terms

T(1j),(τ1),(τ2),...,(τr), T(1τ1),(τ2),...,(τi),(j),(τi+1),...,(τr),

T(1τ1),(τ2),...,(τij),...,(τr), where i ∈ {1, · · · , r}. (13)

By writing up a general ansatz, and fixing the free coef-
ficients by comparing to the correct amplitudes via the
map in Eq. (9), we find a simple all-multiplicity solution.
The fusion product is captured by the general formula

T(1τ1),...,(τr) " T(j) =
∑

σ∈{(τ1),...,(τr)} {(j)}

T(1σ1),...,(σr+1)

−
r

∑

i=1

T(1τ1),...,(τi−1),(τij),(τi+1),...,(τr) , (14)

where denotes the shuffle product between two sets,
e.g. {A,B} {C} = {ABC,ACB,CAB}. A proof for
Eq. (14) will be given in the next section; here we will
study examples. For n = 4, 5, Eqs. (6) and (7) are recov-
ered, and at six points, the fusion products are

T(123) " T(4) = −T(1234) + T(123),(4) + T(14),(23)

T(12),(3) " T(4) = −T(12),(34) − T(124),(3)

+ T(12),(3),(4) + T(12),(4),(3) + T(14),(2),(3)

T(13),(2) " T(4) = −T(13),(24) − T(134),(2) + T(13),(2),(4)

+ T(13),(4),(2) + T(14),(3),(2) , (15)

leading to the six-point pre-numerator

N (1234, v) = 〈−T(12),(3),(4) − T(12),(4),(3) − T(14),(2),(3)

− T(14),(3),(2) − T(13),(2),(4) − T(13),(4),(2)

+ T(123),(4) + T(124),(3) + T(134),(2)

+ T(12),(34) + T(13),(24) + T(14),(23) − T(1234)〉 .
(16)

As already advertised, the algebra defined by the fusion
product in Eq. (14) is known in the context of combina-
torial Hopf algebras of shuffles and quasi-shuffles [25–27].
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Examples. — Let A, B, C be finite, nonempty sets.

(A)(B) = (A, B) + (B, A) + (A Û B).
(A, B)(C) = (A, B, C)+(A, C, B)+(C, A, B)+(A, B Û C)+(A Û C, B).
(A)(B, C) = (A, B, C)+(B, A, C)+(B, C, A)+(A Û B, C)+(B, A Û C);

�((A)) = (A) ¢ (A).
�((A, B)) = (A, B) ¢ (A Û B) + (A)(B) ¢ (A, B)

= (A, B) ¢ (A Û B) + ((A, B) + (B, A) + (A Û B)) ¢ (A, B).
�((A, B, C)) = (A, B, C) ¢ (A Û B Û C) + (A, B)(C) ¢ (A Û B, C)

+ (A)(B, C) ¢ (A, B Û C) + (A)(B)(C) ¢ (A, B, C)
= (A, B, C) ¢ (A Û B Û C)

+ ((A, B, C) + (A, C, B) + (C, A, B)
+ (A Û C, B) + (A, B Û C)) ¢ (A Û B, C)

+ ((A, B, C) + (B, A, C) + (B, C, A)
+ (A Û B, C) + (B, A Û C)) ¢ (A, B Û C)

+
!

(A, B, C) + (A, C, B) + (B, A, C) + (B, C, A)
+ (C, A, B) + (C, B, A) + (A Û B, C) + (A Û C, B)
+ (B Û C, A) + (A, B Û C) + (B, A Û C) + (C, A Û B)
+ (A Û B Û C)

"

¢ (A, B, C).

Proposition 5.4. — SC is a Hopf monoid in the category of coalgebra

species.

This is already known: the Hopf monoid structure of SC appears in [2,
Paragraph 11.1], and the internal coproduct is dual to the Tits product.
We shall recover this result from Theorem 5.6 below, which will make the
coalgebra species Hopf monoid SC appear as a quotient of the coalgebra
species Hopf monoid T.

The counit of the coalgebra SCX is given by:

Á(C) =
I

1 if C = (X),
0 otherwise.

Applying the functors K and K, we obtain from SC two bialgebras with
an internal coproduct. First, it induces a bialgebra structure on the vector
space generated by the set compositions, up to a renumbering. For any set
composition C = (X1, . . . , Xk), we put type(C) = (|X1|, . . . , |Xk|). If C, C Õ

are two set compositions, C and C Õ are equal up to a renumbering if, and
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Proposition 5.4. — SC is a Hopf monoid in the category of coalgebra

species.

This is already known: the Hopf monoid structure of SC appears in [2,
Paragraph 11.1], and the internal coproduct is dual to the Tits product.
We shall recover this result from Theorem 5.6 below, which will make the
coalgebra species Hopf monoid SC appear as a quotient of the coalgebra
species Hopf monoid T.

The counit of the coalgebra SCX is given by:

Á(C) =
I

1 if C = (X),
0 otherwise.

Applying the functors K and K, we obtain from SC two bialgebras with
an internal coproduct. First, it induces a bialgebra structure on the vector
space generated by the set compositions, up to a renumbering. For any set
composition C = (X1, . . . , Xk), we put type(C) = (|X1|, . . . , |Xk|). If C, C Õ

are two set compositions, C and C Õ are equal up to a renumbering if, and

ANNALES DE L’INSTITUT FOURIER

ANN
A
L
E
S
D
E

L’INSTI
TU

T
F
O
U
R

IE
R

ANNALES
DE

L’INSTITUT FOURIER

Frédéric FAUVET, Loïc FOISSY & Dominique MANCHON
The Hopf algebra of finite topologies and mould composition

Tome 67, no 3 (2017), p. 911-945.

<http://aif.cedram.org/item?id=AIF_2017__67_3_911_0>

© Association des Annales de l’institut Fourier, 2017,
Certains droits réservés.

Cet article est mis à disposition selon les termes de la licence
CREATIVE COMMONS ATTRIBUTION – PAS DE MODIFICATION 3.0 FRANCE.
http://creativecommons.org/licenses/by-nd/3.0/fr/

L’accès aux articles de la revue « Annales de l’institut Fourier »
(http://aif.cedram.org/), implique l’accord avec les conditions générales
d’utilisation (http://aif.cedram.org/legal/).

cedram
Article mis en ligne dans le cadre du

Centre de diffusion des revues académiques de mathématiques
http://www.cedram.org/





• Kinematic algebra is a quasi-shuffle Hopf algebra  
that generates all ordered partitions of a given set

‣ Combinatorial Hopf algebras of shuffles and quasi-shuffles  
(Hoffman 2000; Fauvet, Foissy & Manchon 2015) 
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22/01/2022, 14:55Professional Dancer Couple Dancing Tango Waltz Stock Vector (Royalty Free) 557191486

Page 2 of 4https://www.shutterstock.com/image-vector/professional-dancer-couple-dancing-tango-waltz-557191486

Similar images See all

<latexit sha1_base64="icXi/4jBnX8+9D69BwEXQMXirOQ="></latexit>

T(1⌧1),...,(⌧r) ? T(j) =
X

�2{(⌧1),...,(⌧r)}tt{(j)}

T(1�1),...,(�r+1) �
rX

i=1

T(1⌧1),...,(⌧i�1),(⌧ij),(⌧i+1),...,(⌧r)

❲ stuffing❲ shuffling



• Kinematic algebra is a quasi-shuffle Hopf algebra  
that generates all ordered partitions of a given set

‣ Combinatorial Hopf algebras of shuffles and quasi-shuffles  
(Hoffman 2000; Fauvet, Foissy & Manchon 2015) 

• General fusion product:   
 
 

‣ Shuffle product,   e.g. 

‣ The subscripts 𝜏 of the Ts are all possible ordered partitions of {2,3,…, n−2}

‣ These Hopf algebras are endowed with a product that is commutative and associative, 
and with a coproduct, counit and antipode (Hoffman; Cartier; Ihara, Kaneohe & Zagier) 
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How did we get there??



• Closed formula for general pre-numerator: 
 

‣  = ordered partitions of  into  subsets, their number is P(r)
{2,…,n−2} {2,…, n−2} r {n − 3

r }
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• Closed formula for general pre-numerator: 
 

‣  = ordered partitions of  into  subsets, their number is P(r)
{2,…,n−2} {2,…, n−2} r {n − 3

r }
‣ Total number  is                                                                                                                                                                                                                   

‣ # terms in a pre-numerator with n−2 gluons:  Fubini number n−3 (ordered Bell numbers) 
# terms in a YM pre-numerator with n gluons: Fubini number n−2 
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‣ Total number  is                                                                                                                                                                                                                   

‣ # terms in a pre-numerator with n−2 gluons:  Fubini number n−3 (ordered Bell numbers) 
# terms in a YM pre-numerator with n gluons: Fubini number n−2 

How did we get there??
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Specifically, our fusion product defines a quasi-shuffle
Hopf algebra that generates all ordered partitions for a
given set [25]. Indeed, the subscripts of the T s are pre-
cisely all possible ordered partitions of {2, 3, . . . , n−2}.
This is also interpreted in [27] as a Hopf monoid in the
category of coalgebra species. These Hopf algebras are
endowed with a product that is commutative and associa-
tive [25, 31, 32], with a coproduct, counit and antipode
[25] (see the Appendix for more details).

We have thus found a realisation of the kinematic al-
gebra for HEFT by mapping it to a quasi-shuffle Hopf
algebra. Note that the associativity of the fusion prod-
uct is a natural property – for example, we can construct
a BCJ numerator either as ((T(1) ! T(2)) ! T(3)) ! · · · or
· · · ! (T(n−4) ! (T(n−3) ! T(n−2))). To complete the story,
we must also give the fusion product for the most gen-
eral generators. Assuming the fusion product is associa-
tive and preserves the relative order for the left and right
generators, one obtains a unique result [26],

T(1τ1),··· ,(τr) ! T(ω1),··· ,(ωs) =
∑

σ|{τ}={(τ1),··· ,(τr)}
σ|{ω}={(ω1),··· ,(ωs)}

(−1)t−r−sT(1σ1),(σ2),··· ,(σt) , (17)

where τi and ωj do not contain the label 1, as this index
is always fixed to be the leftmost index of any expression,
and thus it is inert to the algebra. The fusion product of
two generators, neither containing label 1, is also given
by Eq. (17) after dropping the 1. We use {τ} and {ω} to
denote the total set of labels in the τi and ωi, respectively.
By σ|{τ} we mean a restriction to the elements in {τ},
e.g. {(235), (4), (67)}|{2,3,4} = {(23), (4)}.

The number of ordered partitions of {2, 3, . . . , n−2}
are known as the Fubini numbers [33] [34]

Fn−3 =
n−3
∑

r=1

r!

{

n−3

r

}

, (18)

which therefore also counts the number of terms in the
pre-numerator of an n-point HEFT amplitude [35]. Here
{

n
k

}

denotes the number of k-partitions on n objects (also
known as Stirling partition number of the second kind).
The Fubini numbers also give the Hilbert series of SC [27].

From the kinematic algebra, the closed form of the
pre-numerator is directly obtained as

N (1 . . . n−2, v) =
n−3
∑

r=1

∑

τ∈P
(r)
{2,··· ,n−2}

(−1)n+r〈T(1τ1),...,(τr)〉 ,

(19)

where T(1τ1),...,(τr) is defined in Eq. (9) and P
(r)
{2,··· ,n−2}

denotes all the ordered partitions of {2, 3, . . . , n−2} into
r subsets. This closed expression automatically induces

a recursion relation for the pre-numerator:

N (12 . . . n−2, v) =
· · ·n−221

+
∑

τR

0τR1 τL

= (−1)n
v·F12...n−2·v

(n−2)v·p1
(20)

−
∑

τR⊂{2,··· ,n−2}

(−1)nRN (1τL, v)
(n−2−nR)HΘτR

,τR

(n−2)v·p1τL
,

where τL∪τR = {2, 3, · · · , n−2}, τL, τR %= ∅, and we have
defined

Hσ,τ := pσ·Fτ ·v . (21)

Here nR denotes the number of indices in τR. From
Eq. (20), we can see that the number of terms satisfies
the recursion relation

Fn−3 =
n−4
∑

i=0

(

n−3

i

)

Fi , (22)

where F0 = 1. This is the well-known recursion relation
for the Fubini numbers [36]. To illustrate the simplicity
of the pre-numerator, we quote the fairly modest number
of terms up to ten points:

n 3 4 5 6 7 8 9 10

Fn−3 1 1 3 13 75 541 4683 47293

In the next section we present a general proof of our
construction of the BCJ numerators.

PROOF OF THE FORM OF THE
PRE-NUMERATOR

We here give the proof of the BCJ numerators. Using
N ([12. . .n−2], v) :=N ([. . .[[1, 2], 3]. . ., n−2], v), we show
that they give correct amplitudes, as obtained from the
pre-numerator in Eq. (19). In addition, we will show that
the following simple relation holds, valid in the HEFT:

N ([12 . . . n−2], v) = (n−2)N (12 . . . n−2, v) . (23)

The outline of the proof is as follows. Starting from the
factorisation properties on massive poles of our HEFT
numerators as derived from the KLT formula [37], we
prove that N ([12 . . . n−2], v) has the same factorisa-
tion. We will then consider the difference between
N ([12 . . . n−2], v) and the correct BCJ numerator (as de-
rived from KLT), which is free of poles. Using arguments
similar to those of [38, 39], we will then show that gauge
invariance ensures that this difference vanishes.

The starting point is the factorisation on massive poles
of BCJ numerators in HEFT. Using KLT relations, one
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• Closed formula for general pre-numerator: 
 

‣  = ordered partitions of  into  subsets, their number is P(r)
{2,…,n−2} {2,…, n−2} r {n − 3

r }
‣ Total number  is                                                                                                                                                                                                                   

‣ # terms in a pre-numerator with n−2 gluons:  Fubini number n−3 (ordered Bell numbers) 
# terms in a YM pre-numerator with n gluons: Fubini number n−2 

• What do Fubini numbers do for a living?

‣ Count the possible outcomes of a horse race including ties!

‣ E.g.  for 2 horses we have three possible outcomes (either one can win, or there is a tie)

‣ Also count number of permutohedron faces, Cayley trees, Cayley permutations…

How did we get there??
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This is also interpreted in [27] as a Hopf monoid in the
category of coalgebra species. These Hopf algebras are
endowed with a product that is commutative and associa-
tive [25, 31, 32], with a coproduct, counit and antipode
[25] (see the Appendix for more details).

We have thus found a realisation of the kinematic al-
gebra for HEFT by mapping it to a quasi-shuffle Hopf
algebra. Note that the associativity of the fusion prod-
uct is a natural property – for example, we can construct
a BCJ numerator either as ((T(1) ! T(2)) ! T(3)) ! · · · or
· · · ! (T(n−4) ! (T(n−3) ! T(n−2))). To complete the story,
we must also give the fusion product for the most gen-
eral generators. Assuming the fusion product is associa-
tive and preserves the relative order for the left and right
generators, one obtains a unique result [26],

T(1τ1),··· ,(τr) ! T(ω1),··· ,(ωs) =
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σ|{τ}={(τ1),··· ,(τr)}
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(−1)t−r−sT(1σ1),(σ2),··· ,(σt) , (17)

where τi and ωj do not contain the label 1, as this index
is always fixed to be the leftmost index of any expression,
and thus it is inert to the algebra. The fusion product of
two generators, neither containing label 1, is also given
by Eq. (17) after dropping the 1. We use {τ} and {ω} to
denote the total set of labels in the τi and ωi, respectively.
By σ|{τ} we mean a restriction to the elements in {τ},
e.g. {(235), (4), (67)}|{2,3,4} = {(23), (4)}.
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N ([12. . .n−2], v) :=N ([. . .[[1, 2], 3]. . ., n−2], v), we show
that they give correct amplitudes, as obtained from the
pre-numerator in Eq. (19). In addition, we will show that
the following simple relation holds, valid in the HEFT:
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The outline of the proof is as follows. Starting from the
factorisation properties on massive poles of our HEFT
numerators as derived from the KLT formula [37], we
prove that N ([12 . . . n−2], v) has the same factorisa-
tion. We will then consider the difference between
N ([12 . . . n−2], v) and the correct BCJ numerator (as de-
rived from KLT), which is free of poles. Using arguments
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invariance ensures that this difference vanishes.
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Comments



• Further explorations of the Hopf algebra structure 
(Brandhuber, Brown, Chen, Gowdy,  GT,  Wen to appear)

‣ Components of the coproduct corresponds to factorisations

‣ Antipodal map inverts the order of gluons in a BCJ numerator 
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• Further explorations of the Hopf algebra structure 
(Brandhuber, Brown, Chen, Gowdy,  GT,  Wen to appear)

‣ Components of the coproduct corresponds to factorisations

‣ Antipodal map inverts the order of gluons in a BCJ numerator 
 

• Comparison to other works: 

‣ Cheung + Mangan (2021): BCJ numerators contain 2 Fn-2 terms for an n-point gluon 
amplitude, but no algebraic structure was identified (and twice the number of terms)

‣ Common features: their BCJ numerators also depend on one reference momentum
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• Heavy-mass Effective Field Theory and its double copy

‣ Scattering angle of two massive black holes at 1, 2 and 3 PM  

‣ All multiplicity, manifestly gauge-invariant HEFT amplitudes

‣ Quasi-shuffle Hopf kinematic algebra in HEFT and YM theory

• (Some) open issues 

‣ Apply HEFT to higher PM orders calculations…

‣ …and to radiation, and connection to gravitational waveforms 

‣ Add spin, add higher-derivative interactions….

‣ What does the kinematic Hopf algebra teach us about amplitudes? 

‣ Explicit expressions for generators?

Conclusions & open problems

…and many more…


