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𝛼s(MZ)



only 3 determinations at N3LO


only Z pole value not dominated by QCD 
uncertainties ➟ very clean


sensitive to many types of new physics 
especially if family non-universal  
(vertex corrections)


𝛼s from W decays also clean (N3LO) and less 
sensitive to new physics (except CKM non-
unitarity)
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32 9. Quantum Chromodynamics

9.4.4 Hadronic final states of e+e≠ annihilations:
Re-analyses of jets and event shapes in e+e≠ annihilation (j&s), measured around the Z peak
and at LEP2 center-of-mass energies up to 209 GeV, using NNLO predictions matched to NLL
resummation and Monte Carlo models to correct for hadronization e�ects, resulted in –s(M2

Z
) =

0.1224 ± 0.0039 (ALEPH) [571], and in –s(M2
Z

) = 0.1189 ± 0.0043 (OPAL) [572]. Similarly, an
analysis of JADE data [573] at center-of-mass energies between 14 and 46 GeV gives –s(M2

Z
) =

0.1172 ± 0.0051, with contributions from the hadronization model and from perturbative QCD
uncertainties of 0.0035 and 0.0030, respectively. Precise determinations of –s from 3-jet produc-
tion alone (3j), at NNLO, resulted in –s(M2

Z
) = 0.1175 ± 0.0025 [574] from ALEPH data and in

–s(M2
Z

) = 0.1199 ± 0.0059 [575] from JADE. A recent determination is based on an NNLO+NNLL
accurate calculation that allows to fit the region of lower 3-jet rate (2j) using data collected at LEP
and PETRA at di�erent energies. This fit gives –s(M2

Z
) = 0.1188 ± 0.0013 [576], where the domi-

nant uncertainty is the hadronization uncertainty, which is estimated from Monte Carlo simulations.
A fit of energy-energy-correlation (EEC) also based on an NNLO+NNLL calculation together with

αs(MZ2) = 0.1179 ± 0.0009

August 2021
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Figure 9.3: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).
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𝛼s from the Z pole
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Figure 2.3: Feynman diagrams generating the QED (left) and QCD (right) radiator functions.

where,152

sin2 ✓`,0e↵ = 0.231533 dt = 27.14 d
0
t = �1.62 dZ = 6550. d↵ = �96.7 d↵s

= �4.05 (2.8)

This approximation reproduces the full calculation to better than 5 ⇥ 10�6. The sign configuration in the di153

coefficients is identical to the one in the ci coefficients, reconfirming that the effects from �↵ and �⇢ dominate.154

The predictions for the effective weak mixing angles sin2✓le↵ of the four light quarks (f = u, d, s and c)155

differ slightly from the prediction for charged leptons. For example, there are flavor dependent corrections156

of O(↵↵s) that do not factorize in the total Z width and need to be included [90, 91]. For bottom quarks157

additional O(↵m2
t ) [92, 93, 94, 95] and O(↵2

m
4
t ) [65, 96] enhanced effects enter the Zbb̄-vertex, resulting in158

a qualitatively different dependence on the input parameters. The leading two-loop corrections of O(↵↵sm
2
t )159

were obtained in Ref. [96, 97]. The full two-loop electroweak fermionic [98] and bosonic [99] corrections160

have been completed more recently.161

2.3. Radiative corrections to gauge boson decay rates162

The flavor-dependent normalization factors ⇢
Z

f
defined through Equations (1.8) and (1.9) absorb the re-163

maining electroweak radiative corrections to the vector and axial-vector couplings g
f

V
and g

f

A
, and thus to the164

W and Z boson partial and total decay widths. They have been computed alongside the 
Z

f
, and we refer to165

the previous subsection for the corresponding references.166

The partial width of the Z boson to decay into an ff̄ pair plus any number of photons and gluon jets is167

given by,168

�ff̄

Z
=

p
2GFM

3
Z

12⇡
N

f

c

h
|g

f

V
|
2
R

f

V
(MZ) + |g

f

A
|
2
R

f

A
(MZ)

i
. (2.9)

N
f
c denotes the number of colors, so that Nf

c = 1 for leptons and N
f
c = 3 for quarks. It should be noted that169

scale for the effective couplings is MZ and that the effective coupling g
f

V
and g

f

A
are in general complex-valued,170

a fact that starts to be relevant starting at two-loop precision. The vector and axial-vector radiator functions171

R
f

V
(MZ) and R

f

A
(MZ) describe QED and QCD corrections [100] to the final state particles and are illustrated172

in Figure 2.3. For example, for massless quarks they are available up to four-loop order in QCD and take the173

form,174

R
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⇡
. (2.10)

The one-loop correction was known [101, 102] already before the discovery of the charm quark. The non-175

Abelian character of QCD became fully explicit with the advent of the two-loop result [103, 104, 105], which176

also radically reduced the scale setting ambiguity in ↵s(µ). The three-loop [106, 107] and four-loop [108]177

calculations brought the uncertainty in the massless series to a currently negligible level. Fermion mass ef-178

fects [109, 110], other than from mt, lead to R
f

V
(MZ) 6= R

f

A
(MZ) and are small at the electroweak scale,179

provided one uses the MS quark mass definitions evaluated at the Z mass scale. The last term gives the QED180

and mixed QED/QCD corrections [111]. Expressions for finite quark masses can also be found in [100].181

The radiator functions account for the so-called non-singlet diagrams where both gauge bosons in the182

two-point correlation function couple to the same fermion. The non-singlet QCD corrections to W and Z183
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decays are therefore identical in the massless limit (except for the scale at which ↵s is evaluated). On the184

other hand, for Z decays there are also singlet contributions with purely gluonic intermediate states. As a185

result of Furry’s theorem, they cannot occur for vector currents before three-loop order where they have been186

obtained [106] including tiny top quark decoupling terms [112]. These effects turned out to be much smaller187

than the corresponding non-singlet effects, a fact which is also true for the very recently completed four-loop188

result (for MZ ⌧ mt) [113].189

The axial-vector current, however, is very different. Furry’s theorem does not apply here, and singlet190

effects appear already at two-loop order in QCD [114]. The contributions basically cancel within degenerate191

families, but large non-decoupling effects arise due to the large mass splitting of the third family. Including192

the corresponding contributions at three-loop [115] and four-loop [113] order, we write the effective QCD193

expansion for hadronic Z decays for m̂t(MZ) = 171.4 GeV (in the MS scheme) and mq = 0 for the other194

quarks,195

�had
Z / ⇢

✓
1 +

↵s(MZ)

⇡
+ 0.79

↵
2
s

⇡2
� 15.52

↵
3
s

⇡3
� 69.3

↵
4
s

⇡4

◆
. (2.11)

One can address individual sources of uncertainty by assuming a geometric growth of the higher order196

terms. For example, one can estimate the unknown terms of order ↵n+4
s with n � 1 as197

O(↵n+4
s ) ⇠

O(↵4
s)

n+1

O(↵3
s)

n
, (2.12)

and then sum them up either in quadrature (assuming that the signs are random) or linearly (which is most198

conservative). The latter applied to Equation (2.10) gives an error from perturbative QCD (PQCD) of199

�PQCD ⇡ ±
↵
5
s

⇡4

(80.0)2

12.77⇡ � 80.0↵s

= ±5.1⇥ 10�5
. (2.13)

It affects the ↵s extractions from the lineshape parameters �Z , R` and �
0
had in identical ways, but it is never-200

theless negligible compared to the experimental error in ↵s of ±0.0028 (see Sec. 4). By contrast, uncertainties201

from higher-order electroweak corrections [116, 117, 118] to the vector and axial-vector couplings can affect202

the lineshape observables in different, albeit correlated ways, so there is complementary information when203

analyzed in a global fit. They are discussed in Sec. 2.4 and shift ↵s at levels that are also negligible at present2.204

Radiative corrections to the decay width of the W boson have been calculated at O(↵) [119, 120, 121] and205

at O(↵↵s) [122]. The theoretical uncertainty due to missing higher order corrections is significantly smaller206

than the current experimental precision, making the calculation of further corrections not necessary for now.207

2.4. Theoretical uncertainties due to unknown higher-order electroweak corrections208

The theoretical uncertainties in quantities such as MW , sin2✓le↵ , and �Z , due to unknown higher-order elec-209

troweak corrections, arise from those in the W and Z boson self-energies, in the vertex and box corrections, and210

in further non-factorizable corrections, i.e., those that are not captured by the improved Born approximation.211

The first type can be described by uncertainties in the so-called oblique parameters S, T , and U [123],212

which have been originally introduced to parameterize potential new physics contributions to electroweak213

radiative corrections. There are many variants of oblique parameters in the literature, they may describe SM or214

new physics contributions or both, and are scheme dependent. However, we are only interested in uncertainties215

parameterized by them, so that we do not specify such details here. By using these oblique parameters, one216

can account for some of the theoretical correlations they induce in the suite of observables analyzed in global217

fits. Specifically, we use T to parameterize the uncertainty in weak isospin breaking. Other types of uncertainty218

might cancel in T , and instead appear in the energy-dependence of the W (Z) boson vacuum polarization219

function called SW = S + U (SZ = S) [124]. These uncertainties can be estimated by considering the220

expansion parameters involved. Including the SM fermion content of three full generations as an enhancement221

2There are further theory uncertainties that enter when the lineshape observables are derived from the underlying cross section
measurements, but these are conventionally included in the experimental errors.
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for massless quarks (non-singlet)

after large (top quark driven) singlet corrections 

(Z boson only) starting at order 𝛼s2



𝛼s from the Z pole

observable 𝛼s(MZ) comment

ΓZ = 2495.5 ± 2.3 MeV 0.1215 ± 0.0048  recent (ΓZ = +0.3 MeV)

σhad = 41.481 ± 0.033 nb 0.1201 ± 0.0065  recent (∆σhad = –60 pb)

Re = Γhad∕Γe = 20.804 ± 0.050 0.1295 ± 0.0082

Rµ = Γhad∕Γµ = 20.784 ± 0.034 0.1264 ± 0.0054

R𝜏 = Γhad∕Γ𝜏 = 20.764 ± 0.045 0.1157 ± 0.0072

BW(had) = 0.6736 ± 0.0018 0.098 ± 0.025  new (LEP 2 + CMS)

combination 0.1223 ± 0.0028

global fit 0.1185 ± 0.0016 includes 𝜏 decays

7

electromagnetic beam-beam effects               Voutsinas et al., arXiv:1908.01704

improved Bhabha X section (luminosity)         Janot & Jadach, arXiv:1912.02067



today: ΓW = 2085 ± 42 MeV (LEP + Tevatron) ➟ no useful 𝛼s constraint 


𝛼s rule of thumb: ΔΓW ~ ΓW(had)∕ΓZ(had) ΔΓZ ~ (1441∕1745)×2.3 MeV ~ 1.9 MeV


assuming: ΓW = 2090 ± 2 MeV ➟ 𝛼s(MZ) = 0.1203 ± 0.0054 (assuming CKM unitarity) 
possible at FCC-ee but unlikely at LHC ➟ BW(had)


      LEP 2: BW(had) = 0.6741 ± 0.0027              
       CMS: BW(had) = 0.6732 ± 0.0023 
combined: BW(had) = 0.6736 ± 0.0018 ➟ 𝛼s(MZ) = 0.098 ± 0.025


Some greedy reference values:


Run 3:     BW(had) = 0.6752 ± 0.0010 (1.5‰) ➟ 𝛼s(MZ) = 0.1196 ± 0.014 

HL-LHC: BW(had) = 0.6752 ± 0.0004 (0.6‰) ➟ 𝛼s(MZ) = 0.1196 ± 0.0056


ΔRµ = ± 0.6‰ ➟ 𝛼s(MZ) = 0.1196 ± 0.0020

𝛼s improvement @ LHC?
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𝛼s improvement @ the LHC?



MW & MZ



MW

group MW [GeV] comment

ATLAS 80.370 ± 0.019 13.7 million W decays @ 7 TeV

LHCb 80.354 ± 0.032 new (2.4 million W decays @ 13 TeV)

LHC 80.366 ± 0.017 assumes 9 MeV (= LHCb PDF) common error

Tevatron 80.387 ± 0.016 CDF & DØ

hadron colliders 80.377 ± 0.013 assumes 7 MeV common PDF error

LEP 2 80.376 ± 0.033 includes low statistics threshold scan

direct 80.377 ± 0.012 world average

indirect 80.357 ± 0.006 1.5 𝜎

all data 80.361 ± 0.006 global fit
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on-shell vs. effective weak mixing angle

∆MW (LHC) 


≈ 3.8stat + 3.8syst + 3.8PDF MeV


≈ (5/3)½ × 3.8 MeV ≈ 5 MeV


(for 3 detectors) based on

Azzi et al.

arXiv:1902.04070

∆sin2θW (LHC) ≈ 10–4
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today: MW = 80.377 ± 0.012 GeV 

➟ MH (indirect) = 92+19–17 GeV 

    MH (direct) = 125.14 ± 0.15 GeV (1.5 𝜎 tension)


assuming MW = 80.377 ± 0.005 GeV from LHC  

➟ MH (indirect) = 88 ± 12 GeV (2.8 𝜎 tension)


assuming instead MW = 80.389 ± 0.005 GeV from LHC  

➟ MH (indirect) = 75 ± 11 GeV (3.9 𝜎 tension)


assuming in addition negligible theory errors 

➟ MH (indirect) = 74 ± 9 GeV (4.6 𝜎 tension)

MW improvement @ the LHC?
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today (LEP 1): MZ = 91.1876 ± 0.0021 GeV (resonant depolarization) 

➟ MH (indirect) = 92+19–17 GeV 

    MH (direct) = 125.14 ± 0.15 GeV (1.5 𝜎 tension)


assuming: MZ = 91.1897 ± 0.001 GeV from LHC (1𝜎 higher) 

➟ ΔMH (indirect) = 3.3 GeV  

➟ non-negligible impact 

➟ important cross-check for LEP energy calibration  

(corrections for sun, moon, water level in lake Geneva, trains…) 

what if something was missed?

MZ improvement @ the LHC?
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sin2𝜃W



sin2𝜃leff

group sin2𝜃leff comment
ATLAS 0.2308 ± 0.0012  4.8 fb–1 @ 7 TeV

ATLAS 0.23140 ± 0.00036 15 million lepton pairs @ 8 TeV (20.1 fb–1)

CMS 0.23101 ± 0.00053 13.1 million lepton pairs @ 8 TeV

LHCb 0.23142 ± 0.00106 1 fb–1 @ 7 TeV and 2 fb–1 @ 8 TeV

LHC 0.23129 ± 0.00033 assumes common ±0.00024 (= ATLAS PDF)

Tevatron 0.23148 ± 0.00033 1.8 million lepton pairs @ CDF and DØ

LEP 1 0.23184 ± 0.00021 includes theory update for AFB(b)

SLC 0.23098 ± 0.00026 polarized e– beam (2.6 𝜎 lower than LEP)

low energy PV 0.23151 ± 0.00076 APV, SLAC–E–158, (PVDIS & Qweak)@JLab

direct 0.23147 ± 0.00013 world average

indirect 0.23154 ± 0.00004 SM prediction

all data 0.23153 ± 0.00004 global fit
15



today: sin2𝜃leff = 0.23147 ± 0.00013 

➟ MH (indirect) = 92+19–17 GeV 

    MH (direct) = 125.14 ± 0.15 GeV (1.5 𝜎 tension)


assuming sin2𝜃leff = 0.2316 ± 0.0001 from LHC  

➟ MH (indirect) = 107 ± 16 GeV (tension reduced to 1 𝜎)

sin2𝜃leff improvement @ the LHC?
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mt



mt

group mt [GeV] comment

ATLAS 172.69 ± 0.48  Run 1

ATLAS 174.48 ± 0.78 Run 2 (lepton + jet channel)

CMS 172.43 ± 0.48 Run 1

CMS 172.26 ± 0.61 Run 2 (hadronic channels)

CMS 172.33 ± 0.70 Run 2 (di-lepton channel)

Tevatron 174.30 ± 0.64 CDF & DØ

direct 172.89 ± 0.28 + ΔmMC assumes common ±0.17 GeV (= ATLAS Run 2 theory)

indirect 176.0 ± 1.9 1.6 𝜎

all data 173.2 ± 0.6 assumes ΔmMC = 0 ± 0.52 GeV
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today: mt = 172.89 ± 0.28 GeV + ΔmMC very precise but there are discrepancies  
(e.g. 2.8 𝜎 or 2.73 GeV between DØ and CMS Run 2 lepton + jets channels)


difficult to estimate ΔmMC = mpole – mMC  
Hoang, Plätzer & Samitz, arXiv:1807.06617

ΔmMC expected to be of order 𝛼s(Q0) Q0 with a low scale Q0 ~ 𝓞(1 GeV) 
but its value unknown in hadron collider environments 
𝛼s(Q0) Q0 = 0.52 GeV for reference Q0 = Γt = 1.42 GeV


however, ΔmMC only bookkeeping device: only MS-bar m̅t(m̅t) (short-distance) matters


Δmt = 1 GeV ➟ ΔMH (indirect) = 8.6 GeV


Δmt = 1 GeV ➟ Δρ = –10–4 ➟ mass splittings within new iso-doublets, SUSY, triplet VEVs…

alternative: differential  production cross-sections at NNLO (easier to interpret)  
Catani et al., arXiv:1906.06535 

tt̄

mt improvement @ the LHC?
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S and T

20

S 0.00 ± 0.07

T (ρ) 0.05 ± 0.06

∆χ2 – 3.9

MKK ≳ 3.6 TeV in warped  
extra dimension models 


MV ≳ 4 TeV in minimal  
composite Higgs models  
 
Freitas & JE, PDG (2020)-1.2 -1.0 -0.8 -0.6 -0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2

S

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

T

ΓZ, σhad, Rl, Rq

asymmetries
e & ν scattering
MW

APV
all (90% CL)
SM prediction



Only part of Run 2 precision data analyzed, but LHC already entering its high-precision era


recent LEP luminosity update confirms Nν = 3 active neutrinos, but 𝛼s from Z pole 
now somewhat puzzling ➟ need more (better) W and Z decay measurements


greatest opportunity is MW as there remains a small tension with the SM 
so far no 8 or 13 TeV data exploited by ATLAS and CMS ➟ should be a priority

currently sin2θW faces PDF bottleneck  
➟ exploit complementary PDF dependences (MW, high rapidity,  ) 
anti-correlations!


mt nominally quite precise, but kinematic reconstruction comes with severe strong 
interaction uncertainties.   
There are also experimental discrepancies ➟ alternative determinations desired

pp vs . pp̄

Conclusions
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Thank You


