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Motivation

N ≥ 3-body systems are commonplace in our universe...

[Pfeifle et al. 1908.01732]

... and exhibit incredibly rich physical properties

[Campanelli, Lousto, Zlochower 0710.0879]
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Many-Body Gravitational Systems

Newtonian gravity is linear: ”more is the same”

VN-body
(
{p⃗, x⃗}

)
= −

∑
i<j

Gmimj

rij

Einsteinian gravity is non-linear: ”more is different”

VN-body
(
{p⃗, x⃗}

)
=

∑
i<j

V(2)ij

(⃗
x, p⃗

)
+

∑
i<j<k

V(3)ijk

(⃗
x, p⃗

)︸ ︷︷ ︸+
∑

i<j<k<l

V(4)ijkl

(⃗
x, p⃗

)
+ ...

−
G2mimjmk

2rijrik
+ ...

Basic Question: what is the gravitational potential between N compact bodies?
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Overview

What this talk is about:

General framework for calculating V(N) for N > 2 using scattering amplitudes
methods.

New challenges compared to the 2-body problem and prospects for
overcoming them.

Explicit calculation of O
(
G2) 3-body potential in general relativity and

Einstein-Maxwell theory.

Present robust evidence that our calculation is correct.

What this talk is not about:

Solving N-body equations of motion, numerical methods, exact solutions, PN
corrections to chaos...

Astrophysics of N-body systems, dense star clusters, hierarchical triples, calculating
gravitational waveforms...
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PM and PN for N-bodies

VN-body (⃗x, p⃗) =
∑
ij

V(2)ij (⃗x, p⃗)

︸ ︷︷ ︸
O(G)

+
∑
ijk

V(3)ijk (⃗x, p⃗)

︸ ︷︷ ︸
O(G2)

+
∑
ijkl

V(4)ijkl (⃗x, p⃗)︸ ︷︷ ︸
O(G3)

+...

At fixed PM or PN order, need finite multiplicity amplitude for VN-body.

What is the state-of-the art?

V0PNN-body (⃗x, p⃗) =
∑
ij

V(2)ij (⃗x, p⃗)

︸ ︷︷ ︸
tree-level

[Newton 1687]

V1PNN-body (⃗x, p⃗) =
∑
ij

V(2)ij (⃗x, p⃗)

︸ ︷︷ ︸
one-loop

+
∑
ijk

V(3)ijk (⃗x, p⃗)

︸ ︷︷ ︸
tree-level

[Einstein, Infeld, Hoffmann 1938]

V2PNN-body (⃗x, p⃗) =
∑
ij

V(2)ij (⃗x, p⃗)

︸ ︷︷ ︸
two-loop

+
∑
ijk

V(3)ijk (⃗x, p⃗)

︸ ︷︷ ︸
one-loop

+
∑
ijkl

V(4)ijkl (⃗x, p⃗)︸ ︷︷ ︸
tree-level

[Ohta et al. 1974; Schafer 1987; Chu 2008]
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Can scattering amplitudes methods help push the
state-of-the-art for N-body dynamics in GR?
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Potentials from Scattering Amplitudes

Potential is calculated by matching Feynman amplitudes (full theory)

+

to Lippmann-Schwinger amplitudes (EFT )

V + V V + ...

in the limit of small momentum transfer |⃗q1| ∼ |⃗q2| ∼ |⃗q3| ∼ 0.
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Potentials from Scattering Amplitudes

Example: Three-body potential at O
(
G2v∞

)
(2PM)

+ = V|G2 + V|G V|G

Born series solution of relativistic Lippmann-Schwinger equation

T|G2
(
p⃗i, q⃗i

) !
= −V|G2

(
p⃗i, q⃗i

)
−

∫
k⃗i

V|G
(⃗
ki, p⃗′i − k⃗i

)
V|G

(
p⃗i, k⃗i − p⃗i

)
∑

i

[
Ei
(
p⃗i
)
− Ei

(⃗
ki
)]

+ iϵ
+O

(
G3

)

where E(p⃗) =
√

|⃗p|2 +m2.

+V|G2 = − V|G V|G

Take ℏ → 0 limit ⇔ expand to O
(
|⃗q|−4).
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More is different
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Iteration Contributions

Momentum space 3-body Hamiltonian:

H(p⃗, q⃗) =
∑
i

√
|⃗pi|2 +M2

i +
∑
ijk

δ(3)
(
q⃗i + q⃗j

)
δ(3)

(
q⃗k
)
V(2)ij

(
p⃗, q⃗

)
+ δ(3)

(
q⃗1 + q⃗2 + q⃗3

)
V(3)

(
p⃗, q⃗

)

H(p⃗, q⃗) =
∑
i

√
|⃗pi|2 +M2

i +
∑
ijk

δ(3)
(
q⃗i + q⃗j

)
δ(3)

(
q⃗k
)
V(2)ij

(
p⃗, q⃗

)
+ δ(3)

(
q⃗1 + q⃗2 + q⃗3

)
V(3)

(
p⃗, q⃗

)
2PM 3-body potential contribution from tree-like iteration of 1PM 2-body potential

V V Localize−−−−→

V(2)

V(2)

p⃗1

p⃗2

p⃗3

Not sufficient to calculate 2-body potential in center-of-mass frame

k-body potential, k ≤ N in general frame needed as input for N-body calculation.
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Gauge Dependence and Energy Conservation

Why is the effective potential not gauge invariant?

M2
(
p⃗i, q⃗i

) !
= −V(2)

(
p⃗i, q⃗i

)
+O

(
G2

)
.

M2
(
p⃗i, q⃗i

) !
= −V(2)

(
p⃗i, q⃗i

)
+O

(
G2

)
.

q⃗1 + q⃗2 = 0,
2∑

i=1

[
Ei (⃗pi) − Ei (⃗pi − q⃗i)

]
=

p⃗1 · q⃗1
E1 (⃗p1)

−
p⃗2 · q⃗1
E2 (⃗p2)

+ O
(
|⃗q|2

)
= 0.

(Generalized) isotropic gauge: p⃗1 + p⃗2 ̸= 0, can rewrite all p⃗ · q⃗ as
(
p⃗1 + p⃗2

)
· q⃗1.
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+O
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2-body 1PM Hamiltonian in general frame (generalized isotropic gauge):

V(2)gen-iso
(
p⃗i, q⃗i

)
= −

4πG
(
m2

1m
2
2 − 2

(
p⃗1 · p⃗2 − E1(p⃗1)E2(p⃗2)

)2)
E1(p⃗1)E2(p⃗2)

[(
(p⃗1 + p⃗2) · q⃗1

E1(p⃗1) + E2(p⃗2)

)2

︸ ︷︷ ︸
”Energy transfer”

−|⃗q1|2
] .
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V(2)gen-iso
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= −

G
(
m2

1m
2
2 − 2

(
p⃗1 · p⃗2 − E1E2

)2)
r12E1E2

√
1−

(
p⃗1+p⃗2
E1+E2

)2

1+

(
(⃗p1+p⃗2)·⃗x12

E1+E2

)2(
1−

(
p⃗1+p⃗2
E1+E2

)2
)
r212


−1/2

.
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Gauge Dependence and Energy Conservation

M3
(
p⃗i, p⃗′i

) !
= − V(3) −

V(2)

V(2)

+ ... + O
(
G3)

3-body (classical) conservation of energy ambiguity. Example:

V(3)
(
p⃗i, q⃗i

)
∼ V(3)

(
p⃗i, q⃗i

)
+

G2

|⃗q1|2 |⃗q2|2 |⃗q3|2

(
p⃗1 · q⃗1
E1(p⃗1)

+
p⃗2 · q⃗2
E2(p⃗2)

+
p⃗3 · q⃗3
E3(p⃗3)

)2

︸ ︷︷ ︸
∼

∑
i[Ei (⃗pi)−Ei (⃗p′i )]

.

How do we compare potentials calculated in different gauges?

Calculate explicit canonical transformations.

Calculate gauge invariant physical observables

∆O ℏ→0
= ⟨in|S†OS|in⟩ − ⟨in|O|in⟩

classical scattering amplitude is an integral kernel for classical observables, e.g. ∆pµi and ∆Jµνi
[Kosower, Maybee, O’Connell 2018].
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Iteration Subtraction

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Misalignment of graviton poles:
NFull[(

p⃗1 ·⃗q1
E1

)2
− q⃗21

]
(p2 · q1)

[(
p⃗3 ·⃗q3
E3

)2
− q⃗23

] −
NEFT[(

(⃗p1+⃗p2)·⃗q1
E1+E2

)2
− q⃗21

]
(p2 · q1)

[(
(⃗p2+⃗p3)·⃗q3

E2+E3

)2
− q⃗23

] .

Physically acceptable 3-body gauge fixing:

1. Cancellation of spurious matter singularities

2. Cancellation of super-classical O
(
q−5) terms

+ = O
(
q−4)

3. Manifest SN permutation symmetry {p⃗i, q⃗i,mi,Qi}

.

13



Iteration Subtraction

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Misalignment of graviton poles:
NFull[(

p⃗1 ·⃗q1
E1

)2
− q⃗21

]
(p2 · q1)

[(
p⃗3 ·⃗q3
E3

)2
− q⃗23

] −
NEFT[(

(⃗p1+⃗p2)·⃗q1
E1+E2

)2
− q⃗21

]
(p2 · q1)

[(
(⃗p2+⃗p3)·⃗q3

E2+E3

)2
− q⃗23

] .

Physically acceptable 3-body gauge fixing:

1. Cancellation of spurious matter singularities

2. Cancellation of super-classical O
(
q−5) terms

+ = O
(
q−4)

3. Manifest SN permutation symmetry {p⃗i, q⃗i,mi,Qi}

.

13



Iteration Subtraction

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Misalignment of graviton poles:
NFull[(

p⃗1 ·⃗q1
E1

)2
− q⃗21

]
(p2 · q1)

[(
p⃗3 ·⃗q3
E3

)2
− q⃗23

] −
NEFT[(

(⃗p1+⃗p2)·⃗q1
E1+E2

)2
− q⃗21

]
(p2 · q1)

[(
(⃗p2+⃗p3)·⃗q3

E2+E3

)2
− q⃗23

] .

Physically acceptable 3-body gauge fixing:

1. Cancellation of spurious matter singularities

2. Cancellation of super-classical O
(
q−5) terms

+ = O
(
q−4)

3. Manifest SN permutation symmetry {p⃗i, q⃗i,mi,Qi}

.

13



Iteration Subtraction

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Misalignment of graviton poles:
NFull[(

p⃗1 ·⃗q1
E1

)2
− q⃗21

]
(p2 · q1)

[(
p⃗3 ·⃗q3
E3

)2
− q⃗23

] −
NEFT[(

(⃗p1+⃗p2)·⃗q1
E1+E2

)2
− q⃗21

]
(p2 · q1)

[(
(⃗p2+⃗p3)·⃗q3

E2+E3

)2
− q⃗23

] .

Physically acceptable 3-body gauge fixing:

1. Cancellation of spurious matter singularities

2. Cancellation of super-classical O
(
q−5) terms

+ = O
(
q−4)

3. Manifest SN permutation symmetry {p⃗i, q⃗i,mi,Qi}

.
13



Iteration Subtraction

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Misalignment of graviton poles:
NFull[(

p⃗1 ·⃗q1
E1

)2
− q⃗21

]
(p2 · q1)

[(
p⃗3 ·⃗q3
E3

)2
− q⃗23

] −
NEFT[(

(⃗p1+⃗p2)·⃗q1
E1+E2

)2
− q⃗21

]
(p2 · q1)

[(
(⃗p2+⃗p3)·⃗q3

E2+E3

)2
− q⃗23

] .

Physically acceptable 3-body gauge fixing:

1. Cancellation of spurious matter singularities
2. Cancellation of super-classical O

(
q−5) terms

+ = O
(
q−4)

3. Manifest SN permutation symmetry {p⃗i, q⃗i,mi,Qi}

.
13



Iteration Subtraction

Imperfect cancellation between full theory and EFT iteration

−
V(2)

V(2)

̸= 0

Misalignment of graviton poles:
NFull[(

p⃗1 ·⃗q1
E1

)2
− q⃗21

]
(p2 · q1)

[(
p⃗3 ·⃗q3
E3

)2
− q⃗23

] −
NEFT[(

(⃗p1+⃗p2)·⃗q1
E1+E2

)2
− q⃗21

]
(p2 · q1)

[(
(⃗p2+⃗p3)·⃗q3

E2+E3

)2
− q⃗23

] .

Physically acceptable 3-body gauge fixing:

1. Cancellation of spurious matter singularities
2. Cancellation of super-classical O

(
q−5) terms

+ = O
(
q−4)

3. Manifest SN permutation symmetry {p⃗i, q⃗i,mi,Qi} .
13



N-body PN Fourier Transforms

Really want the potential in position space, e.g. for N-body simulation.

Post-Minkowskian N-body Fourier transforms may be too difficult. Best we can do is velocity
expand before integration.

3∏
i=1

[∫ d3q⃗i
(2π)3

ei⃗xi ·⃗qi
]

(2π)3δ(3)
(⃗
q1 + q⃗2 + q⃗3

)
|⃗q1|2 |⃗q2|2 |⃗q3|2

∝
∫

d3−2ϵ⃗x0
1

|⃗x0 − x⃗1||⃗x0 − x⃗2||⃗x0 − x⃗3|

∝
∫

d3−2ϵ⃗x0
1

|⃗x0 − x⃗1|2 |⃗x0 − x⃗2||⃗x0 − x⃗3|

∝
∫

d3−2ϵ⃗x0
∫

d3−2ϵ⃗y0
1

|⃗x0 − x⃗1||⃗x0 − x⃗2||⃗x0 − y⃗0||⃗y0 − x⃗3||⃗y0 − x⃗4|

Leading 4-body potential is not known in closed form! [Chu 2008]
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N-body PN Fourier Transforms

Really want the potential in position space, e.g. for N-body simulation.

Post-Minkowskian N-body Fourier transforms may be too difficult. Best we can do is velocity
expand before integration.
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N-body PN Fourier Transforms

Needed 3-body integrals

Id=3−2ϵ
3 [α1, α2, α3] ≡

∫
d3−2ϵx⃗0

1
|⃗x0 − x⃗1|2α1 |⃗x0 − x⃗2|2α2 |⃗x0 − x⃗3|2α3

.

At O
(
G2) need αi ∈ Z+ 1

2 : what is the space of functions?

Id=3−2ϵ
3 [α1, α2, α3] =

A
ϵ
+ B+ C log (r12 + r13 + r23) +O (ϵ)

where A,B, C are polynomials in rij [Loebbert, Plefka, Shi, Wang 2020].

Why is the answer so simple?

Reducible to triple-K integrals [Bzowski, McFadden, Skenderis 2013]

Id3 [α1, α2, α3] ∝
∫ ∞

0
dxx

d
2−1K d

2−α2−α3
(r23x) K d

2−α1−α3
(r13x) K d

2−α1−α2
(r12x)

15
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N-body PN Fourier Transforms

General αi: formal hypergeometric series expression [Boos, Davydychev 1991]

Id=3−2ϵ
3 [α1, α2, α3] ∼ F4

[
...;

r212
r223

,
r213
r223

]
+ 3 more terms,

has a region of convergence r12 + r13 < r23

r12

r13

r23

the reverse triangle inequality! Converges nowhere in physical region.
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N-body PN Fourier Transforms

Construct new, convergent series expansion in hierarchical limit r12 ≪ r13 ∼ r23

r12
r13

r23

Evaluate order-by-order using method of regions [Beneke, Smirnov 1998]

I3−2ϵ
3

[
1,

1

2
,
1

2

]
=

2π(2r213 − x⃗12 · x⃗13)
3r313ϵ

+
4π

9r313

[
3(⃗x12 · x⃗13 − 3r213) log(r12) + x⃗12 · x⃗13 + 3r213 log(r13)

]
+ ...

Converges in the physical region for generic αi.

Provides all necessary Fourier transform integrals at O
(
G3) in hierarchical limit.
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Putting it all together

18



Main Result: 3-body Hamiltonian at 2PM

H
(⃗
p, q⃗

)
=

∑
i

√
|⃗pi|2 + M2

i +
∑

(ijk)∈S3

[
(2π)6δ(3)

(⃗
qi + q⃗j

)
δ
(3) (⃗qk) 1

2
V(2)ij

(⃗
p, q⃗

)
+ (2π)3δ(3)

(⃗
q1 + q⃗2 + q⃗3

)
V(3)ijk

(⃗
p, q⃗

)]
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+ V(3)subtraction,ijk

(
p⃗, q⃗

)
V(3)Y,ijk =

1

8EiEjEk

256π2G2

q2i q
2
j q

2
k

[ (
qi · qj

) (
2m2

k (pi · pj)
2 + 2m2

i (pj · pk)
2 − 4

(
pi · pj

)
(pi · pk)

(
pj · pk

)
− m2

i m
2
j m

2
k

)
+ (pk · qi)

(
pk · qj

) (
m2

i m
2
j − 2(pi · pj)

2
)
− 2m2

k

(
pi · pj

) (
pi · qj

) (
pj · qi

)
+

(
pj · qi

) (
pk · qj

) (
4
(
pi · pj

)
(pi · pk) − 2m2

i

(
pj · pk

))
+ QiQj

( 1

2
m2

k

(
pi · qj

) (
pj · qi

)
−

(
qi · qj

)( 1

2
m2

k

(
pi · pj

)
− (pi · pk)

(
pj · pk

))
− 2

(
pj · pk

) (
pi · qj

)
(pk · qi) +

(
pi · pj

)
(pk · qi)

(
pk · qj

))]
,

V(3)V,ijk =
1

8EiEjEk

64π2G2

q2i q
2
k

[
8m2

i (pj · pk)
2 − 16

(
pi · pj

)
(pi · pk)

(
pj · pk

)
− QiQ

2
j Qk (pi · pk) + 8QiQj (pi · pk)

(
pj · pk

)]
.
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1

32EiE3j Ek

256π2G2
((

pi · pj
) (

QiQj − 2
(
pi · pj

))
+ m2

i m
2
j

) ((
pj · pk

) (
QjQk − 2

(
pj · pk

))
+ m2

j m
2
k

)
q2i q

2
k

Anti-matter singularity far away from classical region.

19



Main Result: 3-body Hamiltonian at 2PM

H
(⃗
p, q⃗

)
=

∑
i

√
|⃗pi|2 + M2

i +
∑

(ijk)∈S3

[
(2π)6δ(3)

(⃗
qi + q⃗j

)
δ
(3) (⃗qk) 1

2
V(2)ij

(⃗
p, q⃗

)
+ (2π)3δ(3)

(⃗
q1 + q⃗2 + q⃗3

)
V(3)ijk

(⃗
p, q⃗

)]

V(3)ijk

(
p⃗, q⃗

)
= V(3)Y,ijk

(
p⃗, q⃗

)
+ V(3)V,ijk

(
p⃗, q⃗

)
+ V(3)anti-matter,ijk

(
p⃗, q⃗

)
+ V(3)subtraction,ijk

(
p⃗, q⃗

)

i
j

k

i
j

k

V(2)

V(2)

time

−

19



Main Result: 3-body Hamiltonian at 2PM

H
(⃗
p, q⃗

)
=

∑
i

√
|⃗pi|2 + M2

i +
∑

(ijk)∈S3

[
(2π)6δ(3)

(⃗
qi + q⃗j

)
δ
(3) (⃗qk) 1

2
V(2)ij

(⃗
p, q⃗

)
+ (2π)3δ(3)

(⃗
q1 + q⃗2 + q⃗3

)
V(3)ijk

(⃗
p, q⃗

)]

V(3)ijk

(
p⃗, q⃗

)
= V(3)Y,ijk

(
p⃗, q⃗

)
+ V(3)V,ijk

(
p⃗, q⃗

)
+ V(3)anti-matter,ijk

(
p⃗, q⃗

)
+ V(3)subtraction,ijk

(
p⃗, q⃗

)
V(3)subtraction,ijk = −

N (L)
ijk δN (R)

ijk + N (R)
ijk δN (L)

ijk

q̂(L)ijk q̂
(R)
ijk

+
δq(L)ijk N (L)

ijk N (R)
ijk

q̂(L)ijk q
(L)
ijk q̂

(R)
ijk

+
δq(R)ijk N (L)

ijk N (R)
ijk

q̂(L)ijk q̂
(R)
ijk q(R)ijk

+
∆Eijkδq

(L)
ijk δq(R)ijk N (L)

ijk N (R)
ijk

q̂(L)ijk q
(L)
ijk q̂

(R)
ijk q(R)ijk

Non-universal (theory dependent) functions:

N (L)
ijk

=
4πG

EiEj

[
m2

i
m2

j
− QiQjEiEj (ρij − 1) − 2E2

i
E2
j
(ρij − 1)2

]
+

2πG

E2
i
E2
j

[
m2

i
m2

j
(Ejτii − Eiτji ) + QiQjEiEj (Ei (ρij − 1)τji + Ej (τji − τiiρij ))

−2E2
i
E2
j
(ρij − 1)(Ej (τii (ρij + 1) − 2τji ) − Ei (ρij − 1)τji )

]

N (R)
ijk

=
4πG

EjEk

[
m2

j
m2

k
− QjQkEjEk (ρjk − 1) − 2E2

j
E2
k
(ρjk − 1)2

]

+
2πG

E2
j
E2
k

[ 1

2
m2

j
m2

k
(Ek (−2τii + τjk − 2τkk ) + Ejτkk ) +

1

2
QjQkEjEk (Ek (ρjk (2τii − τjk + 2τkk ) − 2(τki + τkk ) + τjk ) + Ej (τjk − τkkρjk ))

+E2
j
E2
k
(ρjk − 1)(Ek (2τii (ρjk + 1) − 4τki − ρjkτjk + 2τkk (ρjk − 1) + τjk ) + Ej (2τjk − τkk (ρjk + 1)))

]

δN (L)
ijk

=
2πG

EiEj
Ej

[
4EiEj (ρij − 1) + QiQj

]
, δN (R)

ijk
= −

2πG

EjEk
(Ej + 2Ek )

[
4EjEk (ρjk − 1) + QjQk

]

Ei =
√
|⃗pi|2 + m2

i
, ρij =

p⃗i · p⃗j

EiEj
, τij =

p⃗i · q⃗j

Ei
.
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Main Result: 3-body Hamiltonian at 2PM

H
(⃗
p, q⃗

)
=

∑
i

√
|⃗pi|2 + M2

i +
∑

(ijk)∈S3

[
(2π)6δ(3)

(⃗
qi + q⃗j

)
δ
(3) (⃗qk) 1

2
V(2)ij

(⃗
p, q⃗

)
+ (2π)3δ(3)

(⃗
q1 + q⃗2 + q⃗3

)
V(3)ijk

(⃗
p, q⃗

)]

V(3)ijk

(
p⃗, q⃗

)
= V(3)Y,ijk

(
p⃗, q⃗

)
+ V(3)V,ijk

(
p⃗, q⃗

)
+ V(3)anti-matter,ijk

(
p⃗, q⃗

)
+ V(3)subtraction,ijk

(
p⃗, q⃗

)
V(3)subtraction,ijk = −

N (L)
ijk δN (R)

ijk + N (R)
ijk δN (L)

ijk

q̂(L)ijk q̂
(R)
ijk

+
δq(L)ijk N (L)

ijk N (R)
ijk

q̂(L)ijk q
(L)
ijk q̂

(R)
ijk

+
δq(R)ijk N (L)

ijk N (R)
ijk

q̂(L)ijk q̂
(R)
ijk q(R)ijk

+
∆Eijkδq

(L)
ijk δq(R)ijk N (L)

ijk N (R)
ijk

q̂(L)ijk q
(L)
ijk q̂

(R)
ijk q(R)ijk

Cancellation of super classical O
(
q−5

)
terms:

N (L/R)
ijk

= N (R/L)
kji

+ O
(
q1

)
q(L/R)
ijk

= q(R/L)
kji

+ O
(
q3

)
q̂(L/R)
ijk

= q̂(R/L)
kji

+ O
(
q3

)
δq(L/R)

ijk
= −δq(R/L)

kji
+ O

(
q2

)
∆Eijk = −∆Ekji + O

(
q2

)
.
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How do we know this result is correct?
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Check #1: 3-Body PN Hamiltonians in GR

Compare with known PN 3-body results (classical world-line methods)

L(3)2PN =
∑
i

∑
j ̸=i

∑
k ̸=i

[
1

8rijrik

(
4(⃗nij · v⃗i)2 + 18⃗v2i − 16⃗v2j − 32⃗vi · v⃗j + 32⃗vj · v⃗k

)
+

1
8r2ij

(
14(⃗nij · v⃗k)(⃗nij · v⃗k)− 12(⃗nij · v⃗i)(⃗nik · v⃗k) + (⃗nij · n⃗ik)(⃗nik · v⃗k)2 − (⃗nij · n⃗ik )⃗v2k

)
+

2(⃗nij − n⃗jk) · v⃗ij
(r12 + r13 + r23)2

(
4(⃗nij + n⃗ik) · v⃗ij + (⃗nik + n⃗jk) · v⃗ik

)
+
9(⃗nij · v⃗ij)2 − 9⃗v2ij − 2(⃗nij · v⃗ik)2 + 2⃗v2ik

rij(rij + rik + rjk)

]
.

state-of-the-art O
(
G2v4

)
, ∼ 5000 terms [Loebbert, Plefka, Shi, Wang 2020].

Compare gauge invariant classical scattering amplitudes

L(3)2PN(x, v)
Legendre−−−−−→ H(3)

2PN(x, p)
Fourier−−−−→ H(3)

2PN(q, p)
Born−−→ M2PN

3 (q, p)

Agrees with our 2PM 3-body Hamiltonian up to O
(
G2p4

)
.
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Check #2: Probe Limit

Is any part of the answer fixed by probe (test mass) limit?

m1

m2

m3

|⃗p2| ∼ m2

|⃗p3| ∼ m3

”Trivial”, not sensitive to three-body interactions

H3-body
probe =

1− Gm1
2r12

1+ Gm1
2r12

m2
2 +

|⃗p2|2

1+ Gm1
2r12

1/2

+

1− Gm1
2r13

1+ Gm1
2r13

m2
3 +

|⃗p3|2

1+ Gm1
2r13

1/2

Need multi-center black hole solutions.
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Check #2: Probe Limit

Charged (extremal) black hole solution [Majumdar 1947; Papapetrou 1947]

ds2 = −U(⃗x)−2dt2 + U(⃗x)2d⃗x · d⃗x

A = U(⃗x)−1dt

U(⃗x) = 1+
N−1∑
i=1

GMi

|⃗x− x⃗i|
.

Q1 = M1 Q2 = M2

(Q3,M3)

|⃗p3| ∼ M3

Hprobe
(⃗
x3, p⃗3

)
⊃

G2M1M2

(
2M4

3 − 2Q3
(
|⃗p3|2 +M2

3
)3/2

+ 9M2
3 |⃗p3|2 + 6|⃗p3|4

)
(
|⃗p3|2 +M2

3

)3/2 r13r23 .

Agrees with 2PM 3-body EM Hamiltonian to LO in M3/M1,2 at O
(
G2p∞

)
.
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Check #3: Moduli Space Approximation

Q1 = M1 Q2 = M2

Q3 = M3
|⃗p1| ≪ M1

|⃗p3| ≪ M3

|⃗p2| ≪ M2

[Eardley, Ferrell 1987] effective Lagrangian for N extremal BHs at O
(
G∞v2

)
LMSA =

∑
i

1

2
Mi |⃗vi|

2+
3

8π

∫
d3⃗x0

1 +
∑
k

GMk

x0k

2 ∑
i,j

GMiMj

x30ix
3
0j

( 1

2

(⃗
x0i · x⃗0j

)
|⃗vi − v⃗j|

2 − (⃗x0i × x⃗0j) · (⃗vi × v⃗j)
) .

Valid in strong field regime rij ∼ GMi, exact to all-loop orders!

Moduli space approximation [Manton 1982]:

(0+ 1)-D σ-model w/ metric on target space = metric on moduli space .

Contains only two-, three- and four-body interactions: consequence of
supersymmetry [Gibbons, Papadopoulos, Stelle 1997]

24



Check #3: Moduli Space Approximation

Q1 = M1 Q2 = M2

Q3 = M3
|⃗p1| ≪ M1

|⃗p3| ≪ M3

|⃗p2| ≪ M2

[Eardley, Ferrell 1987] effective Lagrangian for N extremal BHs at O
(
G∞v2

)
LMSA =

∑
i

1

2
Mi |⃗vi|

2+
3

8π

∫
d3⃗x0

1 +
∑
k

GMk

x0k

2 ∑
i,j

GMiMj

x30ix
3
0j

( 1

2

(⃗
x0i · x⃗0j

)
|⃗vi − v⃗j|

2 − (⃗x0i × x⃗0j) · (⃗vi × v⃗j)
) .

Valid in strong field regime rij ∼ GMi, exact to all-loop orders!

Moduli space approximation [Manton 1982]:

(0+ 1)-D σ-model w/ metric on target space = metric on moduli space .

Contains only two-, three- and four-body interactions: consequence of
supersymmetry [Gibbons, Papadopoulos, Stelle 1997]

24



Check #3: Moduli Space Approximation

Q1 = M1 Q2 = M2

Q3 = M3
|⃗p1| ≪ M1

|⃗p3| ≪ M3

|⃗p2| ≪ M2

[Eardley, Ferrell 1987] effective Lagrangian for N extremal BHs at O
(
G∞v2

)
LMSA =

∑
i

1

2
Mi |⃗vi|

2+
3

8π

∫
d3⃗x0

1 +
∑
k

GMk

x0k

2 ∑
i,j

GMiMj

x30ix
3
0j

( 1

2

(⃗
x0i · x⃗0j

)
|⃗vi − v⃗j|

2 − (⃗x0i × x⃗0j) · (⃗vi × v⃗j)
) .

Valid in strong field regime rij ∼ GMi, exact to all-loop orders!

Moduli space approximation [Manton 1982]:

(0+ 1)-D σ-model w/ metric on target space = metric on moduli space .

Contains only two-, three- and four-body interactions: consequence of
supersymmetry [Gibbons, Papadopoulos, Stelle 1997]

24
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x0k
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i,j
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x30ix
3
0j

( 1

2

(⃗
x0i · x⃗0j

)
|⃗vi − v⃗j|

2 − (⃗x0i × x⃗0j) · (⃗vi × v⃗j)
)

⊃
3G2m1m2m3

4r12r13r23

[
2 (r12 + r13 − r23) |⃗v2 − v⃗3|

2

−
r12 (⃗v2 × v⃗3) · (⃗x13 × x⃗23) + r13

(
(⃗v2 × v⃗3) · (⃗x12 × x⃗23)

)
+ r23

(
(⃗v2 × v⃗3) · (⃗x13 × x⃗12)

)
2(r12 + r13 + r23)2

]
+ (cyclic) .

Agrees with 2PM 3-body EM Hamiltonian in extremal limit Qi = Mi at O
(
G2p2

)
.
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Conclusions and Future Directions

N-body classical gravitational dynamics are an exciting new direction for scattering
amplitudes methods.

More is different: new challenging aspects in this problem that only appear for
N ≥ 3-body interactions.

Our community is uniquely well-equipped to meet these challenges e.g. calculate
state-of-the-art Fourier transform integrals.

Future directions: 3PM + radiation, 2PM with spin3, hierarchical systems, classical
N-body observables (KMOC), ...

Thank You!
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