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Introduction
Flavorful trouble in the RG



Renormalization group flow

Callan-Symanzik equation for renormalized n-point functions:

d d

) 0
9, .0 ) ({p}) = = 0= =—
<8t+5gag+m>a (=0, Bilon) = o = g0
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Renormalization group flow

Callan-Symanzik equation for renormalized n-point functions:

0 0 d d
<8t + 593*9 + ”V) G ({p}) =0, Bi(gr) = — 91 =

1

dt

dlnug

SM RG flow with 3rd generation Yukawa couplings:
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Renormalization group flow

Callan—Symanzik equation for renormalized n-point functions:

d d

) 0
9, .0 ) ({p}) = = 0= =—
<8t+5gag+m>a (=0, Bilon) = o = g0

Asymptotic safety in the Litim—Sannino model:
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1/z from Litim, Mojaza, Sannino [1501.03061]
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Renormalization group flow

Callan-Symanzik equation for renormalized n-point functions:

d d

) 0
9, .0 ) ({p}) = = 0= =—
<8t+ﬁgag+m>a (=0, Bilon) = o = g0

m The SM (and it extensions) has nontrivial flavor structure (matrix couplings)
m Improved precision necessitates their inclusion in the RG function

m Their inclusion causes new conceptual problems starting at 3-loop order:
— The RG flow can generate spurious limit cycles
— The MS counterterms are no longer uniquely defined

— RG functions can seemingly be divergent!
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Flavor symmetry in the SM

The quark sector of the SM,
L =iqlpq + iulpu +idpd + | D H|* — (GyuwH + qyadH + H.c.),
has flavor symmetry (maximal symmetry of the kinetic terms)

Gr = SU(3), x SU(3), x SU(3)g x U(1)® D U(1)p
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Flavor symmetry in the SM

The quark sector of the SM,
L =iqlpq + iulpu +idpd + | D H|* — (GyuwH + qyadH + H.c.),
has flavor symmetry (maximal symmetry of the kinetic terms)
Gr = SU(3), x SU(3), x SU(3)g x U(1)® D U(1)p
Physics is invariant under transformations

t
Yu — Uqyu Uu o

; eg. Wurva) — (Vdabu, 9a)
Yd ” Uq Yd Ud
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Flavor symmetry in the SM

The quark sector of the SM,
L =iqlpq + iulpu +idpd + | D H|* — (GyuwH + qyadH + H.c.),
has flavor symmetry (maximal symmetry of the kinetic terms)
Gr = SU(3), x SU(3), x SU(3)g x U(1)® D U(1)p
Physics is invariant under transformations

Yu — Uq Yu UJ

i } €.g. (yu )yd) — (VJKMQua gd)
Ya — Uqya Ud

If flavor transformations are unphysical, one can perform arbitrary flavor
rotations along the RG flow...
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d =4 — 2¢)

f t : o~ 2
Z Z + Z'——7Z = finite, Z_1+Zlﬁn
-

with field anomalous dimension
loop-counting
operator

d S
=7l 7= E (7 — 0) — _¢(M = !
Y A4 dtZ T on Y g‘z N C k;gff)
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d =4 — 2¢)

t t : o~ 2
Z Z + Z'——7Z = finite, Z_1+Zlﬁn
n=

with field anomalous dimension
loop-counting
operator

d > (n)
— gl R 0) — _ . — I
v=2"32 nE:o o =7 ¢z, ¢ =krgro

In SM ~(1) =£ 0 at the 3-loop order for ZT = Z:

2
g 1 1
(47)8y M) = o6 vl yayl)] + =5 Wutlyuyl yayl] + 5 [yayyayls vuyl)
1
(4m)* i) = vl [yavhs yuyl]ve
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v-pole at 3-loop order

Renormalization condition for 2-point functions: (MS, d =4 — 2¢)

f t : o~ 2
Z Z + Z'——7Z = finite, Z_1+216"
-

with field anomalous dimension
loop-counting
operator

4 &
y=z'22=% 1 = AO=—¢O =k
n=0
In SM ~(1) =£ 0 at the 3-loop order for ZT = Z:

A1) W = [ ;0]

7(1:2) can be made to vanish with Z’ = UZ for some divergent rotation U.
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The Local RG

An excellent tool for RG analysis



Four-dimensional QFT

Most general renormalizable theory in 4D (ignoring relevant couplings):

L =+35(Dye)a(D")q + it)] 6" (D) + Lan+Las
CLABFA FB“V — % (Yaijwiwj + H.C.) ¢a - 2*14)\abcd¢a¢b¢c¢d
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Four-dimensional QFT

Most general renormalizable theory in 4D (ignoring relevant couplings):

L =+3(Dud)a(D"¢)a + it ]a" (D)) + ﬁgh+£gf
aABFA FBMV -3 ( azj‘/} W + H.c. ) ¢a - abcd¢a¢b¢c¢d

Compactly, the action is

aII field sources

S = Siin[®] + /dd ((gIOI( )+Ja<1>“)

set of all marginal couplings

The vacuum functional
GWIT] _ / (D] 52,7

generates all the connected n-point functions.
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Everything is a source

LRG was developed to probe the trace anomaly by introducing new
sources:

Shore '87; Jack, Osborn '90; Osborn '91; Jack, Osborn [1312.0428]; Baume, Keren-Zur, Rattazzi, Vitale [1401.5983]

T M = Yo (T)
[Tju] = 610 +v- aﬂ[)f;ﬁ] Ol gr — gr(x)

Ho.
stress-energy tensor flavor current; Ji: € gp JF . DM — D/L - au(x)

Anders Eller Thomsen (Bern U.) RG Ambiguities and Divergences AS Meets PP & Friends 5/17


https://arxiv.org/abs/1312.0428
https://arxiv.org/abs/1401.5983

Everything is a source

LRG was developed to probe the trace anomaly by introducing new
sources:

T M = Yo (T)
[Tju] = 610 +v- aﬂ[)f;ﬁ] Ol gr — gr(x)

Ho.
stress-energy tensor flavor current; Ji: € gp JF . DM — D/L - au(x)

All renormalization is source renormalization,
S = Skin[®, 7, ao] + /dd:vﬁ (90,10 + Jo,a®*) +Sci[v, 90, ao),

so the renormalized vacuum functional is

W[’Y’ g9, a, \7] =Wo [’Ya 90(9), aO(a7g)7 \70(\-779)]
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Weyl transformation

S is symmetric under the Weyl symmetry, with infinitesimal generator

field anomalous dimension \

0
AY = [d%z( 209" A — 7] —
d%z ( oy 57uy / +UJ/B [(d )5 Y a] 5ja
B-function )
+ [8y0v — 0 Dygr pt )
[ H® K K \ ] 5(1#

RGs of the G current; v, p! € g
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Weyl transformation

S is symmetric under the Weyl symmetry, with infinitesimal generator

field anomalous dimension \

0
AY = [d%z( 209" A — 7] —
d%z ( oy 57uy / +UJ/B [(d )5 Y a] 5ja
B-function )
+ [8y0v — 0 Dygr pt )
[ H® K K \ ] 5(1#

. : RGs of the G current; v, p! € g
The symmetry is anomalous (A" 5., # 0
Y y

AW = /dda: AV, g, a)

AW contains the trace anomaly equation

(7] = Bil0") + - BUF- (05 (FS6Q)

Flat-space constant-coupling limit:
",";w(-'r’) = Nuv; gI('T') =491, ay = 0
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RG transformation

Accounting identity for mass dimension:

) ) 5
AW = AN = p— + [d% [ 29" — + (d — A0) Ta—
w=9, M ou +/ v < 7 + )J 6%)
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RG transformation

Accounting identity for mass dimension:

8 1) )
AW = A = A%z (29" —— + (d — Do) T

The generator of the RG is AR¢ = AF — A‘f,vzl, from which we recover the
CS equation

L

1)
I d 8
ot + 510 +/d x Jgy aéja>w (FSCQ)

daw _ .
dt 0:

) o .
((;/ + 3”() + m) G™({p}) =0

Exactly what we would get from
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Flavor transformations

G is a symmetry of S with generator

o o 1)
AP = [d% | Dyw - — — 2 9 c
w / xz ( Mw (5au (w g)](sgl (w \7)04 (5‘7a> 9 w gF7
but it is typically anomalous: Keren-Zur [1406.0869]

AW = [d'w AL (v, g, a)
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Flavor transformations

G is a symmetry of S with generator

5 5 5
F _ d X _ _ -
AL = /d x (Duw S Ol AT >

> ) wegr,
but it is typically anomalous:

AW = [d'z AL (v, g, a)

The Weyl generator can be combined with a flavor rotation to generate a
class of Weyl symmetries:

AIC/Y/ = A‘g/ + Agou a(g) € gr,

AL, A = [, A =0, AYW= [aleal
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An ambiguity in the RG

Ambiguity in RG functions defined by the Weyl transformation:
Br=>0r+(ag, vV =v+a, pl=p"=0"a, Y5=7"—a"%.

= The RG flow has a flavor rotation ambiguity
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An ambiguity in the RG

Ambiguity in RG functions defined by the Weyl transformation:
Br=>0r+(ag, vV =v+a, pl=p"=0"a, Y5=7"—a"%.

= The RG flow has a flavor rotation ambiguity

Flavor-improved RG functions are invariant:
BI:/BI_(UQ)I) PI:pI+8IU7 Faﬁ:fyaﬂ—i_vaﬁ'

We can choose a “gauge” where v = 0:

A e
67/uz 591
0

—JDHg]PI-w>,

+0T5((d = 8a)d’o ~ 7] 5
12

9.
0T
But generally By # %
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How to recognize a CFT

Fixed Points

AN gr

7{
s

Traditionally CFTs were understood
to be FPs:

7, = 610" = 0
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How to recognize a CFT

Fixed Points Limit Cycles

AN gr

= e
200

Traditionally CFTs were understood  Limit cycles are actually CFTs
to be FPs:

/ ignores JJ.

Lol — [T%,] = Bi[O') =0

o= =
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How to recognize a CFT

Fixed Points Limit Cycles

AN gr

= e
200

Traditionally CFTs were understood  Limit cycles are actually CFTs
to be FPs:

/ ignores JJ.

Lol — [T%,] = Bi[O') =0

o= =

[ By is a more physical 8-function ]
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Divergences and Ambiguities
Does MS break down at higher loop order?



How to compute RG functions

In MS (d = 4 — 2¢) the counterterms are arranged by poles

5g(n) < (n)
ogr = Z=1 —
g1 = o +n§:1 o

n=1

The RG functions are determined recursively from the poles

BV = —kigr, B = (C—kn)og ZB““ 2’5g" ™M, n>0

n—1
A1) — (D) Z [ gk)alz(nfk) _ Z(nfk),y(k)] : n>0
k=0

*Similar formulas hold for v involving a counterterm of the flavor current.
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Callan—Symanzik equation revisited

The evolution of renormalized amplitudes is governed by the CS Eq.:

d b
0=ARGW = <8t + Bro" + /ddx Jmﬂa(m)vv (FSCQ)
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Callan—Symanzik equation revisited

The evolution of renormalized amplitudes is governed by the CS Eq.:

a9 (-1) | 4O\ 51 / d s 9
<8t+<eﬂl +87)0" + [t Iy a2 JW

N L (g /d ms__0_
= nzlen<618+ d%z Jpy A 2%
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Callan—Symanzik equation revisited

The evolution of renormalized amplitudes is governed by the CS Eq.:

0 5
(g7 + (A +87)0 + fate gy @2 Y
_ N Y gmar o [y, 7 s O
;€"<BI d +/da;jm “Ma)w
Recall the G Ward identity (FSCC):

0:A5W:<(wg)181_/ddxjgw 55; )W wegr
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Callan—Symanzik equation revisited

The evolution of renormalized amplitudes is governed by the CS Eq.:

9 1) 1 d 8 0
(875 (eﬂl —I—BI 8 /d:rjgv XA w

N L (g [y 7 me S
nzlen(/sf d +/da;jm “Ma)w
Recall the G Ward identity (FSCC):

0:A5W:<(wg)181_/ddmjgw 55; )W wegr

The RG flow is finite due to
RG Finiteness (theorem)

¥ egp and BV =—-(Mg),, nx1
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RG finiteness in the SM

3-|00p RG dlvergences |n the SM using counterterms from Herren, Mihaila, Steinhauser [1712.06614]

(4m)8y{H = gz [yutshs yayl] + = [yuylyuyl, yayl] + = [ydyflydyfl, Yuyl)
(47)0y (D = 116112 [yayhs vyl v
(4m)°By,) = — & [yuyL, Yay ) — 312 sl vayl) v

312 yayyayh, vayh] e + 116 yuyl [yayh, vayl]yu
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RG finiteness in the SM

3-|00p RG dlvergences |n the SM using counterterms from Herren, Mihaila, Steinhauser [1712.06614]

(4m)8y{H = gz [yuyl., ydyfl] + 25 [yuylyuyl, yayl] + 3 [ydyflydyfp Yuyl)
(47)8~ D) —.Eyu ! yayl, yuyL]y |
(4m)BfY) = - 5 [yuyL, Yay ) — | 312 sl vayl) vu

312 [yaylyayy, vuyl] b 116 yutl [yayhs vayl]yu |
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RG finiteness in the SM

3-|00p RG dlvergences |n the SM using counterterms from Herren, Mihaila, Steinhauser [1712.06614]

(4m)8y{H = gz [yuyl., ydyfl] + 25 [yuylyuyl, yayl] + 3 [ydyflydyfp Yuyl)
(47)8~ D) —.Eyu ! yayl, yuyL]y |
(4m)BfY) = - 5 [yuyL, Yay ) — | 312 sl vayl) vu
312 [yaylyayy, vuyl] b 116 yutl [yayhs vayl]yu |
B = —(v ), B = —(4 y), etc. in the SM

(W yu)lj = wakyu i yulkwu 5+ whyulj

SM RG functions are RG finite at 3-loop order
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Renormalization ambiguity

W is invariant under flavor rotations, R € G: eg., y. — Ryy. R} in the SM

W, g, J, al = Wiy, Rg, RT, o™ =
Wolvs 90, Jo, a0l = Wolv, Rgo, RJo, adl], (Rgo)r = gor(Rg)
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Renormalization ambiguity

W is invariant under flavor rotations, R € G: eg., y. — Ryy. R} in the SM

W, g, J, al = Wiy, Rg, RT, o™ =
Wolvs 90, Jo, a0l = Wolv, Rgo, RJo, adl], (Rgo)r = gor(Rg)

Take a divergent rotation instead:

o

1
U = exp [ -y u™ (g)} , u™egp

€n
n=1

Wy, g, 7, al = Wol, g0, Jo, a0l = Wolv, Ugo, UJo, af]

It results in a change of counterterms, e.g.,  Ambiguity in taking V217

Udo)a = TogUMa = Ts(Z27 UMy = 2% =U*,275.

Anders Eller Thomsen (Bern U.) RG Ambiguities and Divergences AS Meets PP & Friends 14 /17



Ambiguity in RG the functions

Wolv, g0, Jo, ao] = Woly, Ugo, UJo, a5 | but produce different RG functions!

Ay =q" -y = —pU8'U"
ABr= By — Br=—(Avg)r,
Av=ovY —v=—A~,
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Ambiguity in RG the functions

Wolv, g0, Jo, ao] = Woly, Ugo, UJo, a5 | but produce different RG functions!

Ay=qY —y=-p00'U"
ABr= By — Br=—(Avg)r,
Av=ovY —v=—A~,

i) By choosing U, one can engineer any Ay = a(g) € gp
— We can match any RG functions in AW + AEF all of which provide
valid descriptions of the flow
— The ambiguity in the Weyl symmetry is of the same form as the
renormalization ambiguity in the RG functions
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Ambiguity in RG the functions

Wolv, g0, Jo, ao] = Woly, Ugo, UJo, a5 | but produce different RG functions!

Ay=qY —y=-p00'U"
ABr= By — Br=—(Avg)r,
Av=ovY —v=—A~,

i) By choosing U, one can engineer any Ay = a(g) € gp

— We can match any RG functions in AW + AEF all of which provide
valid descriptions of the flow

— The ambiguity in the Weyl symmetry is of the same form as the
renormalization ambiguity in the RG functions

ii) The flavor-improved RG functions are invariant:

Br = 81— (vg)r, F'=y+v
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Ambiguity in RG the functions

Wolv, g0, Jo, ao] = Woly, Ugo, UJo, a5 | but produce different RG functions!

Ay=qY —y=-p00'U"
ABr= By — Br=—(Avg)r,
Av=ovY —v=—A~,

i) By choosing U, one can engineer any Ay = a(g) € gp

— We can match any RG functions in AW + AEF all of which provide
valid descriptions of the flow

— The ambiguity in the Weyl symmetry is of the same form as the
renormalization ambiguity in the RG functions

ii) The flavor-improved RG functions are invariant:
Br=p0r— (g, T=7y+v

i) RG-finiteness is conserved B =~ (v g),
— (B1, ) that are not RG finite cannot be made so by a shift
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The preferred set of RG functions

We can choose counterterms to realize the flavor-improved RG functions:

wW=v—Ay=0 = (8Y,7Y) = (B;,T)
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The preferred set of RG functions

We can choose counterterms to realize the flavor-improved RG functions:
U U U
vwW=v—-Ay=0 = (51,”)/ )= (BI, F)
One additional consideration is

[T#,] = B1[0"] —1,0°|0%,] = By is finite
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The preferred set of RG functions

We can choose counterterms to realize the flavor-improved RG functions:
U U U
vwW=v—-Ay=0 = (51,”)/ )= (BI, F)
One additional consideration is

[T#,] = B1[0"] —1,0°|0%,] = By is finite

Anders Eller Thomsen (Bern U.) RG Ambiguities and Divergences AS Meets PP & Friends



The preferred set of RG functions

We can choose counterterms to realize the flavor-improved RG functions:
U U U
vwW=v—-Ay=0 = (51,’)/ )= (BI, F)
One additional consideration is

[T#,] = B1[0"] —1,0°|0%,] = By is finite

Flavor-improved RG functions

The set (By, I') is unambiguous and (presumably) finite
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The preferred set of RG functions

We can choose counterterms to realize the flavor-improved RG functions:
U U U
vwW=v—-Ay=0 = (51,”)/ )= (BI, F)
One additional consideration is

[T#,] = B1[0"] —1,0°|0%,] = By is finite

Flavor-improved RG functions

The set (By, I') is unambiguous and (presumably) finite

In principle we know only that at least one element in

{(B[,F+a) calg) € gF, (ag)I:O}

is finite = RG-finiteness. Is there more than one element?
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i) The occurrence of a certain class of € poles in the RG functions is
consistent with the Callan-Symanzik equation and not a sign of the
theory or renormalization scheme breaking down.

ii) There is an ambiguity in choosing renormalization constants due to
the flavor symmetry.

iii) Using the ambiguity, it is always possible to remove all the poles
simultaneously from ~ and [3; to recover finite RG functions.

iv) The flavor-improved RG functions (I, By) are unambiguous and
(presumably) finite and therefore a preferred choice.

Anders Eller Thomsen (Bern U.) RG Ambiguities and Divergences AS Meets PP & Friends 17 /17



i) The occurrence of a certain class of € poles in the RG functions is
consistent with the Callan-Symanzik equation and not a sign of the
theory or renormalization scheme breaking down.

ii) There is an ambiguity in choosing renormalization constants due to
the flavor symmetry.

iii) Using the ambiguity, it is always possible to remove all the poles
simultaneously from ~ and [3; to recover finite RG functions.

iv) The flavor-improved RG functions (I, By) are unambiguous and

(presumably) finite and therefore a preferred choice.

No need to panic if you encounter an RG pole!
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