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420 B Particle Physics

The two parts of the Lagrangian one needs to compute the scalar annihilation of
Dark Matter (( ! ⌘ ! 5̄ 5 are (see B.235)9
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�� being the width of the Higgs boson (including its own decay into ((, see next
section). When ones implement this value of |M|

2 into Eq.(B.111) one obtains after
simplification
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B.4.4.11 Annihilation in the case of vectorial Dark Matter to pairs of fermions

+`

+`

5

5̄

⌘

One can compute this annihilation cross section by the normal procedure or noticing
that a neutral vectorial dark matter of spin 1 corresponds to 3 degrees of freedom.
After averaging on the spin one can then write hfEi

+ = 3
3⇥3 hfEi

( = 1
3 hfEi

( . The
academical computation for +` (?1)+` (?2) ! 5 5 gives

9 Notice the factor 2 between L�(( and C�(( coming from the fact that ( is real: ( = (
⇤ (it

corresponds to the 2 possible contractions)
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Fig. 5.9 Interaction of a high energy particle of charge /4 with an electron at rest.
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Fig. 5.10 Moving particle in an interstellar medium of density #4.

distance at which the influence of the traveling particle on the electron is negligible.
It corresponds roughly to the time when the orbital period is lower than the typical
interaction time. In other words, if the electron takes more time to move around the
nucleus than to interact with the moving particle, the electromagnetic influence of
the later becomes weak. If one write g the interacting time and a0 the frequency of
the rotating electron in the atom (a0 = l0/2c), it corresponds to

g '
21
E

<

1
a0

) 1 <

E

2a0
= 1<0G (5.37)

The lower limit 1<8= can be obtained if we suppose, by a quantum treatment and
the application of the uncertainty principle, that the maximum energy transfer is
�?<0G = 2<4E (because as we discussed earlier, the maximum velocity transferred
to the electron is 2E) from �?�G & \ (Heisenberg principle) we have �G & \/2<4E.
We can then write
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Supposing 0 ' constant, we can neglect �. This equation is one form of the Mathieu
equation, which is the equation for an oscillator with a time dependant frequency
l
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we enter in a regime where the solution grows exponentially with time23. We can
understand it easily, from the shape of the Mathieu equation, where, periodically,
the coe�cient cos(<�C) becomes negative and drives the evolution of ( toward an
exponential solution, periodically. The evolution of ( is shown in Fig.(2.8). A more
refined treatment necessitate to compute the Bogoliubov coe�cient to extract the
occupation number [10], but we give in the following section a more intuitive view
of the phenomena, solving the equation for the density of the q decay products. For
the analytical solution of the Mathieu equation (2.170) the reader is directed to [9]
which is without doubt the best textbook treating it, and [10] which is (paradoxically)
the seminal research paper on the subject and one of the clearer and more detailed
in the literature.
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Fig. 2.8 Ilustration of the parametric (also called narrow) resonance in the context of preheating.
We can see clearly the exponential envelop of the periodic solution.

23 This situation corresponds to a narrow resonance if one considers ` ⌧ �0. The regime ` & �0
is a broad resonance regime but exhibits similar features [10].
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II. THE FRAMEWORK

The universal interaction that surely exists between
the inflaton and any dark sector is gravity. In particular,
the s-channel exchange of a graviton shown in Fig. 1 can
be obtained from the Lagrangian (see e.g., [32])
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1
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where hµ⌫ is the metric perturbation corresponding to
the graviton and we consider either a scalar1 S or a
fermion � as dark matter, whose stress-energy tensors
are given by
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where V (X) is the scalar potential for either the inflaton
or scalar dark matter.
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FIG. 1: Illustration of the production of dark matter through

the gravitational scattering of the inflaton.

The amplitudes relevant for the computation of the
processes �(p1) + �(p2) ! DMj(p3) + DMj(p4) can be
parametrized by

M�j / M
�
µ⌫⇧

µ⌫⇢�
M

j
⇢� , (4)

where j denotes the spin of the DM involved in the pro-
cess and j = 0, 1/2. ⇧µ⌫⇢� denotes the propagator of the
graviton with momentum k = p1 + p2,
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1 We will consider a real scalar or dirac fermionic as dark matter.
Generalizations to a complex scalar or vectorial dark matter is
straightforward.

The partial amplitudes, M
a
µ⌫ , can be expressed as

M
0
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with a similar expression for scalar dark matter in terms
of the dark matter momenta, p3, p4, and mass m

2

S .

It is then straight forward to compute the production
rate of the dark matter, given the density of dark matter,
n� = ⇢�/m�, depicted in Fig. 1. We obtain
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Note the di↵erence in behavior in the expressions for
fermionic and scalar dark matter, especially in the mass
dependence. On dimensional grounds, both are propor-
tional to n�m

2

�/M
4

P = ⇢�m�/M
4

P . However, our rates in
Eqs. (7) and (8) correspond to s-wave scattering within
the condensate. As a result, in the case of a Dirac
fermion-antifermion pair in the final state, we require a
spin flip leading to a suppression by a factor (m�/m�)2,
making the rate proportional to ⇢�m

2

�/m�M
4

P . A sim-
ilar expression for the rate producing scalars was found
in [26].

III. DARK MATTER PRODUCTION

In many models of inflation, after the period of ex-
ponential expansion, the inflaton begins a series of os-
cillations about a minimum. During the initial stages of
oscillations, the Universe expands as if it were dominated
by non-relativistic matter. Inflaton decays begin the pro-
cess of reheating [12, 33]. While we assume that decay
products thermalize rapidly [34], we do not assume that
the decay is instantaneous. Instead, include the e↵ects
due to the evolution of the temperature of the radiation
bath from its initial creation at a temperature Tmax until
it begins to dominate the expansion at TRH.

The relic abundance of dark matter is obtained by solv-
ing the Boltzmann equation for the number density of
dark matter particles

dnj

dt
+ 3Hnj = Rj(T ) . (9)

During the period in which inflaton oscillations dominate
and the inflaton decays are producing radiation, the tem-
perature falls more slowly than in a radiation dominated
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A brief history of the energy in the 
Early Universe

« Available energy is the main object at stake in the struggle for existence 
and the evolution of the world. »

L. Boltzmann



Mechanisms to produce (dark) matter 
at the thermal reheating stage 



After several oscillations (  : 
The reheating phase

N ≳ 100)
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Adding a coupling to matter (1) 

 V = V(ϕ) +yϕf̄f +σϕ2χ2

σ = 0



··ϕ(t) + 3H ·ϕ −
∇
a2

ϕ(t) + V′ (ϕ) = 0

mϕ

2λ

⟨ |ϕ |⟩ ∝ a−1

⟨ |ϕ |⟩ ∝ a−3/2

V(ϕ) =
1
2

m2
ϕϕ2 + λϕ4

·ρϕ +
6k

k + 2
Hρϕ = 0



V(ϕ) =
1
2

m2
ϕϕ2 + λϕ4+yϕf̄f

f f

Reheating

Γϕ

·ρϕ +
6k

k + 2
Hρϕ = −Γϕρϕ

··ϕ(t) + 3H ·ϕ −
∇
a2

ϕ(t) + V′ (ϕ) = −Γϕ
·ϕ



V(ϕ) =
1
2

m2
ϕϕ2 + λϕ4+yϕf̄f

f f

Reheating

Γϕ

ρf = ρRρϕ
ρ

Instantaneous 
reheating

1/T1/TRH

·ρϕ +
6k

k + 2
Hρϕ = −Γϕρϕ

··ϕ(t) + 3H ·ϕ −
∇
a2

ϕ(t) + V′ (ϕ) = −Γϕ
·ϕ



V(ϕ) =
1
2

m2
ϕϕ2 + λϕ4

f f

Reheating

+yϕff

−Γϕ
·ϕ

Γϕ

f ff ff f
f f

f f

ρf = ρRρϕ
ρ

1/T1/TRH

Non-instantaneous 
reheating

··ϕ(t) + 3H ·ϕ −
∇
a2

ϕ(t) + V′ (ϕ) =



Scaling factor (a)

Temperature  
(T)
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+ 4HρR = + ΓΦρΦ
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Adding a coupling to matter (2) 

 V = V(ϕ) +yϕf̄f +σϕ2χ2

σ ≠ 0, σ × ϕ2
end ≪ m2

ϕ



χ χ

V(ϕ) =
1
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ϕϕ2 +yϕf̄f +σϕ2 χ2
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f ff ff f

f f
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χ = 2σϕ

χ χχ χχ χχ χ

χ χ
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··χ(t, x) + 3H ·χ −
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χ(t, x) +2σϕ2 χ = 0

meff
χ = 2σϕ

χ χχ χχ χχ χ

χ χ
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ρf ∝ a −3/2

ρ
χ ∝ a −4

ρϕ ∝ a −3



··χ(t, x) + 3H ·χ(t, x) −
∇
a2

χ(t, x) +2σϕ2 χ(t, x) = 0
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Resonant  
production



··χ(t, x) + 3H ·χ(t, x) −
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χ(t, x) +2σϕ2 χ(t, x) = 0
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χ = 2σΦ

χ
χχ

χ

χ
χ χ
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χ
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Resonant  
production
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σ ≠ 0, σ × ϕ2
end ≳ m2

ϕ [meff
χ ≳ mϕ]
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The Mathieu equation is present in any system with a periodical source of energy. 
From electric circuit to mechanical balance, spring excitations…  
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σ ∼ 2 × 10−8 σ ∼ 2 × 10−7

σ ∼ 2 × 10−6 σ ∼ 2 × 10−5



σ ∼ 2 × 10−6
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σΦ2 ≲ H2

··χ(t) + 3H ·χ −
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χ(t) +2σϕ2 χ = 0



σ ∼ 2 × 10−6
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Backreaction effects of  on χ ϕ
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Example : 

(dark) matter from gravitational 
scattering of the inflaton



ℒ =
1

MP
hμνT

μν
ϕ +

1
MP

hμνT
μν
S +yϕf̄f + σϕ2 χ2

Y. Mambrini and K. A. Olive, Phys. Rev. D 103 (2021) no.11, 115009 [arXiv:2102.06214]. 

S. Clery, Y. Mambrini, K. A. Olive, and S. Verner,  [arXiv:2112.15214]. 

There exists a  
minimal maximal temperature  
in the Universe ∼ 1012 GeV



S. Clery, Y. Mambrini, K. A. Olive, and S. Verner,  [arXiv:2112.15214]. 

We can even gravitationally reheat!!

TRH = 2 GeV



S. Clery, Y. Mambrini, K. A. Olive, and S. Verner,  [arXiv:2112.15214]. 

Also working for Dark Matter



Summary
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Ghosh

Important remark : the preheating says 
nothing about reheating, and 

especially gives the same reheating 
temperature than a perturbative 

treatment.  

This comes from the fact that the 
reheating happens for  

, 

It just happens before. 

ρR = ρϕ ≃ ΓϕMP ∼ T4
RH



Conclusion



Studying the details of dark matter 
production in the earliest phase of the 

Universe is important for DM 
production in freeze-in scenario
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