
Gravitational Focusing of Wave Dark Matter

Hyungjin Kim

DESY

Based on the work done with Alessandro Lenoci [2112.05718]



Dark matter is a compelling hypothesis.



Credit: ESA and the Planck Collaboration



[Clowe et al 2006]



[Begeman et al 91]
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Yet its nature remains mystery.



What’s its mass?

How does it interaction with SM?
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Black holes

Anything in between is possible

What’s its mass?



How does it interact with SM?

Review of Particle Physics, Particle Data Group 2021



How does it couples to SM?

ADMX Collaboration 2021



DM

signals (event rate, spectrum, etc)
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A correct modeling of local DM will be crucial
for interpretation of experimental results.



The Standard Halo Model

f(~v) =
1

(2⇡)3/2
exp


� v2

2�2

�
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(isothermal sphere with isotropic velocity distribution)

Drukier, Freese, Spergel 86



It’s simple
and a reasonable approx. for the bulk halo



But it does not fully reflect reality:

1. Dark matter substructures

2. Gravitational deformation due to the sun



And many other substructures near solar neighborhood

O’Hare et al 20



Gravity distorts a local map of DM

Gravitational influence of the sun

DM

Sun

DM



Gravitational influence of the sun

The sun gravitationally focus dark matter particles



A relevant question would be:

to which degree

 these effects would modify signals in DM detectors?



Gravitational focusing of wave dark matter
HK, Alessandro Lenoci [2112.05718]



An action for the following situation?

DM (wave)

Sun

DM (wave)



Action

Lagrangian for wave dark matter

Gravitational potential

� = �GM

r
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Expansion



Expansion

(i) gravitational response to the external potential

(⇤+m2)� = 0
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!

<latexit sha1_base64="xdCKiTivUbtG9dMa7+zKK3CXlUo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48V7AekoWy2m3bpJht2J0op/RlePCji1V/jzX/jts1BWx8MPN6bYWZemEph0HW/ncLa+sbmVnG7tLO7t39QPjxqGZVpxptMSaU7ITVcioQ3UaDknVRzGoeSt8PR7cxvP3JthEoecJzyIKaDRESCUbSS39ViMESqtXrqlStu1Z2DrBIvJxXI0eiVv7p9xbKYJ8gkNcb33BSDCdUomOTTUjczPKVsRAfctzShMTfBZH7ylJxZpU8ipW0lSObq74kJjY0Zx6HtjCkOzbI3E//z/Ayj62AikjRDnrDFoiiTBBWZ/U/6QnOGcmwJZVrYWwkbUk0Z2pRKNgRv+eVV0rqoerXq5X2tUr/J4yjCCZzCOXhwBXW4gwY0gYGCZ3iFNwedF+fd+Vi0Fpx85hj+wPn8AcVTkZU=</latexit>

i ̇ =


�r2

2m
� GMm

r

�
 

<latexit sha1_base64="aSOttYnX9/jq0m9ny7K+5kQA+qE="></latexit>



Expansion

(ii) stochastic properties of wave dark matter

(i) gravitational response to the external potential



Gravitational Response

a solution is known

 ~k(t, ~x) = e�iEktei
~k·~x ~k(0)M [i↵G/v, 1, ikr(1� k̂ · x̂)]

<latexit sha1_base64="LTMlW8iVfjkPNCwi/CXRYo4vROw="></latexit>

i ̇ =


�r2

2m
� GMm

r

�
 

<latexit sha1_base64="aSOttYnX9/jq0m9ny7K+5kQA+qE="></latexit>



Remarks on the solution

 ~k(t, ~x) = e�iEktei
~k·~x ~k(0)M [i↵G/v, 1, ikr(1� k̂ · x̂)]

<latexit sha1_base64="LTMlW8iVfjkPNCwi/CXRYo4vROw="></latexit>

(i) it’s a plane wave asymptotically far away from the sun

Sun

 ~k(t, ~x) ⇠ e�iEktei
~k·~x

<latexit sha1_base64="Jb87DzoaBqIwGu3QwNby2GM0HJk="></latexit>

Ek =
~k2

2m

<latexit sha1_base64="pxBUyrKbacshqUznj64WtMJP1+U=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiSlohuhKILLCvYBTQyT6aQdMpmEmUmhhODGX3HjQhG3foU7/8Zpm4W2HrhwOOde7r3HTxiVyrK+jaXlldW19dJGeXNre2fX3NtvyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcPryd+Z0SEpDG/V+OEuBEacBpQjJSWPPPwxgvhJXQCgXDmjAiG4UMtz2pR7pkVq2pNAReJXZAKKND0zC+nH+M0IlxhhqTs2Vai3AwJRTEjedlJJUkQDtGA9DTlKCLSzaYv5PBEK30YxEIXV3Cq/p7IUCTlOPJ1Z4TUUM57E/E/r5eq4MLNKE9SRTieLQpSBlUMJ3nAPhUEKzbWBGFB9a0QD5FOQ+nUyjoEe/7lRdKuVe169eyuXmlcFXGUwBE4BqfABuegAW5BE7QABo/gGbyCN+PJeDHejY9Z65JRzByAPzA+fwDXUJZ1</latexit>



Remarks on the solution

 ~k(t, ~x) = e�iEktei
~k·~x ~k(0)M [i↵G/v, 1, ikr(1� k̂ · x̂)]

<latexit sha1_base64="LTMlW8iVfjkPNCwi/CXRYo4vROw="></latexit>

(ii) within de Broglie wavelength the wave function saturates

Sun | ~k(0)|
2 =

2⇡↵G/v

1� e�2⇡↵G/v

<latexit sha1_base64="6HmlCi8gJBddTgAGFj8ZcW/PulA="></latexit>



1 + � =
h�2i
�2
0

<latexit sha1_base64="sf+lB/RdTxhj0v6Es0Skjj5xXBw=">AAACHXicbVBNS8MwGE7n15xfVY9egkMQhNGOiV6EoRePE9wHrF1Js3QLS9OSpMIo+yNe/CtePCjiwYv4b0y7HnTzgcDzPs/7JnkfP2ZUKsv6Nkorq2vrG+XNytb2zu6euX/QkVEiMGnjiEWi5yNJGOWkrahipBcLgkKfka4/ucn87gMRkkb8Xk1j4oZoxGlAMVJa8syGDc+gMyRMIXgFnUAgnDoM8REj0InHdFCHjsjLWZrVnjWozzyzatWsHHCZ2AWpggItz/x0hhFOQsIVZkjKvm3Fyk2RUBTrmytOIkmM8ASNSF9TjkIi3TTfbgZPtDKEQST04Qrm6u+JFIVSTkNfd4ZIjeWil4n/ef1EBZduSnmcKMLx/KEgYVBFMIsKDqkgWLGpJggLqv8K8RjphJQOtKJDsBdXXiades1u1M7vGtXmdRFHGRyBY3AKbHABmuAWtEAbYPAInsEreDOejBfj3fiYt5aMYuYQ/IHx9QNis6Dv</latexit>



Expansion

(ii) stochastic properties of wave dark matter

(i) gravitational response to the external potential



Expansion

(ii) stochastic properties of wave dark matter

(i) gravitational response to the external potential



density operator must be specified 
to determine statistical properties

hÔi = Tr (⇢̂Ô)

<latexit sha1_base64="Vk00EY9NGVI8+/6AVtELRoJbV50=">AAACMHicbVDLSgMxFM34rPU16tJNsAgVpMxIRTdC0YXurNAXdEq5k6ZtaCYzJBmhDP0kN36KbhQUcetXmLazsK0HAodzzuXmHj/iTGnHebeWlldW19YzG9nNre2dXXtvv6bCWBJaJSEPZcMHRTkTtKqZ5rQRSQqBz2ndH9yM/fojlYqFoqKHEW0F0BOsywhoI7XtW4+D6HGKvT7oxCPA8f0Ie3Iq4iuceDLAFWm0U5xPU7IfjmYHTtp2zik4E+BF4qYkh1KU2/aL1wlJHFChCQelmq4T6VYCUjPC6SjrxYpGQAbQo01DBQRUtZLJwSN8bJQO7obSPKHxRP07kUCg1DDwTTIA3Vfz3lj8z2vGunvZSpiIYk0FmS7qxhzrEI/bwx0mKdF8aAgQycxfMemDBKJNx1lTgjt/8iKpnRXcYuH8oZgrXad1ZNAhOkJ55KILVEJ3qIyqiKAn9Io+0Kf1bL1ZX9b3NLpkpTMHaAbWzy82R6fa</latexit>



we take

⇢̂ =
1

1 + hni
X

n

✓
hni

1 + hni

◆n

|nihn|

<latexit sha1_base64="He50dHdStYF0ubthBehlI3JOJTE="></latexit>



⇢̂ =
1

1 + hni
X

n

✓
hni

1 + hni

◆n

|nihn|

<latexit sha1_base64="He50dHdStYF0ubthBehlI3JOJTE="></latexit>

we take

• this holds for canonical ensemble

hni = 1

e�! � 1

<latexit sha1_base64="5t41Wo6CVU20vTWZX4TGJ692WKY=">AAACGXicbZA9SwNBEIb34nf8ilraLAbBxnAnEW2EoI2lgtFALoa5zVyyZG/v2N0TwnF/w8a/YmOhiKVW/hs3H4UmvrDw8M4Ms/MGieDauO63U5ibX1hcWl4prq6tb2yWtrZvdZwqhnUWi1g1AtAouMS64UZgI1EIUSDwLuhfDOt3D6g0j+WNGSTYiqArecgZGGu1S64vQHYFUkl9NaYz6ocKWOblGd5nfoAGqB9H2IX80MvbpbJbcUeis+BNoEwmumqXPv1OzNIIpWECtG56bmJaGSjDmcC86KcaE2B96GLTooQIdSsbXZbTfet0aBgr+6ShI/f3RAaR1oMosJ0RmJ6erg3N/2rN1ISnrYzLJDUo2XhRmApqYjqMiXa4QmbEwAIwxe1fKeuBjcXYMIs2BG/65Fm4Pap41crxdbVcO5/EsUx2yR45IB45ITVySa5InTDySJ7JK3lznpwX5935GLcWnMnMDvkj5+sHmlCgEQ==</latexit>

⇢̂ / e��Ĥ

<latexit sha1_base64="CQ7FeFYNskBZDKup5lyH0HyXyOA=">AAACDXicbVC7SgNBFJ31GeMramkzGAUbw65EtAzapIxgHpCNYXZykwyZ3Vlm7gphyQ/Y+Cs2ForY2tv5N04ehSYeGDiccy93zgliKQy67reztLyyurae2chubm3v7Ob29mtGJZpDlSupdCNgBqSIoIoCJTRiDSwMJNSDwc3Yrz+ANkJFdziMoRWyXiS6gjO0Ujt37PcZUl/3FfVjrWJUFO7TMz8AZHTilUe0ncu7BXcCuki8GcmTGSrt3JffUTwJIUIumTFNz42xlTKNgksYZf3EQMz4gPWgaWnEQjCtdJJmRE+s0qFdpe2LkE7U3xspC40ZhoGdDBn2zbw3Fv/zmgl2r1qpiOIEIeLTQ91EUpt5XA3tCA0c5dASxrWwf6W8zzTjaAvM2hK8+ciLpHZe8IqFi9tivnQ9qyNDDskROSUeuSQlUiYVUiWcPJJn8krenCfnxXl3PqajS85s54D8gfP5A/Ylmto=</latexit>



⇢̂ =
1

1 + hni
X

n

✓
hni

1 + hni

◆n

|nihn|

<latexit sha1_base64="He50dHdStYF0ubthBehlI3JOJTE="></latexit>

we take

• this holds for canonical ensemble ⇢̂ / e��Ĥ

<latexit sha1_base64="CQ7FeFYNskBZDKup5lyH0HyXyOA=">AAACDXicbVC7SgNBFJ31GeMramkzGAUbw65EtAzapIxgHpCNYXZykwyZ3Vlm7gphyQ/Y+Cs2ForY2tv5N04ehSYeGDiccy93zgliKQy67reztLyyurae2chubm3v7Ob29mtGJZpDlSupdCNgBqSIoIoCJTRiDSwMJNSDwc3Yrz+ANkJFdziMoRWyXiS6gjO0Ujt37PcZUl/3FfVjrWJUFO7TMz8AZHTilUe0ncu7BXcCuki8GcmTGSrt3JffUTwJIUIumTFNz42xlTKNgksYZf3EQMz4gPWgaWnEQjCtdJJmRE+s0qFdpe2LkE7U3xspC40ZhoGdDBn2zbw3Fv/zmgl2r1qpiOIEIeLTQ91EUpt5XA3tCA0c5dASxrWwf6W8zzTjaAvM2hK8+ciLpHZe8IqFi9tivnQ9qyNDDskROSUeuSQlUiYVUiWcPJJn8krenCfnxXl3PqajS85s54D8gfP5A/Ylmto=</latexit>

• this also holds for a wide range of system
(maximizes the entropy for a given mean occupation number)



This form is not quite convenient for our analysis 

in particular when the mean occupation number is very large



This form is not quite convenient for our analysis 

in particular when the mean occupation number is very large

|↵i = e�
|↵|2
2

X ↵n

p
n!
|ni

<latexit sha1_base64="OwYGb9qsYm0ROBrwAd3df3Bad6c="></latexit>

We express the density matrix in terms of coherent state



This form is not quite convenient for our analysis 

in particular when the mean occupation number is very large

|↵i = e�
|↵|2
2

X ↵n

p
n!
|ni

<latexit sha1_base64="OwYGb9qsYm0ROBrwAd3df3Bad6c="></latexit>

We express the density matrix in terms of coherent state

â|↵i = ↵|↵i

<latexit sha1_base64="c9dhNXGEho4eEc81h6naLCJTBnI=">AAACGnicbVBNS8NAEN3Ur1q/oh69LBbBU0mkoheh6MVjBfsBTSiT7bZdutmE3Y1Q0v4OL/4VLx4U8SZe/Ddu2wi29cHA470ZZuYFMWdKO863lVtZXVvfyG8WtrZ3dvfs/YO6ihJJaI1EPJLNABTlTNCaZprTZiwphAGnjWBwM/EbD1QqFol7PYypH0JPsC4joI3Utl2vDzqFMR5hD3jcB+xJED1O8dWvMJo32nbRKTlT4GXiZqSIMlTb9qfXiUgSUqEJB6VarhNrPwWpGeF0XPASRWMgA+jRlqECQqr8dPraGJ8YpYO7kTQlNJ6qfydSCJUahoHpDEH31aI3Ef/zWonuXvopE3GiqSCzRd2EYx3hSU64wyQlmg8NASKZuRWTPkgg2qRZMCG4iy8vk/pZyS2Xzu/Kxcp1FkceHaFjdIpcdIEq6BZVUQ0R9Iie0St6s56sF+vd+pi15qxs5hDNwfr6AVmRoHQ=</latexit>

↵ 2 C

<latexit sha1_base64="EAPA4uid64gK+pJkfIjEvsbS9/I=">AAAB/3icbVBNS8NAFHypX7V+RQUvXhaL4KkkUtFjsRePFWwtNKFstpt26WYTdjdCiT34V7x4UMSrf8Ob/8ZNm4O2DiwMM+/xZidIOFPacb6t0srq2vpGebOytb2zu2fvH3RUnEpC2yTmsewGWFHOBG1rpjntJpLiKOD0Phg3c//+gUrFYnGnJwn1IzwULGQEayP17SMP82SEkccEyrwI61EQoOa0b1edmjMDWiZuQapQoNW3v7xBTNKICk04VqrnOon2Myw1I5xOK16qaILJGA9pz1CBI6r8bJZ/ik6NMkBhLM0TGs3U3xsZjpSaRIGZzBOqRS8X//N6qQ6v/IyJJNVUkPmhMOVIxygvAw2YpETziSGYSGayIjLCEhNtKquYEtzFLy+TznnNrdcubuvVxnVRRxmO4QTOwIVLaMANtKANBB7hGV7hzXqyXqx362M+WrKKnUP4A+vzByB6lYk=</latexit>



In this case

⇢̂ =

Z
d2↵P (↵)|↵ih↵|

<latexit sha1_base64="uz9Y+z9xl2VLPo62w1edlFpnVgA="></latexit>

P (↵) =
1

⇡hni exp

� |↵|2

hni

�

<latexit sha1_base64="dkebANN1uXVfgYVm0oMQrbCQ2cw="></latexit>

can be though of as probability distribution!



In this case

⇢̂ =

Z
d2↵P (↵)|↵ih↵|

<latexit sha1_base64="uz9Y+z9xl2VLPo62w1edlFpnVgA="></latexit>

P (↵) =
1

⇡hni exp

� |↵|2

hni

�

<latexit sha1_base64="dkebANN1uXVfgYVm0oMQrbCQ2cw="></latexit>

can be though of as probability distribution!

modulus ~ Rayleigh distribution
phase ~ uniform distribution



In this case

⇢̂ =

Z
d2↵P (↵)|↵ih↵|

<latexit sha1_base64="uz9Y+z9xl2VLPo62w1edlFpnVgA="></latexit>

P (↵) =
1

⇡hni exp

� |↵|2

hni

�

<latexit sha1_base64="dkebANN1uXVfgYVm0oMQrbCQ2cw="></latexit>

can be though of as probability distribution!

modulus ~ Rayleigh distribution
phase ~ uniform distribution

Derevianko 16
Foster et al 18
Centers et al 19
Gramolin et al 21



ha†ai = hni

<latexit sha1_base64="BZn3hVrteyrKkS7nXZtc3sLO6gc=">AAACGXicbZDLSgMxFIYz9VbrrerSTbAIrsqMKLoRim5cVrAX6NRyJj2dhmYyQ5IRSulruPFV3LhQxKWufBvTi6KtBwI/338OJ+cPEsG1cd1PJ7OwuLS8kl3Nra1vbG7lt3eqOk4VwwqLRazqAWgUXGLFcCOwniiEKBBYC3qXI792h0rzWN6YfoLNCELJO5yBsaiVd30BMhRI4dZvQxiiokB9NWHn9NuVP6yVL7hFd1x0XnhTUSDTKrfy7347ZmmE0jABWjc8NzHNASjDmcBhzk81JsB6EGLDSgkR6uZgfNmQHljSpp1Y2ScNHdPfEwOItO5Hge2MwHT1rDeC/3mN1HTOmgMuk9SgZJNFnVRQE9NRTLTNFTIj+lYAU9z+lbIuKGDGhpmzIXizJ8+L6lHROy6eXB8XShfTOLJkj+yTQ+KRU1IiV6RMKoSRe/JInsmL8+A8Oa/O26Q140xndsmfcj6+AJr6n2w=</latexit>

haa†i = hni+ 1

<latexit sha1_base64="debMqqmTGzOuzLItGHgpDX5uGD0=">AAACHXicbZBNS8NAEIY3flu/oh69LBZBEEoiFb0IohePCrYVmlgm22m6uNmE3Y1Qin/Ei3/FiwdFPHgR/43bNopWBxZenneG2XmjTHBtPO/DmZicmp6ZnZsvLSwuLa+4q2t1neaKYY2lIlWXEWgUXGLNcCPwMlMISSSwEV2fDPzGDSrNU3lhehmGCcSSdzgDY1HLrQYCZCyQAoWroA1xjIoGasQO6Zcrvxnd8WnLLXsVb1j0r/ALUSZFnbXct6CdsjxBaZgArZu+l5mwD8pwJvC2FOQaM2DXEGPTSgkJ6rA/vO6WblnSpp1U2ScNHdKfE31ItO4lke1MwHT1uDeA/3nN3HQOwj6XWW5QstGiTi6oSekgKtrmCpkRPSuAKW7/SlkXFDBjAy3ZEPzxk/+K+m7Fr1b2zqvlo+MijjmyQTbJNvHJPjkip+SM1Agjd+SBPJFn5955dF6c11HrhFPMrJNf5bx/Al8joDA=</latexit>

corrections arising from commutation relation are O(1/hni)

<latexit sha1_base64="eCfnczjFwTeF4pe2oyX03OyQ6Tw=">AAACBnicbZDLSsNAFIYn9VbrrepShMEi1E1NpKLLoht3VrAXaEI5mU7aoZNJmJkIJXTlxldx40IRtz6DO9/GaZuFtv4w8PGfczhzfj/mTGnb/rZyS8srq2v59cLG5tb2TnF3r6miRBLaIBGPZNsHRTkTtKGZ5rQdSwqhz2nLH15P6q0HKhWLxL0exdQLoS9YwAhoY3WLh6lLgOPbcdk5dTmIPqdYYFdO6aRbLNkVeyq8CE4GJZSp3i1+ub2IJCEVmnBQquPYsfZSkJoRTscFN1E0BjKEPu0YFBBS5aXTM8b42Dg9HETSPKHx1P09kUKo1Cj0TWcIeqDmaxPzv1on0cGllzIRJ5oKMlsUJBzrCE8ywT0mKdF8ZACIZOavmAxAAtEmuYIJwZk/eRGaZxWnWjm/q5ZqV1kceXSAjlAZOegC1dANqqMGIugRPaNX9GY9WS/Wu/Uxa81Z2cw++iPr8wddmZfL</latexit>

hO(â, â†)i ⇡

Z
d2↵P (↵)O(↵,↵⇤)

<latexit sha1_base64="o/6G+mOYXhR8OLLK9+kFCB/zgag="></latexit>



to the leading order in the occupation number

we may replace all operator with a complex random number

�̂(t, ~x) ! �(t, ~x) =
X

i

1p
2mV

⇥
↵i ie

�imt + h.c.
⇤

<latexit sha1_base64="K+zVy8L6ZRSw/VXWhfeO2ECrWSw="></latexit>

arbitrary moments of fields and derivatives can be computed with

P (↵i) =
1

⇡hnii
exp


� |↵i|2

hnii

�

<latexit sha1_base64="qPS6PVmt14lnc8CMkkrVSYR7w+0="></latexit>



Expansion

(ii) stochastic properties of wave dark matter

(i) gravitational response to the external potential



How would this affect signals in a detector?



Axion (and scalar) dark matter searches based on 

L � g�O, g@µ�O
µ, · · ·

<latexit sha1_base64="p/jtlMlkv75lpAISrRRxvveTik0="></latexit>

signals can be generally written as

s(t) = ⇠�(t, ~xdec)

<latexit sha1_base64="G0PYHyJwP7kaRDIn2S29HJEwNOo=">AAACDXicbVDJSgNBEO1xN26jHr00RiEBCTMS0YsgevGoYBbIDKGnU0kaexa6a4JhyA948Ve8eFDEq3dv/o2d5aCJDwoe71VRVS9IpNDoON/W3PzC4tLyympubX1jc8ve3qnqOFUcKjyWsaoHTIMUEVRQoIR6ooCFgYRacH819Gs9UFrE0R32E/BD1olEW3CGRmraB7qARXpOvQdBvaQrCnhEvR5w+tDMPBXSFvBBsWnnnZIzAp0l7oTkyQQ3TfvLa8U8DSFCLpnWDddJ0M+YQsElDHJeqiFh/J51oGFoxELQfjb6ZkAPjdKi7ViZipCO1N8TGQu17oeB6QwZdvW0NxT/8xopts/8TERJihDx8aJ2KinGdBgNbQkFHGXfEMaVMLdS3mWKcTQB5kwI7vTLs6R6XHLLpZPbcv7ichLHCtkj+6RAXHJKLsg1uSEVwskjeSav5M16sl6sd+tj3DpnTWZ2yR9Ynz9qN5nr</latexit>

coupling constants + detector specific parameters

the power and spectrum of signal is proportional to that of field 



density contrast for wave dark matter

1 + � =
h�2i
�2
0

<latexit sha1_base64="0Ch7f/yJeBhX76aj4ZTuxkdRs7k=">AAACHnicbVBNS8MwGE79nPOr6tFLcAiCMNqxoRdh6MXjBPcBa1fSLN3C0rQkqTDKfokX/4oXD4oInvTfmHY96OYDged9nvdN8j5+zKhUlvVtrKyurW9slrbK2zu7e/vmwWFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv7kJvO7D0RIGvF7NY2JG6IRpwHFSGnJMxs2PIfOkDCF4BV0AoFw6jDER4xAJx7TQQ06Ii9naVZ71qA2g55ZsapWDrhM7IJUQIGWZ346wwgnIeEKMyRl37Zi5aZIKIr11WUnkSRGeIJGpK8pRyGRbpqvN4OnWhnCIBL6cAVz9fdEikIpp6GvO0OkxnLRy8T/vH6igks3pTxOFOF4/lCQMKgimGUFh1QQrNhUE4QF1X+FeIx0REonWtYh2IsrL5NOrWrXq427eqV5XcRRAsfgBJwBG1yAJrgFLdAGGDyCZ/AK3own48V4Nz7mrStGMXME/sD4+gHK0KEZ</latexit>

=

Z
d3v f(~v)| ~v|2

<latexit sha1_base64="UeoIhdnZebmjf3NXKlxEWRaswuY=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoIiWpFd0IRTcuK9gHNGmYTCft0MmDmUmgpP0HN/6KGxeKuHXjzr9x2mah1QMDZ865l3vvcSNGhTSMLy23tLyyupZfL2xsbm3v6Lt7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyhzdTv5UQLmgY3MtRRGwf9QPqUYykkhz95ApaNJCw1z1LoHUKvZKVEAyTYzi2IkGddP6djLsVRy8aZWMG+JeYGSmCDHVH/7R6IY59EkjMkBAd04iknSIuKWZkUrBiQSKEh6hPOooGyCfCTmc3TeCRUnrQC7l6ar+Z+rMjRb4QI99VlT6SA7HoTcX/vE4svUs7pUEUSxLg+SAvZlCGcBoQ7FFOsGQjRRDmVO0K8QBxhKWKsaBCMBdP/kualbJZLZ/fVYu16yyOPDgAh6AETHABauAW1EEDYPAAnsALeNUetWftTXufl+a0rGcf/IL28Q0Gfpxs</latexit>



density contrast for wave dark matter

1 + � =
h�2i
�2
0

<latexit sha1_base64="0Ch7f/yJeBhX76aj4ZTuxkdRs7k=">AAACHnicbVBNS8MwGE79nPOr6tFLcAiCMNqxoRdh6MXjBPcBa1fSLN3C0rQkqTDKfokX/4oXD4oInvTfmHY96OYDged9nvdN8j5+zKhUlvVtrKyurW9slrbK2zu7e/vmwWFHRonApI0jFomejyRhlJO2ooqRXiwICn1Guv7kJvO7D0RIGvF7NY2JG6IRpwHFSGnJMxs2PIfOkDCF4BV0AoFw6jDER4xAJx7TQQ06Ii9naVZ71qA2g55ZsapWDrhM7IJUQIGWZ346wwgnIeEKMyRl37Zi5aZIKIr11WUnkSRGeIJGpK8pRyGRbpqvN4OnWhnCIBL6cAVz9fdEikIpp6GvO0OkxnLRy8T/vH6igks3pTxOFOF4/lCQMKgimGUFh1QQrNhUE4QF1X+FeIx0REonWtYh2IsrL5NOrWrXq427eqV5XcRRAsfgBJwBG1yAJrgFLdAGGDyCZ/AK3own48V4Nz7mrStGMXME/sD4+gHK0KEZ</latexit>

=

Z
d3v f(~v)| ~v|2

<latexit sha1_base64="UeoIhdnZebmjf3NXKlxEWRaswuY=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoIiWpFd0IRTcuK9gHNGmYTCft0MmDmUmgpP0HN/6KGxeKuHXjzr9x2mah1QMDZ865l3vvcSNGhTSMLy23tLyyupZfL2xsbm3v6Lt7TRHGHJMGDlnI2y4ShNGANCSVjLQjTpDvMtJyhzdTv5UQLmgY3MtRRGwf9QPqUYykkhz95ApaNJCw1z1LoHUKvZKVEAyTYzi2IkGddP6djLsVRy8aZWMG+JeYGSmCDHVH/7R6IY59EkjMkBAd04iknSIuKWZkUrBiQSKEh6hPOooGyCfCTmc3TeCRUnrQC7l6ar+Z+rMjRb4QI99VlT6SA7HoTcX/vE4svUs7pUEUSxLg+SAvZlCGcBoQ7FFOsGQjRRDmVO0K8QBxhKWKsaBCMBdP/kualbJZLZ/fVYu16yyOPDgAh6AETHABauAW1EEDYPAAnsALeNUetWftTXufl+a0rGcf/IL28Q0Gfpxs</latexit>

f(v) ! f̃(v) = v2
Z

d⌦f(~v)| ~v|2

<latexit sha1_base64="zNJ5Dn10kWl6MCKUi0qZCX3uBu8="></latexit>

DM speed distribution



~B

<latexit sha1_base64="lQUPVfd6iSlIRY+o3qzmbieKOS4=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GqbTp7tSNy4r2Ae0Q8mkmTY2kwxJplCG/oMbF4q49X/c+Tdm2goqeuDC4Zx7ufceP2JUacf5sDIbm1vbO9nd3N7+weFR/viko0QsMWljwYTs+UgRRjlpa6oZ6UWSoNBnpOtPr1O/OyNSUcHv9DwiXojGnAYUI22kzmBGMGwO8wXHvqpX3YoLHdtxam6pmhK3VnZLsGiUFAWwRmuYfx+MBI5DwjVmSKl+0Ym0lyCpKWZkkRvEikQIT9GY9A3lKCTKS5bXLuCFUUYwENIU13Cpfp9IUKjUPPRNZ4j0RP32UvEvrx/roO4llEexJhyvFgUxg1rA9HU4opJgzeaGICypuRXiCZIIaxNQzoTw9Sn8n3Rcu1i2K7flQqO5jiMLzsA5uARFUAMNcANaoA0wuAcP4Ak8W8J6tF6s11VrxlrPnIIfsN4+AVZHjv4=</latexit>

a

<latexit sha1_base64="5NaQJuja3P2H4opJ4ospcrTkNLI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlJu2XK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSvqh6tepls1ap3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MHxfWM7Q==</latexit>

ADMX Collaboration 2018

S(!) / ⇠2

m

⇢DMf(v)

v

<latexit sha1_base64="sMUv1cUjtXLYY1qcja/YDuoB444="></latexit>

! f̃(v)

<latexit sha1_base64="sKqfQy9lFMNssWNgDRjF18Bm2L4=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LBahXkoiFT0WvXisYD+gCWWz2bRLN5uwOymU0H/ixYMiXv0n3vw3btsctPXBwOO9GWbmBangGhzn2yptbG5t75R3K3v7B4dH9vFJRyeZoqxNE5GoXkA0E1yyNnAQrJcqRuJAsG4wvp/73QlTmifyCaYp82MylDzilICRBrbtQYI94CJkeTSrTS4HdtWpOwvgdeIWpIoKtAb2lxcmNIuZBCqI1n3XScHPiQJOBZtVvEyzlNAxGbK+oZLETPv54vIZvjBKiKNEmZKAF+rviZzEWk/jwHTGBEZ61ZuL/3n9DKJbP+cyzYBJulwUZQKbb+cx4JArRkFMDSFUcXMrpiOiCAUTVsWE4K6+vE46V3W3Ub9+bFSbd0UcZXSGzlENuegGNdEDaqE2omiCntErerNy68V6tz6WrSWrmDlFf2B9/gAGMZNF</latexit>





Applications:
Gravitational response of local DM substructures



f(~v) =
1

(2⇡�2)3/2
exp


� (~v � ~vdm)2

2�2

�

<latexit sha1_base64="GfveZTcpCoOgPbyN3e4rYhV+JHE="></latexit>

vdm ' 230 km/sec

<latexit sha1_base64="dcednyUzuB3j419gx1mq4xhC7SA=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXUmdqRZdFNy4r2Ad0Ssmkd9rQZGZMMoUy9APc+CtuXCji1g9w59+YTmehrQcCh3PO5eYeL+JMadv+tpaWV1bX1nMb+c2t7Z3dwt5+Q4WxpFCnIQ9lyyMKOAugrpnm0IokEOFxaHrDm6nfHIFULAzu9TiCjiD9gPmMEm2kbqE46iauFLgnJthVTMADLp/b7mkqDsWZAjoxKbtkp8CLxMlIEWWodQtfbi+ksYBAU06Uajt2pDsJkZpRDpO8GyuICB2SPrQNDYgA1UnSYyb42Cg97IfSvEDjVP09kRCh1Fh4JimIHqh5byr+57Vj7V91EhZEsYaAzhb5Mcc6xNNmcI9JoJqPDSFUMvNXTAdEEqpNf3lTgjN/8iJplEtOpXRxVylWr7M6cugQHaET5KBLVEW3qIbqiKJH9Ixe0Zv1ZL1Y79bHLLpkZTMH6A+szx85o5p3</latexit>

� ' 160 km/sec

<latexit sha1_base64="pl0RLUYjxLZpNxdJ5r01EGQCFhw=">AAACCHicbVC7TsMwFHXKq5RXgJEBiwqJAZUElcdYwcJYJPqQmqhy3NvWqp0E20Gqoo4s/AoLAwix8gls/A1umwFajnR1j865V/Y9QcyZ0o7zbeUWFpeWV/KrhbX1jc0te3unrqJEUqjRiEeyGRAFnIVQ00xzaMYSiAg4NILB9dhvPIBULArv9DAGX5BeyLqMEm2ktr3vKdYTBJsm4B675453nHpS4IE4UUBHbbvolJwJ8DxxM1JEGapt+8vrRDQREGrKiVIt14m1nxKpGeUwKniJgpjQAelBy9CQCFB+OjlkhA+N0sHdSJoKNZ6ovzdSIpQaisBMCqL7atYbi/95rUR3L/2UhXGiIaTTh7oJxzrC41Rwh0mgmg8NIVQy81dM+0QSqk12BROCO3vyPKmfltxy6ey2XKxcZXHk0R46QEfIRReogm5QFdUQRY/oGb2iN+vJerHerY/paM7KdnbRH1ifPxyfmMU=</latexit>





Finally we are going to consider a stream-like object

with a large velocity and small velocity dispersion

Sun
✓dm

<latexit sha1_base64="IG3lwsLW4wf0rrk14vxN5ewFvkQ=">AAAB+HicbVBNS8NAEN3Ur1o/GvXoZbEInkoiih6LXjxWsB/QhLDZbNqlu0nYnQg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSa4Bsf5tipr6xubW9Xt2s7u3n7dPjjs6jRXlHVoKlLVD4lmgiesAxwE62eKERkK1gvHtzO/98iU5mnyAJOM+ZIMEx5zSsBIgV33YMSABIWnJI7kNLAbTtOZA68StyQNVKId2F9elNJcsgSoIFoPXCcDvyAKOBVsWvNyzTJCx2TIBoYmRDLtF/PDp/jUKBGOU2UqATxXf08URGo9kaHplARGetmbif95gxzia7/gSZYDS+hiUZwLDCmepYAjrhgFMTGEUMXNrZiOiCIUTFY1E4K7/PIq6Z433Yvm5f1Fo3VTxlFFx+gEnSEXXaEWukNt1EEU5egZvaI368l6sd6tj0VrxSpnjtAfWJ8/4eGTPg==</latexit>

DM



f(~v) =
1

(2⇡�2)3/2
exp


� (~v � ~vdm)2

2�2

�

<latexit sha1_base64="GfveZTcpCoOgPbyN3e4rYhV+JHE="></latexit>

vdm = 400 km/sec

<latexit sha1_base64="pWfF5Ohr9dT/XUnQyZ1GWHqPUL4=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhbBhdREKroRim5cVrAPaEKYTCbt0JkkzEwKJWTpxl9x40IRt36CO//GadqFth64cDjnXu69x08Ylcqyvo3S0vLK6lp5vbKxubW9Y+7utWWcCkxaOGax6PpIEkYj0lJUMdJNBEHcZ6TjD28nfmdEhKRx9KDGCXE56kc0pBgpLXnm4cjLHMFhwHN4DeuWBZ3TQhjyM0lw7plVq2YVgIvEnpEqmKHpmV9OEOOUk0hhhqTs2Vai3AwJRTEjecVJJUkQHqI+6WkaIU6kmxWP5PBYKwEMY6ErUrBQf09kiEs55r7u5EgN5Lw3Ef/zeqkKr9yMRkmqSISni8KUQRXDSSowoIJgxcaaICyovhXiARIIK51dRYdgz7+8SNrnNbteu7ivVxs3szjK4AAcgRNgg0vQAHegCVoAg0fwDF7Bm/FkvBjvxse0tWTMZvbBHxifPzE1mDA=</latexit>

� = 30 km/sec

<latexit sha1_base64="HuxRPx1/RCqhHfpeBd+Mx5Pq4iQ=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgED1ITrehFKHrxWMF+QBPKZjttl+4mYXcjlFDw4l/x4kERr/4Jb/4bt20O2vpg4PHeDDPzgpgzpR3n28otLC4tr+RXC2vrG5tb9vZOXUWJpFCjEY9kMyAKOAuhppnm0IwlEBFwaASDm7HfeACpWBTe62EMviC9kHUZJdpIbXvPU6wnCL7CZ453jFNPCjwQJwroqG0XnZIzAZ4nbkaKKEO1bX95nYgmAkJNOVGq5Tqx9lMiNaMcRgUvURATOiA9aBkaEgHKTyc/jPChUTq4G0lTocYT9fdESoRSQxGYTkF0X816Y/E/r5Xo7qWfsjBONIR0uqibcKwjPA4Ed5gEqvnQEEIlM7di2ieSUG1iK5gQ3NmX50n9tOSWS+d35WLlOosjj/bRATpCLrpAFXSLqqiGKHpEz+gVvVlP1ov1bn1MW3NWNrOL/sD6/AGh7pZB</latexit>



Conclusions



• Gravitational focusing / stochasticity are considered

• Model-independent; purely gravitational effects



• Gravitational focusing / stochasticity are considered

• Effects are at a few percent level for the bulk halo dark matter

• Effects are more dramatic for local DM substructures

• Model-independent; purely gravitational effects



• Gravitational focusing / stochasticity are considered

• Effects are at a few percent level for the bulk halo dark matter

• Effects are more dramatic for local DM substructures

• Model-independent; purely gravitational effects

• Important for the correct modeling of local DM structure

• Important for constructing a local map of DM (upon detection)









Back-up



f(~v) =
1

(2⇡)3/2
p
det⌃

exp


�1

2
(~v � ~vdm) · ⌃�1 · (~v � ~vdm)

�

<latexit sha1_base64="1vPtu5CEZhXQrMwv1zbH2x8F50E="></latexit>



f(~v) =
1

(2⇡�2)3/2
exp


� (~v � ~vdm)2

2�2

�

<latexit sha1_base64="GfveZTcpCoOgPbyN3e4rYhV+JHE="></latexit>

vdm = � ' 50 km/sec

<latexit sha1_base64="ofm5rJBUbsz5gV08dIgJWosSRq4=">AAACFHicbVDLSgMxFM3UV62vqks3wSIISp2RFt0IRTcuK9gHdErJpLdtaDIzJplCGeYj3Pgrblwo4taFO//GTNuFth643MM595Lc44WcKW3b31ZmaXlldS27ntvY3Nreye/u1VUQSQo1GvBANj2igDMfapppDs1QAhEeh4Y3vEn9xgikYoF/r8chtAXp+6zHKNFG6uRPRp3YlQJ3RYKvsKtYX5C0CXjAZds9nZhDcaaAJp18wS7aE+BF4sxIAc1Q7eS/3G5AIwG+ppwo1XLsULdjIjWjHJKcGykICR2SPrQM9YkA1Y4nRyX4yChd3AukKV/jifp7IyZCqbHwzKQgeqDmvVT8z2tFunfZjpkfRhp8On2oF3GsA5wmhLtMAtV8bAihkpm/YjogklBtcsyZEJz5kxdJ/bzolIrlu1Khcj2LI4sO0CE6Rg66QBV0i6qohih6RM/oFb1ZT9aL9W59TEcz1mxnH/2B9fkD77qdgQ==</latexit>



Necib et al 18



An example from QM

Ĥ = !a
†
a

<latexit sha1_base64="F5DnV5Gt2nqS9sPO6Phpor4PUEs=">AAACBXicbVDJSgNBEO1xjXEb9aiHxiB4CjMS0YsQ9JJjBLNAZgw1ncqkSc9Cd48QQi5e/BUvHhTx6j9482/sLAdNfFDweK+KqnpBKrjSjvNtLS2vrK6t5zbym1vbO7v23n5dJZlkWGOJSGQzAIWCx1jTXAtsphIhCgQ2gv7N2G88oFQ8ie/0IEU/gjDmXc5AG6ltH3k90LRCryj1kghDoHDvdSAMUVJo2wWn6ExAF4k7IwUyQ7Vtf3mdhGURxpoJUKrlOqn2hyA1ZwJHeS9TmALrQ4gtQ2OIUPnDyRcjemKUDu0m0lSs6UT9PTGESKlBFJjOCHRPzXtj8T+vlenupT/kcZppjNl0UTcTVCd0HAntcIlMi4EhwCQ3t1LWAwlMm+DyJgR3/uVFUj8ruqXi+W2pUL6exZEjh+SYnBKXXJAyqZAqqRFGHskzeSVv1pP1Yr1bH9PWJWs2c0D+wPr8AezOlvQ=</latexit>

consider a harmonic oscillator

density matrix for canonical ensemble is 

⇢̂ =
e��Ĥ

tr(e��Ĥ)

<latexit sha1_base64="icb1LpF8oB2L86/Qjb7yr/b2Ubk=">AAACLHicbVBNS8NAEN34WetX1KOXxSLowZKIohdB7KXHCrYKTS2b7cQubj7YnQgl5Ad58a8I4sEiXv0dbtMetPXBwOO9GWbm+YkUGh1naM3NLywuLZdWyqtr6xub9tZ2S8ep4tDksYzVnc80SBFBEwVKuEsUsNCXcOs/1kb+7RMoLeLoBgcJdEL2EIlAcIZG6to1r8+Qeqof0wvqBYrxDO6zI88HZLTw6nmeZZ4KKar8gM6YhzTv2hWn6hSgs8SdkAqZoNG137xezNMQIuSSad12nQQ7GVMouIS87KUaEsYf2QO0DY1YCLqTFc/mdN8oPRrEylSEtFB/T2Qs1HoQ+qYzZNjX095I/M9rpxicdzIRJSlCxMeLglRSjOkoOdoTCjjKgSGMK2FupbzPTGJo8i2bENzpl2dJ67jqnlRPr08ql1eTOEpkl+yRA+KSM3JJ6qRBmoSTZ/JKPsjQerHerU/ra9w6Z01mdsgfWN8/D36m4A==</latexit>



⇢̂ =
e��Ĥ

tr(e��Ĥ)

<latexit sha1_base64="icb1LpF8oB2L86/Qjb7yr/b2Ubk=">AAACLHicbVBNS8NAEN34WetX1KOXxSLowZKIohdB7KXHCrYKTS2b7cQubj7YnQgl5Ad58a8I4sEiXv0dbtMetPXBwOO9GWbm+YkUGh1naM3NLywuLZdWyqtr6xub9tZ2S8ep4tDksYzVnc80SBFBEwVKuEsUsNCXcOs/1kb+7RMoLeLoBgcJdEL2EIlAcIZG6to1r8+Qeqof0wvqBYrxDO6zI88HZLTw6nmeZZ4KKar8gM6YhzTv2hWn6hSgs8SdkAqZoNG137xezNMQIuSSad12nQQ7GVMouIS87KUaEsYf2QO0DY1YCLqTFc/mdN8oPRrEylSEtFB/T2Qs1HoQ+qYzZNjX095I/M9rpxicdzIRJSlCxMeLglRSjOkoOdoTCjjKgSGMK2FupbzPTGJo8i2bENzpl2dJ67jqnlRPr08ql1eTOEpkl+yRA+KSM3JJ6qRBmoSTZ/JKPsjQerHerU/ra9w6Z01mdsgfWN8/D36m4A==</latexit>

= (1� e��!)
X

e�n�!|nihn|

<latexit sha1_base64="Q41QH9SNlyjwaFcYlSEdrQe5w38="></latexit>

=
1

1 + hni
X

n

✓
hni

hni+ 1

◆n

|nihn|

<latexit sha1_base64="9R6JDG7bLceUy8IuDhxPGMG8G3Y="></latexit>

hni = 1

e�! � 1

<latexit sha1_base64="5t41Wo6CVU20vTWZX4TGJ692WKY=">AAACGXicbZA9SwNBEIb34nf8ilraLAbBxnAnEW2EoI2lgtFALoa5zVyyZG/v2N0TwnF/w8a/YmOhiKVW/hs3H4UmvrDw8M4Ms/MGieDauO63U5ibX1hcWl4prq6tb2yWtrZvdZwqhnUWi1g1AtAouMS64UZgI1EIUSDwLuhfDOt3D6g0j+WNGSTYiqArecgZGGu1S64vQHYFUkl9NaYz6ocKWOblGd5nfoAGqB9H2IX80MvbpbJbcUeis+BNoEwmumqXPv1OzNIIpWECtG56bmJaGSjDmcC86KcaE2B96GLTooQIdSsbXZbTfet0aBgr+6ShI/f3RAaR1oMosJ0RmJ6erg3N/2rN1ISnrYzLJDUo2XhRmApqYjqMiXa4QmbEwAIwxe1fKeuBjcXYMIs2BG/65Fm4Pap41crxdbVcO5/EsUx2yR45IB45ITVySa5InTDySJ7JK3lznpwX5935GLcWnMnMDvkj5+sHmlCgEQ==</latexit>

with



Equation of motion

(⇤+m2)� = 0

<latexit sha1_base64="cH7q+Y43+42gn1615lfXrD/7OOU=">AAACAHicbVDLSgMxFM3UV62vURcu3ASLUBHKTKnoRih147KCfUBnLJk004YmmSHJiGXoxl9x40IRt36GO//GtJ2FVg9cOJxzL/feE8SMKu04X1ZuaXlldS2/XtjY3NresXf3WipKJCZNHLFIdgKkCKOCNDXVjHRiSRAPGGkHo6up374nUtFI3OpxTHyOBoKGFCNtpJ59UPLq0QM8hfyucgK9eEghvIQO7NlFp+zMAP8SNyNFkKHRsz+9foQTToTGDCnVdZ1Y+ymSmmJGJgUvUSRGeIQGpGuoQJwoP509MIHHRunDMJKmhIYz9edEirhSYx6YTo70UC16U/E/r5vo8MJPqYgTTQSeLwoTBnUEp2nAPpUEazY2BGFJza0QD5FEWJvMCiYEd/Hlv6RVKbvV8tlNtVirZ3HkwSE4AiXggnNQA9egAZoAgwl4Ai/g1Xq0nq03633emrOymX3wC9bHNxNQk4E=</latexit>

For scalar field

For potential

r2� = 4⇡G(⇢ext + ⇢�)

<latexit sha1_base64="nLBq81fmyciia1A2NkY89Dj5lQM=">AAACHXicbVDLSgNBEJz1GeMr6tFLYxAiQtgNK3oRgh70GME8IBvD7GSSHTI7u8zMimHJj3jxV7x4UMSDF/FvnDwOmljQUFR1093lx5wpbdvf1sLi0vLKamYtu76xubWd29mtqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX478+j2VikXiVg9i2gpxT7AuI1gbqZ1zPYF9ju9K4FUCBufgejGDKyh4MojaqSdDoA96CMcwFrw4YEfQzuXtoj0GzBNnSvJoiko79+l1IpKEVGjCsVJNx451K8VSM8LpMOslisaY9HGPNg0VOKSqlY6/G8KhUTrQjaQpoWGs/p5IcajUIPRNZ4h1oGa9kfif10x096yVMhEnmgoyWdRNOOgIRlFBh0lKNB8Ygolk5lYgAZaYaBNo1oTgzL48T2qlouMWT27cfPliGkcG7aMDVEAOOkVldI0qqIoIekTP6BW9WU/Wi/VufUxaF6zpzB76A+vrB664n9Q=</latexit>



Assumption / approximation

(i) self-gravity due to DM can be ignored

r2� = 4⇡G(⇢ext + ⇢�)

<latexit sha1_base64="nLBq81fmyciia1A2NkY89Dj5lQM=">AAACHXicbVDLSgNBEJz1GeMr6tFLYxAiQtgNK3oRgh70GME8IBvD7GSSHTI7u8zMimHJj3jxV7x4UMSDF/FvnDwOmljQUFR1093lx5wpbdvf1sLi0vLKamYtu76xubWd29mtqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX478+j2VikXiVg9i2gpxT7AuI1gbqZ1zPYF9ju9K4FUCBufgejGDKyh4MojaqSdDoA96CMcwFrw4YEfQzuXtoj0GzBNnSvJoiko79+l1IpKEVGjCsVJNx451K8VSM8LpMOslisaY9HGPNg0VOKSqlY6/G8KhUTrQjaQpoWGs/p5IcajUIPRNZ4h1oGa9kfif10x096yVMhEnmgoyWdRNOOgIRlFBh0lKNB8Ygolk5lYgAZaYaBNo1oTgzL48T2qlouMWT27cfPliGkcG7aMDVEAOOkVldI0qqIoIekTP6BW9WU/Wi/VufUxaF6zpzB76A+vrB664n9Q=</latexit>

⇡ 4⇡G⇢ext

<latexit sha1_base64="gHqZUcP+wIEtgu1RdP0yKR6jgpo=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmp6LLoQpcV7AM6w5BJ0zY0k4QkIy1Dd278FTcuFHHrL7jzb0zbWWjrgQuHc+7l3ntiyag2nvftLC2vrK6tFzaKm1vbO7vu3n5Di1RhUseCCdWKkSaMclI31DDSkoqgJGakGQ+uJ37zgShNBb83I0nCBPU47VKMjJUi9yhAUioxhJVAUngDA9UXURaoBJKhGcPILXllbwq4SPyclECOWuR+BR2B04RwgxnSuu170oQZUoZiRsbFINVEIjxAPdK2lKOE6DCb/jGGJ1bpwK5QtriBU/X3RIYSrUdJbDsTZPp63puI/3nt1HQvw4xymRrC8WxRN2XQCDgJBXaoItiwkSUIK2pvhbiPFMLGRle0IfjzLy+SxlnZr5TP7yql6lUeRwEcgmNwCnxwAargFtRAHWDwCJ7BK3hznpwX5935mLUuOfnMAfgD5/MH29eYrQ==</latexit>



Assumption / approximation

(i) self-gravity due to DM can be ignored

r2� = 4⇡G(⇢ext + ⇢�)

<latexit sha1_base64="nLBq81fmyciia1A2NkY89Dj5lQM=">AAACHXicbVDLSgNBEJz1GeMr6tFLYxAiQtgNK3oRgh70GME8IBvD7GSSHTI7u8zMimHJj3jxV7x4UMSDF/FvnDwOmljQUFR1093lx5wpbdvf1sLi0vLKamYtu76xubWd29mtqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX478+j2VikXiVg9i2gpxT7AuI1gbqZ1zPYF9ju9K4FUCBufgejGDKyh4MojaqSdDoA96CMcwFrw4YEfQzuXtoj0GzBNnSvJoiko79+l1IpKEVGjCsVJNx451K8VSM8LpMOslisaY9HGPNg0VOKSqlY6/G8KhUTrQjaQpoWGs/p5IcajUIPRNZ4h1oGa9kfif10x096yVMhEnmgoyWdRNOOgIRlFBh0lKNB8Ygolk5lYgAZaYaBNo1oTgzL48T2qlouMWT27cfPliGkcG7aMDVEAOOkVldI0qqIoIekTP6BW9WU/Wi/VufUxaF6zpzB76A+vrB664n9Q=</latexit>

⇡ 4⇡G⇢ext

<latexit sha1_base64="gHqZUcP+wIEtgu1RdP0yKR6jgpo=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmp6LLoQpcV7AM6w5BJ0zY0k4QkIy1Dd278FTcuFHHrL7jzb0zbWWjrgQuHc+7l3ntiyag2nvftLC2vrK6tFzaKm1vbO7vu3n5Di1RhUseCCdWKkSaMclI31DDSkoqgJGakGQ+uJ37zgShNBb83I0nCBPU47VKMjJUi9yhAUioxhJVAUngDA9UXURaoBJKhGcPILXllbwq4SPyclECOWuR+BR2B04RwgxnSuu170oQZUoZiRsbFINVEIjxAPdK2lKOE6DCb/jGGJ1bpwK5QtriBU/X3RIYSrUdJbDsTZPp63puI/3nt1HQvw4xymRrC8WxRN2XQCDgJBXaoItiwkSUIK2pvhbiPFMLGRle0IfjzLy+SxlnZr5TP7yql6lUeRwEcgmNwCnxwAargFtRAHWDwCJ7BK3hznpwX5935mLUuOfnMAfgD5/MH29eYrQ==</latexit>

(ii) external body can be treated as a point mass

� ⇡ �GM/r

<latexit sha1_base64="oAnUHQVGE6XHhCTaJ1zWfz7UeLY=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG+uMVHRZdKEboYJ9QGcomTRtQzNJSDJiHYq/4saFIm79D3f+jWk7C60euHA4517uvSeSjGrjeV9Obm5+YXEpv1xYWV1b33A3t+paJAqTGhZMqGaENGGUk5qhhpGmVATFESONaHAx9ht3RGkq+K0ZShLGqMdpl2JkrNR2d4Jqn8IASanEPTyEl/D6SLXdolfyJoB/iZ+RIshQbbufQUfgJCbcYIa0bvmeNGGKlKGYkVEhSDSRCA9Qj7Qs5SgmOkwn14/gvlU6sCuULW7gRP05kaJY62Ec2c4Ymb6e9cbif14rMd2zMKVcJoZwPF3UTRg0Ao6jgB2qCDZsaAnCitpbIe4jhbCxgRVsCP7sy39J/bjkl0snN+Vi5TyLIw92wR44AD44BRVwBaqgBjB4AE/gBbw6j86z8+a8T1tzTjazDX7B+fgGQ9mT0A==</latexit>



Assumption / approximation

(i) self-gravity due to DM can be ignored

r2� = 4⇡G(⇢ext + ⇢�)

<latexit sha1_base64="nLBq81fmyciia1A2NkY89Dj5lQM=">AAACHXicbVDLSgNBEJz1GeMr6tFLYxAiQtgNK3oRgh70GME8IBvD7GSSHTI7u8zMimHJj3jxV7x4UMSDF/FvnDwOmljQUFR1093lx5wpbdvf1sLi0vLKamYtu76xubWd29mtqSiRhFZJxCPZ8LGinAla1Uxz2oglxaHPad3vX478+j2VikXiVg9i2gpxT7AuI1gbqZ1zPYF9ju9K4FUCBufgejGDKyh4MojaqSdDoA96CMcwFrw4YEfQzuXtoj0GzBNnSvJoiko79+l1IpKEVGjCsVJNx451K8VSM8LpMOslisaY9HGPNg0VOKSqlY6/G8KhUTrQjaQpoWGs/p5IcajUIPRNZ4h1oGa9kfif10x096yVMhEnmgoyWdRNOOgIRlFBh0lKNB8Ygolk5lYgAZaYaBNo1oTgzL48T2qlouMWT27cfPliGkcG7aMDVEAOOkVldI0qqIoIekTP6BW9WU/Wi/VufUxaF6zpzB76A+vrB664n9Q=</latexit>

⇡ 4⇡G⇢ext

<latexit sha1_base64="gHqZUcP+wIEtgu1RdP0yKR6jgpo=">AAACB3icbVDLSgMxFM34rPU16lKQYBFclRmp6LLoQpcV7AM6w5BJ0zY0k4QkIy1Dd278FTcuFHHrL7jzb0zbWWjrgQuHc+7l3ntiyag2nvftLC2vrK6tFzaKm1vbO7vu3n5Di1RhUseCCdWKkSaMclI31DDSkoqgJGakGQ+uJ37zgShNBb83I0nCBPU47VKMjJUi9yhAUioxhJVAUngDA9UXURaoBJKhGcPILXllbwq4SPyclECOWuR+BR2B04RwgxnSuu170oQZUoZiRsbFINVEIjxAPdK2lKOE6DCb/jGGJ1bpwK5QtriBU/X3RIYSrUdJbDsTZPp63puI/3nt1HQvw4xymRrC8WxRN2XQCDgJBXaoItiwkSUIK2pvhbiPFMLGRle0IfjzLy+SxlnZr5TP7yql6lUeRwEcgmNwCnxwAargFtRAHWDwCJ7BK3hznpwX5935mLUuOfnMAfgD5/MH29eYrQ==</latexit>

(ii) external body can be treated as a point mass

� ⇡ �GM/r

<latexit sha1_base64="oAnUHQVGE6XHhCTaJ1zWfz7UeLY=">AAAB/XicbVDLSgMxFM3UV62v8bFzEyyCG+uMVHRZdKEboYJ9QGcomTRtQzNJSDJiHYq/4saFIm79D3f+jWk7C60euHA4517uvSeSjGrjeV9Obm5+YXEpv1xYWV1b33A3t+paJAqTGhZMqGaENGGUk5qhhpGmVATFESONaHAx9ht3RGkq+K0ZShLGqMdpl2JkrNR2d4Jqn8IASanEPTyEl/D6SLXdolfyJoB/iZ+RIshQbbufQUfgJCbcYIa0bvmeNGGKlKGYkVEhSDSRCA9Qj7Qs5SgmOkwn14/gvlU6sCuULW7gRP05kaJY62Ec2c4Ymb6e9cbif14rMd2zMKVcJoZwPF3UTRg0Ao6jgB2qCDZsaAnCitpbIe4jhbCxgRVsCP7sy39J/bjkl0snN+Vi5TyLIw92wR44AD44BRVwBaqgBjB4AE/gBbw6j86z8+a8T1tzTjazDX7B+fgGQ9mT0A==</latexit>

(iii) DM is non-relativistic

�(t, x) !  (t, x)e�imt + h.c.

<latexit sha1_base64="5ULqCKdve+QgRQlh0rAlHE4Gte4=">AAACFnicbVDLSgMxFM3UV62vqks3wSJUtMOMVHRZdOOygn1Ap5ZMmrahycyQ3BHL0K9w46+4caGIW3Hn35i2s9DqgQsn59xL7j1+JLgGx/myMguLS8sr2dXc2vrG5lZ+e6euw1hRVqOhCFXTJ5oJHrAacBCsGSlGpC9Ywx9eTvzGHVOah8ENjCLWlqQf8B6nBIzUyZe8aMCLcHx/iD0IsRfp9MVukxKXMMZHOPGUxAOb2uNOvuDYzhT4L3FTUkApqp38p9cNaSxZAFQQrVuuE0E7IQo4FWyc82LNIkKHpM9ahgZEMt1OpmeN8YFRurgXKlMB4Kn6cyIhUuuR9E2nJDDQ895E/M9rxdA7byc8iGJgAZ191IsFNgFMMsJdrhgFMTKEUMXNrpgOiCIUTJI5E4I7f/JfUj+x3bJ9el0uVC7SOLJoD+2jInLRGaqgK1RFNUTRA3pCL+jVerSerTfrfdaasdKZXfQL1sc3xZudQg==</latexit>


