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MCMC
Accepted
Rejected

Surrogate model
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9Fast Bayesian inference with GPs, Jonas El Gammal
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𝑥 − 𝑥′ '
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𝑘 𝑥, 𝑥& = 𝜎' ⋅ exp −
𝑥 − 𝑥& '

2𝑙'

𝜎' = 17.25 , 𝑙 = 1.25𝜎' = 10 , 𝑙 = 0.2 𝜎' = 1 , 𝑙 = 5

Can use MAP to get the best estimate
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𝑘 𝑥, 𝑥& = 𝜎' ⋅ exp −
𝑥 − 𝑥′ '

2𝑙'

𝑙
𝜎

𝑥(

𝑥' 𝑙 !

𝑙"

𝑘 𝒙, 𝒙& = 𝜎' ⋅ exp −C
𝑥) − 𝑥)& '

2𝑙)'
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𝑝(
𝑥)

𝑥
danger zone
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⇒Interpolate log-posterior to enforce positivity

𝑝(
𝑥)

𝑥
danger zone

lo
g
𝑝(
𝑥)

𝑥

→ −∞
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Solution: SVM ClassifierFin
ite

Infin
ite

Finite
Infinite

Multiply 𝜇 with −∞ where
SVM classifies as “infinite”
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Propose samples by maximizing an acquisition function
𝑎 𝑥 = exp 2𝜁 ⋅ �̅� ⋅ 𝜎*+ 𝑥

Corrects for dimension of 𝑥
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Initial point generator GP Regressor, SVM Optimizer w. Acquisition 
function

New sampling location 𝒙

Initial sampling
Locations 𝒙𝟎

GP model
(𝜇 𝒙 , 𝜎(𝒙))

Evaluate
log-posterior

log-posterior value of 𝒙
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Initial point generator GP Regressor, SVM Optimizer w. Acquisition 
function

New sampling locations 𝒙

Initial sampling
Locations 𝒙𝟎

GP model
(𝜇 𝒙 , 𝜎(𝒙))

Evaluate
(log) posterior in 

parallel

(log) posterior value of 𝒙

Batch algorithm

Acquire multiple 
sampling locations

Break loop

Break if 
log 𝑝,-./ − log 𝑝0-/123, < 𝛼 + 𝛽 ∗ | log 𝑝456 − log 𝑝,-./ |
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GP model (𝜇 𝑥 , 𝜎(𝑥)) MC sampler Plotting etc.
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40 posterior evaluations 68 posterior evaluations
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420 posterior evaluations
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8. Performance
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Overhead√
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We work on solving those problems…

Overhead

Multimodality

“Overfitting”
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Thank you!

https://www.memedroid.com/memes/detail/3518248/Normal-vs-paranormal-distribution



Backup

31



Gaussian Process Regression
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Assume that 

𝑓 𝒙 ∼ 𝒢𝒫(𝑚 𝒙 , 𝑘(𝒙, 𝒙′))

Then 𝑓∗ = 𝑓 𝒙∗ drawn from the GP given the 
measurements 𝒚 = 𝒇(𝑋) are distributed as  

𝒚
𝒇∗ ∼ 𝒩 𝟎, 𝑘(𝑋, 𝑋) 𝑘(𝑋, 𝑋∗)

𝑘(𝑋∗, 𝑋) 𝑘(𝑋∗, 𝑋∗)

This means, that test functions are 
distributed according to

𝒇∗|𝑋, 𝒚, 𝑋∗ ∼ 𝒩(�̂�∗, cov(𝒇∗))

with

̅𝑓∗ = 𝐸 𝑓∗ 𝑋, 𝑦, 𝑋∗ = 𝐾 𝑋∗, 𝑋 ⋅ 𝐾8( 𝑋, 𝑋 𝑦

cov 𝑓∗ = 𝐾 𝑋∗, 𝑋∗ ⋅ 𝐾8( 𝑋, 𝑋 𝐾(𝑋, 𝑋∗)

(usually 𝑚 𝒙 = 0 ∀ 𝒙)

Computational complexity
scales with 𝑛9



Gaussian Process Regression
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Marginalize: 𝑝 𝒚 𝑋 = ∫ 𝑝 𝒚 𝒇, 𝑋 𝑝 𝒇 𝑋 d𝒇

= 𝒩 𝒇, 0 = 𝒇 = 𝒩 0,𝐾 , 𝐾): = 𝑘(𝑥) , 𝑥:)

⇒ log 𝑝 𝑦 𝑋 = −
1
2
𝑦!𝐾"#𝑦 −

1
2
log 𝐾 −

𝑛
2
log(2𝜋)

Can use MLE to get the best estimate
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• To get marginalised quantities we 
want to integrate 

∫ 𝐿 𝑥 𝜋 𝑥 d𝑥

• With a GP we can get a model for
𝐿 𝑥 𝜋 𝑥 ∼ 𝒢𝒫(0, 𝑘(𝑥, 𝑥′))

• We can integrate that model by
integrating ∫ 𝜇 𝑥 d𝑥 = ∫ ̅𝑓 𝑥 d𝑥

• We can use 𝜇 𝑥 and 
𝜎 𝑥 = cov 𝑓∗(𝑥, 𝑥) to find the
next most informative point to 
sample
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⇒ 𝑎 𝑥 = 𝜇 𝑥 ⋅ 𝜎(𝑥)

⇒ At each step maximize an acquisition function

⇒ Sample log-posterior:

𝑎 𝑥 = exp 2 ⋅ �̅� ⋅ 𝜎*+ 𝑥

�̅� = Mean of GP fit to log-posterior

𝐿 𝑥 𝜋 𝑥 has high dynamic range

𝐿 𝑥 𝜋(𝑥) is always positive

𝐿
𝑥
𝜋(
𝑥)

𝑥

d𝑥 𝜎;

𝑎 𝑥 = exp 2𝜁 ⋅ �̅� ⋅ (𝜎*+ 𝑥 − 𝜎;)

Correction factor 𝜁 and statistical noise 𝜎;



The acquisition function
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Flat over large areas ⇒ We take the log of the acquisition function 
when actually optimizing it



Preprocessing
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Problem 1: Different scales

𝑥(

𝑥' 𝑘 𝑥, 𝑥& = 𝜎' ⋅h
)<(

=

exp −
𝑥) − 𝑥)& '

2𝑙'

Do two things:

1. Scale the priors such that they occupy the 
unit hypercube (every parameter is in 0,1 )

2. Make kernel asymmetric

More hyperparameters to fit (𝑑 + 1) but 
robust!
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Alternative: Whitening

𝑥) → 𝑥)′ =
𝑅): 𝑥 − �̂� :

lΣ))
with
• �̂�: =

(
;
∑)<(; 𝑥):

• lΣ:> =
(

;8(
∑)<(; 𝑥): − �̂�: 𝑥)> − �̂�>

(empirical mean and covariance along each dimension)
• lΣ = 𝑅ΛR? with Λ diagonal

⇒ No need to make kernel asymmetric but less robust
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What about log-posterior values?

• Transform such that they have zero mean and 
unit variance

• Encourages exploration when lots of high 
values of the log-posterior

• Encourages exploitation when lots of low
values of the log-posterior



Kullback-Leibler divergence
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Kullback-Leibler (KL) divergence:

𝐷@A(𝑃;B(| 𝑃; = C
C∈E

𝑃;B( 𝑥 log
𝑃;B( 𝑥
𝑃;(𝑥)

In case of a multivariate Gaussian this is just

For now: Take empirical mean and covariance of the training points



The problem with infinity
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Are we preserving Bayesianity?
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We are violating Bayesianity at two points:

⇒ log 𝑝 𝑦 𝑋 = −
1
2
𝑦!𝐾"#𝑦 −

1
2
log 𝐾 −

𝑛
2
log(2𝜋)

We are maximizing this with MLII. Correct Bayesian way:
Sampling the posterior distribution but very expensive!

GP model (𝜇 𝑥 , 𝜎(𝑥)) MCMC sampler → Ignoring 𝜎FG 𝑥
Correct:
Get var(posterior) by solving

But super expensive!

∬𝑘H,# 𝑥, 𝑥& d𝑥 d𝑥′



Overhead
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8 dimensions

2 Kriging believer
steps/iteration

In total 300 accepted
samples

Refitting GP hyperparameters requires many inversions
of the kernel matrix, scales ℴ(𝑁J540K/J

9 )


