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Outline 

1. Completion of G4 conservative part of spinless 2 body interaction. 
2.  New results and conjectures for spin. 

4. Outlook. 

Era of gravitational-wave astronomy has begun. 

See Buonanno’s talk 

 Also talks from Jones, Kosower, Levi, Mogull, Shen, Travaglini 
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Basic Problem: Two Body Interactions 

In center of mass frame: 

Newton 

Hamiltonian known to 4PN order. 

⌫ = µ/M,

1PN: Einstein, Infeld, Hoffmann; 
 Droste,  Lorentz 

m = mA +mB ,
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2PN: Ohta,  Okamura, Kimura and Hiida. 
3PN: Damour, Jaranowski and Schaefer; L. Blanchet and G. Faye.  
4PN: Damour, Jaranowski and Schaefer; Foffa (2017), Porto, Rothstein, Sturani (2019).  
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<latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="FPJIgioqCVYz7ijBQARMq0yMcvs=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG10KbrqsYn+gHUomvdOGZjJDckcopW/gxoUiPpY738ZM24W2Hgh8nJOQe0+UKWnJ97+9re2d3b390kH5sHJ0fFI9rbRtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe6LvPOMxspUP9E0wzDhIy1jKTg567FRHlRrft1fiG1CsIIarNQcVL/6w1TkCWoSilvbC/yMwhk3JIXCebmfW8y4mPAR9hxqnqANZ4tJ5+zSOUMWp8YdTWzh/n4x44m10yRyNxNOY7ueFeZ/WS+n+DacSZ3lhFosP4pzxShlxdpsKA0KUlMHXBjpZmVizA0X5MopSgjWV96E9nU98OvBgw8lOIcLuIIAbuAOGtCEFgiI4QXe4N2beK/ex7KuLW/V2xn8kff5A76Ji4w=</latexit><latexit sha1_base64="FPJIgioqCVYz7ijBQARMq0yMcvs=">AAAB3nicbZDNSgMxFIXv+Ftr1erWTbAIrsqMG10KbrqsYn+gHUomvdOGZjJDckcopW/gxoUiPpY738ZM24W2Hgh8nJOQe0+UKWnJ97+9re2d3b390kH5sHJ0fFI9rbRtmhuBLZGq1HQjblFJjS2SpLCbGeRJpLATTe6LvPOMxspUP9E0wzDhIy1jKTg567FRHlRrft1fiG1CsIIarNQcVL/6w1TkCWoSilvbC/yMwhk3JIXCebmfW8y4mPAR9hxqnqANZ4tJ5+zSOUMWp8YdTWzh/n4x44m10yRyNxNOY7ueFeZ/WS+n+DacSZ3lhFosP4pzxShlxdpsKA0KUlMHXBjpZmVizA0X5MopSgjWV96E9nU98OvBgw8lOIcLuIIAbuAOGtCEFgiI4QXe4N2beK/ex7KuLW/V2xn8kff5A76Ji4w=</latexit><latexit sha1_base64="9cY9kJtCPWSqPMMmv5ep/5txG1g=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86LHopccq9gPaUDbbTbt0swm7E6GE/gMvHhTx6j/y5r9x0+agrQ8GHu/NMDMvSKQw6LrfTmljc2t7p7xb2ds/ODyqHp90TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbTu9zvPnFtRKwecZZwP6JjJULBKFrpoVkZVmtu3V2ArBOvIDUo0BpWvwajmKURV8gkNabvuQn6GdUomOTzyiA1PKFsSse8b6miETd+trh0Ti6sMiJhrG0pJAv190RGI2NmUWA7I4oTs+rl4n9eP8Xwxs+ESlLkii0XhakkGJP8bTISmjOUM0so08LeStiEasrQhpOH4K2+vE46V3XPrXv3bq1xW8RRhjM4h0vw4Boa0IQWtIFBCM/wCm/O1Hlx3p2PZWvJKWZO4Q+czx/QjYzc</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit><latexit sha1_base64="pWwupPjOLw/nIkVE8QwFHdRQj1s=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRS49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jps1Bqw8GHu/NMDMvSKQw6LpfTmltfWNzq7xd2dnd2z+oHh51TJxqxtsslrHuBdRwKRRvo0DJe4nmNAok7wbT29zvPnJtRKwecJZwP6JjJULBKFrpvlkZVmtu3V2A/CVeQWpQoDWsfg5GMUsjrpBJakzfcxP0M6pRMMnnlUFqeELZlI5531JFI278bHHpnJxZZUTCWNtSSBbqz4mMRsbMosB2RhQnZtXLxf+8forhtZ8JlaTIFVsuClNJMCb522QkNGcoZ5ZQpoW9lbAJ1ZShDScPwVt9+S/pXNQ9t+7dXdYaN0UcZTiBUzgHD66gAU1oQRsYhPAEL/DqTJ1n5815X7aWnGLmGH7B+fgG0c2M4A==</latexit>
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Status of Calculations From Buonanno  
Amplitudes 2018 
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Importing QFT Methods 

In QFT we are very good at perturbation theory.   
Vast experience with gauge and gravity theories. 

Highlight of imported field theory methods: 
1.  Unitarity method for building integrands.  
2.  Double copy: Gravity  ~ (gauge theory)2 
3.  Method of regions. 
4.  NRQCD and EFT methods. 
5.  IBP reductions for Feynman integrals. 
6.  Method of differential equations for Feynman integrals. 

Beneke and Smirnov 

ZB, Dunbar, Dixon, Kosower 

Chetyrkin, Tkachov; Laporta 

 Kotikov, ZB, Dixon and Kosower; Gehrmann, Remiddi; Henn, Smirnov 

We leverage advances in scattering amplitudes to help with  
gravitational-wave physics. 

Caswell and Lepage;  Luke, Manohar, Rothstein 

Kawai, Lewellen, Tye;  ZB, Carrasco, Johansson 
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There are now multiple methods for using amplitudes: 

All are fine.  Key issue at high orders is efficient loop integration. 

•  EFT matching to extract Hamiltonian 

•  Calculate physical observables 

•  Eikonal Phase 

•  Amplitude Action Relation 

•  Exponential representation 

•  Heavy mass field theory 

•  Spin methods 

•  World line formalisms 

ZB,  Parra-Martinez, Roiban, Ruf,  
Shen, Solon, Zeng 

Kosower, Maybee, O’Connell (KMOC) 

Damgaard, Plante, Vanhove 

Brandhuber, Chen, Travaglini, Wen 
Damgaard, Haddad, Helset  

Goldberger, Rothstein;  Levi, Steinhoff; 
Dlapa, Kälin, Liu, Porto;  
Jakobson, Mogul, Plefka, Steinhoff;  Edison, Levi 

Amati, Ciafaloni, Veneziano; 
Di Vecchia, Heissenberg, Russo, Veneziano  

Various Amplitudes Methods 

Cheung, Rothstein, Solon 
ZB, C. Cheung, R. Roiban, C. H. Shen, M. Solon, M. Zeng   

Arikani-Hamed, Huang, O’Connell;  Guevara, Ochirov, Vines, 
Chen, Huang, Kim, Lee; Bautista, Geuvara, Kavanagh;  
ZB, Luna, Roiban, Shen, Zeng + Kosmopoulos, Teng; 
Febres Cordero, Kraus,  Lin, Ruf, Zeng 
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Amplitude in Conservative Classical Potential Limit  
ZB, Cheung, Roiban, Shen, Solon, Zeng (BCRSSZ) 

  The computation of O(G3) or 3PM conservative part convinced our GR 
  friends that amplitude methods are useful: 

⌫ = µ/m,
<latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit><latexit sha1_base64="atApQQqVoGLjWbu59mHCn6wie8I=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQeKuCOYiBLx4jGAekI1hdjKbDJmZXeahhCX/4cWDIl79F2/+jbvJHjSxoKGo6qa7K4g508Z1v53Cyura+kZxs7S1vbO7V94/aOnIKkKbJOKR6gRYU84kbRpmOO3EimIRcNoOxjeZ336kSrNI3ptJTHsCDyULGcEmlR58adE18oU9F2eo1C9X3Ko7A1omXk4qkKPRL3/5g4hYQaUhHGvd9dzY9BKsDCOcTku+1TTGZIyHtJtSiQXVvWR29RSdpMoAhZFKSxo0U39PJFhoPRFB2imwGelFLxP/87rWhLVewmRsDZVkvii0HJkIZRGgAVOUGD5JCSaKpbciMsIKE5MGlYXgLb68TFoXVc+teneXlXotj6MIR3AMp+DBFdThFhrQBAIKnuEV3pwn58V5dz7mrQUnnzmEP3A+fwAcxZDo</latexit>

µ = mAmB/m,
<latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit><latexit sha1_base64="5YTa9h4XL5nsPcB9zv4Sl3LiVoU=">AAAB+XicbVBNSwMxEJ31s9avVY9egkXwIHVXBHsRql48VrAf0C4lm2bb0CS7JNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3ZWVtfWNzYLW8Xtnd29fffgsKHjVBFaJzGPVSvEmnImad0ww2krURSLkNNmOLyf+s0RVZrF8smMExoI3JcsYgQbK3VdtyNSdINE99bW3YU477olr+zNgJaJn5MS5Kh13a9OLyapoNIQjrVu+15iggwrwwink2In1TTBZIj7tG2pxILqIJtdPkGnVumhKFa2pEEz9fdEhoXWYxHaToHNQC96U/E/r52aqBJkTCapoZLMF0UpRyZG0xhQjylKDB9bgoli9lZEBlhhYmxYRRuCv/jyMmlcln2v7D9elaqVPI4CHMMJnIEP11CFB6hBHQiM4Ble4c3JnBfn3fmYt644+cwR/IHz+QMlE5H/</latexit>

� = E/m,
<latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit><latexit sha1_base64="NeNAZK1uv18gHvvZ4XpKoWiS82M=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4kLorgr0IBRE8VrAf0K4lm2bb0CS7JFmlLP0fXjwo4tX/4s1/Y7bdg7Y+GHi8N8PMvCDmTBvX/XaWlldW19YLG8XNre2d3dLeflNHiSK0QSIeqXaANeVM0oZhhtN2rCgWAaetYHSd+a1HqjSL5L0Zx9QXeCBZyAg2VnroDrAQGF2hmzNxWuyVym7FnQItEi8nZchR75W+uv2IJIJKQzjWuuO5sfFTrAwjnE6K3UTTGJMRHtCOpRILqv10evUEHVulj8JI2ZIGTdXfEykWWo9FYDsFNkM972Xif14nMWHVT5mME0MlmS0KE45MhLIIUJ8pSgwfW4KJYvZWRIZYYWJsUFkI3vzLi6R5XvHcind3Ua5V8zgKcAhHcAIeXEINbqEODSCg4Ble4c15cl6cd+dj1rrk5DMH8AfO5w8oqpDv</latexit>

E = E1 + E2,
<latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit><latexit sha1_base64="nGdzgsOmLeUd+i1EOzldGRLe7Ao=">AAAB+HicbVDLSsNAFL3xWeujUZduBosgKCUpgt0IBSm4rGAf0IYwmU7aoZNJmJkItfRL3LhQxK2f4s6/cdJmoa0H7uVwzr3MnRMknCntON/W2vrG5tZ2Yae4u7d/ULIPj9oqTiWhLRLzWHYDrChngrY005x2E0lxFHDaCca3md95pFKxWDzoSUK9CA8FCxnB2ki+XWqgG9TwXXRhevWy6Ntlp+LMgVaJm5My5Gj69ld/EJM0okITjpXquU6ivSmWmhFOZ8V+qmiCyRgPac9QgSOqvOn88Bk6M8oAhbE0JTSaq783pjhSahIFZjLCeqSWvUz8z+ulOqx5UyaSVFNBFg+FKUc6RlkKaMAkJZpPDMFEMnMrIiMsMdEmqywEd/nLq6RdrbhOxb2/KtdreRwFOIFTOAcXrqEOd9CEFhBI4Rle4c16sl6sd+tjMbpm5TvH8AfW5w9iUZBF</latexit>

⇠ = E1E2/E
2,

<latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit><latexit sha1_base64="cHxOmGvUBdvmLVKiC/pmhEAnubc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwSK4kJoUwW6EghRcVrAPaGOYTCft0MmDmYkYSv0VNy4UceuHuPNvnLRZaOuBC4dz7uXee7yYM6ks69tYWV1b39gsbBW3d3b39s2Dw7aMEkFoi0Q8El0PS8pZSFuKKU67saA48DjteOPrzO88UCFZFN6pNKZOgIch8xnBSkuuWeo/MnSFGq6tq3reuK+eFV2zbFWsGdAysXNShhxN1/zqDyKSBDRUhGMpe7YVK2eChWKE02mxn0gaYzLGQ9rTNMQBlc5kdvwUnWhlgPxI6AoVmqm/JyY4kDINPN0ZYDWSi14m/uf1EuXXnAkL40TRkMwX+QlHKkJZEmjABCWKp5pgIpi+FZERFpgonVcWgr348jJpVyu2VbFvL8r1Wh5HAY7gGE7Bhkuoww00oQUEUniGV3gznowX4934mLeuGPlMCf7A+PwBoJuSHg==</latexit>

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

•  Amplitude remarkably compact. 

•  Derived conservative scattering angle has simple mass dependence. 

•  Extracted Hamitonian requested by our GR friends. 

Observed by Antonelli, Buonanno, Steinhoff, van de Meent, Vines (1901.07102) 
Comprehensive understanding:  Damour 

m = m1 +m2

<latexit sha1_base64="lxKRqmBouKj2UfzrlbbFCp25kYY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIsgCGWmFNSFUHTjsoJ9QDuUTJppQ5PMmGQKZeh3uHGhiFs/xp1/Y9rOQlsP3MvhnHvJzQlizrRx3W8nt7a+sbmV3y7s7O7tHxQPj5o6ShShDRLxSLUDrClnkjYMM5y2Y0WxCDhtBaO7md8aU6VZJB/NJKa+wAPJQkawsZIv0A0SPQ9d2F7pFUtu2Z0DrRIvIyXIUO8Vv7r9iCSCSkM41rrjubHxU6wMI5xOC91E0xiTER7QjqUSC6r9dH70FJ1ZpY/CSNmSBs3V3xspFlpPRGAnBTZDvezNxP+8TmLCKz9lMk4MlWTxUJhwZCI0SwD1maLE8IklmChmb0VkiBUmxuZUsCF4y19eJc1K2auWrx+qpdptFkceTuAUzsGDS6jBPdShAQSe4Ble4c0ZOy/Ou/OxGM052c4x/IHz+QMJIJBY</latexit>
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Key Question: How do we know it is right?    
Original check: 

Compared to 4PN Hamiltonians after canonical transformation 

Thibault Damour seriously questioned correctness. 
 Specific corrections proposed. 

Damour, Jaranowski, Schäfer; Bernard, Blanchet, Bohé, Faye, Marsat 
 

1.   Papers confirming our result  in 6PN overlap. 

2.  Subsequent calculations reproducing our 3PM result. 

3.  Scattering angle checks. 

4.  Adding real radiation solves mass singularity puzzle. 

Blümlein, Maier,  Marquard,  Schäfer;  
Bini, Damour, Geralico 

Cheung and Solon;   Kälin, Liu, Porto 

Damour, arXiv:1912.02139v1 

ZB, Ita, Parra-Martinez, Ruf 

3PM results have passed highly nontrivial checks and careful scrutiny. 

Subsequent calculations confirm our 3PM Hamiltonian: 

Di Vecchia, Heissenberg, Russo,Veneziano;  Damour  
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Higher Order Scalability: O(G4) 

Our GR friends wanted the next order. 
Methods scale well. 

ZB, Parra-Martinez, Roiban, Ruf,  
Shen, Solon, Zeng 

At 4PM or O(G4) similar, except cuts more complicated and integrals 
significantly harder.  



High Loop Integration 
Integration more challenging beyond 2 loops.  

Developed a hybrid approach that combines ideas from various methods: 

1. Method of regions to separate potential and radiation.  

2. Nonrelativistic integration.  Velocity expand and then mechanically    
    integrate.   Get first few orders in velocity. Boundary conditions. 

3.  Integration by parts and differential equations.  Imported from QCD. 

    Single scale integrals!  

•  Many tools available:   FIRE6 is more than sufficient at 3 loops. 
•  Elliptic integrals make an appearance.  Just a minor annoyance. 

Chetyrkin, Tkachov; Laporta; Kotikov, Bern, Dixon and Kosower; Gehrmann, Remiddi. 

Cheung, Rothstein, Solon   

Parra-Martinez, Ruf, Zeng 

Smirnov, Chuharev 

ZB,  Parra-Martinez, Roiban, Ruf. Shen, Solon, Zeng 

0 =

Z LY

i

dD`i
(2⇡)D

@

@`µi

Nµ(`k, pM )

Z1 . . . Zn

<latexit sha1_base64="p5b8rfXLzHBhR5sxhFKhnwYO0Io="></latexit>

Solve linear relations between integrals 
in terms of master integrals. IBP: 

DEs: 
@

@si
Imaster
j = simplified via IBP

<latexit sha1_base64="iaFHmQluC3sb/RwZyoswhPJsTvE="></latexit>

Solve DEs either as series or basis of functions. 
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Beneke and Smirnov 



The O(G4) Conservative Contributions 

Iteration.  No need to compute 

tail effect 

O(G4) amplitude 

� = p1 · p2/m1m2,
<latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit><latexit sha1_base64="wnwGavkLMfoXiwKN+rsm1oNkW2w=">AAACCHicbZDLSsNAFIYn9VbrLerShYNFcCE1UwS7EQpuXFawF2hCmEwm7dCZJMxMhBK6dOOruHGhiFsfwZ1v46TtQlt/GPj4zzmcOX+Qcqa043xbpZXVtfWN8mZla3tnd8/eP+ioJJOEtknCE9kLsKKcxbStmea0l0qKRcBpNxjdFPXuA5WKJfG9HqfUE3gQs4gRrI3l28euYgOB4TVMfQRdEibaUP1C+Ej49fOKb1edmjMVXAY0hyqYq+XbX26YkEzQWBOOleojJ9VejqVmhNNJxc0UTTEZ4QHtG4yxoMrLp4dM4KlxQhgl0rxYw6n7eyLHQqmxCEynwHqoFmuF+V+tn+mo4eUsTjNNYzJbFGUc6gQWqcCQSUo0HxvARDLzV0iGWGKiTXZFCGjx5GXo1GvIqaG7y2qzMY+jDI7ACTgDCFyBJrgFLdAGBDyCZ/AK3qwn68V6tz5mrSVrPnMI/sj6/AEXYJdo</latexit>

⌫ = m1m2/(m1 +m2)
2
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elliptic 
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D = 4� 2✏

This is the complete conservative contribution.  

ri  rational coefficients 

ZB, Parra-Martinez, Roiban, Ruf, Shen, Solon, Zeng  

Amplitude action relation:  Classical amplitude is exponential of radial action.  

•  Derived using Feynman i epsilon prescription. 
•  Real part identical to result using Damour’s PV prescription for conservative. 



How Do We Know it is Right? 
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•  Some disagreement in one term with 5PN of Blumlein, Maier, Marquard, Schafer. 
•  Claim by Diapa, Kalin, Liu, Porto in their calculation that we dropped “memory”  
      pieces. We disagree. 

First 3 terms match PN results of Bini, Damour, Geralico! 

ZB, Parra-Martinez, Roiban, Ruf,  
Shen, Solon, Zeng 

Prior to the completion of our result, Bini, Damour and Geralico presented first  
three terms in the velocity expansion of the scattering amplitude: 

Seems there is always some controversy: 



Status 
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1)   Disagreements with Blumlein et al and Porto et al still need to  
      be fully resolved, though consensus is starting to form.  
 
  

Damour’s “Good Polynomiality”:  No 1/(m1 + m2).  Manifest in the  
scattering amplitude.   

2) We give a Hamiltonian valid for (unbound) hyperbolic motion.   
    Analytic continuation (bound) elliptic motion at O(G4)  
    is nontrivial.  “Tail Effect”.   This issue is similar to the one  
    encountered in PN expansion.   

Forthcoming paper from Bjerrum-Bohr, Vanhove, Plante, also confirms our 
result.  

3) Great progress on dissipative part.  Odd in velocity terms 
    computed.  

Manohar, Ridgeway, Shen 
See Shen’s talk. 
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Case of Spin 
ZB, A. Luna, R. Roiban, C. H. Shen, M. Zeng 
ZB, Kosmopoulos, Luna, Roiban, Teng 
ZB, Kosmopoulos, Luna, Roiban, Sheoepner, Teng, to appear S2 

S1 

Two issues I will summarize here: 
 
1.  How to define define EFT for Kerr black hole 2 body interactions?  
           
2.  How many physical parameters (Wilson coefficients) are needed 
      to describe gravitational coupling to generic spinning objects (e.g.  
       neutron stars)?  
       Results suggest more parameters than previously appreciated. 

Kerr black holes. 
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Basic Setup 
ZB,  Luna Roiban,  Shen, Zeng  

1-1 correspondence to worldline Lagrangian. Porto, Rothstein;  Levi, Steinhoff 

S2 

S1 

In classical limit Lorentz generators correspond to spin tensors : 

We start with an EFT of particle with arbitrary spin  

By construction we satisfy: 

arbitrary spin 
field 

trivial in the rest frame 
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Extra Operators 
ZB, Kosmopoulos, Luna, Roiban, Teng 

Infinite classes of extra operators, e.g. “H” class: 

•  H2 = 1 improves high energy behavior of Compton. 
•  Black hole solution picks  H2 = 1. 
•  For 3 point matrix element in classical limit this Lagrangian looks to be  
     redundant.                          makes extra operators redundant.   SSC. 
Besides these there are infinite classes of other operators with higher powers 
of Riemann, 

Cucchieri, Porrati, Deser; Chiodaroli, Johansson, Pichini 

R2 operators at S4 and beyond: 

<latexit sha1_base64="ZLNcz5ALcUNvskGrlCOZdQt8gD8=">AAAB/XicbVDLSgMxFM34rPU1PnZugkVwVWZU1I1QdOOyon1AZxwyadqGJpkhD6EOxV9x40IRt/6HO//GtJ2Fth643MM595KbE6eMKu15387c/MLi0nJhpbi6tr6x6W5t11ViJCY1nLBENmOkCKOC1DTVjDRTSRCPGWnE/auR33ggUtFE3OlBSkKOuoJ2KEbaSpG7m0YBN/D2PrMtEGYIL6AXuSWv7I0BZ4mfkxLIUY3cr6CdYMOJ0JghpVq+l+owQ1JTzMiwGBhFUoT7qEtalgrEiQqz8fVDeGCVNuwk0pbQcKz+3sgQV2rAYzvJke6paW8k/ue1jO6chxkVqdFE4MlDHcOgTuAoCtimkmDNBpYgLKm9FeIekghrG1jRhuBPf3mW1I/K/mn5+OakVLnM4yiAPbAPDoEPzkAFXIMqqAEMHsEzeAVvzpPz4rw7H5PROSff2QF/4Hz+AE4qlHs=</latexit>

pµS
µ⌫ = 0
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Consistency Checks 
ZB, Kosmopoulos, Luna, Roiban, Teng 

Strong check: with appropriate choices of Wilson coefficients, our Compton  
through S3 matches the one recently obtained from world line. 

Saketh and Vines (a few days ago) 

Our three point interactions match known results: 

Vines Kerr black hole is Cn = 1 

At this level the operators in         and         are redundant. 

Compton 

<latexit sha1_base64="Izu/oHX2H4eVVUe4RsGLtiLx2ac=">AAAB9XicdVDLSgMxFL1TX7W+qi7dBIvgqsyoqMtiNy5cVLAPaMeSSTNtaJIZkoxShv6HGxeKuPVf3Pk3ZtoK9XXgwuGce7mHE8ScaeO6H05uYXFpeSW/Wlhb39jcKm7vNHSUKELrJOKRagVYU84krRtmOG3FimIRcNoMhtXMb95RpVkkb8wopr7AfclCRrCx0m3aEdgMCOboatytdoslr+xOgNxf5MsqwQy1bvG904tIIqg0hGOt254bGz/FyjDC6bjQSTSNMRniPm1bKrGg2k8nqcfowCo9FEbKjjRoos5fpFhoPRKB3cxC6p9eJv7ltRMTnvspk3FiqCTTR2HCkYlQVgHqMUWJ4SNLMFHMZkVkgBUmxhZVmC/hf9I4Knun5ePrk1LlYlZHHvZgHw7BgzOowCXUoA4EFDzAEzw7986j8+K8TldzzuxmF77BefsEKFuSSw==</latexit>
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Kerr Black Holes At O(G2) 

Through G2  and S4 only blue structures contribute to black hole interactions:  

QFT Kerr black hole conjecture: 
•  Structures must satisfy shift symmetry:  

•  At high-energy amplitudes should not grow faster than tree level. 

Classical limit:   
Similar simultaneous conjecture from Aoude, Haddad, Helset.  

We use this conjecture to define Kerr black hole 2 body interactions. 

<latexit sha1_base64="3ZSUlA8ZV7dwtg83guRUdyDDTTU=">AAAB/nicbZDLSsNAFIZPvNZ6i4orN4NFcFUTFXUjFN24rGgv0MYwmU7aoTNJmJkIJRR8FTcuFHHrc7jzbZy2WWjrDwMf/zmHc+YPEs6Udpxva25+YXFpubBSXF1b39i0t7brKk4loTUS81g2A6woZxGtaaY5bSaSYhFw2gj616N645FKxeLoXg8S6gncjVjICNbG8u1d7LOHtkjRJbqb0JHwmW+XnLIzFpoFN4cS5Kr69le7E5NU0EgTjpVquU6ivQxLzQinw2I7VTTBpI+7tGUwwoIqLxufP0QHxumgMJbmRRqN3d8TGRZKDURgOgXWPTVdG5n/1VqpDi+8jEVJqmlEJovClCMdo1EWqMMkJZoPDGAimbkVkR6WmGiTWNGE4E5/eRbqx2X3rHxye1qqXOVxFGAP9uEQXDiHCtxAFWpAIINneIU368l6sd6tj0nrnJXP7MAfWZ8/AX2U4g==</latexit>

aµi = Sµ
i /mi

coefficients 

spin structures 
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q = p2 + p3
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uµ
i = pµi /mi
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Guevara, Ochirov, Vines; Chen, Huang, Kim, Lee; ZB, Luna, Roiban, Shen, Zeng, 
Bautista, Guevara, Kavanagh; Aoude, Haddad, Helset 
 

ZB, Kosmopoulos, Luna, Roiban, Teng 
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Black Holes through S5 and Beyond 

Determined by shift symmetry and  
demanding good high-energy behavior. 

Matches results from Aoude, Haddad, Helset, who used similar ideas to  
also go to even higher powers of spin. 

<latexit sha1_base64="5Bzq+KfAKtjXfuTPxkhj84Muo2A="></latexit>
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Determines G2 S5 conservative  
interactions between two  
Kerr black holes 
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Extra Wilson Coefficients in Field Theory 

Starting at S3 we have extra independent Wilson coefficients 
 compared to worldline approach. 

Worked out dependence on H and C series of operators through S5 
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Extra Wilson Coefficients 

How many Wilson coefficients are needed to describe a generic spinning  
object in GR?  We have extra physically distinct ones. 
 
After imposing SSC single Wilson coefficient at O(S2) 
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Field theory 3 independent operators: 

•  Physically distinct in impulse or scattering angle starting from O(G2)  S3 

•  Kerr Black holes  have definite values of Wilson coefficients.  

Worldline 1 independent operator  
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pµS
µ⌫ = 0SSC: 
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Tracking Source of Extra Wilson Coefficients 

To track source of the extra Wilson coefficients:  
•  Switch to E&M where mismatch with field theory start at lowest order in S1,  
     not S3.  Much easier!   
•  Redo the worldline but impose SSC only on initial condition. 
•  Solve equations with and without Lagrange multiplier  
      term.     

At lowest order in spin:   

ZB, Kosmopoulos, Luna, Roiban, Trevor Scheopner, Teng, to appear 

Lagrange multiplier 
imposing SSC 

•  With Lagrange multiplier active, W2 term effectively drops out. 
•  Dropping Lagrange multiplier term leaves one extra Wilson coefficient,  
      matching S1 result of field theory approach to E&M. 
•  With specific choice of W2 can match result of enforcing SSC throughout. 

Fewer Wilson coefficients come from imposing SSC throughout. 

Formalism from Steinhoff; Vines, Kunst, Steinhoff, Hinderer  

<latexit sha1_base64="7ijmCfcDKGBV9QtCJi5SNgqEl6U="></latexit>
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Extra Thanks to Justin Vines 
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Tracking Source of Extra Wilson Coefficients 
ZB, Kosmopoulos, Luna, Roiban, Trevor Scheopner, Teng, to appear 

1.  Identified source of the discrepancy in physical parameters between field  
       theory and worldline approach as due imposing SSC throughout. 
2.  Principles of EFTs suggest our QFT count is the proper one. 
3.  Reason this was not noticed earlier: Prior to O(G2) and O(S3),  in physical  
      quantities extra operators redundant. Beyond this distinct physical effects. 
4.  Issue of basic importance:  How many physical parameters  
      describe spinning neutron stars (or any other generic object)? 

Looking forward to fully resolving this together with GR friends. 

Still to be done: 
1.  Higher order in spin in E&M. 
2.  Work this out in gravity, not E&M. 
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•    Scattering amplitudes give us new ways to think about problems  
     of current interest in general relativity.  

•  Pushed state of the art: G4 conservative part complete. 

•  Conjecture for defining Kerr black hole G2 2 body  Hamiltonian.     
         — Shift symmetry  
         — Good high-energy behavior 

•  We found extra physical parameters for describing interaction  
      of generic spinning objects with gravitational field.  
          — Identified source of extra parameters on the word line. 
          — Complete resolution and consensus still needed. 

Summary 

Amplitudes approaches are pushing the state of the art in  
post-Minkowskian framework and providing new insights into 
physical questions. 
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Nordita Program Proposal 2023:

Amplifying Gravity at All Scales
June 26 – July 21, 2023

Program Organizers:

(1) Prof. Henrik Johansson (corresponding coordinator)
Division of Theoretical Physics, Uppsala University, Sweden
Email: henrik.johansson@physics.uu.se
Expertise: Gauge/gravity scattering amplitudes, algebraic structures in QFT, supergravity construc-
tions, relations between string and field theory, higher-spin amplitudes
Dates present: June 26 – July 21

(2) Prof. Daniel Baumann
University of Amsterdam, The Netherlands & National Taiwan University, Taipei, Taiwan
Email: d.d.baumann@uva.nl
Expertise: Microscopic origin of inflation, cosmological correlators, primordial gravitational waves
Dates present: July 10 – July 21

(3) Prof. Zvi Bern
Director, Mani L. Bhaumik Institute for Theoretical Physics, UCLA, Los Angeles, USA
Email: bern@physics.ucla.edu
Expertise: Scattering amplitudes, gravity, precision QCD, unitarity, EFT and PM calculations
Dates present: July 3 – July 21

(4) Prof. Alessandra Buonanno
Director, Max Planck Institute for Gravitational Physics, Potsdam, Germany
Email: alessandra.buonanno@aei.mpg.de
Expertise: Astrophysical and Cosmological Relativity, analytical and numerical models of gravitational-
wave sources, application to data analysis
Dates present: July 3 – July 21

(5) Prof. John Joseph Carrasco
Department of Physics and Astronomy, Northwestern University, Evanston, Illinois, USA
Email: carrasco@northwestern.edu
Expertise: Scattering amplitudes in formal & effective field theories, their double copy structure,
precision correlation calculations in cosmology, attractor inflationary models
Dates present: June 26 – July 21

(6) Prof. Paolo Di Vecchia
Nordita, Stockholm, Sweden & Niels Bohr Institute, University of Copenhagen, Denmark
Email: divecchi@nbi.dk
Expertise: String theory, ultra-relativistic scattering, EFT description of QCD, axion physics
Dates present: June 26 – July 21

(7) Prof. Andrea Puhm
CNRS and CPHT, École Polytechnique, Palaiseau, France
Email: andrea.puhm@polytechnique.edu
Expertise: Celestial Amplitudes, Flat Space Holography, Asymptotic Symmetries, Black Holes,
Quantum Information, Gravitational Aspects of String Theory
Dates present: June 26 – July 14

(8) Prof. Oliver Schlotterer
Division of Theoretical Physics, Uppsala University, Sweden
Email: oliver.schlotterer@physics.uu.se
Expertise: Scattering amplitudes in string theories, their implication for double copy of perturbative
gravity and their mathematical structure (period integrals, modular forms)
Dates present: June 26 – July 21

1

Daniel Baumann, Zvi Bern,  Alessandra Buonanno, 
John Joseph Carrasco, Paolo Di Vecchia, Henrik Johansson,  
Andrea Phum, Oliver Schlotterer 

All kinds of gravitational amplitudes and applications: 
- quantum gravity amplitudes, strings, supergravity
- multiloop integration
- gravitational waves and classical GR
- EFT methods
- celestial amplitudes
- cosmology, inflation, curved space amplitudes

Organizers:

Focus event conference:
From Scattering Amplitudes to Gravitational Waves
July 24 – 28, 2023  
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2023 South American 
School on Modern Amplitudes 
Methods. Sao Paulo, Brazil. 

“This school is going to be a blast!”  
Nima 

If you know students in South 
America please make sure they know. 
 
If you have colleagues in South America  
please make sure they know to send  
students. 

Note: Will overlap Amplitudes School  
at CERN next year but no problem. 

Lining up great lecturers. 
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EXTRA 
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Comparison with Numerical Relativity 
Khalil, Buonanno, Steinhoff, Vines 
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As an interesting check compare to numerical relativity: 

Numerical data from Damour, Guercilena, Hinder, Hopper, Nagar, Rezzolla 

Surprisingly good agreement with numerical relativity. 
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 Double Copy as a Tool for Gravity 
Kawai, Lewellen, Tye 
ZB, Carrasco, Johansson 

color/kinematics duality 

simply take 

color factor        kinematic numerator 

gauge theory         gravity theory 

Feynman  
propagators 

gauge theory: 
kinematic  
numerator 

color factor 

gravity: 

Color Jacobi Kinematic Jacobi 

 Gravity  ~ (gauge theory) x (gauge theory)   

Applications:  supergravity, web of theories, gravitational waves 

<latexit sha1_base64="7tZNoFmEYWbG7soaMhRxxJYcCGM="></latexit>

Mtree
m = i

⇣
2

⌘m�2 X

j

njnj

Di

<latexit sha1_base64="qb6aVITShF1D2HX8V76Q+Ra+x/Y=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIVdVl047KCfUAbwmQ6aaedTMLMjVJD8VfcuFDErf/hzr9x2mahrQcuHM65l3vvCRLBNTjOt7WwuLS8slpYK65vbG5t2zu7dR2nirIajUWsmgHRTHDJasBBsGaiGIkCwRrB4HrsN+6Z0jyWdzBMmBeRruQhpwSM5Nv71O/jtuLdHhCl4geMpd/37ZJTdibA88TNSQnlqPr2V7sT0zRiEqggWrdcJwEvIwo4FWxUbKeaJYQOSJe1DJUkYtrLJteP8JFROjiMlSkJeKL+nshIpPUwCkxnRKCnZ72x+J/XSiG89DIukxSYpNNFYSowxHgcBe5wxSiIoSGEKm5uxbRHFKFgAiuaENzZl+dJ/aTsnpdPb89Klas8jgI6QIfoGLnoAlXQDaqiGqLoET2jV/RmPVkv1rv1MW1dsPKZPfQH1ucP6vKU4w==</latexit>cj ! nj
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Two Body Problem 
From Antelis and Moreno, arXiv:1610.03567   

 part we want to improve 

•  Small errors accumulate.  Need for high precision.  
•  Input to EOB or other modeling to reliably approach merger. 
•  Two primary inputs:  binding energy and frequency shift.  

Buonanno and Damour 
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“… and we urge amplitude experts to use their novel techniques to  
compute the 2-loop scattering amplitude of scalar masses, from  
which one could deduce the third post-Minkowskian effective 
 one-body Hamiltonian.” 

Hard to resist an invitation with this kind of clarity! 
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EFT Approach 

Goldberger and Rothstein 
Neill, Rothstein 
Cheung, Rothstein, Solon (2018) 

No need to re-invent the wheel. 
Build EFT from which we can read off potential. 

Match amplitudes of this theory to the full theory in classical limit to  
extract a potential which can then be directly used for bound state. 

A, B scalars 
represents spinless 
black holes 

The EFT is used to define the potential and 2 body Hamiltonian. 
This gives us binding energy. 

two body potential 

A 

B 
V 

A 

B 
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Effective Field Theory Approach 

Gravitational 
Scattering 

Amplitudes  

Effective 
Field Theory 

Methods 

Post 
Minkowskian 

Potentials 

We prefer this method when pushing into new territory. 

ZB, Cheung,  Roiban,  Shen, Solon, Zeng  

Beneke, Smirnov (Method of regions) 
Goldberger, Rothstein; 
Porto; Neill, Rothstein;  
Vaydia, Foffa , Porto, Rothstein, Sturani;  
Kol, Smolkin, Levi, Steinhoff, etc. 
 

Kawai, Lewellen, Tye 
ZB, Dixon, Dunbar and Kosower  
ZB, Dixon, Dunbar, Perelstein, Rozowsky 
ZB, Carrasco, Johansson; Etc 

Amplitudes 
community 

EFT  
community 

Cheung, Rothstein, Solon (2018) 

The EFT directly gives us a two-body Hamiltonian of a form appropriate to  
enter LIGO analysis  pipeline (after importing into EOB or pheno models). 

In a form useful for 
bound-state problem 
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EFT Matching 

Roundabout but efficiently determines potential.  

(complicated) (simpler) 
Amplitude methods 
double copy 

full general relativity effective theory 

tree amplitude 

generalized  
unitarity 

loop integrand 

Loop integration 
Method of regions 

GR loop amplitude 

identical 
physics 

= 

potential 

loop integrand 

build  
ansatz 

Feynman 
diagrams 

EFT loop amplitude 

~ ! 0

loop 
integration 
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Nontrivial Double Copy and Spin 
ZB,  Luna Roiban,  Shen, Zeng  

Consider generic O(G) energy momentum tensor for spin: 

Does this have a double-copy construction?   Yes! 

On-shell, can factorize the energy momentum tensor: 

At O(G) energy momentum tensor factorizes 
to all orders in spin!  Only works on shell.   

For  matches Vines’ Kerr black hole tensor CES2n = 1, CBS2n = 1

<latexit sha1_base64="Dd7an2qjr2X4D+SNJLZebAqPJWI=">AAACDXicbZDLSsNAFIYn9VbrLerSzWAVXEhJSkFFhNIiuKxoL9DGMplO26GTSZiZCCXkBdz4Km5cKOLWvTvfxkmbRW39YeDnO+dw5vxuwKhUlvVjZJaWV1bXsuu5jc2t7R1zd68h/VBgUsc+80XLRZIwykldUcVIKxAEeS4jTXdUTerNRyIk9fm9GgfE8dCA0z7FSGnUNY+q3ej67iEq8jiGV9A+hZ1LqFllhuW6Zt4qWBPBRWOnJg9S1brmd6fn49AjXGGGpGzbVqCcCAlFMSNxrhNKEiA8QgPS1pYjj0gnmlwTw2NNerDvC/24ghM6OxEhT8qx5+pOD6mhnK8l8L9aO1T9cyeiPAgV4Xi6qB8yqHyYRAN7VBCs2FgbhAXVf4V4iATCSgeYhGDPn7xoGsWCXSpc3Jby5UoaRxYcgENwAmxwBsrgBtRAHWDwBF7AG3g3no1X48P4nLZmjHRmH/yR8fULwbqY1Q==</latexit>

"(s, p) = "(sL, p)⌦ "(sR, p)
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Closely related to worldline Lagrangian. 

gauge theory  

Porto, Rothstein;  Levi, Steinhoff 

Gravity  


