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Predominant decay mode of the Higgs boson: H — bb J

[(H — bb) = IO (1 4+ Ales) 1 Ale) 4 Alaas) o0

Aleas) — A,(yaas) + Aglas) + A(V?/as) <— 3 int. masses

j ~—— =
1int. mass ~—0.002 ~—0.0009

A. Kataev, ‘97; L. Mihaila, B. Schmidt, M. Steinhauser, ‘15

Future colliders — need for precise theoretical predictions
— importance of analytic computations J
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The optical theorem

Relation of decay width and Higgs boson self-energy:

[(H — bb) = milm(zH(p2 — m?, + ie))
H

b

N\
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di'= Ale,x, ) =Y dT = eA(x,y)J
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Contributing diagrams

= 13 pairs of three-loop two-point diagrams

2 masses m;&m,, ((’)(mf)) = 0) and one external momentum
= 4 auxiliary topologies with %I(I +1) 4 el = 9 propagators p?> = s
Ina Hénemann (JGU Mainz) I(H — bb) at © 13.05.2022 5/15



The auxiliary topologies

2 masses m; (green lines) &m,, (red lines), 1 ext. momentum p? = s
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The integrals

9
IX _e3€7E (Mz)l/ / de]_ de2 de3H

V11QUV3V4V5 Ve V7 V89 D . D
I7T 2 I7T 17T 2 j=1

Pj=—q1.2+mf, Xe{A,B,C,D}, v=

19:1 vj, D=4-2¢

kira . . . . . ..
. = any integral expressible as linear combination of basis integrals
aporta

Topology | Total number Ml's | independent Ml's from this topology

A 50 50
B 66 50
C 95 37
D 67 1
= 138 master integrals [ = (h,hy... h3g)" J

S. Laporta, ‘01; J. Klappert, F. Lange, P. Maierhofer, J. Usovitsch, ‘20
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The system of differential equations
The master integrals = (h,h,... h3g)"

@ depend on 2 dimensionless quantities (u2=m?):
— X,y rationalize

\/—s(4m%—s), \/)\(s,ma,,mf)

S ——
i mz_

X
t

A-x)? My, _ (1—y+29)(x=2y+xy)
S m? x(1-y2)

E. Chaubey, S. Weinzierl, ‘19
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The system of differential equations
The master integrals = (h,h,... h3g)"

@ depend on 2 dimensionless quantities (u2=m?):
— X,y rationalize

\/_S(4m%_s)7 \/)‘(Svmaﬂm%); %:

_(1=x)? md, _ (l—y+29)(x—2y+x)
my X ’ ;tj_

x(1-y?)
o fulfill the system of differential equations:

E. Chaubey, S. Weinzierl, ‘19

di'= (Axle, x, y)dx + Ay (€, x,y)dy) I = A(e, x, y)I J
with
0 - - 0 0
T T

8xAy - [A,A] =0

138x138 matrices
Ina Hénemann (JGU Mainz)

Integrability
r(H — bb) at O

13.05.2022

a
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The e-form of differential equations

di=eAl,  A=> Gui  Jex)=> € (x)
i=0
/ only € /differential one-forms, only simple poles

Npmaster X Nmaster matrices, only algebraic numbers

= Solvable in terms of iterated integrals

J. Henn, ‘13
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The e-form of differential equations

di=eAl,  A=> Gui  Jex)=> € (x)
i=0
/ only € /differential one-forms, only simple poles

Npmaster X Nmaster matrices, only algebraic numbers

= Solvable in terms of iterated integrals

J. Henn, ‘13
o We have: A(e, x, y)
1. Basis change: J = Ul = €A = UAU™! — UdU1
2. Coordinate transformation:

e Two square roots already simultaneously rationalized

o Two additional square roots in topology B: \/s(4m2, £'s),
three for one sector+subsectors at maximum
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The e-form of differential equations

di=eAl,  A=> Gui  Jex)=> € (x)
i=0
/ only € /differential one-forms, only simple poles

Npmaster X Nmaster matrices, only algebraic numbers

= Solvable in terms of iterated integrals

J. Henn, ‘13
o We have: A(e, x, y)
1. Basis change: J = Ul = €A = UAU™! — UdU1
2. Coordinate transformation:

e Two square roots already simultaneously rationalized

o Two additional square roots in topology B: \/s(4m2, £'s),
three for one sector+subsectors at maximum

e ) — (Y _d y1 _d;
= MPL's: G(z1,...,2zx:y) = J; y1{121 15 yzi/zzf"
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In search of a transformation: Block decomposition

1 5 10 15

@ sector = integrals with
common set {v; > 0}

@ Block decomposition:

— Treat sectors
one by one

I I I N
1 5 10 15

schematic representation of A;;_151_15)
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In search of a transformation for one sector

I~ [ dPkadPkodP ks TT7_, (PX) ™

TR

Baikov rep.: democratlc Baikov rep.: loop by Ioop

Inf d°2B T, 2 dPkndetG loop) — 25
~[dz (z) 1% ~detG(mom. ext. to oop) *
B(z)=detG(ki,k2,k3,p) detG(k,mom. ext. to Ioop) R dN

™ e

Maximal Cut: cut all propagators with vj#0
1 .
2 = 2mid(zj) = MaxCut (/) = Jern e @i

1
Search C; & modify ¢; — Leading term of Laurent expansion (¢ = 0)
of fc,- ¢! is constant of weight zero; m:weight 1, e:weight -1

P. Baikov, ‘96, ‘97; H. Frellesvig, C. Papadopoulos, ‘17
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Sector 334: first Ml
@ 5 propagators: o, 13, v, V7, Vg > 0 ko ks
@ 3 master integrals

e Baikov rep. loop by loop — int. over 6 variables ™ ’

32im2m? dz
B 1
MaxCutlyi1100101(2) = / > :

¢ (—m?+m2 + z1) \/s (4m? —s) — 2571 — 2}
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Sector 334: first Ml
@ 5 propagators: o, 13, v, V7, Vg > 0 ko ks
@ 3 master integrals

e Baikov rep. loop by loop — int. over 6 variables ™ ’

1~ P

32ir?m} dz
B 1
MaxCut/y11100101(2) :/ > -
¢ (—m?+m2 + z1) \/s (4m? —s) — 2571 — 2}
e closed, anticlockwise contour around slit [a, b]: fo 9 —onj
' ’ v/ (z—a)(z—b)

(_m§+msv+zl 3272 dz; — 6477'3[

)
mi 4 fo \/(21—(—2mtﬁ_s))(zl_(2mtﬁ_s))

= fO dz1
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Sector 334: first Ml
@ 5 propagators: 1o, 13, v, V7, Vg > 0 ko ks
@ 3 master integrals

e Baikov rep. loop by loop — int. over 6 variables ™ ’

1~ P

32im2m? dz
B 1
MaxCutlyi1100101(2) = / 5 :

C(—m?+mZ + 1) \/s (4m? — s) — 2571 — 23

o closed, anticlockwise contour around slit [a, b]: fo ﬁ = 2mi
z—a)\z—

(—m?+m5v+21)2 3272dz 3
= - 647T 1
m¢ . fo \/(zl—(—2mtﬁ—s))(zl—(2mtﬁ—s))

= fO dz;

h=é ((1 — w)®D " 511100101 — 2(1 — w)D 1511100101 + D_/§211100101>

dimensional shift operator lowers dimension by 2
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Sector 334: second MI

32im?m¢ dz;
—m? 4+ m2 + 21)2 \/s (4m? —s) — 2571 — 22

MaxCut/g1100101(2) :/c(

o small circle around zp: [, fz(zz‘iz 27i f(z)

—mt—l—mw—i—zl) _ 6473 m?
m} v \/s(4m§—s)—25(m%—m3v)—(mf—m§v)2

= fO dzi
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Sector 334: second MI

32im?m} dz;
—m? 4+ m2 + 21)2 \/5 (4m? — s) — 2571 — 23

MaxCut/gi1100101(2) :/c(

f .
e small circle around zp: [, Z(ZZOZ = 27i f(zp)

—m +mw+zl) 6473 m?
= [.dz (Emttmta) =— :
fo ! mi v V/5(4m?—s)—2s(m2—m2,)—(m2—m2)2

3 (1 +x)(1+ x =2y +2xy + y2 + xy?)
x(=1+y)1+y)

((—1 + w)D ™ 51100101 + D_113111100101>

b =c€
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Sector 334: third MI

T 7 3n—/B T
° (’0811100101’1731111001017’0%11710101) =J = (J17J2v6 D /0111—10101)

€di1 €aiz €313
= D] =cA y (%, )7, but 3 J7 €21 €ax 6323 J
ay~ y
€331 €a3y €az3 + m
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Sector 334: third MI

T 7 3n—/B T
° (’(?11100101’1731111001017’08111710101) =J = (Jl,JQve D /0111—10101)

€di1 €aiz €313

= a%ﬁ: elz\y(x,y)J7 but 5~ D J = |ean ean 6323 J
€a3] €aszy €asz3z + Tﬂ

e Transformation U = Diag(1,1, u(x))

o [UAe,x,y)U™t = U U™ ;5 = eass + 5t + 49

=0
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Sector 334: third MI

T 7 3n—/B T
° (’(?11100101’1731111001017’08111710101) =J = (Jl,JQve D /0111—10101)

€d11  €3d12 €313
O 7 _ A i i i
= 5,7 = eA,(x,y)J, but 2 5cd = [ €31 €axn 6823 J
€331 €azy €asz + m

e Transformation U = Diag(1,1, u(x))

x2 u'(x)

o [UA(e,x,y)UT! = Ua%U_l}(a,zs) ca33 + i T )
—_—

=0
= u(x) = exp (— [ s dx) = ()
= J3= MD Ioi11-10101
J= (U1, , 1), dJ=€eA(x,y)] )
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[(H — bb) = FO(1+ Ales) 4 Al@)  Alres) L Aloes) 4 plaes) |y

@ 138 MI's kinematically depending on two dimensionless quantities
1. Basis change: J= Ul = dJ = eA(x,y)J

e Block decomposition
e Maximal cuts with constant leading singularities

2. Coordinate transformation (4 square roots, max. 3 for sector+sub.)
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Thank you for your attention.
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The decay rate ['(H — bb)

F(H — bb) = FO(1 + Ales) 1 Al®) 4 Alees) o0y
A(aas) _ A’(yaas) +A(Zaas) +A(V‘a/as)

Analytical:

N~Grm m2 o C 2 - Qa m2
ro=NeSemamy A s):FTas<141 Sin (7:24) Al =% (4 %'"(7’2’ ,

aos asQa 2
A( ) C;:7r fr <691 2C 2( 105| (7;;)_’_%'( ))

Numerical:

Al = 0.2040, A =0.0011, Al**) =0.0001,
AL ~ —0.002, Al ~ —0.0009

A.L. Kataev, ‘97; L. Mihaila, B. Schmidt, M. Steinhauser, ‘15
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The optical theorem

@ Decay rate of one particle state:
27)*
(A= x) = 75 [ a05t(pa - prlm(A - X)F
ma
@ Generalized optical theorem:
_ (m? (X) 58, — 2
Im(M(A = A)) = *— > [ dpX)6*(pa — px)IM(A = X))
X

= Relation of decay width and Higgs boson self-energy:

F(H — bb) = miHlm(ZH(p2 = mj; + ie)) }

o Diagrams entering r.h.s have to end in Hbb-vertex
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Differential equations

1% = v j IS

V11V2V3V4V5 VLT VgL i nvvsvausvsvrvgig
t w ic JX .

/ JEJ,,,E/W raises v; — v + 1
/edges carrying m;,,

0 3D 0
—IX —_ (2= _ IX IX
S e ()il

,mi,s
= D|fferent|al equations for master integrals
o 2 =m?=

Vg

Integrals depend on 2 dimensionless quantities
2

m

5, W=-—5 — —I=A
my

o - .
I
ow ov

Computing master integrals — Solving differential equations

Ina Hoénemann (JGU Mainz)
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Example from Topology B: sector 334

@ Sector 334: vy, v3, vy, V7, Vg >0

. r_ (B B B
@ 3 master integrals, | = (10111001017 121111001015 /0111—10101)

Baikov representation loop by loop:

k2 k3
1. k3, momentum external to loop: ki
2. kp, momentum external to loop: k;
—p p 3. k1, momentum external to loop: p
k,—p = integration over 6 Baikov variables

MaxCut = integration over one variable left
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