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1. Introduction: A reminiscence

Julian Schwinger’s ideas have strongly influenced my understanding of
phenomenological Lagrangians since 1966, when I made a visit to Har-
vard. At that time, I was trying to construct a phenomenological Lagrangian
which would allow one to obtain the predictions of current algebra for soft
pion matrix elements with less work, and with more insight into possible
corrections. It was necessary to arrange that the pion couplings in the
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DECOUPLING

FACTNature comes with many
hierarchies of scale, and detalls of
small distances are not needed to
understand long distances
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DECOUPLING

FACTQuantum field theory shares
this property that small distance
physics drops out of long distance
physics

A(?’)’L,M,Q) — Mpf (%7 )

~ MP? £(0,0) [1 + O(m/M)]

(modulo logarithms)



DECOUPLING

Behooves us to exploit this simplicity as
early as possible in a calculation: EFTs

A(m, M,0) ~ MP £(0,0) |1+ O(m/M)

Applicable everywhere because In
guantum physics we cannot help probing

very short distances\

By = (k[H, k) + 32, e o
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EXPLOITING HIERARCHIES

Simple example: two spinless fields

§ == [d'z [9,6" 0" + V(99)]
V(g ¢) = 3 ("¢ —v?)

Perturbative treatment: ¢ = v - \}5 (R + 11 )

So =% [ d*z [0, RO"R+ 0,1 O"T + \v?R?

2

Sine = — [ dia [;yi R(R?+1?) + X (R + 12)2}



EXPLOITING HIERARCHIES

Simple example: two spinless fields

Particle masses

2 _
m? =m?* = Xv* m; =0

R

Hierarchy E < m

Perturbative treatment:

Sine = — [ dia [;:;5 R(R?+1?) + X (R + 12)2}




EXPLOITING HIERARCHIES

Simple example: two spinless fields

Interactions

7/
7/
7/
_<
N\
N\
N

Ou ™0 + V(67 6)

' 1 (070 - %)

Perturbative treatment:

So = =% [ A%z |0, RO R+ 0,1 0" T + \v?R?

2

Sint 1= —fd4a:' {2):;’5 R(R2 —I—IZ) %(RQ +12)2}



EXPLOITING HIERARCHIES

Simple example: two spinless fields

Interactions

Perturbative treatment:

So = =% [ A%z |0, RO R+ 0,1 0" T + \v?R?

Sint 1= —fd4a:' {2);)5 R(R2 +IZ) %(RQ +12)2}



EXPLOITING HIERARCHIES

Lowenergy scattering:I(q) + I(p) — I(q') + I(p’)

. LX dza WONER aas

has (on shell) amplitude

2 | 2 m2_|_2p.q | m2_2q,q/ m2—2p-q’

A — _3iA i(Av)? [ 1 , 1 I 1 }

which at low energies becomes

A~ 2\ {(p-Q)2+(p-q’)2+(q-q’)2} L0 (m—G)

m4



EXPLOITING HIERARCHIEESSYMMETRIES
Lowenergy scattering:I(q) + I(p) — I(q") + I(p’)

Weaker than expected at energief < my

Turns out to persist to higher orderslin

has (on shell) amplitude

A: 3IA i(A'U)z { 1 | 1 | 1 }
5 5 | |

m?+2p-q = m?—2q-q’

which at low energies becomes

A~ 2\ {(p-Q)2+(p-q’)2+(q-Q’)2} L0 (m—G)

m4



EXPLOITING HIERARCHIEESSYMMETRIES

Lowenergy scattering:I(q) + I(p) — I(q') + I(p’)

Weaker than expected at energief < my

Turns out to persist to higher orderslin

has (on shell) amplitude

A Also true for lowenergy R+l scattering:

m

whicl ALAR+1 = R+ 1) >~ 2i)\ (q'qz/) + O (m_4)

A ~ 2\ {(p-Q)2+(p-q’)2+(q-Q’)2} L0 (m—G)

m4



EXPLOITING HIERARCHIEESYMMETRIES
Underlying symmetry ¢ — e ¢

S 1= — [ die [0,0704) + V(679)



EXPLOITING HIERARCHIESYyMMETRIES
Underlying symmetry ¢ — e’ ¢
=~ [d% [%cb*a“qb + V(ab*qﬁ)}

Better lowE variables: ¢ = (v | \}%) o1&/ V2

X=X = E+V2w




EXPLOITING HIERARCHIESYMMETRIES
Underlying symmetry ¢ — e ¢
§i=— [ d*z 0,670"6 + V(670)
Better lowE variables: ¢ = (v | \>/<§) i/ V2
XX =6+ V2w

—5 [d* [auxaﬂx+augaﬂg+m2x2}

Siﬂt:_fd4x |:(\/>§fu | 4'02) 0u§OHE - Q%XS | 1);5 Xﬂ



EXPLOITING HIERARCHIEESYMMETRIES
Underlying symmetry ¢ — e ¢

§ =~ [ d* [9,0"0"6 +V(6"9),

Better lowE variables: ¢ = (v |

X —7 X E—E+HV2w

Sime = — [ d*z K\/g -2 ucore I 2 x




EXPLOITING HIERARCHIESYMMETRIES
Underlying symmetry ¢ — e ¢
§i=— [ d*z 0,670"6 + V(670)
Better lowE variables: ¢ = (v | \}%) i/ V2
XX =6+ V2w

—5 [d* [@an“x—l—auga“ﬁ—k)\ﬁxz}

Sint :—fd433 K\/gv | 4,02) 0,§0"€ ;&%X?’ |

I < LX dza& WONZR & a



EXPLOITING HIERARCHIESYyMMETRIES
Underlying symmetry ¢ — e’ ¢
=~ [d% [%cb*a“qb + V(ab*qﬁ)}

Better lowE variables: ¢ = (v | \}%) o1&/ V2

X=X = E+V2w

e « LJ dza WONR &AS



EXPLOITING HIERARCHIEESSYMMETRIES

Moral: makesymmetriesmanifest ¢ — e ¢

You can use any variables you like, but |f

you use the wrong ones you will be sorry.

62yS 27

2 SAY 0 SN.

Qa o [ l|ga

Symmetries cannot always be realized linearly when

restricted to low energy variables

( R ) ( COS W
— .
i S1N W

VS

— SIn W
COS W

X=X €6+ V2w

)



EXPLOITING HIERARCHIESFTS

Another Moral: the leading lovenergy Hl scattering amplitude

A~ 9\ | 0 +d) +ad) | | (m ")

m4

A a LJNJSO)\ Sfe a ¢é2dZ R KI @S

7 (9,1 9"I)>

eff—

through the Feynman graph “~  LJ dza WONZ &

More remarkably: the order (E/m¢ontributions to
anylow energy observable are captured by this samg
Interaction, possibly witlA-corrected coefficient



EXPLOITING HIERARCHIESFTS

Why does this work?

A lowenergylagrangiannvolving only the light field must
exist because energy conservation ensures projecting onto
low-energy Is consistent with timevolution

PAe—thPA — e—’iHefft

It can always be written In terms of the low energy field
because this is a complete set of QFT operators at low energ

PN Fy20KSNI 2F 2SAYO0SNHQA
. content beyond encoding things like special relativity,

. unitarity, cluster decompositioretcin QM

But why isH.« so simple?d&gwhy local? why no Th? terms?)



EXPLOITING HIERARCHIESFTS

Localityls a consequence of the uncertainty principle

N\ 7/
N 7/

Vs
N\ 7/ 7/
\, P S 7/
7/ S ‘
7 \ /7
7’ N 7 N

Because energy conservation forbids actually producing therr
heavy states can only influence light states as virtual particles

Uncertainty relations allow temporary production of a state
with energym only for time intervalsx < 1/m

P (T—y)
G _?’f (27?)4 pQ—I—fm2

’L o0 0* & 4
— m?2 £Luk=0 (W) 0 (,CU I y)




EXPLOITING HIERARCHIESFTS

More complicated interactions dimensionally cost more
powers of 1/m, so should be less important at low energies

Lot =2 —5(0,EO1E) + 25(0,£ 01€)?
-4 (01€ OHE)> + - -

so working to fixed order in E/m only involves a fixed number
of interactions

Explains special role played imyhormalizablanteractions
(unsuppressed by 1/m) in describing Nature

ﬁren — g3m£3 - 9454

(renormalizablantnsforbidden for toy model by symmetry)




EXPLOITING HIERARCHIEFTS

Why not start atl/m??

L= 9(0,£0%0ME) + 2%(0,0,£ 09V E)

1/m?terms (and other 1/mterms) are alredundant

ﬁ — (almaQ)( 5626“5) a22 ay(aﬂgauayg)

e g total derivativé



EXPLOITING HIERARCHIEFTS

Why not start atl/m??

L= 9(0,£0%0ME) + 2%(0,0,£ 09V E)

1/m?terms (and other 1/mterms) are alredundant

[ — (alm az)( 5828“5) | %22 3,,(8,@7 MY €)
le a total derivative or can pe removed with a field redefinitic

§ — &4 251 92 ¢ for which
—5 0u§0ME — —5 0,601 + #2531 (9,£0%04¢)
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WILSON ACTION

Suppose heavy and light degrees of freedom exist but only
the light ones are ever measured:

(O(0)) = [ DLDh SR O4)
Most simple If m/M expansion Is done as early as possible

Define lowenergy byE </ and theWilson actiorby

SiSAll] — [ Dh SiS[E,h)
SO

(0(0)) = [ De tS218 O(0)



WILSON ACTION

Important Properties follow from the definition:

1. Same lowenergy expansion for, &pplies toall
low-energy observables

(0(0)) = [*De eiSall O ()

2a. The precise form for Sepends in detail on precisely
how the high and lowenergy sectors get split up

SiSAll — [ Dh SiS[E,h)

2b. The detalls In, $reciselycanceltheir counterparts In
the measure once physical quantities are computed

(O(0)) = [ DL Dh 56 O



WILSON ACTION RENORMALIZATION

Why renormalization is a good thing:

S appears in the path integral in the same way as does
the traditional classical action

(0(0)) = [ De 5218 O(0)

The cancellation df -dependence of integral
with the dependence in,Sounds exactly Iike---@---
traditional way of describing renormalization

L b ()

Qphys  ao(A)

Surely the classical action is really just a Wilson action| for
a still higher UV completion?




WILSON ACTION RENORMALIZATION

EFTs &imensional regularizatiarCan use freedom of
definition to use dirreg (rather than cutoffs like )in the
STFSOUADBS UKS2NE 046A0K O2dzL]

Cutoffsplit Dim-reg split
UV:/ h

UV:/ h M

__________ L EFTY




WILSON ACTION RENORMALIZATION

EFTs &imensional regularizatiarCan use freedom of
definition to use dirreg (rather than cutoffs like )in the
STFSOUADBS UKS2NE 046A0K O2dzL]

CutoffDefinition: Dim-Reg Definition:

High-energy sector: High-energy sector:
all modes oh fields all modes oh

& E >L modes of

Lowenergy sector:
Low-energy sector: all modes of

E <L modes of

These differ only in how they treat highergy modes (E£
modes of/) and so diff. can be absorbed into eff. couplings.



WILSON ACTION POWER COUNTING

Dimensional regularization allows more precise identification
of which interactions contribute at each order in energy/m.

L = M4 Zn M —ngy—fn O(adn7 ¢fn)

f fields — d, derivatives

N ——

Use these to build a Feynman graph wléxternal linesL
loops anadV, vertices withf fields andd, derivatives

pr—

Eexternal lines— Lloops,V,, vertices




WILSON ACTION POWER COUNTING

Use relations amongd#, |, L, Yoming from fact they connect
together to make a graph

F + 2] = Zn f,V,, (conservation of ends)
L=1+1— Zn V.. (definition of # of loops)

Track factors of M andv from vertices and use dimensional
analysis to determine power of external energy scale

L = M4 Zn M —ngy—fn O(adn7 ¢fn)



WILSON ACTION POWER COUNTING

Use relations amongd#, |, L, Yoming from fact they connect
together to make a graph

F + 2] = Zn f,V,, (conservation of ends)
L=1+1— Zn V.. (definition of # of loops)

Track factors of M andv from vertices and use dimensional
analysis to determine power of external energy scale

Only positive powers of external energy scalenplies
systematic lonenergy expansion beyond leading order.



WILSON ACTION POWER COUNTING

Forexamplein the toy model we had = M == m

Amplitude withEexternalx particles depends on external
energy scal€) by an amount

where all interactions satisfy d,, > f,, > 4

WhenE = 4argest contributionhag./, =0 and V,, = 1

T

for which 1 onlyif d, = f, =4
A~ (1) -
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EVOLVING BACKGROUND FIELDS

Timedependent background field€an EFTs be used with
time-dependent backgrounds?

Naively not, because energy conservation is central while
energy for fluctuations need not be conserved for time
dependent backgrounds.

They can if evolution is adiabatic, &6 dA/dt << UV scales.

Then energy levels vary parametrically with tirges E/(1).
Must also demand high and low energy levels do not cross.




EVOLVING BACKGROUND FIELDS

Toy model of two spinless fields
§ == [diz [0,07040 + V(679)
V(¢*o) =% (¢%6 —v?)

Low energy EFT: S o — 42;2

Time dependent classical solutio

¢C1 — L0 eiwt

2
EOM: P0 = \/’U2 -




EVOLVING BACKGROUND FIELDS

Classical energy partly kinetic and partly due to field climbing
the potential

c= ¢ o+ V =w? (VP4 2

The EFThas no V, so how does it
account forthe potential energy?

1 2 3\ 4
& = 55 | 47)7,4S
2

Effective interaction (with same coupling as needed for scattering)
provides precisely the required classical energy




EVOLVING BACKGROUND FIELDS

Classical energy partly kinetic and partly due to field climbing
the potential

c= ¢ o+ V =w? (VP4 2

The EFT has no V, so how does it
account for the potential energy?
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ELECTROWEAK EFA EERMI THEORY

The Standard Model provides many examples of hierarchies
scale (some of which helped EFT methods to be discovered)

Weak decays proceed through W exchange

L W,JH + c.c. o

N
2\/_ AN \\\\ \

Fermitheory describes weak :
Interactions at low energies

Lr="J5 i -




ELECTROWEAK EFA®ED

Masslesspin1 particle
F,, =0,A4, —0,A,

Free action

A_not a 4vector!

A, — A, +0,w

Nonderivative couplings to other matter

Smat = € [d*z A, JH () = 0,JH(¢¥) =0

Gauge Invariance and conserved currgnt
required by Lorentz invariance!



ELECTROWEAK EFA®ED

At low energies renormalizable interactions should
dominate. What are possibilities for electrgrmphoton?

Eren — _iF,ul/FuV — 1?(7“% + m)w
—ieAME’y“w

All other interactions involve couplings with dimensions of
iInverse length (so are not renormalizable).

QED emerges at low energies as the most general f

allowed for static massless spome coupling to matter




ELECTROWEAK EFASIEUTRINOS

At low energies renormalizable interactions should
dominate. What are possibilities onceutrinoincluded?

Eren — _iF,ul/Fuy N E(’)ﬂuaﬂ -+ m)w
—v(y10, + m/ v — ieA, Py

All other interactions involve couplings with dimensions of
iInverse length (so are not renormalizable).

Given their guantum numbers it should be no surprige
that neutrinos only Interact very weakly at low energies




ELECTROWEAK EFA3OP QUARK ANBIIGGSLOOPS

EFTsdentify dominant dependence of top and Higgs masses
IN precision measurements.

W, Z

Lowestdimensia interactions are most sensitive to large
masses. Lowest dimension interactions in EFT below Higgs
mass are gauge boson masses

Lo=MWWH+ MZZ, 7"

Are there top/Higgs loops that contribute large effects {o
these masses and that can be measuredgS!




ELECTROWEAK EFASOP QUARK ANBPIIGGSLOOPS
Both W and Z masses come from one source in SM itself
Lo € DMHTD“H = M,, = M, cos@,

Large topbottom corrections are measurable if they change
this relationship between W and Z masses

Q (5M,3} 6M§ N SQm%
M?2 M? — 16w sin® 0, M2,

Measurements of this combination provided limit on toy
mass before it was found. Higgs only contributes

logarithmically due to an accidental symmetry.




d
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EFT EXAMPLE

SUBSTRUCTURE
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SUBSTRUCTUREHIRAL PERTURBATION THEORY

Fields in an EFT need not represent just fundamental particle
Nor must the underlying physics be weakly coupled.

For instance quarks and
gluons are replaced by
nucleons and mesons In
an EFT at energies below
1 GeV




SUBSTRUCTUREHIRAL PERTURBATION THEORY

Becauseionsare Goldstone bosons foran &=
approximate SU(2) x SU(2) symmetry of Q@
their low-energy interactions are modadel
iIndependent

ﬁeﬂ-‘ ~ F; gab(é’) 8M9a 8“917

with

Gab(0) = dap (5122 9) + 60,04 (92—93?2 9)

Because the symmetry iIs broken by quark masses can
develop low energy predictions as a serieki(@p F)and

m,/(4pF)6 WOKA NI f LISNI dzND I 0 A 2




SUBSTRUCTUREHIRAL PERTURBATION THEOR

Pion selinteractions at leading order In the
expansion are controlled by a single
parameterk

Implies relations amongst the leanergy pion scattering
F YL AOQdZRB 2 YO WXKSBSRPNBYaAQU

Better yet, the parameteFcan also be measured using the
measured lifetime for chargegiondecayst™ — u™ v



SUBSTRUCTURBEOINT PARTICLE EFTS

Anycomposite body can also be treated as elementary In this
way when probed at energies and momenta with insufficient
resolution to see its substructure

Centre of mass position becomes lanergy variable, leading to
ordinary single particle QM as the EFT




EFT EXAMPLE

NREFT
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NREFT NONRELATIVISTIC EFTS

For energies below a particle mass, any appearance of this
particle in the lowenergy theory must be nonrelativistic.

0Sf2¢ GKS LI NI AOf S

This can be allowed if the rest mass of the heavy particle Is
Inaccessible, such as If it Is stable and in the absence of antiparticls

Practical examples include EFTs describing atoms for which energi
of Interest are much smaller than electron/nuclear rest mass

Can be defined as leenergy limit of a sector of fixed conserved
charge (electric, or baryonetc)



NREFT NONRELATIVISTIC EFTS

Effective nonrelativistic theory obtained in two steps:
Integrating out the antiparticle

o(x) =), (ap e’’’ + ax e—W) (relativistic)
(:D('CC) — Zp CLp eipﬂf
5('/“8) — Zp C_lp eipx

Reset the zero of energy to exclude the rest mass

— (nonrelativistic)

_/

() — (2m) "1/ 2e=m | B(x) + 5*(@




NREFT NONRELATIVISTIC EFTS

The leading NR EFT Is Schrodinger field theory:

{9,004 + m2¢*¢} — L(3*9,® — DO, ")

L Vo - VO + 1 |0,P + - -

Starting from the Dirac action leads to a similar result for the z
component spiralf field \Il(gj) such as used iIegHQET

Isgur, Wise
Nonrelativistic systems have multiple leemergy scales, whose
small dimensionless ratio is the particle veloaty

2

m > p = |p| = O(mv) > E = £ = O(mv?)



NREFT© NRQED

More generally can perform usual matching procedure by
choosing effective couplings in NR theory such that it agrees
with low-energy limit of relativistic higlenergy theory.

Example NRQED: Caswell, Lepage

Lo=iPT0,¥ + quO(\IJT\I;) (electrostatic)



NREFT© NRQED

More generally can perform usual matching procedure by
choosing effective couplings in NR theory such that it agrees
with low-energy limit of relativistic higlenergy theory.

Example NRQED: Caswell, Lepage
Lo=1VT0,¥ +e,A(¥TW) (dipole)
Ly = 2 UIV20 { e AL [(VOH T — TTV ]

SLA2(UT) 4 S ¢, B+ (Uio U)




NREFT© NRQED

More generally can perform usual matching procedure by
choosing effective couplings in NR theory such that it agrees
with low-energy limit of relativistic higlenergy theory.

Example NRQED: Caswell, Lepage
EO — z\Ifch‘?t\I! —+ Bqu(\IfT\If)
Ly = 2 UIV20 4 X AL [(VOH W — TTV ]

SLA2(UT) H 2 e, B+ (VUio )

(Pauli)



NREFT© NRQED

More generally can perform usual matching procedure by
choosing effective couplings in NR theory such that it agrees
with low-energy limit of relativistic higlenergy theory.

Example NRQED: Caswell, Lepage

EO — z\Ifch‘?t\I! —+ Bqu(\IfT\If)
Ly = 2 UIV20 4 X AL [(VOH W — TTV ]

% c; Ui (DxE-ExD)u
- (UTo W) - (Vo U) + 92 (UT0) (WD)




NREFT© NRQED

More generally can perform usual matching procedure by
choosing effective couplings in NR theory such that it agrees
with low-energy limit of relativistic higlenergy theory.

Example NRQED: Caswell, Lepage
Lo=1iUT0,U + e, Ag(TTT)

Ly = 2 UIV20 4 X AL [(VOH W — TTV ]

S A2(QT) 4 C1 e, B - (U0 W)

Lo = 2L cp(VTW)(V - E)

M

2m

1€,

(spinorbit) 8m

- (UTo W) - (Vo U) + 92 (UT0) (WD)



NREFT© NRQED

More generally can perform usual matching procedure by
choosing effective couplings in NR theory such that it agrees
with low-energy limit of relativistic higlenergy theory.

Example NRQED: Caswell, Lepage
EO — z\Ifch‘?t\I! —+ quo(\IfT\If)
Ly = 2 UIV20 4 X AL [(VOH W — TTV ]
SLA2(UT) 4 S ¢, B+ (Uio U)
Lo= % cp(VTT)(V-E)
1 e Ulo. (DXE—-ExD)¥
(contact) L (W) - (Vo U) + S5 (UT0) (V1)




NREFT© NRQED

Matching to QED at high energielstained by comparing (for
small momentum transfer) with

YYYvY

(b) (d)

obtained by comparin¢for small momentum transfer) with




NREFT© NRQED

Similarly fompositroniummatching gives the contact interaction:

Lo=2(UlgW). (OTo @) + L5 (VTT)(DTP)

m?2

with

ds __ 3T« 052 —11’1 m? | 23 In 2 4 17T —|—O(053)

and so on




NREFT© NRQED

Similarly fompositroniummatching gives the contact interaction:

Lo=2(UlgW). (OTo @) + L5 (VTT)(DTP)

m?2

with _
d 3T« 2
. =

X

Imaginary

contributions coming
from evaluating
annihilation graphs at
threshold



NREFT NRQED

Can use Schrodinger atomic wavefunctions to evaluate
observables like positronium energy shifts or decay rates

AFws({ =0) =0E,(S=1)—40FE,(S =0)
= mg (aCF o Redv)

ns 3

=5 [§ - & (n2+ )]

[o(l =S =0) = — 22 m (d, +3d, ) = 25

[,(0=0,8=1) o Im(d, — ds) =0




EFT EXAMPLE

GRAVITY
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GRAVITY0 NONRENORMALIZABLE

Massless spH2 particle
h;u/ — hl/,u huy — h’/M —+ f)MV,, -+ 8,/‘//“

Free action

Nonderivative couplings to other matter

Smat = & [ Az h,,TH () = 0,T" () =0

Conserved stress energy requires
nonrenormalizable coupling



