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Gauge invariance of the QCD Lagrangian
The QCD action is given by an integral over the spacetime of the QCD Lagrangian

1 _ _

A

Kinetic term for the gluons Kinetic term for quarks Mass term for quarks

The gauge group for the theory is SU(3): Unitary 3x3 matrices with determinant equal to unity.
An element of the group : Q = exp(iw’t,) with Q" = Q™! ; det[Q] = 1. 1, are Hermitian 3x3
matrices with k = 1,2,...8.

l//““f are fermionic fields with three indices

Direct indices: a = 1,2,3,4 : The Dirac gamma matrices acts on a

Colour Indices: a = 1,2,3: The gauge transformation & covariant derivative acts on a

Flavour index: f=u,d,s : 6x6 mass matrices acts on f



Gauge invariance of the QCD Lagrangian

Covariant derivative: (D,),, = 6,,—i(G,),, G, isthe gluonic field, a 3x3 matrix

In order to have SU(3) symmetry, we want the fermionic fields to transform as:

w'(x) = QOw(x)  y'x) =0 (x)
D y/'(x) = QD y(x) = QDﬂ[Q_I_l///] — D, = QD Q

This tells us how the gauge field transforms
0,—iG, = Q[0d, — iG,]QT = Q0 QT + QQT0, —iQG Q"

Transformation of the gauge fields then can be written as

G, = iQ0,Q" + QG Q7



Finite temperature field theory

Grand canonical Partition function: Z = [re —PlH=pN]

N\ A\

H = Hamiltonian; N = Operator for the conserved charge; 4 = Chemical potential

We can rewrite the Z making use of the QCD action: The integral over
time becomes imaginary which becomes the temperature of the system.

Grand canonical Partition function: Z =

Crucial for Order parameter definitions

Boundary conditions are anti periodic foryw & w: w(x,x, + ) = — w(X, x,)

1
I

p
DyDyDG exp [—J dTJd3XLQCD:| Where f§ =
0

Boundary conditions are periodic for G, : Gﬂ(Y, X, + p) = Gﬂ(Y, X4)

Combine: Boundary conditions and gauge transformation properties -



/-, symmetry of a purely gluonic system

For the gauge fields we need
1. G//t(?’ Xy + ﬁ) — G//t(y’ X4)

2. G = G, + i0,)Q*
The simplest choice of Omegas wouldbe: Q(x,x, + f) = Q(X, xy)

Can we define a transformation like this? :  Q(X, x; + ) = hQ(X, x,)

[f we apply this to the gauge transformation property for the field: Can we get an h which
multiplies the gauge transformation and still gives me a periodic boundary condition for G,

G(X,x+ f) = QX ,x,+ PIG (X, x4+ ) +i9,]Q7 (X, x, + f)
= hQ(F, x)[G, (T x,) + i0,JQH (T, x)h*
G(F.x;) = hGh*

This is possible when h commutes with G,




/-, symmetry of a purely gluonic system

We need a matrix h which commutes with all the matrices in the SU(3) group.

7Z(3) = Centre of the SU(3) group

If we define h as follows:

27in
h e Z(3) h=z1 where I = exp [

3

We get a set of transformations which obey the boundary
conditions and the transformation properties of the field.

];n = 1,2.3.

Z(3) symmetry: We found out an additional symmetry for a purely gluonic system

which is not present at the level of the Lagrangian. When we have quarks, this
symmetry is explicitly broken.




Polyakov loop as an order parameter
Polyakov loop is defined as

. | (7 . P = Path Ordering
D(x’) = gTr Pexp | 1| dx,G,(x,x,)
0

which transforms non trivialy under the Z(3) Symmetry

Expectation value of the Polyakov loop can be considered as an order parameter for
a purely gluonic field.

<(I)(7)> = () =——— The vacuum is symmetric under the Z(3)

<CI)(7)> %+ () w—— The vacuum will not be symmetric under the Z(3)

8



Polyakov loop as an order parameter

Transformation of the Polyakov loop

p
O'(X) = %Tr [Pexp (lJ dx,G,(x, x4))]
0

1 p
= gTr [QPexp (i [ dx,G,(x, x4)) Q+(7,0)]
0

p
— lTr [ZQ(Y,O)Pexp (i J dx,G,(x, x4)) Q+(7,0)]

3 0

= 7Z®d(X)

Polyakov loop transforms nontrivially under the Z(3) Symmetry



Physical meaning of the Polyakov loop

If we add a very heavy quark into the system, it satisfies the static Dirac equation
given by:

[0, — igG, + My(F,7) = 0

Separate the variables and integrate

0 w(7, 1)
w(7, 1)

= — M+ gG,(7,7)

T

Iny(r,7) = —M + igJ' G,(7,7") + Iny(7,0)

0 v Something which looks similar to ¢

o*
.
.
.
o*
.

Exponentiate and get the solution

o®
.
.
.
PR
.

w(x,7) = exp ™ T | exp (igJ drG,(7, T)) w(x,0)
0

10



Physical meaning of the Polyakov loop

Consider the free energy of the very heavy static quark we put in to the gluonic system

e PP = Z < n|y(F)e PHy(F) | n > i = |n > = Possible gluonic states
ln 7 H
Imagmary t1me evolution operator: e’ l//l(r)e_ﬁ =y (7, p) o[ Use it here!
L p— 2 < n|e PHy(7, Py (r,0) | n S
.................... Solution of the static Dirac equation
=—Z e PEx < n|gF Dy (F.0) | > 5.

ln

—Mﬁz —PE, < n\—z T lexp (ng drG,(r, T))] 1/6-(7,0)1//;(?,0)\11 >
0

1 T
_ _—Mp —BE, . - _ ,—Mp —pE, -
= ¢ E e <n\NTrT[exp(ng dTG4(F,T)>]|n> e E e <n|ldr)|n>
n n

C 0

e PU=Fo=M) — « O(F) > 11



Polyakov loop as an order parameter

Free energy of the static quark in a thermal bath of gluons
is the expectation value of the Polyakov loop!

<(D(7)> = O—> Z(3) Symmetry —> F =00 —> Confinement
<CI)(7)> =+ O—> Z(3) Symmetry Broken—> F # oo —>Deconﬁnement

Expectation value of the Polyakov loop is an order parameter for
the confinement phase transition of a purely gluonic system

O(X) O(X)
( >1 (@(x >1

Purely Gluonic Quark + Gluon

A I 12

I.=270MeV



Symmetries of the massive QCD Lagrangian

Let’s make the system a bit complicated by putting quarks with masses very close to zero

1 .
The Lagrangian of the QCD is given by: £ = ZGgng‘” + WPy — ymy Vs = iy"y'y*y’

U1 —
where P = ;//"Dﬂ;Nf =2 {}/59 Y } =0

It has the following properties under the transformations

Uull),: v— e Yy ybPy & ywmy — invariant

a € R

ull),: v— e 15y Py — invariant

SUQ2),: v — e_i%eaw Py & ymy — invariant

SUQ), : w— e 25y Py — invariant

Invariant group: SU(2), X U(1)y, 13




Symmetries of the massless QCD Lagrangian: Theor
In the limit where the m, = ), the symmetry group is bigger

ucl), : v— ey yPy & ymy — invariant —} J, =Wy W = Baryon Number

a€E R

Ul),: w— e "y

yPy — invariant ﬂ aﬂ jsﬂ #= 0 - Anomalous

: —i-40. - : : k- k _ -
SUQR),: y— e 27y ﬁ wby & wmy — invariant ﬂ]ﬂ — 1//7/”1' W Qk = [sospin

yPy — invariant —} J'é{,,t = YY,Ys7 W

SUQ2),: v— e~ alSys

This is called chiral symmetry of the QCD Lagrangian 14



Symmetries of massless the QCD Lagrangian: Experiments

uil),: v— e Yy Baryon Number ﬂ [/ Exp: Conserved

SUQ), : w— e 2% ]/]; — I,_U}///tTkl// ﬂ [/ Exp: Good Symmetry m, # m,

U(l),: w— e "y

SU2),: v— e "3 05y
p:J =1"m,=TI0MeV a, :J"=1"m, =1.23GeV

Chiral symmetry is observed to have spontaneously broken in

the real world that we live in. The pions (7%) are identified as

the corresponding Goldstone bosons of the symmetry breaking.
15



Symmetries of massless the QCD Lagrangian: Mexican hat potential

Mexican hat Vacuum 1s symmetric Vacuum 1s not symmetric
under rotation under rotation

Chiral symmetry is observed to have spontaneously broken in

the real world that we live in. The pions (7"'%) are identified as

the corresponding Goldstone bosons of the symmetry breaking.
16



Chiral condensate as an order parameter

The quantity which break the SU(2), symmetry is called the chiral condensate
Chiral Condensate = (yyw) — Order Parameter of Chiral Phase transition

Chiral symmetry is broken when () # 0

One can calculate chiral condensate from the QCD partition function as follows:

/ = [DGMDI/‘/l//e_SGe‘/_’M"’ where M=iJ—m
Then,

olnZ B 0lnZ oM B 1 0lnZ oM 1

N — = — | DG, DyDyy e_SGededx3l/7Ml// ~ (07
om, oM om, z OM Omy Z[ WYYy (W),

Robert D. Pisarski and Frank Wilczek: Made arguments
based on Universality classes about the behaviour of
< Yy > in the vicinity of a chiral phase transition 17




Universality classes

Different substances have critical points with qualitative similarities, there are quantitative
similarities between them.

There are systems in which the thermodynamic variables are T and P, but T and M. One
can map one transition to another. So it is possible to study the critical phenomenon using
them.

Most of the concepts can be understood in a given context and then translate into the
variables for the given system (density, T, P). Essential physics remains the same.

HEN B EENENy
“‘l- C | ....

. Universal objects

** Identif Universality Class. - A
/ Eg: Ising model Critical exponents
in n dimension

Our system

Mapping -lllll““‘

‘u..... _s® | Several other ‘objects’
........
ol N NN

Suggestion for the moment: Consider U.C as a group of models which has certain universal features 44



O(4) universalityv class of the chiral phase transition

Argument: Chiral phase transition the in chiral limit at yy = O is a
second order which the same as Universality class O0(4) spin model.

How will the chiral condensate behave if it is in the O(4) universality class (U.C)?

In the vicinity of phase transition, the free energy can be written as:

T
F = —InZ =Fgpguarlts R) +Foguiar(T, my, my, 1)

% ‘S/ \

Specific to the U.C & relevant to the y P’ T Specific to the theory & not relevant to the y P.T

1 m
Terms: Explicitly breaking symmetry : 7 = h——l
0 M
. . . 1 | T-T ug\
Terms: Thermal variables which do not break chiral symmetry: ¢ = - o + K, —
0 C

Terms: k, = How T varies with yg Terms: 1, & h;, — Normalisation Factors 19



O(4) universality class of the chiral phase transmon
(t,h) = h0h5f(Z) where z=—

From the argument of universality: ;... 1
Bo

Define the order parameter as:

OF sin 1 oF 0 _ .. I .. 0f oz
M(t, h) = S = ——— = [kt = — (1 + Dsf()——  where H = hyh
(, h) H e o ah[ 15(2)] ( 5) 715(2) 5 I 0
We have %: 1t (_1):__21
o1 \Po /S POk M mlmg = 1/10
So M(t, h) would become my/m, = 1/20

M(th)— (1-|—1)hl()| h%zafS_hl (1+1)()| deg ml/mS=1/4O
o 2 a B5 oz 5]22 - p6 dz v — limit
1
M(t, h) — hFFG(Z)
F(z): Specific to the universality class 1.0 T/T

C

20



Susceptibilities of the chiral condensate: Real OCD

Looking at some quantity which is is divergent at the vicinity of a phase transition is
more convenient. We define the susceptibilities as follows:

oM of.
)(t ~Y ~Y
ot  Otoh : : C e oy :
Diverges in the vicinity of the critical point
oM azfs It can be used to spot the phase transition and critical point
T on T o

The behaviour of these susceptibilities are governed by the following two quantities in
the vicinity of the critical point:

9
G
fé; = — These are specific to the Universality class and hence the
0z susceptibilities can be calculated for the QCD system.
1 Z What do they tell us about the real QCD
fr == (16 — 2 f6(2) , ,
0 p system with physical quark masses? ’1




Susceptibilities of the chiral condensate: Real OCD

In real QGP with physical quark masses we expect for the y, , simulations:
1.0

Continuum
N,=16
N=12

=10
N,=8

&
oo

Analytic crossover:

As we increase the physical size
of the lattice, the simulated
chiral susceptibilities would
fall on top of each other:

O
o

Chiral Condensate
<
=N

-
b

Lol

This is what is observed from LQCD: So the 100 120 140 160 180 200 220
QCD phase transition in the real universe with T [MeV)
physical quark masses is an analytic crossover

Nature 443:675-678,2006: Borsanyi et al., JHEP (2010) Bazavov et al., PRD (2012) 22




The Columbia plot at zero chemical potential

The Columbia plot summarises
what we can expect from QCD
when we have various values and
combinations of the quark masses.

O.P is the Chiral condensate
P.T is 2nd order (U.C = ©O(4))

Effective theory for the C.C
contains a cubic term and it
gives a 1st order P.T



Finite chemical potential and the sign problem of QCD
The chemical potential enters in to S similar to the 4th component of the gauge field.

p p
Socp = J Jdrd%cy? [}/ﬂD” +( Uy, + m] Y = J ded3x1/7 (M|
0 0
M = Fermionic determinant (crucial in LOCD in simulations)
When y = 0: (ysM)" = yM
det{M "] = det|y-Mys] = det{M] € R

y4r =yt s = yhys = ysrts = rsiGy = rRiGy?

When y # 0: (ysM)™ = ysM
M™(u) = ysM(—p)*ys

When y € R i When u € Im
det{M(u)]* = detl M(—p)] € C ) det| M(u)|* = detl M(p)] € R

Problematic! . Still, it is problematic!

o

N
This is the sign problem in QCD with finite chemical potentials 24



Finite chemical potential and the sign problem of QCD

If we can simulate to arbitrarily large y: we
can estimate the quantities on the lattice and (®)Plane
analytically map it to the real u values. Im( < ® > )

Problem with imaginary y: There is
a periodicity in the action that limits _
the range of explorable p.

For a gluonic system: < ® > #0 ,
the Z(3) symmetry is broken. In this
discrete situation, the three values A

the ground state can takearez1 ~~ \ et
27:1/3 4%1/3}

Re( < ® > )
Most favourable

state when there is
quark in the system.

Lets see what happens when we have —Im( < ® > )
quarks with finite imaginary u

where z = {1,e

25



Finite chemical potential and the sign problem of QCD

The link variable on the lattice for the gauge field is: U " = ¢ _lGﬂ

1 _,
The Polyakov loop on the lattice can be writtenas: | @ = —Trl1U,(z, x)

N

k
Z.(3) transforms the U, on the lattice as: U 4 — < U 4

Chemical potentials induce transformations on lattice as follows:| U, — e*'1U,

There is an interplay from the phase coming from Z(3) symmetry and pz due to the
phase structure of transformations! For which of the values of x4 will it happen ?

26



Finite chemical potential and the sign problem of QCD

As the p; increases, the real ground state oscillates. From the effective theory for
the Polyakov loop, we can define an effective potential which reflect this scenario.

V ((I)) T ASC>=R <@>>0&C  <®><0&C
eff
=0 > f / st Order PT
AR VAN VAN SEEEE ey ey S
n=2
Hr ‘ ‘
! i
I.=156.5%x15 MeV T 3
In the phase diagram at finite imaginary y: We can simulate the quantities up to /;{ g

When we increase y; further, the physics repeats itself. Hence we cannot extend the LQCD
simulations meaningfully towards larger values of imaginary pu. 27



Finite chemical potential and the sign problem of QCD
Another way to do the finite y; estimations is by the Taylor series expansion.

P(T, — *
One can write the pressure to the temperature ratio as ( ﬂB) Z ( )
0

HB 1 0"(p/ T)4

And calculate the coefficients at — = 0 to put into the series| ¢ (T) =

T n! o(ug/T)n 182

In order to go to higher uy values, we need to calculate higher order derivatives
which becomes noisy. To calculate one order higher, it takes about two years!.
As far as I know we have values up to ¢, and some estimates about cg.

Within the range of the explored puy, the higher order corrections are getting smaller.
[t suggest that the series would converge unlike in the vicinity of a critical point. So
there is no hint about the existence of a critical point from Taylor series approach.
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29




Ising model

In naive terms Ising model is a description of a classical statistical system with degrees of
freedom are the discrete spms "with ensemble of configurations at a given temperature is

determined by the P ~ e T
Where the Hamiltonian is givenby H = — JX. SiS; = hZS;

i,j : 3 dimensional unit vectors labelling each site on the lattice

The first term in the Hamiltonian would make it energetically advantageous for the spin to
align.

The second term would influence the alignment of the spins. Depending up on the sign of the
magnetic field h, the spin can align in an energetically advantageous way.

Let's define magnetisation per spin: M = —2.5.. N is the number of lattice
N



Ising model
At temperature T =0Qand h =0

The system doesn’t care about the entropy. All spins are aligned which is the ordered state. But
there are two such phases with identical energy (Up and down).

For a zero total magnetisation, then the system cannot be in a homogeneous state.

At temperature 7' > 0

Free energy replaces the energy at finite temperature. It takes in to account the entropy.

<M >

TCurie 31



Landau theory

An effective analytical description in most of the cases for this model is provided by
Landau theory though it has problems in making quantitative predictions.

The energetically favourable situation for a finite temperature system is min{ F(M) — hM }

What Landau says is to consider the form of the free energy as follows:

u(! n an ic function ,
F(M):r(T)M2+ ( )M4 q Not an analytic function of M. It

4
Minimising this will give:
oF
= h
oM

Which will result in the equation of state given by:
"TYM + u(T)M? = h

Which is valid in in larger dimensions larger than 4.

created issues in Landau’s estimations!

32



The basic concept of correlation length

Condensed matter system vs heavy-ion collision systems: 6.02214076 x 10*° v/s 10° — 10"

Temperature 1.50 Temperature 1.92 Temperature 2.03 Temperature 2.13

The size of the region over
which the fluctuations are no
longer uncorrelated grows as
we approach towards the
critical point. This is what is
quantified in the measure of
the correlation length.

Temperature 2.66 Temperature 2.76 Temperature 2.87 Temperature 3.50

Picture Courtesy: University of Illinois Urbana-Champaign 33


https://illinois.edu/

Thermodynamic fluctuations

P(M) ~ e~ TE=hM) Free energy

— )
e A




Landau theorv : An analvtic treatment of the fluctuations

The measure of fluctuation is given by < M* > = JdMP(M YM?

In the saddle point approximation:

—1
< M? > r(or o (r(T) + 3u(T)M?) (T)
= — = (7 —
V \ oM? oM? ! M=0 '

r(l)y—=0aT=T,

. . . 1
Consider the magnetisation per patch M(x) = v Z S.

1EV,(X)
b=V—os>Mx)=M—U=F—-hM

—QIM(x)]

pIMx)] = e T 35




Landau theory : An analytic treatment

b>>¢: Nocorrelation among the patches

QIM(x)] = [ U(M(x))dx

X

b>>"¢:

Z(M(x))
2

QIM(x)] = J UM(x)) + (VM(x))? + ..

X

Let us imagine that some functional for a given patch size b, we change the patch size.

Then, we need to integrate out the fluctuations at those scales in-between the two sizes.
which is a QFT calculation.

The resulting contribution has to be sorted out in to each of the terms modifying the
coefficients. 36



Landau theory : Gaussian Approximation

< oM(x)oM(y) > = JdMP(M YoM (x)oM(y)

r Z
Gaussian Approximation €2 = J 5(5(M )2 + E(V(SM 2) § = \[
T 1 (x —y) , )
< SM(x)6M(y) > = — exp(— ) > < OM? > = ——5
z 4a(x — y)L0 £ V z

When higher order loop terms are included, the exponents are not unity anymore.

There will the infrared divergences which will induce corrections that needs to
be resumed.

This is what the Renormalisation group does.

37



Critical exponents from the Landau theory v/s Ising model
Landau 3D Ising Actual

There is discrepancy between the actual and Landau values !

38



Thermodynamic fluctuations

The equilibrium state of a thermodynamic system is the one with maximum entropy. If we consider
an order parameter o, the probability distribution of the order parameter of a thermal state is give by:

P(o) ~ e°(0)

At the critical point the $(o) should deviate from the Gaussian and flattens. The measure of the non-
Gaussianity is a measure of the nearness of a critical point. Also at C.P: y = < §6° > V — o0

5~ V2/3

Equilibrium Critical Point 1st Order PT

The central limit theorem seems to have violated near the critical point. However, its not the CLT
that is violated, but the assumption that 0o is an average of infinitely many uncorrelated

contributions is the one which is violated near the critical point. y = < 6> > ~ £2/V
39



From fluctuations to the cumulants

We introduce the variable o
o 5M\/z

In terms of which the €2 becomes

) 3 4
A A

: 62+ —0> +—0c* + ...

2 3 4

Q= l(v :
—LCE G) +

We can derive that the higher order cumulants are proportional to the correlation lengths as follows:

3 T2 oy 6
<0 >~ % 35
T3
<ot >~ %6(213252 — Ag)ES
40



Signatures of the OCD critical point

Higher order cumulants are found to be the tool for analysing the phase transitions. The Sign of the
quartic cumulants depends on which side of the critical point we are in.

The behaviour of the cumulants as we scan the phase diagram is universal. Once we identify the
universality class which the theory belongs to, it can be predicted without knowing the microscopic
details of the system.

For n > 2, the sign of the
cumulants k, depend strongly

Far from critical point

on the correlation length.

< 06>, x £ |
Crossover side K, <0
4 7
<o >.x¢
How do we map it from Ising | | | | | 1st order side

Ky, > 0

model to QCD systems ?
Phys. Rev. D 100, 056003 (2019) Ising model phase diagram and critical behaviour 41




Mapping of Ising model based estimations to QCD
Map from Ising model phase diagram to QCD: (¢, 1) = (4 — pep, T — Tp)

Map cumulants from multiplicity distributions: k, (V) = < N > + O(k, (o))
- 115 -

(GeV) Colli
tral

: gg "}\" ’\. &AV/C) yl < 05

27

39 See Talk- 4 in this series
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L ey

i :
-10 40

. . Net- proton (ANp = Np N5)
For the speculation of a freezeout line, we expec :

What we know: The t falls in the
same line as the phase transition
The angle between t and H are

smaller for small quark masses.

o

Y
|
m

III|III|III|III|III|

0.08

0.06

0.04

0.02

III|III|III|III|III|II

Normalized Number of Events
L+ 4 +* P> a (o] x

/3
i< " 0%-5% Au+Au; Rapidity Window = 1 i
§ 3= & 04<p <20GeV (Prelim.) =
e L + BES-II .
* 2 2k -

b
- - -

N
baseline S TN T L g [eovfecessess
0 Rt s a1l PR 1 I | 1 L. n | 4 N M M 1 L. 2 o |

» 0 100 200 300 400 500

LR Baryon Doping - pu_ (MeV)
Phys. Rev. D 100, 056003 (2019),
Phys. Rev. Lett. 107, 052301
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4 % crossover (A3 = 0)

& high-energy
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collision course with ...

hC.
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*, contours of
: ual
freeze-out points oquat s
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] HB

Thanks for your attention!
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