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FOUR-LOOP FORM FACTORS



PERTURBATIVE EXPANSION OF FORM FACTORS

+ . . .

+ . . .

+ . . .

: 1 diagram𝒪(α0
s )

:  2 diagrams𝒪(α1
s )

: 69 diagrams𝒪(α2
s )

: 1586 diagrams𝒪(α3
s )

: 43220 diagrams𝒪(α4
s )

• Consider , ,   form factors:

• Virtual N4LO for Drell-Yan, Higgs prod./decay

• Universal IR features of amplitudes

qq̄γ* ggH bb̄H



• [Catani ’98, Aybat, Dixon, Sterman ’06, Becher, Neubert ’08, 
Gardi, Magnea ’09, …]: 
IR poles of renormalized amplitude may be minimally 
subtracted through multiplicative procedure: 

 
with Z matrix in color space, where anomalous dimension 

 
has simple process-independent features.


• Solution for Z matrix  

 




IR SUBTRACTION
• Anomalous matrix @ 2-loops: only color dipoles 

[Catani ’98; Aybat, Dixon, Sterman ’06; Becher, Neubert ’08; 
Gardi, Magnea ’09] 

• Anomalous matrix @ 3-loops: also quadrupoles 
[Almelid, Duhr, Gardi ’15; Henn, Mistlberger ’16] 
recently confirmed for partonic scattering in full QCD  
[Caola, Chakraborty, Gambuti, AvM, Tancredi ’21, ’21] 

 

• Anomalous matrix @ 4-loops: partial information 
[Becher, Neubert ’19; Agarwal, Danish, Magnea, Pal, Tripathi 
’20, Agarwal, Magnea, Pal, Tripathi ’21; Falcioni, Gardi, Maher, 
Milloy, Vernazza ’21]  
 

talk: Amlan Chakraborty



• For our form factors: Z is proportional to color unit matrix 




• We can extract cusp and collinear anomalous dimensions 

 
from poles of form factors (  cusp,  collinear)


• cusp@3 loops: only quadratic Casimir 


• cusp@4 loops: also quartic Casimirs

1/ϵ2 1/ϵ

Γr = T(r)T(r) γcusp

CUSP AND COLLINEAR ANOMALOUS DIMENSIONS



• W at small pT: important for mass measurement

• Fixed order breaks in this regime, requires resummation

• N3LL or higher needs four-loop cusp anomalous dim., some further works:


• Hbb @ N3LL [Ajjath, Chakraborty, Das, Mukherjee, Ravindran ’19] + many more

• Energy-energy correlation @ N4LL [Duhr, Mistlberger, Vita ’21; Moult, Zhu, Zhu ’21]

RESUMMATION

[Isaacson, Fu, Yuan ‘21]

talks: Johannes Michel, 
Stefano Forte, …



CALCULATIONAL SETUP
• Project started with E. Panzer, R. Schabinger several 

years ago 


• 6k / 43k diagrams for  / 


• 100 top-level topologies (trivalent graphs)


• 10 integral families (sets of denominators)


•  gauge for matter content


• O(10^9) integrals in diagrams


• 5 / 6 ISPs for  / ggH


• IBP reductions with Finred based on 
finite field arithmetic + rational reconstruction 
[AvM, Schabinger ’14; Peraro ’16; …]


• 294 master integrals


• Choose finite master integrals


• Analytical integration with Hyperint [Panzer ’14]


• Completion of weight 8 results: later

qqγ* ggH

Rξ

qqγ*



IBP DETAILS
• Reduction of dots: “no-numerator syzygies” in Lee-Pomeransky rep. 

[Lee ‘14; Bitoun, Bogner, Klausen, Panzer ’17] 

• Need higher-order annihilators.


• Reduction of numerators: “no-dot syzygies” in Baikov rep. (some sectors) 
[Gluza, Kajda, Kosower ‘11; Schabinger ’11; Its ’15; Larsen, Zhang ’15; Böhm, Georgoudis, Larsen Schulze, Zhang ’18; …] 

• Used linear algebra approach [Agarwal, Jones, AvM ’20].


• O(25k) sectors, up to O(10^8) eqs. per sector, up to O(40) finite fields, up to O(600) samples for variable


• Reduction tables: several TB compressed (checksums!)


• Inter-sector relation: 



IRREDUCIBLE TOP-LEVEL TOPOLOGIES

• Last two rows: not linearly reducible out of the box

• Use variable transformations to render linearly reducible (known to work for all but last two)


• Hardest topologies contribute late in  expansionϵ



• Observation [Panzer 2014; AvM, Panzer, Schabinger 2014]:

• any divergent loop integral expressible in terms of finite basis integrals  



• Expand integrands of finite integrals around 


• If linearly reducible: integrate analytically with HyperInt [Panzer 2014]

• Improved numerical evaluations, used for HH [Borowka, Greiner, Heinrich, Jones, Kerner ‘16], Hj 

[Jones, Kerner, Lusioni ‘18], ZH [Chen, Davies, Heinrich, Jones, Kerner, Mishima, Schlenk, Steinhauser ’22] …

ϵ = (4 − d)/2 ≈ 0

METHOD OF FINITE INTEGRALS

+…



[Agarwal, AvM, Jones 2020]

GENERALIZED FINITE INTEGRALS



“NICE” FINITE INTEGRALS

• Only 1 term for weight 6 for 
a nice finite integral:

• Example: 10 terms in  for 
weight 6 in conventional basis:

ϵ



• Wilson line method (with a conjecture): [Brüser, Grozin, Henn, Stahlhofen ’19; Henn, Mistlberger, Korchemsky ’19]

• Quartics from form factors: [Lee, Smirnov, Smirnov, Steinhauser ’19]  
• Full calculation from QCD form factors: [AvM, Panzer, Schabinger ’20]

ANALYTICAL CUSP ANOMALOUS DIMENSION

N=4: [Henn, Mistlberger, Korchemsky ’19; 
Huber, AvM, Panzer, Schabinger, Yang ’19]






 
[Agarwal, AvM, Panzer, Schabinger ’21] 

ANALYTICAL COLLINEAR ANOMALOUS DIMENSIONS

(N=4 planar color: [Dixon ’17])



ANALYTICAL FORM FACTORS @ 4-LOOP QCD
• Partial results for finite parts of form factors @ 4-loop QCD: 

[Henn, Smirnov, Smirnov, Steinhauser ’16;  Henn, Smirnov, Smirnov, Steinhauser, Lee ’16; Lee, Smirnov, Smirnov, 
Steinhauser ’17, ’19]


• Partial results for finite parts of for factors @ 4-loop QCD: 
[AvM, Schabinger ’16, ’19, ’19]  

• Complete form factors @ 4-loop QCD: 
[Lee, AvM, Schabinger, Smirnov, Smirnov, Steinhauser ’21, ’22; Chakraborty, Huber, Lee, AvM, Schabinger, Smirnov, 
Smirnov, Steinhauser ’22]


• See also:


• Recent results for form factors with masses + singlet contrib. @ 3-loop QCD: 
[Fael, Lange, Schönwald, Steinhauser ’22; Czakon, Niggetiedt ’20; Chen, Czakon, Niggetiedt ’21; Gehrmann, Primo ’21] 

• First steps towards inclusive H cross section at 4th order (soft-collinear contributions): 
[Moch, Ruijl, Ueda, Vermaseren, Vogt ’17, ’18; Das, Moch, Vogt ’19, ’20] 
 
 
 

talks: Fabian Lange, Marco Niggetiedt



METHOD OF DIFFERENTIAL EQUATIONS
• Take a second leg off-shell, , 

transport from x=1 (propagator) to x=0 (one-scale FF) [Henn, Smirnov, Smirnov ’13]


• Reductions with Fire 6 [A.V. Smirnov, Chukharev ’19], canonical form [Henn ’13] with Libra [Lee ’20] 

• Example topology with singularities at x = 0, 1, -1,1/4, 4:


• 2-scale letters: 

• 1-scale G(…, 1) with weights                                                                       mapped to MZVs 
 

x = q2
1 /q2



N=4 SYM SUDAKOV FORM FACTOR @ 4 LOOPS

Integrand: [Boels, Huber, Yang  ’17]

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’21]



 FORM FACTOR @ 4 LOOPSqq̄γ*

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’21, '22]



 FORM FACTOR @ 4 LOOPSqq̄γ*

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ‘21, ’22]



 FORM FACTOR @ 4 LOOPSggH

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’21, ’22]



 FORM FACTOR @ 4 LOOPSggH

[Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’21,’22]



 FORM FACTOR @ 4 LOOPSbb̄H

[Chakraborty, Huber, Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’22]



 FORM FACTOR @ 4 LOOPSbb̄H

[Chakraborty, Huber, Lee, AvM, Schabinger, Steinhauser, Smirnov, Smirnov ’22]



• Master integrals

• many checked analytically

• with Fiesta 5 [A.V. Smirnov, Shapurov, Vysotsky ’21]  to 10^(-4) relative error otherwise.


• IR subtraction works

• Non-trivial test of IR prediction and quark collinear anom.dim.

• Note: renormalization very different for ,  due to Yukawa coupling and 


• Max. “transcendental weight” of form factors:


• agree all with N=4 (after adjusting reps.)


• for all poles and the finite parts


• for leading and subleading color !


qq̄γ* bb̄H αs

CHECKS AND FINDINGS



SUMMARY

• First 4-loop form factors in full-color QCD: , , 


• From poles: cusp and collinear anomalous dimensions


• Confirmed prediction for IR structure

qq̄γ* ggH bb̄H




