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The conjectured phase diagram of QCD
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Lattice field theory and the sign problem

First principle approach

Spacetime lattice: N3
s × Nτ

Imaginary time: e i Ĥt → e−Ĥτ

⇒ thermal physics T =
1

Nτa

Z =

∫
dφ1 . . . dφn︸ ︷︷ ︸

finite

w [φ]︸ ︷︷ ︸
positive?

〈O〉 =
1

Z

∫
dφ1 . . . dφn︸ ︷︷ ︸

finite

w [φ]︸ ︷︷ ︸
positive?

O (φ)

Two extrapolations are needed:

Continuum: a→ 0 (T =fixed → increase Nτ )

Thermodynamic: V = N3
s a

3 →∞

µB = 0: w real and positive, costs increase as power law of Nτ and V

µB > 0: w complex, costs increase exp. in the V (and also in µB)

→ desperate times, desperate measures 2



Methods for non-zero µB → simulate a different theory

Imaginary µ method
Simulate at µ2 ≤ 0 where the sign problem is absent to get 〈O〉µ2≤0,

then extrapolate to µ2 > 0.

Taylor method
Simulate at µ = 0 and calculate derivatives like:

∂n 〈O〉µ
∂µn

∣∣∣
µ=0

= 〈. . . 〉µ=0 + 〈. . . 〉µ=0 〈. . . 〉µ=0 + . . .

Reweighting
Simulate an other theory with Boltzmann-weights wsimulated[U] and

reconstruct expectation values in the target theory, with (maybe

complex) path integral weights wtarget[U]

〈O〉target =

〈
O

wtarget

wsimulated

〉
simulated〈

wtarget

wsimulated

〉
simulated
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The two uses of imaginary µ simulations
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a+ bµ̂2 + cµ̂4

(a+ bµ̂2)/(1 + cµ̂2)

a+ bµ̂2 + c sin(µ̂)/µ̂

a+ bµ̂2 + cµ̂4

(a+ bµ̂2)/(1 + cµ̂2)

a+ bµ̂2 + c sin(µ̂)/µ̂

� Numerical differentiation at µ = 0: safe

� Extrapolation: risky

� A third use: understanding
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The crossover/transition line Tc(µ)

chiral cond.:
〈
ψ̄ψ

〉
= T

V
∂ ln Z
∂mud

renorm:
〈
ψ̄ψ

〉
R

= −
[〈
ψ̄ψ

〉
T
−

〈
ψ̄ψ

〉
0

]
mud
f 4
π

Tc(µB)

Tc(0)
= 1 − κ2

(
µB

Tc(µB)

)2

− κ4

(
µB

Tc(µB)

)4

− . . .

Numerical derivative

W-B: PRL 125 (2020) 5, 052001; 2002.02821

Extrapolation (Bayesian)
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Pasztor, Szep, Marko: PRD 103 (2021) 3, 034511; 2010.00394

The CEP is not a special point of this curve, but it should lie on it.

Actually, the DSE CEP prediction lies on the extrapolation at µB = 488MeV.

(Isserstedt et al, PRD 100 (2019) 7, 074011) 5



Looking for criticality with analytic continuation

σ ∼
(

d〈ψ̄ψ〉
R

dT

)−1

T=Tc

(∼ width of the transition)
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The width (and strength) of the crossover is approx. constant for small µB
This is the expected behavior if the relevant parameter is the light quark mass

(→ next talk by Owe Philipsen)
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Generalized susceptibilities

Grand canonical partition function:

Z = Tr
[
e−(HQCD−µuNu−µdNd−µsNs )/T

]
= Tr

[
e−(HQCD−µBB−µQQ−µSS)/T

]
p =

T

V
logZ

Change of basis:

µu =
1

3
µB +

2

3
µQ µd =

1

3
µB −

1

3
µQ µs =

1

3
µB −

1

3
µQ − µS

Generalized susceptibilities:

χBSQ
i,j,k =

∂ i+j+k (p̂)

(∂µ̂B)i (∂µ̂S)j(∂µ̂Q)k
χuds
i,j,k =

∂ i+j+k (p̂)

(∂µ̂u)i (∂µ̂d)j(∂µ̂s)k

where p̂ = p/T 4 and µ̂ = µ/T

So e.g. χB
1 ∼ 〈B〉 χB

2 ∼
〈
B2
〉
− 〈B〉2 χBQ

11 ∼ 〈BQ〉 − 〈B〉 〈Q〉
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Susceptibilities at µB = 0

p̂(T , µB , µS = 0, µQ = 0)− p̂(T , 0, 0, 0) = 1
2!χ

B
2 µ̂

2
B + 1

4!χ
B
4 µ̂

4
B + . . .

χB
2 , χB

4 cont.: WB: PRD 92 (2015) 11, 114505; HotQCD: PRD 101 (2020) 7, 074502

χB
6 , χB

8 at Nτ = 12: WB: JHEP 10 (2018) 205 or Nτ = 8 HotQCD PRD101(2020)

Peak structure of the coefficients → wiggles in the interpolated (EoS) for µB > 2T
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An observation from imaginary µB

Taylor: χB
1 (T , µ̂B) = µ̂Bχ

B
2 (T , 0) +

µ̂3
B

6 χ
B
4 (T , 0) + . . .

At imaginary µB we observe that χB
1 (T , µ̂B) is to good approx.:

χB
1 (T , µ̂B) ≈ µB χ

B
2

(
T
(
1 + κµ̂2

B

)
, 0
)
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W-B: Phys. Rev. Lett. 126, 232001 (2021); 2102.06660
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Does the rescaling work at real non-zero µB?

Yes, up to some point at least: PRD 105 (2022) 5, L051506 (Nτ = 6)

Rescaling also works at real µB → no sign of a strengthening crossover
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The equation of state at finite (real) µB

� The prev. observation → systematically improvable ansatz:

F (T , µB) = F (T ′, 0) T ′ = T (1 − κ2(T )µ̂2 − κ4(T )µ̂4 + . . . )

� Quite similar to the extrapolation of Tc(µB)

� Unlike with the EoS from the truncated Taylor expansion, no

pathological (non-monotonic) behavior is present for µB ≤ 2T
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Resummed continuum EoS - PRD 105 (2022) 11, 114504

Strangeness neutrality nS = 0
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Resummed continuum EoS - PRD 105 (2022) 11, 114504

And beyond...

p̂ (T , µ̂B ,R) ≈ p̂ (T , µ̂B , 0) +
1

2

d2p̂

dR2
R2 where R = nS/nB
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Extrapolations vs direct results - 2208.05398

µs = 0, fixed volume LT = 2, fixed lattice spacing Nτ = 8
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Summary

� The transition line appears to be a very simple curve: to a good

approximation a parabola up to at least µB = 300MeV but maybe

even µB = 600MeV

� The strength of the crossover is approx. const. at small µB > 0

� Many observables in the crossover regime (χB
1 /µB ,

〈
ψ̄ψ
〉
R

) are

collapsing sigmoids, with an approximate scaling variable T (1 +κµ̂2)

� First noted in imaginary µ simulations but also confirmed by recent

direct results at real µ: a genuine feature of QCD at small µB

� This observation can be developed into a resummation scheme for

the Taylor series that converges considerably faster than the original

Taylor series

� This resummed equation of state is available with a full continuum

limit extrapolation (both for zero and slightly non-zero nS)

� And matches direct results at µB > 0 on a fine lattice (for µs = 0)

� CEP? (Yes, on coarse lattices: JHEP 05 (2020) 088; But there are

reasons to believe that the cut-off effects are large)
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