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Singular and 𝑝 -adic phase space:
a ps generator for theory computations

Giuseppe De Laurentis

Paul Scherrer Institut

Source code at github.com/GDeLaurentis/lips

Interactive notebook at mybinder.org/v2/gh/GDeLaurentis/lips/HEAD

Based on [DL, Maître - 2019] and [DL, Page - 2022]
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https://github.com/GDeLaurentis/lips
https://mybinder.org/v2/gh/GDeLaurentis/lips/HEAD?labpath=examples%2FACAT2022.ipynb
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Computational challenges
▶ Projections for computations at the LHC [ATLAS - 2022]

▶ Bottlenecks (see e.g. 3j @ NNLO [Czakon, Mitov, Poncelet - 2021]):
1. Availability of virtual (two-loop) amplitudes;
2. Efficiency of real(-virtual) radiation.

▶ Power of analytics: e.g. 1-loop H+4-parton [Budge, Campbell, DL, Ellis,
Seth - 2020] 100× faster than numerical programs [Bonciani et al. - 2022]
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Collaboration:2802918
https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.152001
https://arxiv.org/abs/2002.04018
https://arxiv.org/abs/2002.04018
https://arxiv.org/abs/2206.10490
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High-multiplicity multi-loop amplitudes
▶ Study analytic properties of scattering amplitudes with 𝑃 𝜇 ∈ ℂ,

e.g. rational vector space of the 2-loop amplitude 𝒜(2,𝑁𝑓)
𝑞 ̄𝑞→𝛾𝛾𝛾:

𝑟̃
(2,𝑁𝑓)
0 = ( 8/3⟨23⟩[23]⟨24⟩[34]

⟨15⟩⟨34⟩⟨45⟩⟨4|1 + 5|4]
)

+ (45 → 54)

𝑟̃
(2,𝑁𝑓)
1 = 𝑟̃

(2,𝑁𝑓)
0 (345 → 453)

𝑟̃
(2,𝑁𝑓)
2 = 𝑟̃

(2,𝑁𝑓)
0 (345 → 534)

𝑟̃
(2,𝑁𝑓)
3 = ( 8/3⟨13⟩[13]⟨24⟩[45]

⟨13⟩⟨34⟩⟨45⟩⟨4|1 + 3|4]
)

+ (45 → 54)

+ ( −8/3⟨12⟩[13]⟨23⟩2

⟨13⟩⟨24⟩⟨25⟩⟨34⟩⟨35⟩
)

𝑟̃
(2,𝑁𝑓)
4 = 𝑟̃

(2,𝑁𝑓)
3 (345 → 453)

𝑟̃
(2,𝑁𝑓)
5 = 𝑟̃

(2,𝑁𝑓)
3 (345 → 534)

[Abreu, DL, Ita, Klinkert, Page, Sotnikov - to appear]

[...]

[Abreu, Page, Pascual, Sotnikov - 2020]
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Flash overview of Lips
▶ 𝑛-point phase space over 𝔽, with 𝔽 ∈ {ℝ, ℂ, ℚ[𝑖], 𝔽𝑝, ℚ𝑝}
Particles(multiplicity, field=Field(name, prime, digits))

e.g. ℂ → Field("mpc", 0, 300)
𝔽𝑝 → Field("finite field", 2147483647, 1)

[von Manteuffel, Schabinger - 2014], [Peraro - 2016]
ℚ𝑝 → Field("padic", 2147483647, 3)

▶ On-the-fly evaluation of arbitrary spinor expressions
Particles(5,ℚ13,seed=0)("(−8/3𝑠23⟨24⟩[34])/(⟨15⟩⟨34⟩⟨45⟩⟨4|1+5|4])")
>>> 11 + 12*13 + 2*132 + O(133)

▶ Generation of singular phase space configurations
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Dependencies graph1234
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𝑝-adic numbers and finite fields

▶ Finite field class: ModP(number, prime)
▶ 𝑝-adic number class: PAdic(number, prime, digits)
▶ 𝒪-term tracking: pyadic.padic.fixed_relative_precision

By default this set to False . True emulates behavior of float .
▶ Supported operations:

1. arithmetic operations (+ , - , * , / ),
2. square root (finite_field_sqrt , padic_sqrt )
3. 𝑝-adic logarithm (padic_log ).

▶ Field extensions (at present only by a single sqrt )
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Algebraic geometry

▶ Polynomial ring class: Ring
Syntax: Ring(coeffs, variables, monomial_ordering)

▶ Ideal class: Ideal
Syntax: Ideal(Ring, generators (list of str))

▶ Polynomial quotient ring class: QuotientRing
Syntax: QuotientRing(Ring, Ideal)

▶ Several ideal operations already interfaced, e.g.:
1. Addition, quotient (+ , / )
2. Gröbner bases: (groebner_basis )
3. Primary decomposition (primary_decomposition )
4. Etc...
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ℂ vs ℚ[𝑖] phase space: rational spinors
By default, phase space is massless and satisfies mom. cons.:

▶ Particles is a 1-indexed sub-class of list ;
▶ entries are Particle objects;
▶ Particles.masses are zero, Particles.total_mom is zero.

Spinors in 𝔽𝑝/ℚ𝑝? But aren’t they complex, even with real momenta?
▶ The Pauli matrix 𝜎𝑦 is the only one with imaginary entries;
▶ Take: 𝐸 ∈ ℚ, 𝑝𝑥 ∈ ℚ, 𝑝𝑦 ∈ 𝑖ℚ, 𝑝𝑧 ∈ ℚ ⟹ (𝑃𝜇𝜎𝜇)𝛼̇𝛼 ∈ ℚ
▶ In practice, work with rank 1 and/or 2 spinors:

Particle.r_sp_d : 𝜆𝛼 ∈ 𝔽; Particle.l_sp_d : 𝜆̃𝛼̇ ∈ 𝔽
Particle.r2_sp : 𝑃 𝛼̇𝛼 ∈ 𝔽; Particle.four_mom : 𝑃 𝜇 ∈ 𝔽 if 𝑖 ∈ 𝔽,

e.g. 𝑖 ∈ 𝔽231−19, but 𝑖 ∉ 𝔽231−1
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Partial fractions as ideal membership
▶ Imagine we have a numerical program to compute the expression

Black Box Function = 𝒩
𝒟

= ( 8/3⟨23⟩[23]⟨24⟩[34]
⟨15⟩⟨34⟩⟨45⟩⟨4|1 + 5|4]

) + (45 → 54)

▶ Can we see numerically that ⟨4|1 + 5|4] and ⟨5|1 + 4|5] can be
partial fractioned? Equivalent statements are:

𝒩 = 𝑎(𝜆, 𝜆̃)⟨4|1 + 5|4] + 𝑏(𝜆, 𝜆̃)⟨5|1 + 4|5],

or 𝒩 ∈ ⟨⟨4|1 + 5|4], ⟨5|1 + 4|5]⟩ .

▶ In the code, LipsIdeal subclasses syngular.Ideal and uses
Particles.__call__ after Particles.make_analytical_d to
symbolically compute the expressions.
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The geometry of singular phase space
▶ 𝒩 ∈ 𝐽 iff 𝒩 vanishes on all branches of 𝐽;
J = LipsIdeal(5, ("<4|1+5|4]", "<5|1+4|5]"))

▶ There are 5 branches, 3 of which are not related by symmetries:
K = LipsIdeal(5, ("<14>", "<15>", "<45>", "[23]"))
L = LipsIdeal(5, ("<12>", "<13>", "<14>", "<15>",

"<23>", "<24>", "<25>", "<34>", "<35>", "<45>"))
M = LipsIdeal(5, ("<4|1+5|4]", "<5|1+4|5]",

"|1]<14><15>+|4]<14><45>-|5]<45><15>",
"|1>[14][15]+|4>[14][45]-|5>[45][15]"))

▶ Check it (& means ideal intersection ∩, like for set ):
assert J == K & K("12345", True) & L & L("12345", True) & M
("12345", True) means identity permutation, plus swap 𝜆 ↔ 𝜆̃.
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Singular, 𝑝-adic phase space points
▶ Syntax for a phase space point on (or near) a variety
Particles._singular_variety(

orthogonal directions, valuations, ideal generators)
▶ Generate a point on each variety:
oPs = Particles(5, field=Field("padic", 2**31-1, 3), seed=0)
oPs._singular_variety(("⟨4|1+5|4]", "⟨5|1+4|5]"), (1, 1),

generators=M.generators) # and same for K and L
▶ Use oPs to evaluate 𝒩, it’s will be proportional to 𝑝 on all branches.

⟹ partial fraction decomposition is possible.

Beyond partial fractions
▶ Even if a partial fraction decomposition is not possible5,

we can still constrain the numerator if it vanishes somewhere.
5without spurious poles
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Summary
▶ lips: a phase space generator for theory computations;
▶ pyadic: a package for using 𝑝-adic numbers;
▶ syngular: an interface to the algebraic geometry software Singular.

Please feel free to get in touch, open issues, or contribute!

Outlook
▶ New two-loop amplitudes relevant for LHC experiments;
▶ more concise expressions for high-multiplicity amplitudes.
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