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Hadronic 𝛕 Spectral Function Moments 
ALEPH: 𝛕 hadronic width (HFLAV 2019)

3.6355± 0.0081

Braaten, Narison, Pich, Le Diberder, ...  90‘s

Inclusive hadronic mass spectrum
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Hadronic 𝛕 Spectral Function Moments 

Theory: Operator product expansion
Adler function:
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Shifman, Vainshtein, Sacharow  1978
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FOPT-CIPT Discrepancy Problem

Contour-improved perturbation theory (CIPT):

Fixed-order perturbation theory (FOPT):

4-loop: Gorishni etal., Surguladze etal.  1991

5-loop: Baikov etal.  2008

CIPTFOPT

• CIPT resums powers of π with 
respect to FOPT

• CIPT leads in general to smaller 
moments than FOPT

• OPE and DV corrections 
assumed to be universal

• Strong coupling from CIPT 
larger than from FOPT

• CIPT disfavored from plausibility 
studies of Borel models for the 
Adler function 

• Situation inconclusive !

c0,1 = c1,1 = 1 , c2,1 = 1.640

c3.1 = 6.371

c4,1 = 49.076

Change of 
renormalization 

scale

x =
s

s0

FOPT CIPT

� � � � �

����

����

����

����

W (x) = 1� 2x+ 2x3 � x4

Beneke, Boito, Jamin 2008, 2012 

6-loop estimate   Beneke, Boito, Jamin; Caprini
<latexit sha1_base64="HdSDDilaK+FqGvWmnRdm66K2J4U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzpWo3QtGNywr2AZ1hyKRpG5pkhiQjlKHgxl9x40IRt/6EO//GtJ2Fth64cDjnXu69J4wZVdpxvq3cyura+kZ+s7C1vbO7Z+8ftFSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIORzdTv/1ApKKRuNfjmPgcDQTtU4y0kQL7COIgPS+5E+iVrrwSrNQcL+bQrTowsItO2ZkBLhM3I0WQoRHYX14vwgknQmOGlOq6Tqz9FElNMSOTgpcoEiM8QgPSNVQgTpSfzn6YwFOj9GA/kqaEhjP190SKuFJjHppOjvRQLXpT8T+vm+h+zU+piBNNBJ4v6icM6ghOA4E9KgnWbGwIwpKaWyEeIomwNrEVTAju4svLpFUpuxfl6l21WL/O4siDY3ACzoALLkEd3IIGaAIMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/AK2+lFk=</latexit>

c5,1 = 280± 140

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )
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FOPT-CIPT Discrepancy Problem

Contour-improved perturbation theory (CIPT):

Fixed-order perturbation theory (FOPT):

4-loop: Gorishni etal., Surguladze etal.  1991

5-loop: Baikov etal.  2008

c0,1 = c1,1 = 1 , c2,1 = 1.640

c3.1 = 6.371

c4,1 = 49.076

Change of 
renormalization 

scale

x =
s

s0

6-loop estimate   Beneke, Boito, Jamin; Caprini
<latexit sha1_base64="HdSDDilaK+FqGvWmnRdm66K2J4U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzpWo3QtGNywr2AZ1hyKRpG5pkhiQjlKHgxl9x40IRt/6EO//GtJ2Fth64cDjnXu69J4wZVdpxvq3cyura+kZ+s7C1vbO7Z+8ftFSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIORzdTv/1ApKKRuNfjmPgcDQTtU4y0kQL7COIgPS+5E+iVrrwSrNQcL+bQrTowsItO2ZkBLhM3I0WQoRHYX14vwgknQmOGlOq6Tqz9FElNMSOTgpcoEiM8QgPSNVQgTpSfzn6YwFOj9GA/kqaEhjP190SKuFJjHppOjvRQLXpT8T+vm+h+zU+piBNNBJ4v6icM6ghOA4E9KgnWbGwIwpKaWyEeIomwNrEVTAju4svLpFUpuxfl6l21WL/O4siDY3ACzoALLkEd3IIGaAIMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/AK2+lFk=</latexit>

c5,1 = 280± 140
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Outline

• Introduction 

• FOPT and CIPT Borel representations are different: 
Asymptotic Separation Δ
→  FOPT and CIPT expansions describe different quantities

• Properties of the CIPT expansion:
CIPT expansion NOT CONSISTENT with the standard form of
the Operator Product Expansion and renormalon calculus

• Reconciling CIPT and FOPT:
renormalon-free gluon condensate scheme

• Impact on determinations of 
<latexit sha1_base64="ON2q+U3eJepnLQUudbkSvMYIR8E=">AAAB+3icbVBNS8NAEN34WetXrEcvwSLUS0lKUY9FLx4r2A9oYphsN+3S3U3Y3Yil9K948aCIV/+IN/+N2zYHbX0w8Hhvhpl5Ucqo0q77ba2tb2xubRd2irt7+weH9lGprZJMYtLCCUtkNwJFGBWkpalmpJtKAjxipBONbmZ+55FIRRNxr8cpCTgMBI0pBm2k0C75wNIhhKrCQ19D9lA7D+2yW3XncFaJl5MyytEM7S+/n+CME6ExA6V6npvqYAJSU8zItOhniqSARzAgPUMFcKKCyfz2qXNmlL4TJ9KU0M5c/T0xAa7UmEemk4MeqmVvJv7n9TIdXwUTKtJME4EXi+KMOTpxZkE4fSoJ1mxsCGBJza0OHoIErE1cRROCt/zyKmnXqt5FtX5XLzeu8zgK6ASdogry0CVqoFvURC2E0RN6Rq/ozZpaL9a79bFoXbPymWP0B9bnDz+Zk+8=</latexit>

↵s(m
2
⌧ )
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Interesting Observations: Total Decay Rate

• CIPT is not an expansion in powers of αs at a definite renormalization scale.   
It is impossible to switch between the CIPT and FOPT moment series terms
through a change of scheme of the strong coupling and a reexpansion of the
series due to the contour integration !! 

• Discrepancy between CIPT and FOPT 
scales as ⇠

⇤4
QCD

s20

W⌧ (x) = 1� 2x+ 2x3 � x4

→ Sensitivity to leading O(Λ4QCD) gluon condensate strongly suppressed  

�(d)Wi
(s0) ⇠ 1

2⇡i

I

|s|=s0

ds

s

⇣ s
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⌘m ⇤4
QCD

s2
=

⇤4
QCD

s20
�m2

FOPT CIPT

� � � � �

����

����

����

����

→  Contradiction to standard OPE 

Moment‘s perturbation series:

→  Worth to reconsider CIPT and FOPT from scratch:   OPE ⬌ IR renormalons  

→  How can there be O(Λ4QCD) sensitivity left ? 

→  Accidental or indication of a quartic IR sensitivity?

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )
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Renormalon Calculus: Euclidean Adler Function

Perturbative series in QCD are not convergent, 
but asymptotic in expansion variable αs(s0).       

Borel sum:

`t Hooft; David; Müller; ... Beneke; ...

! D̂(�s0) ⇠
1X

n=1

n! (↵s(s0)
⇡ )n

D̂Borel(�s0) =PV

Z 1

0
du B[D̂](u) e�

4⇡u
�0↵s(s0)

D̂(s) =
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n=1

cn,1
�↵s(s0)

⇡

�n
=) B[D̂](u) =

1X

n=1

cn,1
�(n)

un�1

Association: IR renormalon poles/cuts ⟺ (standard) OPE Corrections

Leading Gluon Condensate: 

D̂OPE(s) =
C(↵s(�s))

(�s)2
h↵sG

2
i+
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p=3

1

(�s)p

h
C0(↵s(�s))hO2p,�1i+ C1(↵s(�s))hO2p,�2i+ . . .

i

Borel calculus:

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>

B(u) ⇠ 1

(2� u)1+4b̂1
+ . . . () hḠ2i

s2
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FOPT vs. CIPT Borel Representation (large-β0)

FOPT expansion:  

coefficient

FOPT Borel representation = “true“ Borel representation 

�(0),FOPT

Wi,Borel
(s0) = PV

Z 1

0

du
1

2⇡i

I

|x|=1

dx

x
Wi(x)B[D̂](u) e�

4⇡u
�0↵s(�xs0)

⇾ Expansion parameter: αs(s0)

D̂(s) =
1X

n=1

�↵s(s0)
⇡
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k cn,k lnk�1(�x)

expansion variable

Borel sum:

e�u ln(�x) e�
4⇡u
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FOPT vs. CIPT Borel Representation

coefficient

�(0),CIPT
Wi

(s0) =
1

2⇡i

1X

n=1

cn,1

I

|x|=1

dx

x
Wi(x)

�↵s(�xs0)
⇡

�n
=

1

2⇡i

1X

n=1

�↵s(s0)
⇡

�n
cn,1

I

|x|=1

dx

x
Wi(x)

�↵s(�xs0)
↵s(s0)

�n
,

CIPT Borel representation:    NEW !

Contour needs to be deformed from |x|=1

CIPT expansion:  ⇾ No obvious expansion parameter !

expansion variable

Regner, Hoang arXiv:2008.00578 

„Asymptotic Separation“ �W (s0) ⌘ �(0),CIPT

W,Borel
(s0) � �(0),FOPT

W,Borel
(s0)

�W (s0) ⇠
⇤d
QCD

sd/20

for O(⇤d
QCD) IR renormalon contained in D̂
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Character of the Asymptotic Separation
FOPT Borel representation

CIPT Borel representation

• Related through complex-valued  
change of variables

• Equivalent in perturbation theory   
(u-Taylor series)

• Agree at Euclidean point x = -1
• Difference in presence of IR 

renormalon cuts

u-path for CIPT 

u-paths for FOPT 

UV renormalons: 
FOPT and CIPT Borel representations 
equivalent because closing up paths 1 and 2 
does not contain cuts

IR renormalons: finite difference ! 
FOPT and CIPT Borel representations inequivalent

�(0),FOPT

Wi,Borel
(s0) = PV

Z 1

0

du
1

2⇡i

I

|x|=1

dx

x
Wi(x)B[D̂](u) e�

4⇡u
�0↵s(�xs0)

• FOPT: PV prescription needs to be imposed

• CIPT: automatically well-defined by complex-valued αs
• Difference because closing paths 1a/1b and 2 always contains cuts 
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Brief Numerical Analysis

Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

⇾ Gluon condensate corrections vanishes  

• CIPT series is divergent !
FOPT series convergent.

• CIPT not compatible with standard OPE !

• Excellent description of CIPT-FOPT 
discrepancy by asymptotic separation ΔW(s0)

• Moments with small asymptotic separation 
can be identified.

W (x) = 1

FOPT BS FOPT BS + AS
CIPT FOPT

0 5 10 15 20 25 30 35

0.036

0.037

0.038

0.039

0.040

0.041

CIPT Borel representation should not be 
considered as ”true”, but it correctly 
characterizes the CIPT expansion

s0 = m2
⌧

⇾ Per. series should be convergent 

This fact was 
overlooked in the 

past 

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>

B(u) ⇠ 1

(2� u)1+4b̂1
+ . . . () hḠ2i

s2

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )



Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022

Renormalon-Free GC Scheme

Conclusion from the asymptotic separation:

• Asymptotic separation vanishes if IR renormalons are absent 
• CIPT and FOPT should become consistent for IR-subtracted perturbation theory

AHH, Regner   2008.00578
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Renormalon-Free GC Scheme

Conclusion from the asymptotic separation:

• Asymptotic separation vanishes if IR renormalons are absent 
• CIPT and FOPT should become consistent for IR-subtracted perturbation theory

Benitez-Rathgeb, Boito, Jamin, AHH 
2202.10957

Idea:   “short-distance“ scheme for the gluon condensate 

pure O(Λ4
QCD) renormalon  (scale invariant)  

renormalon-free

R-dependent

renormalon norm

(approximately known)

r(4,0)` =
⇣1
2

⌘`+4b̂1 �(`+ 4b̂1)

�(1 + 4b̂1) C-scheme (C=0)
Boito, Jamin, Miravitllas 2016

Expand 
perturbatively with 

Adler function 

Original          GC containsMS

IR factorization 
scale R

<latexit sha1_base64="gkBQYZGgJIXVTl2WS92FbyXAbfs=">AAACGnicbVDLSgMxFM3UV62vqks3wSJUkDJTirosutCNUNE+oDMtmTTThmYyQ5IRyjDf4cZfceNCEXfixr8x085CWy8ETs655yb3uCGjUpnmt5FbWl5ZXcuvFzY2t7Z3irt7LRlEApMmDlggOi6ShFFOmooqRjqhIMh3GWm748tUbz8QIWnA79UkJI6Phpx6FCOlqX7RshniQ0ag7SIBr3pVW0zvvTi2A21M58a28OHNXZKclPlx0i+WzIo5LbgIrAyUQFaNfvHTHgQ48glXmCEpu5YZKidGQlHMSFKwI0lChMdoSLoacuQT6cTT1RJ4pJkB9AKhD1dwyv52xMiXcuK7utNHaiTntZT8T+tGyjt3YsrDSBGOZw95EYMqgGlOcEAFwYpNNEBYUP1XiEdIIKx0mgUdgjW/8iJoVSvWaaV2WyvVL7I48uAAHIIysMAZqINr0ABNgMEjeAav4M14Ml6Md+Nj1pozMs8++FPG1w/4qqDW</latexit>

hḠ2iMS,(n)

<latexit sha1_base64="71L6BM+mbzE5Bzx2/PBOqqFyueM="></latexit>

hḠ2iMS,(n) ⌘ hG2i(R2) � R4
nX

`=1

Ng r
(4,0)
` ā`(R2) ,

<latexit sha1_base64="OFikp0lteO1Kx7lUPAJ8ckfHp6Q=">AAACHnicbVDLSgMxFM34rPVVdekmWIQKUmZKfWyEohuXVewDOuNwJ820oZkHSUYoQ7/Ejb/ixoUigiv9G9N2Ftp6IHA451xu7vFizqQyzW9jYXFpeWU1t5Zf39jc2i7s7DZllAhCGyTikWh7IClnIW0opjhtx4JC4HHa8gZXY7/1QIVkUXinhjF1AuiFzGcElJbcwontgcBQur2vHOELbPsCSGp7VIFr2sdj0wYe98GVk8gordoxG7mFolk2J8DzxMpIEWWou4VPuxuRJKChIhyk7FhmrJwUhGKE01HeTiSNgQygRzuahhBQ6aST80b4UCtd7EdCv1Dhifp7IoVAymHg6WQAqi9nvbH4n9dJlH/upCyME0VDMl3kJxyrCI+7wl0mKFF8qAkQwfRfMemDbkjpRvO6BGv25HnSrJSt03L1plqsXWZ15NA+OkAlZKEzVEPXqI4aiKBH9Ixe0ZvxZLwY78bHNLpgZDN76A+Mrx9tFqDg</latexit>

ā(R2) =
�0 ↵̄s(R2)

4⇡

AHH, Regner   2008.00578
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Renormalon-Free GC Scheme

Scale-invariant “short-distance“ scheme  
for the gluon condensate 

Renormalon-free (convergent series)

(R-evolution equation)
Convergent series!

treated like a tree-level term 
(Do not expand !)

→ R-invariance of scheme at 
infinite truncation order

We can define an R-independent „short-distance“ GC: 

⇾ „true“ Borel sum value unchanged (i.e. Ng-independent) !      („minimal scheme“)  

Benitez-Rathgeb, Boito, Jamin, AHH  2202.10957
<latexit sha1_base64="0xXzSizC7vhlIIkJoVf8g78SsoQ=">AAACHXicbZDLTsJAFIanXhFvVZduJhIjLCRtQ9Ql0YUukcgloUCmwwATptNmZmpCGl7Eja/ixoXGuHBjfBuH0oUCfzLJl/+ckzPn90JGpbKsH2NldW19YzOzld3e2d3bNw8O6zKIBCY1HLBAND0kCaOc1BRVjDRDQZDvMdLwRjfTeuORCEkD/qDGIWn7aMBpn2KktNU1Sy5DfMAIvO04rkgwX+04hfMlflw9m3RiZ1LomjmraCWCi2CnkAOpKl3zy+0FOPIJV5ghKVu2Fap2jISimJFJ1o0kCREeoQFpaeTIJ7IdJ9dN4Kl2erAfCP24gon7dyJGvpRj39OdPlJDOV+bmstqrUj1r9ox5WGkCMezRf2IQRXAaVSwRwXBio01ICyo/ivEQyQQVjrQrA7Bnj95EepO0b4olu5LufJ1GkcGHIMTkAc2uARlcAcqoAYweAIv4A28G8/Gq/FhfM5aV4x05gj8k/H9C/dDoJw=</latexit>

hG2i(R2)� hG2i(R02)

<latexit sha1_base64="MgWvep/pErFXM7yF0ToEuYkYJ3w="></latexit>

hG2i(R2) ⌘ hG2iRF +Ng c̄0(R
2) .

<latexit sha1_base64="ZAHbpa9qpd+jKAI8jyDmlEclBH4="></latexit>

d

d lnR2
hG2iRF = 0

<latexit sha1_base64="A3cgIXsCC7ycjLeqQB6SEN9rfuQ="></latexit>

d

d lnR2
hG2i(R2) =

Ng

24b̂1

R4 ā(R2)

1� 2b̂1ā(R2)

<latexit sha1_base64="02dxOx+ROmOaduwn//TlCcv915Y="></latexit>

c̄0(R
2) ⌘ R4 PV

Z 1

0

du e�
u

āR

(2� u)1+4b̂1
= �R4 e

� 2
ā(R2)

(ā(R2))4b̂1
Re


e4⇡b̂1i �

⇣
� 4b̂1,�

2

ā(R2)

⌘�



Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022

CIPT and FOPT: RF GC Scheme

s0 = m2
⌧

FOPT BS FOPT BS + AS
CIPT FOPT
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Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

W (x) = 1

• FOPT same as in the original GC scheme

• CIPTRS series is convergent

• CIPTRS consistent with FOPT !

• CIPTRS compatible with standard OPE !

• CIPTRS Borel sum  = FOPT Borel sum 

• CIPTRS converges much faster than FOPT
(oscillating behavior absent)

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>

B(u) ⇠ 1

(2� u)1+4b̂1
+ . . . () hḠ2i

s2

<latexit sha1_base64="hRxrlND3f6Ernr4+r90zoYle0T4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5LUom6EohtXUsG2QhPDZDpph04mYWYi1BD8FTcuFHHrf7jzb5w+Ftp64MLhnHu5954gYVQq2/42CguLS8srxdXS2vrG5pa5vdOScSowaeKYxeIuQJIwyklTUcXIXSIIigJG2sHgcuS3H4iQNOa3apgQL0I9TkOKkdKSb+5d+71zNxQIZ8d5VnUTel/NfbNsV+wxrHniTEkZpmj45pfbjXEaEa4wQ1J2HDtRXoaEopiRvOSmkiQID1CPdDTlKCLSy8bX59ahVrpWGAtdXFlj9fdEhiIph1GgOyOk+nLWG4n/eZ1UhWdeRnmSKsLxZFGYMkvF1igKq0sFwYoNNUFYUH2rhftIR6F0YCUdgjP78jxpVSvOSaV2UyvXL6ZxFGEfDuAIHDiFOlxBA5qA4RGe4RXejCfjxXg3PiatBWM6swt/YHz+AOIklN8=</latexit>

Ng =
3

2⇡2

⇾ Gluon condensate corrections vanishes !  

⇾ Nevertheless dramatic impact of
changing to the RF GC scheme

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )
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Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022

CIPT and FOPT: RF GC Scheme

Single renormalon model: Pure O(Λ4QCD) renormalon in Adler function 

W (x) = 1

• FOPT same as in the original GC scheme

• CIPTRS series is convergent

• CIPTRS consistent with FOPT !

• CIPTRS compatible with standard OPE !

• CIPTRS Borel sum  = FOPT Borel sum 

• CIPTRS converges much faster than FOPT
(oscillating behavior absent)

s0 = m2
⌧

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="DzY7ICccHajLoKCpejeQwPZDJbM="></latexit>

B(u) ⇠ 1

(2� u)1+4b̂1
+ . . . () hḠ2i

s2

<latexit sha1_base64="hRxrlND3f6Ernr4+r90zoYle0T4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5LUom6EohtXUsG2QhPDZDpph04mYWYi1BD8FTcuFHHrf7jzb5w+Ftp64MLhnHu5954gYVQq2/42CguLS8srxdXS2vrG5pa5vdOScSowaeKYxeIuQJIwyklTUcXIXSIIigJG2sHgcuS3H4iQNOa3apgQL0I9TkOKkdKSb+5d+71zNxQIZ8d5VnUTel/NfbNsV+wxrHniTEkZpmj45pfbjXEaEa4wQ1J2HDtRXoaEopiRvOSmkiQID1CPdDTlKCLSy8bX59ahVrpWGAtdXFlj9fdEhiIph1GgOyOk+nLWG4n/eZ1UhWdeRnmSKsLxZFGYMkvF1igKq0sFwYoNNUFYUH2rhftIR6F0YCUdgjP78jxpVSvOSaV2UyvXL6ZxFGEfDuAIHDiFOlxBA5qA4RGe4RXejCfjxXg3PiatBWM6swt/YHz+AOIklN8=</latexit>

Ng =
3

2⇡2

⇾ Gluon condensate corrections vanishes !  

⇾ Nevertheless dramatic impact of
changing to the RF GC scheme

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )
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FOPT BS
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Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022

CIPT and FOPT: RF GC Scheme
Realistic Multi renormalon model: GC,  O(Λ4QCD, Λ6QCD) + UV renormalons  in Adler function 

Beneke, Jamin 2008
W (x) = 1� 2x+ 2x3 � x4

New RF GC Scheme !

h↵sG
2iMS h↵sG

2iRS

• Discrepancy between CIPT and FOPT removed
• CIPT becomes consistent with FOPT (which is only slightly modified)
• Higher precision for αs determinations from hadronic tau decays achievable
• Additional uncertainty from uncertainties in Ng

⇾ GC suppressed 

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="QRMpOllc5JWpJhQPz3B4ZfOzJWY="></latexit>

s0 = m2
⌧ ,

1

2
 ⇠  2 , Ng = 0.64

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )
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FOPT BS
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Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022

CIPT and FOPT: RF GC Scheme

Beneke, Jamin 2008

New RF GC Scheme !

• FOPT and CIPT expansions both get improved substantially
• Spectral function moments with high sensitivity to the GC can now be used 

for high-precision determinations of the strong coupling and the GC  

⇾ GC enhancedW (x) = (1� x)3

Benitez-Rathgeb, Boito, Jamin, AHH: 2202.10957

<latexit sha1_base64="QRMpOllc5JWpJhQPz3B4ZfOzJWY="></latexit>

s0 = m2
⌧ ,

1

2
 ⇠  2 , Ng = 0.64

Realistic Multi renormalon model: GC,  O(Λ4QCD, Λ6QCD) + UV renormalons  in Adler function 

<latexit sha1_base64="3nyzlIEFIfgEQTllz3Itf6eFcb4=">AAACFnicbVC7TsMwFHXKq5RXgJHFokJioUqqChgrGGBBKoI+pCatHNdtrTpOZDtIVZSvYOFXWBhAiBWx8Tc4aQZouZKl43PuufY9XsioVJb1bRSWlldW14rrpY3Nre0dc3evJYNIYNLEAQtEx0OSMMpJU1HFSCcUBPkeI21vcpnq7QciJA34vZqGxPXRiNMhxUhpqm+eOAzxESPQ8ZCAV72qI7J7L46dQBvTubEjfHhzlyRJ3yxbFSsruAjsHJRBXo2++eUMAhz5hCvMkJRd2wqVGyOhKGYkKTmRJCHCEzQiXQ058ol042ytBB5pZgCHgdCHK5ixvx0x8qWc+p7u9JEay3ktJf/TupEanrsx5WGkCMezh4YRgyqAaUZwQAXBik01QFhQ/VeIx0ggrHSSJR2CPb/yImhVK/ZppXZbK9cv8jiK4AAcgmNggzNQB9egAZoAg0fwDF7Bm/FkvBjvxsestWDknn3wp4zPH7l7n8M=</latexit>

hḠ2iMS

<latexit sha1_base64="+SWZ7tekOUW0kf3yF91JUhpjdfU=">AAACBHicbZDLSgMxFIYz9VbrbdRlN8EiuCozpajLoqAuq9gLdKYlk6ZtaJIZkoxQhi7c+CpuXCji1odw59uYTmehrT8EPv5zDifnDyJGlXacbyu3srq2vpHfLGxt7+zu2fsHTRXGEpMGDlko2wFShFFBGppqRtqRJIgHjLSC8eWs3nogUtFQ3OtJRHyOhoIOKEbaWD276DEkhozA627Fkyl2E09yeHc17dklp+ykgsvgZlACmeo9+8vrhzjmRGjMkFId14m0nyCpKWZkWvBiRSKEx2hIOgYF4kT5SXrEFB4bpw8HoTRPaJi6vycSxJWa8MB0cqRHarE2M/+rdWI9OPcTKqJYE4HniwYxgzqEs0Rgn0qCNZsYQFhS81eIR0girE1uBROCu3jyMjQrZfe0XL2tlmoXWRx5UARH4AS44AzUwA2ogwbA4BE8g1fwZj1ZL9a79TFvzVnZzCH4I+vzB+2Xl6Y=</latexit>

hG2iRF

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )



Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022

GC Renormalon Normalization
GC Norm in the Adler function‘s Borel function:

Benitez-Rathgeb, Boito, Jamin, AHH: 2206.xxxxx

<latexit sha1_base64="x9MQsrfO4MRCMV2nMAXLniPXGOM="></latexit>

B[D̂(s)]GC(u) =
2⇡2

3

Ng

⇥
1� 22

81 ā(�s)
⇤

(2� u)1+4b̂1

<latexit sha1_base64="cfbpGW5N9i3iFD688BNoj4773DI="></latexit>

ā(µ2) ⌘ �0 ↵̄s(µ2)

4⇡

<latexit sha1_base64="5TLQ/BWEyo3Z8I6OeJq1zZWQIEU=">AAACGHicbZA9SwNBEIb3/IzxK2ppsxgEC4l3IailaGMZwSRC7jz2NnNmce/D3TkhHPkZNv4VGwtFbNP5b9xLUmj0hYWHd2aYnTdIpdBo21/W3PzC4tJyaaW8ura+sVnZ2m7rJFMcWjyRiboJmAYpYmihQAk3qQIWBRI6wf1FUe88gtIiia9xkIIXsbtYhIIzNJZfOXL7DGngO9Q9pC48ZOKxgFAxnrsBIPOdYV6fkH1bH/qVql2zx6J/wZlClUzV9Csjt5fwLIIYuWRadx07RS9nCgWXMCy7mYaU8Xt2B12DMYtAe/n4sCHdN06PhokyL0Y6dn9O5CzSehAFpjNi2NeztcL8r9bNMDz1chGnGULMJ4vCTFJMaJES7QkFHOXAAONKmL9S3mcmFDRZlk0IzuzJf6FdrznHtcZVo3p2Po2jRHbJHjkgDjkhZ+SSNEmLcPJEXsgbebeerVfrw/qctM5Z05kd8kvW6BuP457k</latexit>

b̂1 ⌘ �1

2�2
0

Multi-renormalon model approach
<latexit sha1_base64="YHUoi8CDnhDp115f403tK/s9p60="></latexit>

B[D̂(s)]mr(u) = b(0) + b(1)u+
2⇡2

3

Ng

⇥
1� 22

81 ā(�s)
⇤

(2� u)1+4b̂1
+

N6

(3� u)1+6b̂1
+

N�2

(1 + u)2�2b̂1

Beneke, Jamin 2008

c0,1 = c1,1 = 1 , c2,1 = 1.640

c3.1 = 6.371

c4,1 = 49.076
<latexit sha1_base64="HdSDDilaK+FqGvWmnRdm66K2J4U=">AAACA3icbVDLSgMxFM3UV62vUXe6CRbBRSkzpWo3QtGNywr2AZ1hyKRpG5pkhiQjlKHgxl9x40IRt/6EO//GtJ2Fth64cDjnXu69J4wZVdpxvq3cyura+kZ+s7C1vbO7Z+8ftFSUSEyaOGKR7IRIEUYFaWqqGenEkiAeMtIORzdTv/1ApKKRuNfjmPgcDQTtU4y0kQL7COIgPS+5E+iVrrwSrNQcL+bQrTowsItO2ZkBLhM3I0WQoRHYX14vwgknQmOGlOq6Tqz9FElNMSOTgpcoEiM8QgPSNVQgTpSfzn6YwFOj9GA/kqaEhjP190SKuFJjHppOjvRQLXpT8T+vm+h+zU+piBNNBJ4v6icM6ghOA4E9KgnWbGwIwpKaWyEeIomwNrEVTAju4svLpFUpuxfl6l21WL/O4siDY3ACzoALLkEd3IIGaAIMHsEzeAVv1pP1Yr1bH/PWnJXNHII/sD5/AK2+lFk=</latexit>

c5,1 = 280± 140

<latexit sha1_base64="asOt0QVMPmBZKcIkyKWYOHPMbfk=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0hKab0IRS+epIK1hTaEzXbbLt1swu6mUEL/iRcPinj1n3jz37htc9DWBwOP92aYmRcmnCntut9WYWNza3unuFva2z84PLKPT55UnEpCWyTmseyEWFHOBG1ppjntJJLiKOS0HY5v5357QqVisXjU04T6ER4KNmAEayMFtn0fDK9dp1btJRFynUo9sMuu4y6A1omXkzLkaAb2V68fkzSiQhOOlep6bqL9DEvNCKezUi9VNMFkjIe0a6jAEVV+trh8hi6M0keDWJoSGi3U3xMZjpSaRqHpjLAeqVVvLv7ndVM9uPIzJpJUU0GWiwYpRzpG8xhQn0lKNJ8agolk5lZERlhiok1YJROCt/ryOnmqOF7NqT5Uy42bPI4inME5XIIHdWjAHTShBQQm8Ayv8GZl1ov1bn0sWwtWPnMKf2B9/gBeVJGN</latexit>

Ng = 0.64± 0.27

Conformal mapping approach <latexit sha1_base64="DYwb8nQjm+VfQMu+diP2ARxtrbc="></latexit>

B̃(u) ⌘ 3 (2� u)1+4b̂1

2⇡2
B[D̂(s)](u)

<latexit sha1_base64="xrDR5BU/ZEqX9ahlVkSBCwg2Dao=">AAACOHicbVBLS0JBGJ1rL7PXrZZthiQwTLk3pNoEUpt2GeQDVGTuOFcH5z6aRyGX+7Pa9DPaRZsWRbTtFzTqXZh6YOBwzvn45jtOyKiQlvVmpJaWV1bX0uuZjc2t7R1zd68mAsUxqeKABbzhIEEY9UlVUslII+QEeQ4jdWdwPfLrj4QLGvj3chiStod6PnUpRlJLHfP2KadOwuNL2HI5wlFLPHAZ2XkVFxJamBgqjsI4jqcC+YWBjpm1itYYcJ7YCcmCBJWO+drqBlh5xJeYISGathXKdoS4pJiRONNSgoQID1CPNDX1kUdEOxofHsMjrXShG3D9fAnH6vREhDwhhp6jkx6SfTHrjcRFXlNJ96IdUT9Ukvh4sshVDMoAjlqEXcoJlmyoCcKc6r9C3Ee6B6m7zugS7NmT50nttGifFUt3pWz5KqkjDQ7AIcgBG5yDMrgBFVAFGDyDd/AJvowX48P4Nn4m0ZSRzOyDfzB+/wBjPq6w</latexit>

w(u, p) =

p
1 + u�

q
1� u

p

p
1 + u+

q
1� u

p

GC renormalon-free

u=2 closest to the origin in the w plane

<latexit sha1_base64="abzxfK4HqRpjyKKNbtxA20Rkwp8=">AAAB+3icbZDLSgMxFIYz9VbrbaxLN8EiuBpmSmndCEU3rqSCvUA7DJk004YmmSHJiGXoq7hxoYhbX8Sdb2PazkJbfwh8/OcczskfJowq7brfVmFjc2t7p7hb2ts/ODyyj8sdFacSkzaOWSx7IVKEUUHammpGeokkiIeMdMPJzbzefSRS0Vg86GlCfI5GgkYUI22swC7fBaMr6DoNDw4SbqBaD+yK67gLwXXwcqiAXK3A/hoMY5xyIjRmSKm+5ybaz5DUFDMyKw1SRRKEJ2hE+gYF4kT52eL2GTw3zhBGsTRPaLhwf09kiCs15aHp5EiP1Wptbv5X66c6uvQzKpJUE4GXi6KUQR3DeRBwSCXBmk0NICypuRXiMZIIaxNXyYTgrX55HTpVx6s7tftapXmdx1EEp+AMXAAPNEAT3IIWaAMMnsAzeAVv1sx6sd6tj2VrwcpnTsAfWZ8/CxSR3g==</latexit>

Ng = 0.71± 0.26

<latexit sha1_base64="ckq9+EYMgNFbWxWzfM71qYop5tE=">AAAB/3icdVDLSsNAFJ34rPUVFdy4GSxCC1KStLZ1IZS6cSUV7APaUCaTaTt08mBmopTYhb/ixoUibv0Nd/6Nk7aCih64cDjnXu69xwkZFdIwPrSFxaXlldXUWnp9Y3NrW9/ZbYog4pg0cMAC3naQIIz6pCGpZKQdcoI8h5GWMzpP/NYN4YIG/rUch8T20MCnfYqRVFJP37/sDeAZ7ErKXAJr2dusdRzmcj09Y+RPKyXrxIJG3jDKVqGUEKtctArQVEqCDJij3tPfu26AI4/4EjMkRMc0QmnHiEuKGZmku5EgIcIjNCAdRX3kEWHH0/sn8EgpLuwHXJUv4VT9PhEjT4ix56hOD8mh+O0l4l9eJ5L9ih1TP4wk8fFsUT9iUAYwCQO6lBMs2VgRhDlVt0I8RBxhqSJLqxC+PoX/k6aVN0v54lUxU63N40iBA3AIssAEZVAFF6AOGgCDO/AAnsCzdq89ai/a66x1QZvP7IEf0N4+AeNLlBw=</latexit>

Ng = B̃(w(2, p))

<latexit sha1_base64="ML1lxsqWbXsX/PZ4pXHiB4i9qM8=">AAACFXicbVDLTgIxFO34RHyhLt00MiYukMwQX0uiG5eYyCMBQjrlDjR0OpO2o5IJP+HGX3HjQmPcmrjzbywDCwVv0uTcc87N7T1exJnSjvNtLSwuLa+sZtay6xubW9u5nd2aCmNJoUpDHsqGRxRwJqCqmebQiCSQwONQ9wZXY71+B1KxUNzqYQTtgPQE8xkl2lCdXKGqANu0k7gFd2RjHabNadoQ0cX2vX0MDxERKrXnnaKTFp4H7hTk0bQqndxXqxvSOAChKSdKNV0n0u2ESM0oh1G2FSuICB2QHjQNFCQA1U7Sq0b40DBd7IfSPKFxyv6eSEig1DDwjDMguq9mtTH5n9aMtX/RTpiIYg2CThb5MR8fP44Id5kEqvnQAEIlM3/FtE8kodoEmTUhuLMnz4NaqeieFU9uSvny5TSODNpHB+gIuegcldE1qqAqougRPaNX9GY9WS/Wu/UxsS5Y05k99Keszx/kpJwy</latexit>

Use c1,1 to c5,1 and w-expansion

Lee  2012
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GC Renormalon Normalization
GC Norm in the Adler function‘s Borel function:

Benitez-Rathgeb, Boito, Jamin, AHH: 2206.xxxxx

<latexit sha1_base64="x9MQsrfO4MRCMV2nMAXLniPXGOM="></latexit>

B[D̂(s)]GC(u) =
2⇡2

3

Ng

⇥
1� 22

81 ā(�s)
⇤

(2� u)1+4b̂1

<latexit sha1_base64="cfbpGW5N9i3iFD688BNoj4773DI="></latexit>

ā(µ2) ⌘ �0 ↵̄s(µ2)

4⇡

<latexit sha1_base64="5TLQ/BWEyo3Z8I6OeJq1zZWQIEU=">AAACGHicbZA9SwNBEIb3/IzxK2ppsxgEC4l3IailaGMZwSRC7jz2NnNmce/D3TkhHPkZNv4VGwtFbNP5b9xLUmj0hYWHd2aYnTdIpdBo21/W3PzC4tJyaaW8ura+sVnZ2m7rJFMcWjyRiboJmAYpYmihQAk3qQIWBRI6wf1FUe88gtIiia9xkIIXsbtYhIIzNJZfOXL7DGngO9Q9pC48ZOKxgFAxnrsBIPOdYV6fkH1bH/qVql2zx6J/wZlClUzV9Csjt5fwLIIYuWRadx07RS9nCgWXMCy7mYaU8Xt2B12DMYtAe/n4sCHdN06PhokyL0Y6dn9O5CzSehAFpjNi2NeztcL8r9bNMDz1chGnGULMJ4vCTFJMaJES7QkFHOXAAONKmL9S3mcmFDRZlk0IzuzJf6FdrznHtcZVo3p2Po2jRHbJHjkgDjkhZ+SSNEmLcPJEXsgbebeerVfrw/qctM5Z05kd8kvW6BuP457k</latexit>

b̂1 ⌘ �1

2�2
0

Optimal subtraction approach New ! 

Use quantiative measure for improvements for GC suppresed and 
GC enhanced moments in the RF GC scheme

<latexit sha1_base64="cLgc5Ywx6RYufRytuNGgOGqa/dM=">AAACMnicbZDLSgMxFIYzXmu9VV26CRahopSZUtSNUCyibqSivUCnDpk0bUOTmSHJCGWYZ3LjkwgudKGIWx/CtB1EWw8Efv7vHE7O7waMSmWaL8bM7Nz8wmJqKb28srq2ntnYrEk/FJhUsc980XCRJIx6pKqoYqQRCIK4y0jd7ZeHvH5PhKS+d6sGAWlx1PVoh2KktOVkLm3co3cFJ+Jx7srp7kF4AuGPdxDZgsPz8k2c0P1pdpYwJ5M18+ao4LSwEpEFSVWczJPd9nHIiacwQ1I2LTNQrQgJRTEjcdoOJQkQ7qMuaWrpIU5kKxqdHMNd7bRhxxf6eQqO3N8TEeJSDrirOzlSPTnJhuZ/rBmqznErol4QKuLh8aJOyKDy4TA/2KaCYMUGWiAsqP4rxD0kEFY65bQOwZo8eVrUCnnrMF+8LmZLp0kcKbANdkAOWOAIlMAFqIAqwOABPIM38G48Gq/Gh/E5bp0xkpkt8KeMr29htKc7</latexit>

�2
m(Ng) = �2

m,GCS(Ng) + �2
m,GCE(Ng) Good convergence of 5  GC 

enhanced moments

Small discrepancy for 5 GC supressed moments 

Can precisely 
determine Ng for the 
Beneke-Jamin model

<latexit sha1_base64="CJ4RN2jN+uBRqDgNCGa/T1EkJ/c=">AAACDnicbVC7SgNREL3rM8ZX1NLmYhRiE3ZF1DJoY2cE84BkXWZvJuaSuw/unRXCki+w8VdsLBSxtbbzb9w8Co0eGDicM8PMHD9W0pBtf1lz8wuLS8u5lfzq2vrGZmFru26iRAusiUhFuumDQSVDrJEkhc1YIwS+wobfvxj5jXvURkbhDQ1idAO4C2VXCqBM8goHJYI+8v20LUDxq2GpDSrugWdujw/3uUaTKDrMe4WiXbbH4H+JMyVFNkXVK3y2O5FIAgxJKDCm5dgxuSlokkLhMN9ODMYg+nCHrYyGEKBx0/E7Q36QKR3ejXRWIfGx+nMihcCYQeBnnQFQz8x6I/E/r5VQ98xNZRgnhKGYLOomilPER9nwjtQoSA0yAkLL7FYueqBBUJbgKARn9uW/pH5Udk7Kx9dHxcr5NI4c22V7rMQcdsoq7JJVWY0J9sCe2At7tR6tZ+vNep+0zlnTmR32C9bHNzycmlU=</latexit>

(take O(↵4
s) result)

<latexit sha1_base64="JGFcL7dZVxYIxLbau/+XACzW6ow=">AAAB+nicbVDLSsNAFJ3UV62vVJduBovgKiS1WjdC0Y0rqWAf0IQwmU7aoTNJmJkoJfZT3LhQxK1f4s6/cdpmoa0HLhzOuZd77wkSRqWy7W+jsLK6tr5R3Cxtbe/s7pnl/baMU4FJC8csFt0AScJoRFqKKka6iSCIB4x0gtH11O88ECFpHN2rcUI8jgYRDSlGSku+Wb71B5e2dVZ3Ew5tq3rq+mbFtuwZ4DJxclIBOZq++eX2Y5xyEinMkJQ9x06UlyGhKGZkUnJTSRKER2hAeppGiBPpZbPTJ/BYK30YxkJXpOBM/T2RIS7lmAe6kyM1lIveVPzP66UqvPAyGiWpIhGeLwpTBlUMpznAPhUEKzbWBGFB9a0QD5FAWOm0SjoEZ/HlZdKuWs65VburVRpXeRxFcAiOwAlwQB00wA1oghbA4BE8g1fwZjwZL8a78TFvLRj5zAH4A+PzBxAykfE=</latexit>

Ng = 0.57± 0.23

<latexit sha1_base64="KbxeOy0U2OUM2yToLvSnOKPrphI=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSxC3ZREirosunFnBfuAppab6aQdOpmEmYlQQ/FX3LhQxK3/4c6/cdpmoa0HLhzOuZd77/FjzpR2nG8rt7S8srqWXy9sbG5t79i7ew0VJZLQOol4JFs+KMqZoHXNNKetWFIIfU6b/vBq4jcfqFQsEnd6FNNOCH3BAkZAG6lrH6QeAY5vxiUPeDyArroXJ1276JSdKfAicTNSRBlqXfvL60UkCanQhINSbdeJdScFqRnhdFzwEkVjIEPo07ahAkKqOun0+jE+NkoPB5E0JTSeqr8nUgiVGoW+6QxBD9S8NxH/89qJDi46KRNxoqkgs0VBwrGO8CQK3GOSEs1HhgCRzNyKyQAkEG0CK5gQ3PmXF0njtOyelSu3lWL1Mosjjw7RESohF52jKrpGNVRHBD2iZ/SK3qwn68V6tz5mrTkrm9lHf2B9/gCzZ5TA</latexit>

O(↵n
s )
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Strong Coupling Determinations

Truncated OPE approach: Pich, Rodriguez-Sanchez  2016 

We repeat (in detail!) two state-of-the-art determination methods in the RF GC scheme:

Duality Violation model approach: Boito, Golterman, Maltman, Peris, Rodriguesz, Scharf  2021 

<latexit sha1_base64="jKI8qS+3i+v9HPeN/oPeLMS0bRE=">AAACHHicbZDNTgIxFIU7+If4N+rSTSMxcTWZARQ3JkQ3rgwaAROGTDqlQEPbGdqOCSE8iBtfxY0LjXHjwsS3sQwsFLxJ0y/n3Jv2njBmVGnX/bYyS8srq2vZ9dzG5tb2jr27V1dRIjGp4YhF8j5EijAqSE1Tzch9LAniISONsH858RsPRCoaiTs9jEmLo66gHYqRNlJgF6+D7rnrnJT9mEPXKRShPxgkqG24zANfo8RnZABvYXpNlcDOu46bFlwEbwZ5MKtqYH/67QgnnAiNGVKq6bmxbo2Q1BQzMs75iSIxwn3UJU2DAnGiWqN0uTE8MkobdiJpjtAwVX9PjBBXashD08mR7ql5byL+5zUT3TlrjaiIE00Enj7USRjUEZwkBdtUEqzZ0ADCkpq/QtxDEmFt8syZELz5lRehXnC8U6d0U8pXLmZxZMEBOATHwANlUAFXoApqAINH8AxewZv1ZL1Y79bHtDVjzWb2wZ+yvn4ALxifCA==</latexit>

Ng = 0.57± 0.23 0.7m⌧  R  m⌧Include uncertainties:

FOPT
CIPT

0.3

0.31

0.32

0.33

0.34

0.35

average
CIPT
FOPT

0.3

0.31

0.32

0.33

0.34

0.35

• FOPT-CIPT for GC suppressed moments remedied
• Taking average of FOPT and CIPT results now meaningful
• Spectral function moments with high sensitivity to the GC can now be used 

for high-precision determinations of the strong coupling and the GC  
• Uncertainties due GC renormalon norm Ng and R variations very small !



• CIPT Borel representation different from FOPT Borel representation in the presence of 
IR renormalons.   ⟶ Asymptotic Separation
⟶ CIPT expansion NOT consistent with standard OPE approach

• Problems of CIPT resolved largely in renormalon-free RF gluon condensate (GC) 
scheme.
⟶ CIPTRF “cured” and still useful 

• We have devised such a GC scheme in the most minimalistic and transparent way.
(Additional uncertainty from  Ng (GC renormalon norm), and factorization scale R.)

• RF GC scheme: Disparity between CIPT and FOPT reconciled

• RF GC scheme: Moments with high sensitivity to the GC can be used for high 
precision analyses 

• Excellent prospects for new high-precision determinations of the strong coupling

Summary and Conclusions

Clues to a Mysterious Universe, Kitzbühel,  June 26 - July 1, 2022
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(1) CIPT Borel Sum Contour Integration
The contour integration for the CIPT Borel representation must be deformed away from |x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the contour-integral first:

�(0),CIPT
{(�x)m,p,�},Borel(s0) =

Z 1

0
dū

1

2⇡i

I

Cx

dx

x
(�x)m

�a(�x)
a0

� e�
ū
a0

�
p� a(�x)

a0
ū
��

=

Z 1

0
dū e�

ū
a0 C̃(p, �,m, s0; ū) . pole in x-plane at 

(arge-β0)

Contour must always cross real 
axis for x̃(ū) = �e(ū�p)/pa0 = �

 
⇤2
QCD

s0

! p�ū
p

< �1 for ū > p

x̃(ū > p)

.

x < x̃(ū)

x̃(0) = �
 
⇤2
QCD

s0

!
(Landau pole)

x̃(ū ! 1) ! �1
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(2) CIPT Borel Sum Contour Integration
The contour integration for the CIPT Borel representation must be deformed away from |x| = 1.

(Leaves FOPT Borel sum unchanged!)

Do the Borel-u-integral first:

Contour along the unit circle

Deformed contour for the 

asymptotic separation

„Asymptotic Separation“

Cut along the negative real s-axis! Power-suppressed  

Remaining contour integration must be deformed (to negative real infinity in the x-plane) 

⇠
 
⇤2
QCD

s

!p
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(3) Computation of the CIPT Borel Sum

An analytic continuation is mandatory to compute the CIPT Borel sum for m>p

⇠ x�p

Properties  of the asymptotic separation:

• Renormalization scheme invariant
• Much larger than canonical FOPT Borel sum ambiguity estimate if the 

Borel function has a sizeable gluon condensate cut 
• Fully analytic results
• Properties of CIPT Borel representation imply that OPE corrections for 

CIPT do not have the common standard form  C x <condensate> / s^p

W (x) ⇠ xm

B(u) ⇠ 1

(p� u)�


