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INTRO
• It is generally believed that the Universe in its early stage underwent a period of  rapid expansion  

• The dS epoch was followed by an almost flat, Minkowski epoch, to a good approximation. Both of  these were phases of  
finite temperature, beyond little doubt  

• A simple model that could explain some of  the observed features of  the CMB is a real scalar field  in fixed dS background 

• Our motivation comes from a model with similar perturbative feature: pure Yang-Mills theory in dimensions 

ϕ

d ≥ 5

N. D. Birrell and P. C. W. Davies, ’82 
V. F. Mukhanov and S. Winitzki Cambridge University Press (2013)  

E. T. Akhmedov, Int. J. Mod. Phys. D23 (2014) 1430001 

The expansion can be modelled by de Sitter (dS) space, if  reasonable assumptions are made about 
the isometries of  space-time 

Considering QFT in a fixed de Sitter background includes a possible inadequacy reflected by the 
uncontrollable infrared (IR) divergences that appear in observables 

Perturbatively non-renormalizable system Observables or RG flows at a short interval inside its phase diagram make no sense

Appearance of  uncontrollable ultraviolet (UV) divergences in Feynman diagrams 
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INTRO

• No sensible continuum description in the interior of  the phase diagram. Things are different near at least two points: 

• 2) is a consistent picture since there the system seems to start behaving regularly, as if  it was renormalizable due to the finite 
UV cut-off  that the first order transition imposes on the effective theory  

• An analogy can be now drawn: Consider the de Sitter and Minkowski epochs as two phases of  a single cosmological phase 
diagram with the transition from the one phase into the other proceeding via a first order phase transition 

• The aim is to construct propagators of  the field  at finite temperature and analyze their effects on cosmological 
observables  

ϕ

1) In the Coulomb phase, the Gaussian point. Still problematic however

2) The point of  a first order phase transition somewhere in the interior, beyond which a Confined phase appears.  

N. Irges and F.K., Eur. Phys. J. C 81 (2021) 2

1. dS background is a good approximation near the beginning and near the end of  the expanding phase
2. Certain properties of  a UV character in the YM theory are to be replaced by IR properties in the cosmological model 
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A BIT OF TERMINOLOGY 
• QFT in dS space: 

• The  surface is also called the Horizon of  the expanding Poincare patch of  dS space  

• According to our picture the Horizon is identified with a first order phase transition 

• Physics for  is described by thermal QFT in a dS background and for  by thermal QFT in a Minkowski 
background

τ = 0

τ < − δ τ > δ

Conformally flat metric with a time-like coordinate τ ∈ (−∞,0]

An observer with coordinate  is called an ”in” observer with|in⟩ the associated vacuum state τ = − ∞

An observer with coordinate  is called an ”out” observer with |out⟩ the associated vacuum state τ = 0

It is not a sharp point but rather an interval around the Horizon,  with τ ∈ (0 − δ,0 + δ) 0 < δ < < 1

By this regularization the out observer is of  course located at  rather than at τ = − δ τ = 0
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THE THERMAL PROPAGATORS
• The action which we will quantize taking into account finite temperature effects is 

• Consider a  dimensional FRW spacetime with metric and (de Sitter) scale factor  

• The classical e.o.m. for the scalar field mode in d-dimensional momentum space,  , in this background is 

• Linear combinations of  the Hankel function  and its complex conjugate, solve the e.o.m. with weight 

• Quantization of  this system results in the notion of  a time-dependent vacuum state and a doubled Hilbert space 

d + 1

ϕ|k| =
χ|k|

α

Hνcl
(τ, |k | )

and    α(τ) = −
1

Hτ

1 Introduction

The rapidly expanding phase of the universe can be modelled by de Sitter (dS) space and the

simplest form of matter by a real scalar. It is believed that basic effects that left an imprint on

the Cosmic Microwave Background (CMB) were of thermal nature. Therefore a simple model

that could explain some of the observed features of the CMB is a real scalar field φ in fixed dS

background [1, 2, 3], formulated in the context of thermal quantum field theory [4]. The action

is

S =

∫
d4x

√
−g

[
1

2
gµν∂µφ∂νφ− (m2 + ξR)φ2

]
,

which we will quantize taking into account finite temperature effects. After fixing the parametric

freedom by an RG flow argument that has its origins in the d = 3 Ising model, we will extract

several simple cosmological observables.

2 Propagators and temperature

Consider a d+ 1 dimensional FRW spacetime with metric

ds2 = a2
(
dτ2 − dx2

)
(2.1)

with τ the conformal time and a(τ) the scale factor. de Sitter space corresponds to a = − 1
Hτ .

The expanding Poincare patch of dS space is parametrized by τ ∈ (−∞, 0]. The scalar field

mode in d-dimensional momentum space φ|k| =
χ|k|
a in this background yields the classical

Klein-Gordon equation of motion (k = (k0,k) is the four-momentum and the dot is derivative

with respect to τ)

χ̈k + ω2
|k|χk = 0 , (2.2)

with ω2
|k| = |k|2 + m2

dS and a time-dependent mass given by m2
dS = 1

τ2 (M
2 − d2−1

4 ). The dS

mass parameter is M2 = µ2
H + 12ξ with µ2

H = m2

H2 and H the inverse curvature parameter of dS

space, satisfying R = 12H2. The solutions to Eq. (2.2) are linear combinations of the Hankel

function Hνcl(τ, |k|) and its complex conjugate, of weight νcl, with

νcl =
d

2

√
1− 4M2

d2
. (2.3)

Quantization of this system results in the notion of a time-dependent vacuum state and a doubled

Hilbert space. Regarding the vacua, we will be concerned with the so called “in” vacuum defined

at τ = −∞ and the “out” vacuum defined at the boundary (i.e. the horizon) of the expanding

patch, at τ = 0. These are empty vacua from the perspective of corresponding local (in conformal

time) observers. The |in〉 will be chosen to be the maximally symmetric Bunch-Davies vacuum

[5, 6]. The two vacua are related via the Bogolyubov Transformation (BT) 〈J |ΦI = 〈I|ΦJ

where I, J = in, out and ΦI is the field operator with eigenvalue χI
|k|. Common notation is

χin
|k| = u|k| and χout

|k| = v|k|. A particularly useful point of view [7] is to recognize the system at
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THE THERMAL PROPAGATORS
• For the former|in⟩ and |out⟩ are empty vacua from the perspective of  corresponding local (in conformal time) observers  

• |in⟩                     |out⟩ via the Bogolyubov Transformation (BT):  

• The doubled Hilbert space can be understood in the context of  the Schwinger-Keldysh path integral as being related to a + 
(or forward) branch and a − (or backward) branch in conformal time evolution  

• The main quantity: The field propagator     in this basis (  matrix structure)  

< J |ΦI = < I |ΦJ

2 × 2

Maximally symmetric Bunch-Davies vacuum 

  and    is the field operator with eigenvalue   ( ,   )I, J = in, out ΦI χ I
|k| χin

|k| = u|k| χout
|k| = v|k|

N. A. Chernikov and E. A. Tagirov, ’68 
B. Allen, Phys. Rev. D32 (1985) 3136 

τ = −∞ as the UV Conformal Field Theory (CFT) associated with the Gaussian fixed point of

the d = 3 real scalar that flows to an interacting IR CFTνcl at τ = 0, labelled by the weight νcl.

The doubled Hilbert space can be understood in the context of the Schwinger-Keldysh path

integral as being related to a + (or forward) branch and a − (or backward) branch in conformal

time evolution. The field propagator D in such a basis has a 2 × 2 matrix structure and is (T
(T ∗) denoting time (anti-time) ordering and 〈0| is a generic vacuum):

〈0|Φ+(τ2)Φ
−(τ1) |0〉 = D<(τ1; τ2)

〈0|Φ−(τ1)Φ
+(τ2) |0〉 = D>(τ1; τ2)

and

〈0| T ∗[Φ+(τ1)Φ
+(τ2)] |0〉 = D++(τ1; τ2)

〈0| T [Φ−(τ1)Φ
−(τ2)] |0〉 = D−−(τ1; τ2)

where D>(τ1; τ2) = D∗
<(τ1; τ2), D−−(τ1; τ2) = D∗

++(τ1; τ2) and D<(τ1; τ2) = χ|k|(τ1)χ
∗
|k|(τ2),

D++(τ1; τ2) = θ(τ1 − τ2)D<(τ1; τ2) + θ(τ2 − τ1)D>(τ1; τ2). Hidden in these expressions is the iε

shift, implementing the projection on the vacuum at τ = −∞. It can be chosen so that in the flat

limit the propagator becomes diagonal with D++ = i
k2−m2+iε . The advantage of this choice is

that the Scwinger-Keldysh structure can be read also as a Thermofield Dynamic (TD) structure,

in which case the passage to finite temperature is via the transformation Dβ = Uβ DUT
β , with

β = 1
T and

Uβ =

(
cosh θ|k| sinh θ|k|
sinh θ|k| cosh θ|k|

)
. (2.4)

That this is an allowed operation on dS propagators is supported by the fact that it is a BT

with coefficients

cosh θ|k| =
1√

1− e−βω|k|

and sinh θ|k| =
√

cosh2 θ|k| − 1. The result of all allowed thermal transformations of D are

correlators of the form

DI
J,α = 〈J ;α| T [ΦI(ΦI)T ] |J ;α〉 . (2.5)

The doublet field, now in the language of TD in the space of positive and negative momenta,

is (ΦI)T = (Φ+,I ,Φ−,I) and α is a thermal index, associated with any combination of thermal

transformations of the form Eq. (2.4). The two types of thermal transformations that are

relevant to us are the insertion of an explicit density matrix, resulting in |I;β〉 = Uβ |I〉 and

the Gibbons-Hawking (GH) effect [8] (for which we will momentarily use the parameter δ to

distinguish it from β) that is expressed as |I〉 = |J ; δ〉 with I &= J . Then, since Din
out,β = Din

in,α,

near the horizon the thermal parameters are related as

β < δ : α = β + δe−
|β−δ|

2 m2
dS + · · ·

β > δ : α = δ + βe−
|β−δ|

2 m2
dS + · · ·

3
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• 2 relevant types of  thermal transformations  

•    Near the horizon ( ) the thermal parameters are related 

• Through inspection and due to no backreaction of  the scalar  dS space can only sustain the GH temperature 

• In and out observers agree on the observed physical thermal effects only if   

• Key feature is the form of  the thermal dS-scalar propagator 

Din
out,β = Din

in,α → m2
dS → ∞

→

1
β

= T = TdS =
H
2π

=
1
δ

THE THERMAL PROPAGATORS
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integral as being related to a + (or forward) branch and a − (or backward) branch in conformal

time evolution. The field propagator D in such a basis has a 2 × 2 matrix structure and is (T
(T ∗) denoting time (anti-time) ordering and 〈0| is a generic vacuum):

〈0|Φ+(τ2)Φ
−(τ1) |0〉 = D<(τ1; τ2)

〈0|Φ−(τ1)Φ
+(τ2) |0〉 = D>(τ1; τ2)

and

〈0| T ∗[Φ+(τ1)Φ
+(τ2)] |0〉 = D++(τ1; τ2)

〈0| T [Φ−(τ1)Φ
−(τ2)] |0〉 = D−−(τ1; τ2)

where D>(τ1; τ2) = D∗
<(τ1; τ2), D−−(τ1; τ2) = D∗

++(τ1; τ2) and D<(τ1; τ2) = χ|k|(τ1)χ
∗
|k|(τ2),

D++(τ1; τ2) = θ(τ1 − τ2)D<(τ1; τ2) + θ(τ2 − τ1)D>(τ1; τ2). Hidden in these expressions is the iε

shift, implementing the projection on the vacuum at τ = −∞. It can be chosen so that in the flat

limit the propagator becomes diagonal with D++ = i
k2−m2+iε . The advantage of this choice is

that the Scwinger-Keldysh structure can be read also as a Thermofield Dynamic (TD) structure,

in which case the passage to finite temperature is via the transformation Dβ = Uβ DUT
β , with

β = 1
T and

Uβ =

(
cosh θ|k| sinh θ|k|
sinh θ|k| cosh θ|k|

)
. (2.4)

That this is an allowed operation on dS propagators is supported by the fact that it is a BT

with coefficients

cosh θ|k| =
1√

1− e−βω|k|

and sinh θ|k| =
√

cosh2 θ|k| − 1. The result of all allowed thermal transformations of D are

correlators of the form

DI
J,α = 〈J ;α| T [ΦI(ΦI)T ] |J ;α〉 . (2.5)

The doublet field, now in the language of TD in the space of positive and negative momenta,

is (ΦI)T = (Φ+,I ,Φ−,I) and α is a thermal index, associated with any combination of thermal

transformations of the form Eq. (2.4). The two types of thermal transformations that are

relevant to us are the insertion of an explicit density matrix, resulting in |I;β〉 = Uβ |I〉 and

the Gibbons-Hawking (GH) effect [8] (for which we will momentarily use the parameter δ to

distinguish it from β) that is expressed as |I〉 = |J ; δ〉 with I &= J . Then, since Din
out,β = Din

in,α,

near the horizon the thermal parameters are related as

β < δ : α = β + δe−
|β−δ|

2 m2
dS + · · ·

β > δ : α = δ + βe−
|β−δ|

2 m2
dS + · · ·

3

1. The insertion of  an explicit density matrix  → | I; β > = Uβ | I >

2. The Gibbons-Hawking (GH) effect (for which we will momentarily use the parameter  to distinguish it from )  , δ β → | I > = |J; δ > I ≠ J

Inspection of these relations shows that since the scalar is not allowed to backreact on the

geometry, the only temperature that dS space can sustain is the GH temperature. In fact, in

order that the in and out observers agree on the physical thermal effects they observe, it must

be that 1/β = T = TdS = H/2π = 1/δ. It is then sufficient to know the form of the thermal

dS-scalar propagator

Dβ = D +
(
D++ +D∗

++

)
(s2 + sc)

(
1 1

1 1

)
, (2.6)

where s ≡ sinh θ|k| and c ≡ cosh θ|k|, for some generic β. The flat limit of the above propagator

is diagonal and its ++ component is such that the iε shift of the zero temperature propagator

denominator becomes iE = iε coth(βω|k|/2) in the thermal state.

The propagator in Eq. (2.6) determines several important observables. At equal space-time

points and at the time of horizon exit, defined as |τ |H = 1 and concentrating on horizon exiting

modes specified by |kτ | = 1, it determines various cosmological indices derived from the scalar

power spectrum (1 is the 2× 2 matrix with unit elements)

PS,β1 = Dβ1|τ1=τ2 , (2.7)

in terms of a single parameter (when the temperature takes its natural value T = TdS):

κ ≡ ω|k||τ |
∣∣∣
|kτ |=1

=

√
5− d2

4
+M2 .

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-

Gordon equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or κ = i,

which is known to generate a scale invariant CMB spectrum. This corresponds to νcl =
3
2 . It

is our main goal here to propose a way to parametrize the deviation from this scale invariant

spectrum. It is clear that in the present context, exact scale invariance is realized in the |in〉
vacuum at zero temperature, with the deviations generated by either a change of the vacuum

or finite temperature effects, or both.

The deviations due to a vacuum change can be encoded in general in a shift of the weight

νcl → ν = νcl + νq that can be interpreted as a shift in the scaling dimension of a dS scalar field

∆− =
d

2
− ν =

d

2
− νcl − νq = ∆cl,− − νq .

There is a corresponding shadow partner solution to this with ∆+ = d
2 +ν. In this letter, we will

be concerned with (∆−,∆+)cl = (0, 3). In order to understand νq we first observe that the |out〉,
thermal state is a time-dependent BT of the Bunch-Davies vacuum. Upon a time-dependent

BT, the frequency that the out observer sees is [9]:

Ω|k| = ω|k|(|c|2 + |s|2)

which implies the transformation on the horizon exit parameter κ → Λ, with

Λ = κ

(
1 + 2

e−2xκ

1− e−2xκ

)
= κ coth(xκ) ,

4

with  and  
for some generic 

s ≡ sinh θ|k| c ≡ cosh θ|k|
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shift, implementing the projection on the vacuum at τ = −∞. It can be chosen so that in the flat

limit the propagator becomes diagonal with D++ = i
k2−m2+iε . The advantage of this choice is

that the Scwinger-Keldysh structure can be read also as a Thermofield Dynamic (TD) structure,

in which case the passage to finite temperature is via the transformation Dβ = Uβ DUT
β , with

β = 1
T and

Uβ =

(
cosh θ|k| sinh θ|k|
sinh θ|k| cosh θ|k|

)
. (2.4)

That this is an allowed operation on dS propagators is supported by the fact that it is a BT

with coefficients

cosh θ|k| =
1√

1− e−βω|k|

and sinh θ|k| =
√

cosh2 θ|k| − 1. The result of all allowed thermal transformations of D are

correlators of the form

DI
J,α = 〈J ;α| T [ΦI(ΦI)T ] |J ;α〉 . (2.5)

The doublet field, now in the language of TD in the space of positive and negative momenta,

is (ΦI)T = (Φ+,I ,Φ−,I) and α is a thermal index, associated with any combination of thermal

transformations of the form Eq. (2.4). The two types of thermal transformations that are

relevant to us are the insertion of an explicit density matrix, resulting in |I;β〉 = Uβ |I〉 and

the Gibbons-Hawking (GH) effect [8] (for which we will momentarily use the parameter δ to

distinguish it from β) that is expressed as |I〉 = |J ; δ〉 with I &= J . Then, since Din
out,β = Din

in,α,

near the horizon the thermal parameters are related as

β < δ : α = β + δe−
|β−δ|

2 m2
dS + · · ·

β > δ : α = δ + βe−
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2 m2
dS + · · ·
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• Go to equal space-time points, at the time of  horizon exit  and for horizon exiting modes  

• The thermal propagator determines several important observables (  and  relevant here) through the power 
spectrum (  is the 2 × 2 matrix with unit elements) 

• The picture is that of  a two-step BT process  

|Hτ | = 1 |kτ | = 1

nS, n′ S, n′ ′ S fNL
1

THE COSMOLOGICAL OBSERVABLES

Inspection of these relations shows that since the scalar is not allowed to backreact on the

geometry, the only temperature that dS space can sustain is the GH temperature. In fact, in

order that the in and out observers agree on the physical thermal effects they observe, it must

be that 1/β = T = TdS = H/2π = 1/δ. It is then sufficient to know the form of the thermal

dS-scalar propagator

Dβ = D +
(
D++ +D∗

++

)
(s2 + sc)

(
1 1

1 1

)
, (2.6)

where s ≡ sinh θ|k| and c ≡ cosh θ|k|, for some generic β. The flat limit of the above propagator

is diagonal and its ++ component is such that the iε shift of the zero temperature propagator

denominator becomes iE = iε coth(βω|k|/2) in the thermal state.

The propagator in Eq. (2.6) determines several important observables. At equal space-time

points and at the time of horizon exit, defined as |τ |H = 1 and concentrating on horizon exiting

modes specified by |kτ | = 1, it determines various cosmological indices derived from the scalar

power spectrum (1 is the 2× 2 matrix with unit elements)

PS,β1 = Dβ1|τ1=τ2 , (2.7)

in terms of a single parameter (when the temperature takes its natural value T = TdS):

κ ≡ ω|k||τ |
∣∣∣
|kτ |=1

=

√
5− d2

4
+M2 .

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-

Gordon equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or κ = i,

which is known to generate a scale invariant CMB spectrum. This corresponds to νcl =
3
2 . It

is our main goal here to propose a way to parametrize the deviation from this scale invariant

spectrum. It is clear that in the present context, exact scale invariance is realized in the |in〉
vacuum at zero temperature, with the deviations generated by either a change of the vacuum

or finite temperature effects, or both.

The deviations due to a vacuum change can be encoded in general in a shift of the weight

νcl → ν = νcl + νq that can be interpreted as a shift in the scaling dimension of a dS scalar field

∆− =
d

2
− ν =

d

2
− νcl − νq = ∆cl,− − νq .

There is a corresponding shadow partner solution to this with ∆+ = d
2 +ν. In this letter, we will

be concerned with (∆−,∆+)cl = (0, 3). In order to understand νq we first observe that the |out〉,
thermal state is a time-dependent BT of the Bunch-Davies vacuum. Upon a time-dependent

BT, the frequency that the out observer sees is [9]:

Ω|k| = ω|k|(|c|2 + |s|2)

which implies the transformation on the horizon exit parameter κ → Λ, with

Λ = κ

(
1 + 2

e−2xκ

1− e−2xκ

)
= κ coth(xκ) ,

4

Inspection of these relations shows that since the scalar is not allowed to backreact on the

geometry, the only temperature that dS space can sustain is the GH temperature. In fact, in

order that the in and out observers agree on the physical thermal effects they observe, it must

be that 1/β = T = TdS = H/2π = 1/δ. It is then sufficient to know the form of the thermal

dS-scalar propagator

Dβ = D +
(
D++ +D∗

++

)
(s2 + sc)

(
1 1

1 1

)
, (2.6)

where s ≡ sinh θ|k| and c ≡ cosh θ|k|, for some generic β. The flat limit of the above propagator

is diagonal and its ++ component is such that the iε shift of the zero temperature propagator

denominator becomes iE = iε coth(βω|k|/2) in the thermal state.

The propagator in Eq. (2.6) determines several important observables. At equal space-time

points and at the time of horizon exit, defined as |τ |H = 1 and concentrating on horizon exiting

modes specified by |kτ | = 1, it determines various cosmological indices derived from the scalar

power spectrum (1 is the 2× 2 matrix with unit elements)

PS,β1 = Dβ1|τ1=τ2 , (2.7)

in terms of a single parameter (when the temperature takes its natural value T = TdS):

κ ≡ ω|k||τ |
∣∣∣
|kτ |=1

=

√
5− d2

4
+M2 .

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-

Gordon equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or κ = i,

which is known to generate a scale invariant CMB spectrum. This corresponds to νcl =
3
2 . It

is our main goal here to propose a way to parametrize the deviation from this scale invariant

spectrum. It is clear that in the present context, exact scale invariance is realized in the |in〉
vacuum at zero temperature, with the deviations generated by either a change of the vacuum

or finite temperature effects, or both.

The deviations due to a vacuum change can be encoded in general in a shift of the weight

νcl → ν = νcl + νq that can be interpreted as a shift in the scaling dimension of a dS scalar field

∆− =
d

2
− ν =

d

2
− νcl − νq = ∆cl,− − νq .

There is a corresponding shadow partner solution to this with ∆+ = d
2 +ν. In this letter, we will

be concerned with (∆−,∆+)cl = (0, 3). In order to understand νq we first observe that the |out〉,
thermal state is a time-dependent BT of the Bunch-Davies vacuum. Upon a time-dependent

BT, the frequency that the out observer sees is [9]:

Ω|k| = ω|k|(|c|2 + |s|2)

which implies the transformation on the horizon exit parameter κ → Λ, with

Λ = κ

(
1 + 2

e−2xκ

1− e−2xκ

)
= κ coth(xκ) ,

4

with the components of Dout
out given by Din

in with uin
|k| ! v|k|, while on the Minkowski side we have

Eq. (2.33), but only with its spatial part expressed in momentum space:

D� =

 
D++ 0

0 D⇤
++

!
+
�
D++ + D⇤

++

�
 

sinh2 ✓|k| sinh ✓|k| cosh ✓|k|

sinh ✓|k| cosh!|k| sinh2 ✓|k|

!
, (5.6)

where

D++ = ✓(⌘1 � ⌘2)u
⇤
|k|(⌘1)u|k|(⌘2) + ✓(⌘2 � ⌘1)u|k|(⌘1)u

⇤
|k|(⌘2) (5.7)

and the u|k|(⌘) the flat mode functions in Eq. (2.15), with t ! ⌘. According to Eq. (3.5) the

dS temperature corrections reduce to the flat ones, so we can take Eq. (5.6) and look at the

thermal corrections it predicts.

To begin, set � = |⌘|, the IR cut-o↵, that we can set to zero if necessary. We have the

dimensionless parameters,

⇢� = �H , ⇢T =
2⇡T

H
, µ =

m

H
, (5.8)

in terms of which the standard, scalar and tensor spectral indices nS and nT

nS,0 = 1 +
d ln PS

d ln |k| , nT,0 =
d ln PT

d ln |k| (5.9)

should be expressed. The scale invariant limit of these indices is nS = 1, nT = 0.

Now,

PS =
|k|3

2⇡2

����
�|k|
z

����
2

=
|k|3

2⇡2
|Rk|2 (5.10)

are the scalar perturbations, where Rk are the curvature perturbation modes and [22]

z ⌘ a
 0

H , H =
a0

a
(5.11)

Here the derivative is that of the inflaton  , i.e. of the purely time dependent classical part of

the scalar field. The tensor perturbations on the other hand are defined from

PT = 2
|k|3

2⇡2

����
�|k|
a

����
2

(5.12)

5.1 The change in the scalar spectral index due to finite temperature

Before we start the numerics we would like to point out that we will be discussing a two-step

process, with a Bogolyubov transformation at each step:

Din
in $ Dout

out $ Dout
out,� . (5.13)

We can write the frequencies as

!|k||⌘| =

r
⌘2|k|2 + µ2 + 12(⇠ � 1

6
) . (5.14)

20
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and the u|k|(⌘) the flat mode functions in Eq. (2.15), with t ! ⌘. According to Eq. (3.5) the

dS temperature corrections reduce to the flat ones, so we can take Eq. (5.6) and look at the

thermal corrections it predicts.
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Here the derivative is that of the inflaton  , i.e. of the purely time dependent classical part of

the scalar field. The tensor perturbations on the other hand are defined from
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5.1 The change in the scalar spectral index due to finite temperature

Before we start the numerics we would like to point out that we will be discussing a two-step

process, with a Bogolyubov transformation at each step:

Din
in $ Dout

out $ Dout
out,� . (5.13)

We can write the frequencies as

!|k||⌘| =

r
⌘2|k|2 + µ2 + 12(⇠ � 1

6
) . (5.14)

20

Inspection of these relations shows that since the scalar is not allowed to backreact on the

geometry, the only temperature that dS space can sustain is the GH temperature. In fact, in

order that the in and out observers agree on the physical thermal effects they observe, it must

be that 1/β = T = TdS = H/2π = 1/δ. It is then sufficient to know the form of the thermal

dS-scalar propagator

Dβ = D +
(
D++ +D∗

++

)
(s2 + sc)

(
1 1

1 1

)
, (2.6)

where s ≡ sinh θ|k| and c ≡ cosh θ|k|, for some generic β. The flat limit of the above propagator

is diagonal and its ++ component is such that the iε shift of the zero temperature propagator

denominator becomes iE = iε coth(βω|k|/2) in the thermal state.

The propagator in Eq. (2.6) determines several important observables. At equal space-time

points and at the time of horizon exit, defined as |τ |H = 1 and concentrating on horizon exiting

modes specified by |kτ | = 1, it determines various cosmological indices derived from the scalar

power spectrum (1 is the 2× 2 matrix with unit elements)

PS,β1 = Dβ1|τ1=τ2 , (2.7)

in terms of a single parameter (when the temperature takes its natural value T = TdS):

κ ≡ ω|k||τ |
∣∣∣
|kτ |=1

=

√
5− d2

4
+M2 .

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-

Gordon equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or κ = i,

which is known to generate a scale invariant CMB spectrum. This corresponds to νcl =
3
2 . It

is our main goal here to propose a way to parametrize the deviation from this scale invariant

spectrum. It is clear that in the present context, exact scale invariance is realized in the |in〉
vacuum at zero temperature, with the deviations generated by either a change of the vacuum

or finite temperature effects, or both.

The deviations due to a vacuum change can be encoded in general in a shift of the weight

νcl → ν = νcl + νq that can be interpreted as a shift in the scaling dimension of a dS scalar field

∆− =
d

2
− ν =

d

2
− νcl − νq = ∆cl,− − νq .

There is a corresponding shadow partner solution to this with ∆+ = d
2 +ν. In this letter, we will

be concerned with (∆−,∆+)cl = (0, 3). In order to understand νq we first observe that the |out〉,
thermal state is a time-dependent BT of the Bunch-Davies vacuum. Upon a time-dependent

BT, the frequency that the out observer sees is [9]:

Ω|k| = ω|k|(|c|2 + |s|2)

which implies the transformation on the horizon exit parameter κ → Λ, with

Λ = κ

(
1 + 2

e−2xκ

1− e−2xκ

)
= κ coth(xκ) ,

4

(Dout
out,β = Dβ)

Fixes the observables in terms of  a 
single parameter 

d = 3, M2 = 0 → κ = i or νcl =
3
2

Time-independent BT  , a scale invariant spectrum→ PS(τ) = ( H
2π )

2

(1 + |kτ |) ⇒ PS(0) = ( H
2π )

2

P. R. Anderson, C. Molina-Paris and Emil Mottola, Phys. Rev. D 72 (2005) 043515  
P. R. Anderson and E. Mottola, Phys. Rev. D 89 (2014) 104038 
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• The single parameter now  (under defining , for  which eventually will be fixed to , its natural dS 
value where  ) is 

• The spectral index of  scalar curvature fluctuations, , is shifted due to finite temperature effects 

• All the freedom is included in  which admits its natural value when 

κ → Λ x =
πH
2πT

x ∈ [π, ∞] x = π

T = TdS

nS

Λ x = π

THE COSMOLOGICAL OBSERVABLES
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�|k|
a

����
2

(5.12)

5.1 The change in the scalar spectral index due to finite temperature

Before we start the numerics we would like to point out that we will be discussing a two-step

process, with a Bogolyubov transformation at each step:

Din
in $ Dout

out $ Dout
out,� . (5.13)

We can write the frequencies as

!|k||⌘| =

r
⌘2|k|2 + µ2 + 12(⇠ � 1

6
) . (5.14)
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Inspection of these relations shows that since the scalar is not allowed to backreact on the

geometry, the only temperature that dS space can sustain is the GH temperature. In fact, in

order that the in and out observers agree on the physical thermal effects they observe, it must

be that 1/β = T = TdS = H/2π = 1/δ. It is then sufficient to know the form of the thermal

dS-scalar propagator

Dβ = D +
(
D++ +D∗

++

)
(s2 + sc)

(
1 1

1 1

)
, (2.6)

where s ≡ sinh θ|k| and c ≡ cosh θ|k|, for some generic β. The flat limit of the above propagator

is diagonal and its ++ component is such that the iε shift of the zero temperature propagator

denominator becomes iE = iε coth(βω|k|/2) in the thermal state.

The propagator in Eq. (2.6) determines several important observables. At equal space-time

points and at the time of horizon exit, defined as |τ |H = 1 and concentrating on horizon exiting

modes specified by |kτ | = 1, it determines various cosmological indices derived from the scalar

power spectrum (1 is the 2× 2 matrix with unit elements)

PS,β1 = Dβ1|τ1=τ2 , (2.7)

in terms of a single parameter (when the temperature takes its natural value T = TdS):

κ ≡ ω|k||τ |
∣∣∣
|kτ |=1

=

√
5− d2

4
+M2 .

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-

Gordon equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or κ = i,

which is known to generate a scale invariant CMB spectrum. This corresponds to νcl =
3
2 . It

is our main goal here to propose a way to parametrize the deviation from this scale invariant

spectrum. It is clear that in the present context, exact scale invariance is realized in the |in〉
vacuum at zero temperature, with the deviations generated by either a change of the vacuum

or finite temperature effects, or both.

The deviations due to a vacuum change can be encoded in general in a shift of the weight

νcl → ν = νcl + νq that can be interpreted as a shift in the scaling dimension of a dS scalar field

∆− =
d

2
− ν =

d

2
− νcl − νq = ∆cl,− − νq .

There is a corresponding shadow partner solution to this with ∆+ = d
2 +ν. In this letter, we will

be concerned with (∆−,∆+)cl = (0, 3). In order to understand νq we first observe that the |out〉,
thermal state is a time-dependent BT of the Bunch-Davies vacuum. Upon a time-dependent

BT, the frequency that the out observer sees is [9]:

Ω|k| = ω|k|(|c|2 + |s|2)

which implies the transformation on the horizon exit parameter κ → Λ, with

Λ = κ

(
1 + 2

e−2xκ

1− e−2xκ

)
= κ coth(xκ) ,
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where we have defined the dimensionless temperature parameter x = πH
2πT , that takes values

in [π,∞]. Eventually it will be fixed to x = π, its natural dS value where T = TdS, but for

now we are interested in the zero temperature limit. Next, observe that the out observer, on

the horizon, sees modes of any wavelength as exiting modes. This means that if he calls his

frequencies Ω|k|, then his horizon exiting parameter, at nearly zero temperature, will be forced to

Λ ≡ limτ→0(Ω|k|η) → 0. For κ = i this gives Λ = i coth(ix) = cotx and then the regularization

x = π
2 (2l + 1), l ∈ N as x → ∞, drives Λ → 0.

Deviations due to finite temperature effects can be encoded into the shift of the spectral

index of scalar curvature fluctuations

nS,β = 1 +
d ln

(
|k|3PS,β

)

d ln |k|

with PS,β = PS [1 + 2(s2 + sc)] from Eq. (2.7), that determines the thermal correction

δnS ≡ nS,β − 1 = −2x

Λ

[
e−xΛ

1− e−2xΛ

]
. (2.8)

In the physical state x = π so this is really a 1-parameter expression. In the next section we

will fix this freedom by determining the value nS,∞ ≡ nS and then interpret its deviation from

unity as the regularized (nearly) zero temperature limit of Eq. (2.8). Then we can reach x = π

along a trajectory which keeps this value constant for all temperatures: nS,β = nS . In order to

fix δnS though, we have to characterize the ∆+ solution, which is what we do next.

3 Observables

The IR CFT can be recognized within perturbation theory as the Wilson-Fisher fixed point of

the d = 3 scalar theory with classical Lagrangian L = −1
2σ!σ + λ

4!σ
4.5 The Ising field σ can

be thought of as the horizon value of the bulk scalar. In the dS/CFT correspondence [10], a

bulk field ζ with dimension ∆− is dual to an operator O of the boundary CFT of dimension

∆+. Then bulk and boundary propagators are related by [11, 12] (the subscripts remind of the

momentum conservation δ-function which we omit):

〈ζ|k|ζ−|k|〉 ∼
1

〈O|k|O−|k|〉
.

There is a gauge where we can identify the scalar curvature perturbations ζ|k| with our dS scalar

φ|k|, of dimension ∆cl,− = 0. Recall then the definition of the spectral index

nS − 1 =
d

d ln |k|

[
ln
(
|k|3PS,β

)]
=

d

d ln |k| ln
(
|k|3〈ζ|k|ζ−|k|〉

)

= 3− 1

〈O|k|O−|k|〉

(
d

d ln |k|〈O|k|O−|k|〉
)

5A mass term could be added but it could also appear as an insertion. The final result does not depend on it.
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• The physical case  x = π, Λ = 1.5117

THE COSMOLOGICAL OBSERVABLES

xπ
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<latexit sha1_base64="Zud5vkajFL+Re2yTH1YYYmAvFyE=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4sexKUY/Fgnis0G0L3aVk07QNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmRQln2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFaE+iXmsOhHWlDNJfcMMp51EUSwiTtvRuD7z209UaRbLppkkNBR4KNmAEWysFGSBEshvXdbvm9NeqexW3DnQKvFyUoYcjV7pK+jHJBVUGsKx1l3PTUyYYWUY4XRaDFJNE0zGeEi7lkosqA6z+c1TdG6VPhrEypY0aK7+nsiw0HoiItspsBnpZW8m/ud1UzO4DTMmk9RQSRaLBilHJkazAFCfKUoMn1iCiWL2VkRGWGFibExFG4K3/PIqaV1VvOtK9bFart3lcRTgFM7gAjy4gRo8QAN8IJDAM7zCm5M6L86787FoXXPymRP4A+fzB/0+kQM=</latexit>

UV � CFT

<latexit sha1_base64="GHmjw8S5dfv4GtVTsj94xR1OYhI=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4sexKUY/FguitSr+gu5RsmrahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdog15UzShmGG03asKBYhp61wVJ36rSeqNItk3YxjGgg8kKzPCDZW8lNfCXT/eF69rU+6haJbcmdAy8TLSBEy1LqFL78XkURQaQjHWnc8NzZBipVhhNNJ3k80jTEZ4QHtWCqxoDpIZzdP0KlVeqgfKVvSoJn6eyLFQuuxCG2nwGaoF72p+J/XSUz/OkiZjBNDJZkv6iccmQhNA0A9pigxfGwJJorZWxEZYoWJsTHlbQje4svLpHlR8i5L5YdysXKTxZGDYziBM/DgCipwBzVoAIEYnuEV3pzEeXHenY9564qTzRzBHzifP+SikPM=</latexit>

IR� CFT

<latexit sha1_base64="vmtIU/lCe1cEYABmJ6mtIYXpS1Q=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGxcuKtgHtEPJZDJtaCYZk4xQhv6EGxeKuPV33Pk3ZtpZaOuBwOGcc8m9J0g408Z1v53Syura+kZ5s7K1vbO7V90/aGuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E45vc7zxRpZkUD2aSUD/GQ8EiRrCxUrd/Z6MhrgyqNbfuzoCWiVeQGhRoDqpf/VCSNKbCEI617nluYvwMK8MIp9NKP9U0wWSMh7RnqcAx1X4223eKTqwSokgq+4RBM/X3RIZjrSdxYJMxNiO96OXif14vNdGVnzGRpIYKMv8oSjkyEuXHo5ApSgyfWIKJYnZXREZYYWJsRXkJ3uLJy6R9Vvcu6uf357XGdVFHGY7gGE7Bg0towC00oQUEODzDK7w5j86L8+58zKMlp5g5hD9wPn8ARUiPeg==</latexit>

⇤

<latexit sha1_base64="OAJonn4OJMViZlNukx/nqTp+3pU=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmkqMuiG5dV7AOaUCaTSTt0ZhJmJkII9VfcuFDErR/izr9x0mahrQcGDufcw71zgoRRpR3n21pZXVvf2KxsVbd3dvf27YPDropTiUkHxyyW/QApwqggHU01I/1EEsQDRnrB5Kbwe49EKhqLB50lxOdoJGhEMdJGGtq13JMc3pOpdwY9ZnIhqg7tutNwZoDLxC1JHZRoD+0vL4xxyonQmCGlBq6TaD9HUlPMyLTqpYokCE/QiAwMFYgT5eez46fwxCghjGJpntBwpv5O5IgrlfHATHKkx2rRK8T/vEGqoys/pyJJNRF4vihKGdQxLJqAIZUEa5YZgrCk5laIx0girE1fRQnu4peXSfe84V40mnfNeuu6rKMCjsAxOAUuuAQtcAvaoAMwyMAzeAVv1pP1Yr1bH/PRFavM1MAfWJ8/UjuT6w==</latexit>

Re�

<latexit sha1_base64="R3jAsmpu2PeASHFMRQn0SEtMS24=">AAAB/HicbVDLSsNAFJ34rPUV7dLNYBFcSEmkqMuiG91VsA9oQplMJu3QmUmYmQgh1F9x40IRt36IO//GSZuFth4YOJxzD/fOCRJGlXacb2tldW19Y7OyVd3e2d3btw8OuypOJSYdHLNY9gOkCKOCdDTVjPQTSRAPGOkFk5vC7z0SqWgsHnSWEJ+jkaARxUgbaWjXck9yeMen3hn0mMmFqDq0607DmQEuE7ckdVCiPbS/vDDGKSdCY4aUGrhOov0cSU0xI9OqlyqSIDxBIzIwVCBOlJ/Pjp/CE6OEMIqleULDmfo7kSOuVMYDM8mRHqtFrxD/8wapjq78nIok1UTg+aIoZVDHsGgChlQSrFlmCMKSmlshHiOJsDZ9FSW4i19eJt3zhnvRaN43663rso4KOALH4BS44BK0wC1ogw7AIAPP4BW8WU/Wi/VufcxHV6wyUwN/YH3+AFCik+o=</latexit>

Im�

Λ x

→ 0 → ∞
10−6 3.5 · 107

0.01 1600

0.5 14.8

1.5117 π

xπ

1
=  Bunch-Davies vacuum

= dS Temperature thermal state

=  0 Temperature out vacuum

<latexit sha1_base64="Zud5vkajFL+Re2yTH1YYYmAvFyE=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4sexKUY/Fgnis0G0L3aVk07QNTbJLkhXK0r/hxYMiXv0z3vw3pu0etPXBwOO9GWbmRQln2rjut7O2vrG5tV3YKe7u7R8clo6OWzpOFaE+iXmsOhHWlDNJfcMMp51EUSwiTtvRuD7z209UaRbLppkkNBR4KNmAEWysFGSBEshvXdbvm9NeqexW3DnQKvFyUoYcjV7pK+jHJBVUGsKx1l3PTUyYYWUY4XRaDFJNE0zGeEi7lkosqA6z+c1TdG6VPhrEypY0aK7+nsiw0HoiItspsBnpZW8m/ud1UzO4DTMmk9RQSRaLBilHJkazAFCfKUoMn1iCiWL2VkRGWGFibExFG4K3/PIqaV1VvOtK9bFart3lcRTgFM7gAjy4gRo8QAN8IJDAM7zCm5M6L86787FoXXPymRP4A+fzB/0+kQM=</latexit>

UV � CFT

<latexit sha1_base64="GHmjw8S5dfv4GtVTsj94xR1OYhI=">AAAB83icbVBNSwMxEJ31s9avqkcvwSJ4sexKUY/FguitSr+gu5RsmrahSXZJskJZ+je8eFDEq3/Gm//GtN2Dtj4YeLw3w8y8MOZMG9f9dlZW19Y3NnNb+e2d3b39wsFhU0eJIrRBIh6pdog15UzShmGG03asKBYhp61wVJ36rSeqNItk3YxjGgg8kKzPCDZW8lNfCXT/eF69rU+6haJbcmdAy8TLSBEy1LqFL78XkURQaQjHWnc8NzZBipVhhNNJ3k80jTEZ4QHtWCqxoDpIZzdP0KlVeqgfKVvSoJn6eyLFQuuxCG2nwGaoF72p+J/XSUz/OkiZjBNDJZkv6iccmQhNA0A9pigxfGwJJorZWxEZYoWJsTHlbQje4svLpHlR8i5L5YdysXKTxZGDYziBM/DgCipwBzVoAIEYnuEV3pzEeXHenY9564qTzRzBHzifP+SikPM=</latexit>

IR� CFT

<latexit sha1_base64="vmtIU/lCe1cEYABmJ6mtIYXpS1Q=">AAAB73icbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuiGxcuKtgHtEPJZDJtaCYZk4xQhv6EGxeKuPV33Pk3ZtpZaOuBwOGcc8m9J0g408Z1v53Syura+kZ5s7K1vbO7V90/aGuZKkJbRHKpugHWlDNBW4YZTruJojgOOO0E45vc7zxRpZkUD2aSUD/GQ8EiRrCxUrd/Z6MhrgyqNbfuzoCWiVeQGhRoDqpf/VCSNKbCEI617nluYvwMK8MIp9NKP9U0wWSMh7RnqcAx1X4223eKTqwSokgq+4RBM/X3RIZjrSdxYJMxNiO96OXif14vNdGVnzGRpIYKMv8oSjkyEuXHo5ApSgyfWIKJYnZXREZYYWJsRXkJ3uLJy6R9Vvcu6uf357XGdVFHGY7gGE7Bg0towC00oQUEODzDK7w5j86L8+58zKMlp5g5hD9wPn8ARUiPeg==</latexit>

⇤

<latexit sha1_base64="rWeyEThRcRtwRcMbGnljUojAalI=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQsqMFHVZdOOyin1AZyiZNNOGJpmQZJQy9lPcuFDErV/izr8xbWehrQcuHM65l3vviSSj2njet1NYWV1b3yhulra2d3b33PJ+SyepwqSJE5aoToQ0YVSQpqGGkY5UBPGIkXY0up767QeiNE3EvRlLEnI0EDSmGBkr9dxyFigO78gkOIXBCEmJem7Fq3ozwGXi56QCcjR67lfQT3DKiTCYIa27vidNmCFlKGZkUgpSTSTCIzQgXUsF4kSH2ez0CTy2Sh/GibIlDJypvycyxLUe88h2cmSGetGbiv953dTEl2FGhUwNEXi+KE4ZNAmc5gD7VBFs2NgShBW1t0I8RAphY9Mq2RD8xZeXSeus6p9Xa7e1Sv0qj6MIDsEROAE+uAB1cAMaoAkweATP4BW8OU/Oi/PufMxbC04+cwD+wPn8AWz/k3k=</latexit>

Re

<latexit sha1_base64="p1HBUawTYN3Ti5zXkDK0gmxoisA=">AAAB+nicbVDLSgMxFM3UV62vqS7dBIvgQsqMFHVZdKO7CvYBnaFk0kwbmmRCklHK2E9x40IRt36JO//GtJ2Fth64cDjnXu69J5KMauN5305hZXVtfaO4Wdra3tndc8v7LZ2kCpMmTliiOhHShFFBmoYaRjpSEcQjRtrR6Hrqtx+I0jQR92YsScjRQNCYYmSs1HPLWaA4vOWT4BQGIyQl6rkVr+rNAJeJn5MKyNHouV9BP8EpJ8JghrTu+p40YYaUoZiRSSlINZEIj9CAdC0ViBMdZrPTJ/DYKn0YJ8qWMHCm/p7IENd6zCPbyZEZ6kVvKv7ndVMTX4YZFTI1ROD5ojhl0CRwmgPsU0WwYWNLEFbU3grxECmEjU2rZEPwF19eJq2zqn9erd3VKvWrPI4iOARH4AT44ALUwQ1ogCbA4BE8g1fw5jw5L8678zFvLTj5zAH4A+fzB2tok3g=</latexit>

Im

Figure 1: Left: A few points of the nearly conformal LCP defined by ΓΘ = 0. Right: The LCP

with respect to the vacua, on the complex κ plane.

LCP can be found in Fig. 1. We stress that for a given x the corresponding value of Λ is fixed

by the label of the LCP. Thus at the endpoint of the LCP where x = π, the value Λ = 1.5117

is a fixed output.7 The LCP also suggests that the system never really reaches the interacting

fixed point, even though it can be brought arbitrarily close to it, meaning that (Λ, x) never take

the exact values (0,∞). This is to be contrasted with a zero temperature, time-independent BT

connecting α-vacua, which triggers an RG flow between the Gaussian and WF fixed points, in

which case nS = 1 at the endpoints.

Since there are no free parameters, any other computable observable is also fixed. Define for

example the moments

n(1)
S,β =

dnS,β

d ln |k| , n(2)
S,β =

dn(1)
S,β

d ln |k|

and compute them using that n(1)
S = 0. The result, evaluated under the same conditions as nS,β,

is

n(1)
S,β = δnS

[
2− 1

Λ2
− x

Λ

(
1 +

2e−2xΛ

1− e−2xΛ

)]

which, substituting x = π and Λ = 1.5117, gives

n(1)
S,β = 0.0186 (3.7)

for the running of the index and

n(2)
S,β =

(
n(1)
S,β

)2

δnS
+ δnS

[
− 2

Λ2
+

2

Λ4
− x

Λ

(
2− 1

Λ2

)(
1 +

2e−2xΛ

1− e−2xΛ

)
+

4x2

Λ2

e−2xΛ

(1− e−2xΛ)2

]

6The general argument is due to Wilson [13]. To leading order (or beyond) in the ε-expansion this cancellation

can be seen explicitly for example in [14, 15, 16], for Tij itself. For Θ, it is realized as a sunset diagram with a

σ!σ insertion cancelling a usual sunset. In fact, the relative normalization of γΘ and γσ in ΓΘ can be fixed by

this cancellation. For all other spin zero operators, since γσ ∼ O(ε2) and γO ∼ O(ε), it is typically taken ΓO ∼ γO

to leading order.
7It corresponds to a mass parameter M " 1.8125.
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Figure 1: Left: A few points of the nearly conformal LCP defined by ΓΘ = 0. Right: The LCP

with respect to the vacua, on the complex κ plane.

LCP can be found in Fig. 1. We stress that for a given x the corresponding value of Λ is fixed

by the label of the LCP. Thus at the endpoint of the LCP where x = π, the value Λ = 1.5117

is a fixed output.7 The LCP also suggests that the system never really reaches the interacting

fixed point, even though it can be brought arbitrarily close to it, meaning that (Λ, x) never take

the exact values (0,∞). This is to be contrasted with a zero temperature, time-independent BT

connecting α-vacua, which triggers an RG flow between the Gaussian and WF fixed points, in

which case nS = 1 at the endpoints.

Since there are no free parameters, any other computable observable is also fixed. Define for

example the moments

n(1)
S,β =

dnS,β

d ln |k| , n(2)
S,β =

dn(1)
S,β

d ln |k|

and compute them using that n(1)
S = 0. The result, evaluated under the same conditions as nS,β,

is

n(1)
S,β = δnS

[
2− 1

Λ2
− x

Λ

(
1 +

2e−2xΛ

1− e−2xΛ

)]

which, substituting x = π and Λ = 1.5117, gives

n(1)
S,β = 0.0186 (3.7)

for the running of the index and

n(2)
S,β =

(
n(1)
S,β

)2

δnS
+ δnS

[
− 2

Λ2
+

2

Λ4
− x

Λ

(
2− 1

Λ2

)(
1 +

2e−2xΛ

1− e−2xΛ

)
+

4x2

Λ2

e−2xΛ

(1− e−2xΛ)2

]

6The general argument is due to Wilson [13]. To leading order (or beyond) in the ε-expansion this cancellation

can be seen explicitly for example in [14, 15, 16], for Tij itself. For Θ, it is realized as a sunset diagram with a

σ!σ insertion cancelling a usual sunset. In fact, the relative normalization of γΘ and γσ in ΓΘ can be fixed by

this cancellation. For all other spin zero operators, since γσ ∼ O(ε2) and γO ∼ O(ε), it is typically taken ΓO ∼ γO

to leading order.
7It corresponds to a mass parameter M " 1.8125.
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Figure 1: Left: A few points of the nearly conformal LCP defined by ΓΘ = 0. Right: The LCP

with respect to the vacua, on the complex κ plane.

LCP can be found in Fig. 1. We stress that for a given x the corresponding value of Λ is fixed

by the label of the LCP. Thus at the endpoint of the LCP where x = π, the value Λ = 1.5117

is a fixed output.7 The LCP also suggests that the system never really reaches the interacting

fixed point, even though it can be brought arbitrarily close to it, meaning that (Λ, x) never take

the exact values (0,∞). This is to be contrasted with a zero temperature, time-independent BT

connecting α-vacua, which triggers an RG flow between the Gaussian and WF fixed points, in

which case nS = 1 at the endpoints.

Since there are no free parameters, any other computable observable is also fixed. Define for

example the moments

n(1)
S,β =

dnS,β

d ln |k| , n(2)
S,β =

dn(1)
S,β

d ln |k|

and compute them using that n(1)
S = 0. The result, evaluated under the same conditions as nS,β,

is

n(1)
S,β = δnS

[
2− 1

Λ2
− x

Λ

(
1 +

2e−2xΛ

1− e−2xΛ

)]

which, substituting x = π and Λ = 1.5117, gives

n(1)
S,β = 0.0186 (3.7)

for the running of the index and

n(2)
S,β =

(
n(1)
S,β

)2

δnS
+ δnS

[
− 2

Λ2
+

2

Λ4
− x

Λ

(
2− 1

Λ2

)(
1 +

2e−2xΛ

1− e−2xΛ

)
+

4x2

Λ2

e−2xΛ

(1− e−2xΛ)2

]

6The general argument is due to Wilson [13]. To leading order (or beyond) in the ε-expansion this cancellation

can be seen explicitly for example in [14, 15, 16], for Tij itself. For Θ, it is realized as a sunset diagram with a

σ!σ insertion cancelling a usual sunset. In fact, the relative normalization of γΘ and γσ in ΓΘ can be fixed by

this cancellation. For all other spin zero operators, since γσ ∼ O(ε2) and γO ∼ O(ε), it is typically taken ΓO ∼ γO

to leading order.
7It corresponds to a mass parameter M " 1.8125.
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Figure 1: Left: A few points of the nearly conformal LCP defined by ΓΘ = 0. Right: The LCP

with respect to the vacua, on the complex κ plane.

LCP can be found in Fig. 1. We stress that for a given x the corresponding value of Λ is fixed

by the label of the LCP. Thus at the endpoint of the LCP where x = π, the value Λ = 1.5117

is a fixed output.7 The LCP also suggests that the system never really reaches the interacting

fixed point, even though it can be brought arbitrarily close to it, meaning that (Λ, x) never take

the exact values (0,∞). This is to be contrasted with a zero temperature, time-independent BT

connecting α-vacua, which triggers an RG flow between the Gaussian and WF fixed points, in

which case nS = 1 at the endpoints.

Since there are no free parameters, any other computable observable is also fixed. Define for

example the moments

n(1)
S,β =

dnS,β

d ln |k| , n(2)
S,β =

dn(1)
S,β

d ln |k|

and compute them using that n(1)
S = 0. The result, evaluated under the same conditions as nS,β,

is

n(1)
S,β = δnS

[
2− 1

Λ2
− x

Λ

(
1 +

2e−2xΛ

1− e−2xΛ

)]

which, substituting x = π and Λ = 1.5117, gives

n(1)
S,β = 0.0186 (3.7)

for the running of the index and

n(2)
S,β =

(
n(1)
S,β

)2

δnS
+ δnS

[
− 2

Λ2
+

2

Λ4
− x

Λ

(
2− 1

Λ2

)(
1 +

2e−2xΛ

1− e−2xΛ

)
+

4x2

Λ2

e−2xΛ

(1− e−2xΛ)2

]

6The general argument is due to Wilson [13]. To leading order (or beyond) in the ε-expansion this cancellation

can be seen explicitly for example in [14, 15, 16], for Tij itself. For Θ, it is realized as a sunset diagram with a

σ!σ insertion cancelling a usual sunset. In fact, the relative normalization of γΘ and γσ in ΓΘ can be fixed by

this cancellation. For all other spin zero operators, since γσ ∼ O(ε2) and γO ∼ O(ε), it is typically taken ΓO ∼ γO

to leading order.
7It corresponds to a mass parameter M " 1.8125.
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that gives

n(2)
S,β = 0.1250 (3.8)

for the running of its running.

Finally, the universal contribution to the non-Gaussianity parameter fNL [20], can be ex-

pressed in terms of N =
∫ tf
ti

dtH and its derivatives in the in-vacuum, as [21]

fNL =
5

6

Nρρ

N2
ρ

with Nρ = ∂N
∂ρ , Nρρ = ∂2N

∂ρ2 and ρ ≡ PS,β. It is computed to be

fNL = −
5
[
x(−1 + Λ2)2

(
1 + xΛ cot(xΛ2 )

)
+ 2Λ3 sinh(xΛ)

]

6Λ2
[
x(−1 + Λ2) + Λ sinh(xΛ)

] .

For x = π and Λ = 1.5117 this gives

fNL = −1.7138. (3.9)

4 Conclusion

We considered a thermal scalar in de Sitter background. Starting from the Bunch-Davies |in〉
vacuum, a Bogolyubov Transformation placed us somewhere in the interior of the finite tem-

perature phase diagram. Then we took the low temperature limit in such a way that instead of

returning to the BD vacuum, we landed on the nearly zero temperature |out〉 vacuum, which is

connected to an interacting IR CFT, in the universality class of the 3d Ising model. This inter-

acting CFT is rather special, in the sense that the boundary operator that couples to the scalar

curvature perturbations in the bulk has a classical scaling dimension. The critical exponent η is

the order parameter of the breaking of the scale invariant spectrum of curvature fluctuations and

fixes the parametric freedom in the dS scalar theory, yielding the prediction nS = 0.964, up to

errors associated with its lattice Monte Carlo measurements. Then we heated up the system up

to T = TdS numerically in a controlled way and evaluated additional cosmological observables

such as the first two moments of the scalar spectral index and the non-Gaussianity bispectrum

parameter fNL. We finally note that our predicted values of nS , n
(1)
S,β and fNL are well within

current experimental bounds while n(2)
S,β exceeds them [22, 23].
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(0.9625 ± 0.0048)

nS,β ≡ nS ≈ 1 − 0.036 = 0.964  
(0.013 ± 0.012)

n(1)
S,β ≈ 0.0186

fNL ≈ − 1.7138
 

(0.022 ± 0.012)
n(2)

S,β ≈ 0.1250

✓
✓ ?

✓
Planck Collaboration, Y. Akrami et al., Astron. Astrophys. 641 (2020)
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WHY THIS TITLE? 
• The IR CFT can be recognized within perturbation theory as the interacting fixed point of  the d = 3 scalar theory with classical 

Lagrangian   (  is the Ising field)ℒ = −
1
2

σ □ σ − λσ4 σ M. Bianchi, D.Z. Freedman and K. Skenderis Nucl. Phys. B 631 (2002) 159 
I. Antoniadis, P. O. Mazur and E. Mottola, JCAP 09 (2012) 024  

The connection between the in and out vacua can be seen either as a BT or an RG flow from an UV CFT to an IR CFT. 
The IR limit is a 3d CFT as long as the BT preserves the  isometry. The claim is that it has to be in the universality 

class of  the interacting 3d Ising model. 
SO(4)
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WHY THIS TITLE? 
• In the dS/CFT correspondence a bulk field  with dimension  is dual to an operator  of  the boundary CFT of  dimension   

• Then the spectral index is  

• Using the Callan-Symanzik 

ζ Δ− 𝒪 Δ+

F. Larsen and R. McNees,  JHEP 07 (2003) 051 
J. P. van der Schaar, JHEP 01 (2004) 070

Inspection of these relations shows that since the scalar is not allowed to backreact on the

geometry, the only temperature that dS space can sustain is the GH temperature. In fact, in

order that the in and out observers agree on the physical thermal effects they observe, it must

be that 1/β = T = TdS = H/2π = 1/δ. It is then sufficient to know the form of the thermal

dS-scalar propagator

Dβ = D +
(
D++ +D∗

++

)
(s2 + sc)

(
1 1

1 1

)
, (2.6)

where s ≡ sinh θ|k| and c ≡ cosh θ|k|, for some generic β. The flat limit of the above propagator

is diagonal and its ++ component is such that the iε shift of the zero temperature propagator

denominator becomes iE = iε coth(βω|k|/2) in the thermal state.

The propagator in Eq. (2.6) determines several important observables. At equal space-time

points and at the time of horizon exit, defined as |τ |H = 1 and concentrating on horizon exiting

modes specified by |kτ | = 1, it determines various cosmological indices derived from the scalar

power spectrum (1 is the 2× 2 matrix with unit elements)

PS,β1 = Dβ1|τ1=τ2 , (2.7)

in terms of a single parameter (when the temperature takes its natural value T = TdS):

κ ≡ ω|k||τ |
∣∣∣
|kτ |=1

=

√
5− d2

4
+M2 .

This parameter can be traded for the weight of the Hankel function, as determined by the Klein-

Gordon equation, in Eq. (2.3). Of special importance in d = 3 is the choice M = 0, or κ = i,

which is known to generate a scale invariant CMB spectrum. This corresponds to νcl =
3
2 . It

is our main goal here to propose a way to parametrize the deviation from this scale invariant

spectrum. It is clear that in the present context, exact scale invariance is realized in the |in〉
vacuum at zero temperature, with the deviations generated by either a change of the vacuum

or finite temperature effects, or both.

The deviations due to a vacuum change can be encoded in general in a shift of the weight

νcl → ν = νcl + νq that can be interpreted as a shift in the scaling dimension of a dS scalar field

∆− =
d

2
− ν =

d

2
− νcl − νq = ∆cl,− − νq .

There is a corresponding shadow partner solution to this with ∆+ = d
2 +ν. In this letter, we will

be concerned with (∆−,∆+)cl = (0, 3). In order to understand νq we first observe that the |out〉,
thermal state is a time-dependent BT of the Bunch-Davies vacuum. Upon a time-dependent

BT, the frequency that the out observer sees is [9]:

Ω|k| = ω|k|(|c|2 + |s|2)

which implies the transformation on the horizon exit parameter κ → Λ, with

Λ = κ

(
1 + 2

e−2xκ

1− e−2xκ

)
= κ coth(xκ) ,

4
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where we have defined the dimensionless temperature parameter x = πH
2πT , that takes values

in [π,∞]. Eventually it will be fixed to x = π, its natural dS value where T = TdS, but for

now we are interested in the zero temperature limit. Next, observe that the out observer, on

the horizon, sees modes of any wavelength as exiting modes. This means that if he calls his

frequencies Ω|k|, then his horizon exiting parameter, at nearly zero temperature, will be forced to

Λ ≡ limτ→0(Ω|k|η) → 0. For κ = i this gives Λ = i coth(ix) = cotx and then the regularization

x = π
2 (2l + 1), l ∈ N as x → ∞, drives Λ → 0.

Deviations due to finite temperature effects can be encoded into the shift of the spectral

index of scalar curvature fluctuations

nS,β = 1 +
d ln

(
|k|3PS,β

)

d ln |k|

with PS,β = PS [1 + 2(s2 + sc)] from Eq. (2.7), that determines the thermal correction

δnS ≡ nS,β − 1 = −2x

Λ

[
e−xΛ

1− e−2xΛ

]
. (2.8)

In the physical state x = π so this is really a 1-parameter expression. In the next section we

will fix this freedom by determining the value nS,∞ ≡ nS and then interpret its deviation from

unity as the regularized (nearly) zero temperature limit of Eq. (2.8). Then we can reach x = π

along a trajectory which keeps this value constant for all temperatures: nS,β = nS . In order to

fix δnS though, we have to characterize the ∆+ solution, which is what we do next.

3 Observables

The IR CFT can be recognized within perturbation theory as the interacting fixed point of

the d = 3 scalar theory with classical Lagrangian L = −1
2σ!σ − λσ4.5 The Ising field σ can

be thought of as the horizon value of the bulk scalar. In the dS/CFT correspondence [10], a

bulk field ζ with dimension ∆− is dual to an operator O of the boundary CFT of dimension

∆+. Then bulk and boundary propagators are related by [11, 12] (the subscripts remind of the

momentum conservation δ-function which we omit):

〈ζ|k|ζ−|k|〉 ∼
1

〈O|k|O−|k|〉
.

There is a gauge where we can identify the scalar curvature perturbations ζ|k| with our dS scalar

φ|k|, of dimension ∆cl,− = 0. Recall then the definition of the spectral index

nS − 1 =
d

d ln |k|

[
ln
(
|k|3PS,β

)]
=

d

d ln |k| ln
(
|k|3〈ζ|k|ζ−|k|〉

)

= 3− 1

〈O|k|O−|k|〉

(
d

d ln |k|〈O|k|O−|k|〉
)

5A mass term could be added but it could also appear as an insertion. The final result does not depend on it.
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and write the Callan-Symanzik equation for a general 2-point function in momentum space as

(
∂

∂ ln |k| − βλ
∂

∂λ
+ (3− 2∆O)

)
〈O|k|O−|k|〉 = 0 , (3.1)

where ∆O = ∆+ = [∆O] + ΓO and βλ = µ∂λ/∂µ. These combine into

nS = 1− 2ΓO − βλ
∂

∂λ
ln〈O|k|O−|k|〉 , (3.2)

where we have used that [∆O] = ∆cl,+ = 3. We then define the ”total anomalous dimension”

γO ≡ µ ∂
∂µ lnZO and we also have γσ ≡ 1

2µ
∂
∂µ lnZσ, the wave function renormalization of σ.

In terms of these counterterms, the ”operator anomalous dimension” that shifts ∆cl,+ is ΓO ≡
µ ∂
∂µ ln

(
Z−1/2
σ ZO

)
. These definitions imply the relation ΓO = γO − γσ.

Now the boundary operator that couples to a ζ|k| of ∆cl,− = 0 is O = Θ, the trace of the

Ising stress-energy tensor Θ = δijTij , which being associated with a conserved current, has an

exactly vanishing anomalous dimension: ΓΘ ≡ 0.6 This gives the constraint γΘ = γσ (and in

fact that νq = 0). In coordinate space we can also write Eq. (3.2) for Θ, as

nS = 1 +
∂

∂ lnµ
ln〈Θ(x1)Θ(x2)〉 = 1− βλ

∂

∂λ
ln〈Θ(x1)Θ(x2)〉 . (3.3)

The holographic interpretation of the running of λ imposes the eigenvalue equation [17]

βλ
∂

∂λ
〈ΘΘ〉 =

(
β2
λ + 2

∂βλ
∂λ

)
〈ΘΘ〉 , (3.4)

where the renormalized relation Θ = βλσ4 has been used. Since renormalization turns in the

classical equation Θ0 = λ0σ4
0 the bare into renormalized quantities, we obtain the relation ZΘ =

ZλZσ4 between counterterms and the relation γΘ = γσ4 + βλ
λ between anomalous dimensions.

This implies that near the interacting fixed point, we will have γσ4 % γσ and by virtue of the

relation γσ4 = ∂βλ
∂λ we conclude that just outside the conformal point where 2γσ % η with η the

standard critical exponent, the deviation from scale invariance can be parametrized by an RG

flow, with the two parentheses in the Callan-Symanzik equation

[(
∂

∂ lnµ
+ η

)
+

(
βλ

∂

∂λ
− η

)]
〈Θ(x1)Θ(x2)〉 % 0 (3.5)

vanishing separately.7 Applying the above eigenvalue to Eq. (3.3) in the vicinity of the fixed

point, finally gives:

nS % 1− η . (3.6)

6The general argument is due to Wilson [13]. To leading order (or beyond) in the ε-expansion this cancellation

can be seen explicitly for example in [14, 15, 16], for Tij itself. For Θ, it is realized as a sunset diagram with a

σ!σ insertion cancelling a usual sunset. In fact, the relative normalization of γΘ and γσ in ΓΘ can be fixed by

this cancellation. For all other spin zero operators, since γσ ∼ O(ε2) and γO ∼ O(ε), it is typically taken ΓO ∼ γO

to leading order.
7The scaling equation that the cΘ-coupling satisfies is βλ∂λcΘ = ηcΘ, where 〈ΘΘ〉 = cΘ/|x|2d. The leading

order solution is cΘ ∼
(

16π2−3λ
λ

)η
and vanishes only on the fixed point.
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WHY THIS TITLE? 
• For us  with the spectral index  

• For  the holographic interpretation of  the running of  λ imposes the eigenvalue equation 

• Very close to the IR Wilson-Fisher fixed point  and  

•  is the critical exponent of  the Ising field and non-perturbative admits the numerical value  (MC simulation). The spectral 
index is 

• So  is indeed fixed independently (without connection to the inflationary characteristics)

𝒪 = Θ ≡ Tr Tij

Θ = βλσ4

β2
λ < <

∂βλ

∂λ
2

∂βλ

∂λ
≈ 2γσ ≡ η

η ≈ 0.036

Λ = 1.5117
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Ising stress-energy tensor Θ = δijTij , which being associated with a conserved current, has an

exactly vanishing anomalous dimension: ΓΘ ≡ 0.6 This gives the constraint γΘ = γσ (and in

fact that νq = 0). In coordinate space we can also write Eq. (3.2) for Θ, as

nS = 1 +
∂

∂ lnµ
ln〈Θ(x1)Θ(x2)〉 = 1− βλ

∂

∂λ
ln〈Θ(x1)Θ(x2)〉 . (3.3)

The holographic interpretation of the running of λ imposes the eigenvalue equation [17]

βλ
∂

∂λ
〈ΘΘ〉 =

(
β2
λ + 2

∂βλ
∂λ

)
〈ΘΘ〉 , (3.4)

where the renormalized relation Θ = βλσ4 has been used. Since renormalization turns in the

classical equation Θ0 = λ0σ4
0 the bare into renormalized quantities, we obtain the relation ZΘ =

ZλZσ4 between counterterms and the relation γΘ = γσ4 + βλ
λ between anomalous dimensions.

This implies that near the interacting fixed point, we will have γσ4 % γσ and by virtue of the

relation γσ4 = ∂βλ
∂λ we conclude that just outside the conformal point where 2γσ % η with η the

standard critical exponent, the deviation from scale invariance can be parametrized by an RG

flow, with the two parentheses in the Callan-Symanzik equation

[(
∂

∂ lnµ
+ η

)
+

(
βλ

∂

∂λ
− η

)]
〈Θ(x1)Θ(x2)〉 % 0 (3.5)

vanishing separately.7 Applying the above eigenvalue to Eq. (3.3) in the vicinity of the fixed

point, finally gives:

nS % 1− η . (3.6)

6The general argument is due to Wilson [13]. To leading order (or beyond) in the ε-expansion this cancellation

can be seen explicitly for example in [14, 15, 16], for Tij itself. For Θ, it is realized as a sunset diagram with a

σ!σ insertion cancelling a usual sunset. In fact, the relative normalization of γΘ and γσ in ΓΘ can be fixed by

this cancellation. For all other spin zero operators, since γσ ∼ O(ε2) and γO ∼ O(ε), it is typically taken ΓO ∼ γO

to leading order.
7The scaling equation that the cΘ-coupling satisfies is βλ∂λcΘ = ηcΘ, where 〈ΘΘ〉 = cΘ/|x|2d. The leading

order solution is cΘ ∼
(

16π2−3λ
λ

)η
and vanishes only on the fixed point.
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Figure 1: Left: A few points of the nearly conformal LCP defined by ΓΘ = 0. Right: The LCP

with respect to the vacua, on the complex κ plane.

Using the non-perturbative value of η, we are lead to a prediction:

nS # 1− 0.036 = 0.964 . (3.7)

This is the shifted value of the spectral index we were after.

All we need to demonstrate now is that in the bulk, there is a line of constant physics (LCP),

labelled by the value δnS = −η, along which the relation ΓΘ ≡ 0 is maintained and the system is

heated up in the |out〉 vacuum, at the time of horizon exit, from nearly zero temperature where

Λ # 0 and x # ∞, up to the dS temperature. A few points on this line and a picture of the

LCP can be found in Fig. 1. We stress that for a given x the corresponding value of Λ is fixed

by the label of the LCP. Thus at the endpoint of the LCP where x = π, the value Λ = 1.5117

is a fixed output.8 The LCP also suggests that the system never really reaches the interacting

fixed point, even though it can be brought arbitrarily close to it, meaning that (Λ, x) never take

the exact values (0,∞). This is to be contrasted with a zero temperature, time-independent BT

connecting α-vacua, which triggers an RG flow between the Gaussian and WF fixed points, in

which case nS = 1 at the endpoints.

Since there are no free parameters, any other computable observable is also fixed. Define for

example the moments

n(1)
S,β =

dnS,β

d ln |k| , n(2)
S,β =

dn(1)
S,β

d ln |k|

and compute them using that n(1)
S = 0. The result, evaluated under the same conditions as nS,β,

is

n(1)
S,β = δnS

[
2− 1

Λ2
− x

Λ

(
1 +

2e−2xΛ

1− e−2xΛ

)]

which, substituting x = π and Λ = 1.5117, gives

n(1)
S,β = 0.0186 (3.8)

8It corresponds to a mass parameter M ! 1.8125.
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CONCLUSIONS

• We considered a thermal scalar in de Sitter background. Starting from the Bunch-Davies |in⟩  vacuum, a Bogolyubov Transformation placed 
us somewhere in the interior of  the finite temperature phase diagram.  

• Then we took the low temperature limit in such a way that instead of  returning to the BD vacuum, we landed on the nearly zero temperature 
|out⟩ vacuum, which is connected to an interacting IR CFT, in the universality class of  the 3d Ising model.  

• This interacting CFT is rather special, in the sense that the boundary operator that couples to the scalar curvature perturbations in the bulk 
has a classical scaling dimension. The critical exponent  is the order parameter of  the breaking of  the scale invariant spectrum of  curvature 
fluctuations  

•  fixes the parametric freedom in the dS scalar theory, yielding the prediction , up to errors associated with its lattice Monte Carlo 
measurements.  

• Heating up the system  numerically in a controlled way we evaluated additional cosmological observables ,  and . We finally 
note that our predicted values of  ,  and  are well within current experimental bounds while  exceeds them 

η

η nS,β ≈ 0.964

T = TdS n(1)
S,β fNL n(2)

S,β
nS,β n(1)

S,β fNL n(2)
S,β
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