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The geometric optics approximation provides an interpretation for eikonal correspondence that,
in black-hole-containing spacetimes, connects high-frequency black hole quasinormal modes with
closed photon orbits around said black hole. This correspondence has been identified explicitly for
Schwarzschild, Reissner-Nordström, Kerr, and Kerr-Newman black holes, violation of which can
be a potential hint toward physics beyond General Relativity. Notably, the aforementioned black
hole spacetimes have sufficient symmetries such that both the geodesic equations and the master
wave equations are separable. The identification of the correspondence seems largely relies on these
symmetries. One naturally asks how the eikonal correspondence would appear if the spacetime
is less symmetric. As a pioneering work in this direction, we consider in this paper a deformed
Schwarzschild spacetime retaining only axisymmetry and stationarity. We show that up to the first
order of spacetime deformations, the eikonal correspondence manifests through the definition of the
averaged radius of trapped photon orbits along their one period. This averaged radius overlaps the
potential peak in the master wave equation, which can be defined up to the first order of spacetime
deformations, allowing the explicit identification of the eikonal correspondence.

I. INTRODUCTION

The recent direct detection of gravitational waves emit-
ted from the mergers of binary black holes is a tremen-
dous achievement in modern physics [1–4]. It allows us
to probe strong gravity regimes, e.g. the vicinity of black
holes, through entirely different ways than traditional
electromagnetic observations [5]. In particular, the grav-
itational wave signals at the post-merger phase, i.e., the
ringdown signals, can be a promising tool to explore black
holes, or even to test the underlying gravitational theo-
ries [6]. During the post-merger phase, the two objects in
the binary have already merged and formed typically a
final black hole. Before the newly formed black hole set-
tles to its stationary configuration, the distortions in its
shape relax under a certain characteristic pattern, a su-
perposition of sinusoidal oscillations with exponentially
decaying amplitudes known as the quasinormal modes
(QNMs) [7–9]. Black hole QNMs have complex-valued
frequencies, with the real parts describing the oscillations
and the imaginary parts corresponding to the decay. One
important feature of the black hole QNM spectrum that
cements it as a powerful tool to test gravitational the-
ories, is that in General Relativity (GR), QNM spectra
satisfy the black hole no-hair theorem. More explicitly,
the spectra only depend on the mass, charge, and spin of
the black hole, no matter what mechanism triggers the
distortions in the first place. Various works have been
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devoted to the testing of GR or Kerr hypothesis through
black hole QNMs [10–31], although still no evidence of
physics beyond GR has been found [32, 33].

Another equally important achievement in modern
physics is the first observational image of M87*, the su-
permassive black hole at the center of the M87 galaxy,
released from the Event Horizon Telescope collaboration
[34]. The released image can already resolve a bright ring
encircling a dark spot, which indicates a spacetime region
with a tremendously strong gravitational field. The black
hole shadow image is completely due to the gravitational
lensing effects near the black hole, and thus can also be a
potential tool to probe black hole spacetimes [35]. In par-
ticular, on the image plane, somewhere near the bright
ring, there is a critical curve around the dark spot, and
the observation of this curve, theoretically speaking, re-
quires perfect resolution. The critical curve is essentially
the impact parameter of the photon region around the
black hole, in which photons can undergo spherical mo-
tions due to strong lensing effects [36]. The critical curves
in black hole shadow images only carry information about
the black hole geometry, and do not depend on the details
of the astrophysical environment. Therefore, the critical
curves in shadow images have been widely investigated
for various black hole models [37–60]. Recently, some
works have been devoted to testing spacetime symme-
tries or some putative principles using black hole images
by looking for unique features on the critical curves [61–
65].

The above aspects of black holes, i.e., the black hole
QNMs and the shadow images, although seemingly dif-
ferent, are intimately related. In Ref. [66], Ferrari and
Mashhoon identified an analytic relation between the
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high-frequency QNMs, or eikonal QNMs, and the spheri-
cal photon orbits for several kinds of black holes, such as
the Schwarzschild, Reissner-Nordström, and slowly rotat-
ing black holes. The validity of this relation stems from
the geometric optics approximation of waves propagat-
ing around a black hole [67], which can be described as
scattering processes [68]. In Ref. [69], the eikonal corre-
spondence was generalized to stationary, spherically sym-
metric, and asymptotically flat spacetimes with arbitrary
dimensions. The real parts of QNM frequencies can be
formally related to the orbital frequency on the spherical
photon orbits, and the imaginary parts can be identified
as the Lyapunov exponent on the orbits [70]. To investi-
gate this correspondence in Kerr spacetimes with an ar-
bitrary spin is not a trivial task. In Ref. [71], the eikonal
correspondence of Kerr black holes has been identified
for equatorial orbits (l = |m|) and polar orbits (m = 0),
where l is the multipole number and m is the azimuthal
number of the modes. Later on, taking advantage of the
separability of geodesic equations and master wave equa-
tions of Kerr spacetimes, the eikonal correspondence of
Kerr black holes for arbitrary spins and modes has been
fully explored [72] (see also Ref. [73] for a more recent
investigation on Kerr-Newman spacetimes). In addition,
since the critical curves in the shadow images of black
holes are determined by the impact parameter of spheri-
cal photon orbits around black holes, it is not surprising
that the eikonal QNMs can also be related to the shadow
cast by the black hole. The correspondence between these
two seemingly different contexts has recently gained sev-
eral interests [74–79] due to its possible future astrophys-
ical implications [78, 80]. In particular, the eikonal cor-
respondence violation can be a smoking gun of physics
beyond GR [26, 81–86].

It should be emphasized that the explicit identifica-
tion of the eikonal correspondence discussed previously
relies on the symmetry of the black hole spacetime un-
der consideration. For example, for static and spherically
symmetric black holes, the master wave equation can be
simplified via suitable field redefinitions and separations
of variables. The QNMs for these cases are typically de-
scribed by a Schrödinger-like equation, in which the ef-
fective potential directly determines the QNM spectrum
after imposing proper boundary conditions. Due to the
spherical symmetry of the spacetime, the spherical pho-
ton orbits have a unique radius, forming a shell around
the black hole, i.e., the photon sphere. In the eikonal
limit, the peak of the effective potential in the master
wave equation is precisely at the photon sphere, natu-
rally leading to the eikonal correspondence. For Kerr
and Kerr-Newman black holes, the general identification
of the eikonal correspondence performed in Refs. [72, 73]
takes advantage of the separability of geodesic equations
and the master wave equations in the eikonal limit. The
separability of geodesic equations is tightly related to the
existence of the Carter constant, which corresponds to an
additional hidden symmetry of the spacetime.

Based on these results, one naturally asks: How would

the eikonal correspondence manifest in a black hole
spacetime with fewer symmetries where neither geodesic
equation nor wave equation is separable? In this paper,
as a first step toward addressing this question, we will
demonstrate how to identify the eikonal correspondence
in the scenario where a Schwarzschild spacetime picks up
a general axisymmetric stationary deformation.

The challenges of this work are twofold. First, due to
the arbitrary spacetime deformations, the master wave
equation cannot be recast as a Schrödinger-like form.
However, it has been shown recently in Ref. [87] that a
Schrödinger-like expression for the master equation could
be attainable if the deformations on the original separa-
ble equations are small. This method allows us to com-
pute the shift to the QNM spectra induced by deforma-
tions to the Schwarzschild spacetime. Second, the radial
and the polar sectors of geodesic equations, in general,
cannot be decoupled. The identification of constant ra-
dial motions is only possible for very limited orbits (see
also Ref. [88] for relevant discussions). In this work, we
will show that if the orbits on the deformed photon sphere
are periodic and form limit cycles, one can define an av-
eraged radius for these orbits and identify them as the
peak of the effective potential in the master wave equa-
tion, leading to the eikonal correspondence.

This paper is outlined as follows. In sec. II, we
first briefly review the geometric optics approximation
in generic curved spacetimes, then take a general spheri-
cally symmetric spacetime as an example to demonstrate
its eikonal correspondence. In sec. III, we introduce the
deformed Schwarzschild spacetime considered through-
out this paper. In sec. IV, we approximate the mass-
less Klein-Gordon equation and recast the master wave
equation as a Schrödinger-like form by the method pro-
posed in Ref. [87]. Sec. V is devoted to obtaining the
eikonal expressions of the master wave equation. Then,
in sec. VI, we investigate the photon geodesic equations in
this spacetime and establish the eikonal correspondence,
starting with the simplest circular photon orbits, then the
polar orbits, and eventually generic orbits with arbitrary
inclinations. We finally conclude in sec. VII. We would
like to mention that throughout this paper, the comma
and ∂ represent partial derivatives interchangeably for
convenience, while primes and dots represent derivatives
with respect to the radial coordinate r and the affine pa-
rameter λ, respectively.

II. GEOMETRIC OPTICS APPROXIMATION

In this section, we will first briefly review the geomet-
ric optics approximation (sometimes called the eikonal
approximation) in generic curved spacetimes. It will be
shown that the equations of motion for test fields in the
eikonal limits are identical to those of freely moving pho-
tons. This property holds for both electromagnetic fields
and scalar fields, and is expected in general for various
types of fields.
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The geometric optics approximation essentially re-
quires the wavelength scale of the test field to be much
smaller than any other length scale in the system. In this
limit, the equations of motion for most test fields can be
expressed in the following form [89]:

∇α∇αA = 0 , (2.1)

where ∇α denotes the covariant derivative defined in the
spacetime. The field A represents the test field. In the
eikonal approximation, the left-hand side of Eq. (2.1)
would typically dominate over other terms that could
appear in the system (e.g., field mass, spacetime cur-
vature, field spin). Therefore, the field A described in
Eq. (2.1) is not necessarily a scalar field. It can also be
Maxwell gauge fields or fields with different spins. In the
eikonal approximation, their evolution equations can be
expressed as Eq. (2.1).

The test field function can be further decomposed as

A = |a|eiS , (2.2)

where the amplitude |a| and the phase S are functions of
spacetime coordinates. The phase S varies on the scale of
field wavelength, while the amplitude is slowly changing.

Then, one defines the wavevector kµ = ∂µS. Eq. (2.1)
at the leading order and the next-to-leading order in the
eikonal limit can be written as

gµνkµkν = kµkµ = 0 , (2.3)

2kµ∂µ ln |a|+∇µkµ = 0 , (2.4)

respectively. The leading order equation (2.3) is equiva-
lent to the geodesic equations for null rays:

kµ∇µkν = kµ∇µ∇νS = kµ∇ν∇µS = kµ∇νkµ = 0 .
(2.5)

Therefore, in the eikonal limit, the wave solution of
Eq. (2.1) naturally corresponds to the light rays prop-
agating in the spacetime.

It is well-known that black hole QNMs can be treated
naively as test fields scattered around black holes. There-
fore, based on the geometric optics approximation, the
eikonal modes can be interpreted as wave packets lo-
calized near the spherical photon orbits. As mentioned
in the Introduction, this correspondence between eikonal
black hole QNMs and photon orbits has been well under-
stood for Schwarzschild black holes and several black hole
spacetimes beyond Schwarzschild that preserve spherical
symmetry. The eikonal correspondence for rotating black
holes is much more non-trivial and was just fully uncov-
ered in recent years e.g. see [72] and [73] for the investiga-
tion on Kerr and Kerr-Newman black holes, respectively.

A. Eikonal correspondence: Spherically symmetric
black holes

In this subsection, we briefly review how the correspon-
dence between eikonal black hole QNMs and the photon

orbits manifests for a spherically symmetric black hole.
The discussion strictly follows that in Ref. [82].

We first consider the single wave equation, which gen-
erally describes a test field ψ propagating in a spherically
symmetric spacetime:

ψ,yy +
(
ω2 − U

)
ψ = 0 , (2.6)

where ω is the frequency and U = U(y) is the effective
potential that depends only on a radial coordinate y. The
prime denotes partial derivatives. In the following discus-
sion, we will assume that the potential is real-valued and
has only a single peak. Also, the effective potential is as-
sumed to vanish near two asymptotic regions y → ±∞.
As mentioned before, the wave function can be parame-
terized as

ψ(y) = |a(y)|eiS(y)/ε̄ , (2.7)

where ε̄ tracks the order of the eikonal approximation. By
inserting the wave function (2.7) into the wave equation
(2.6), we get

|a|,yy +
i

ε̄
(2S,y|a|,y + |a|S,yy)− 1

ε̄2
|a|S2

,y

+
(
ω2 − U

)
|a| = 0 . (2.8)

In the leading order of the eikonal approximation, the
above equation reads:

− 1

ε̄2
S2
,y + ω2 − U = 0 . (2.9)

Although the frequency ω and the potential U do not
explicitly depend on ε̄, they can be expressed in terms of
eikonal expansion. Only the leading order terms of them
are considered in Eq. (2.9). After taking the derivative
with respect to y, we have

2

ε̄2
S,yS,yy + U,y = 0 . (2.10)

Because the boundary conditions for black hole QNMs
are S(y → ±∞) = ±ωy, there must exist a location
ym where the phase function S takes its minimum value,
i.e., (S,y)m = 0, where the subscript m means that the
quantity is evaluated at ym. According to Eq. (2.10), this
location ym is precisely the peak of the potential U . The
real part of QNM frequencies can therefore be obtained
by evaluating Eq. (2.9) at the potential peak:

ω
(0)
R =

√
Um , (2.11)

where the superscript (0) indicates the leading eikonal
order of the subject, in this case, ω.

Let us now consider the imaginary part of QNM fre-
quencies, which requires the calculations at the next-to-
leading eikonal order. Taking the imaginary part of the
next-to-leading eikonal order of Eq. (2.8), we have

1

ε̄
(2S,y|a|,y + |a|S,yy) + 2ω

(0)
R ω

(1)
I |a| = 0 , (2.12)
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where the superscript (1) indicates the next-to-leading
contribution. Evaluating this equation at the potential
peak ym, we get

1

ε̄
(S,yy)m + 2ω

(0)
R ω

(1)
I = 0 . (2.13)

The second derivative of the phase function can be ob-
tained by taking the Taylor expansion of Eq. (2.9) near
ym. We have

1

ε̄
(S,yy)m =

√
|U,yy|m

2
, (2.14)

and in conjunction, the imaginary part of QNM frequen-
cies

ω
(1)
I = −1

2

√
|U,yy|m

2Um
. (2.15)

According to Eqs. (2.11) and (2.15), one can determine
the eikonal QNM frequency by the value and the second
derivative of the potential at the potential peak. The
well-known eikonal correspondence between black hole
QNMs and the photon sphere around black holes is di-
rectly related to the fact that the potential peak ym in
the eikonal limit is precisely at the photon sphere [69].
For example, the effective potential for the Schwarzschild
black hole can be written as

U(y(r)) =

(
1− 2M

r

)
l(l + 1)

r2
+O(l0) . (2.16)

In the eikonal limit, we have ε̄l = O(1), so the first term
on the right-hand side of Eq. (2.16) dominates the re-
maining terms. The peak of the potential (2.16) is on
r = 3M , which is precisely at the photon sphere rph
around the Schwarzschild black hole. The right-hand
side of Eqs. (2.11) and (2.15) can be related to the or-
bital frequency Ωph and the Lyapunov exponent γph on
the photon sphere, respectively [69]:

ω
(0)
R = lΩph , ω

(1)
I = −1

2
|γph| , (2.17)

where

Ωph =

√
f(rph)

rph
, γ2

ph = −1

2

[
r2f

(
f

r2

)
,rr

]
ph

,

(2.18)
and f abbreviates f(r) ≡ 1−2M/r. This correspondence
holds not just for Schwarzschild black holes. It also holds
for charged black holes and even for several black hole
spacetimes in theories beyond GR, although some excep-
tions have been found in the literature [26, 81–84, 86].

Having shown that the waves naturally behave like
photons in the eikonal limit and that this property mani-
fests naturally as the correspondence between QNMs and
photon spheres for spherically symmetric black holes, one
may then ask how this correspondence appears if the

black hole is less symmetric. For Kerr black holes, one
even has to rely on the separability of both the geodesic
equations and the wave equations to identify the corre-
spondence [72]. What if the black hole is deformed such
that the geodesic equations and the wave equations no
longer separate? Can one still define an effective poten-
tial and its peak properly? If so, would the peak corre-
spond to some generalized spherical photon orbits? We
will investigate these issues in the rest of this paper.

III. DEFORMED SCHWARZSCHILD
SPACETIME

We consider a deformed Schwarzschild spacetime
whose deformations satisfy the following assumptions:
(i) The deformations are small, i.e., they can be pa-
rameterized by a small dimensionless parameter ε, (ii)
the deformed Schwarzschild spacetime is stationary and
axisymmetric, and (iii) no frame-dragging deformations
appear. The frame-dragging deformations would induce
frequency shifts to QNMs, similar to the eikonal corre-
spondence investigated in Ref. [66], where Schwarzschild
spacetimes are extended to slowly rotating ones. There-
fore, we will not consider frame-dragging deformations in
this paper.

We express the deformed Schwarzschild metric using
the standard Schwarzschild coordinates (t, r, θ, ϕ):

gtt = −
(

1− 2M

r

)(
1 + εAj(r) cosj θ

)
,

grr =

(
1− 2M

r

)−1 (
1 + εBj(r) cosj θ

)
,

gθθ = r2
(
1 + εCj(r) cosj θ

)
,

gϕϕ = r2 sin2 θ
(
1 + εDj(r) cosj θ

)
,

gtr = εaj(r) cosj θ , gtθ = εbj(r) cosj θ ,

grθ = εcj(r) cosj θ , grϕ = εdj(r) cosj θ ,

gθϕ = εej(r) cosj θ , (3.1)

where M is the black hole mass, and the dummy index j
stands for summations running upward from j = 0. The
deformed spacetime remains stationary and axisymmet-
ric, i.e., the metric does not depend explicitly on {t, ϕ}.
The metric deformations in each component of the metric
are expanded as a series of cos θ, with each term in the se-
ries weighted by a radial function. More specifically, the
radial functions Aj(r), Bj(r), Cj(r), and Dj(r) appear in
the diagonal components of the metric, while aj(r), bj(r),
cj(r), dj(r), and ej(r) appear in the off-diagonal compo-
nents. All these radial functions, roughly speaking, have
to vanish at r → ∞ in order to satisfy the asymptotic
flatness condition. However, they can be O(1) near the
event horizon. The parameter |ε| � 1 is dimensionless
and its smallness implies that the deformations are small.
In this paper, we will only consider expansions up to the
first order of ε. Finally, we exclude the frame-dragging
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terms, i.e., the gtϕ component, in the deformations, as
we have just mentioned at the beginning of this section.

The metric (3.1) contains several off-diagonal compo-
nents. One may wonder whether the metric can be diag-
onalized via some coordinate transformations. Here, we
will quickly show that these off-diagonal components ren-
der the spacetime non-circular and cannot be removed by
coordinate transformations. For the discussion on non-
circular spacetimes and their observational implications,
we refer the readers to Refs. [90–93].

Following the definition in Ref. [94] (sec. 6.3.4), an ax-
isymmetric and stationary metric satisfies the circularity
condition if there exist coordinate transformations that
render the metric coefficients gtr, gtθ, grϕ, gθϕ zero. We
follow the calculations of [90] by first defining the one-
forms associated with the two Killing vectors:

k = gtµdx
µ , η = gϕµdx

µ . (3.2)

The circularity of the metric is identical to the following
integrability conditions:

k ∧ η ∧ dk = k ∧ η ∧ dη = 0 . (3.3)

We find that

k ∧ η ∧ dk = gttgϕϕ

(
∂gtθ
∂r
− ∂gtr

∂θ

)
dt ∧ dr ∧ dθ ∧ dϕ

+ gϕϕ

(
gtr

∂gtt
∂θ
− gtθ

∂gtt
∂r

)
dt ∧ dr ∧ dθ ∧ dϕ ,

(3.4)

and

k ∧ η ∧ dη = gttgϕϕ

(
∂gθϕ
∂r
− ∂grϕ

∂θ

)
dt ∧ dr ∧ dθ ∧ dϕ

+ gtt

(
grϕ

∂gϕϕ
∂θ
− gθϕ

∂gϕϕ
∂r

)
dt ∧ dr ∧ dθ ∧ dϕ .

(3.5)

Up to the first order in ε, the above equations can be
expressed as

k ∧ η ∧ dk ≈ εr2 sin2 θf ′bj cosj θ

− εr2f sin2 θ

[
aj sin θ

d
(
cosj θ

)
d cos θ

+ b′j cosj θ

]
,

(3.6)

k ∧ η ∧ dη
≈− 2εr2f cos θ sin θdj cosj θ + 2εfr sin2 θej cosj θ

− εr2f sin2 θdj sin θ
d
(
cosj θ

)
d cos θ

− εr2f sin2 θe′j cosj θ ,

(3.7)

where f(r) = 1 − 2M/r and primes denote derivatives
with respect to r. Eqs. (3.6) and (3.7) are generically
not zero. Therefore, the deformed Schwarzschild metric
(3.1) is not circular. The off-diagonal components could
have physical consequences.

IV. KLEIN-GORDON EQUATION

In this paper, we consider massless scalar waves prop-
agating in the deformed Schwarzschild spacetime (3.1).
The consideration of different kinds of fields (vectors,
massive scalars, etc.) does not change the results be-
cause of the geometric optics approximation. The wave
equation is governed by the massless Klein-Gordon equa-
tion

�ψ = 0 . (4.1)

Because there are two Killing vectors ∂t and ∂ϕ, the wave
function as well as the wave equation can be decomposed
as

�ψ =

∫ ∞
−∞

dω

∞∑
m=−∞

ei(mϕ−ωt)D2
m,ωψm,ω(r, θ) , (4.2)

such that each Fourier mode of the wave function satisfies

D2
m,ωψm,ω = 0 . (4.3)

Here, m and ω represent the azimuthal number and the
mode frequency, respectively.

In the original Schwarzschild spacetime, the Klein-
Gordon equation is separable. More explicitly, using
Legendre functions as angular bases, the Klein-Gordon
equation can be separated into a radial equation and an
angular equation. The radial equation can be further re-
cast into a Schrödinger-like form with an effective poten-
tial1. However, once including general deformations, the
deformed Schwarzschild spacetime (3.1) does not allow
for separable solutions to the Klein-Gordon equation due
to the generic {r, θ} dependence in the operator. Re-
cently, a projection method has been proposed [87] to
deal with an “almost” separable system deformed from
a separable one. The non-separability of the system is
solely contributed by small spacetime deformations. In
such cases one can obtain the ε-order correction terms
on top of the zeroth order radial equation, and reshuffle
them into a modified radial equation that encodes the
QNM frequency shifts due to metric deformations up to
the first order. The method has been applied in Ref. [95]
to consider the QNMs of tidally deformed spacetimes.

Up to the first order of ε, the operator can be written
as

D2
m,ω = D2

(0)m,ω + εD2
(1)m,ω , (4.4)

where the zeroth order operator reads

D2
(0)m,ω =−

(
ω2 − m2f(r)

r2 sin2 θ

)
− f(r)

r2
∂r
(
r2f(r)∂r

)
− f(r)

r2 sin θ
∂θ (sin θ∂θ) . (4.5)

The first order operator is
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D2
(1)m,ω =

m2f(r)

r2 sin2 θ
(Aj −Dj) cosj θ − f(r)

r2
(Ai −Bj) cosj θ

[
∂r
(
r2f∂r

)]
− f2

2

(
A′j −B′j + C ′j +D′j

)
cosj θ∂r

− f

r2
(Aj − Cj) cosj θ

(
cot θ∂θ + ∂2

θ

)
− f

2r2

[
(Aj +Bj − Cj +Dj) ∂θ cosj θ

]
∂θ −

2iωf

r
aj cosj θ (r∂r + 1)

− iωf∂raj cosj θ − 2iω

r2
bj cosj θ∂θ −

iω

r2 sin θ
bj∂θ

(
cosj θ sin θ

)
− imf

r2 sin2 θ

[
2dj cosj θf∂r + ∂r (fdj) cosj θ

]
+

imf

r4 sin3 θ
ej
(
j cosj−1 θ sin2 θ + cosj+1 θ

)
− 2imf

r4 sin2 θ
ej cosj θ∂θ

+
f

r2

[
∂r (fcj) cosj θ∂θ + 2fcj cosj θ∂2

rθ

]
+

f2

r2 sin θ
cj∂θ

(
cosj θ sin θ

)
∂r . (4.6)

Note that the summations over j are implicitly assumed
in each term in Eq. (4.6).

To proceed, we adopt the ansatz

ψm,ω =

∞∑
l′=|m|

Pml′ (x)Rl′,m(r) , (4.7)

for the wave function and operate it using the operator
(4.4). Note that we have defined x = cos θ for simplicity.
The associated Legendre functions Pml (x) are the angular
basis of the zeroth order operator (4.5). More explicitly,
at the zeroth order, the master equation for wave func-
tions satisfying Eq. (4.7) can be factorized into a series
of radial differential equations, each containing a partic-
ular mode of multiple number l in that ansatz. Once the
deformations are included, the master equation becomes
non-separable as it can no longer be factorized into equa-
tions of particular modes. However, since the off-diagonal
terms, i.e., modes with multiple numbers different from
that of the zeroth order terms, are only of order ε, one
can project out the off-diagonal terms and focus only on
the corrections on the zeroth order equation [87].

The procedure that we have just mentioned above can
be illustrated explicitly as follows. We first insert the
expansion (4.7) into the operator (4.4), then take an inner
product with a Pml (x) for a given l:∫ 1

−1

dxPml (x)D2
m,ωψm,ω

=

∫ 1

−1

dxPml (x)
[
D2

(0)m,ω + εD2
(1)m,ω

]
ψm,ω . (4.8)

By the normalization condition∫ 1

−1

dxPml (x)Pmk (x) = Nlmδlk ,

where Nlm ≡
2(l +m)!

(2l + 1)(l −m)!
, (4.9)

1 For the Schwarzschild metric, it corresponds to the Regge-
Wheeler equation with spin s = 0.

the zeroth order operator can be written as

1

Nlm

∫ 1

−1

dxPml (x)D2
(0)m,ωψm,ω

=

[
−ω2 +

f

r2
l(l + 1)− f

r2
∂r
(
r2f∂r

)]
Rl,m . (4.10)

By inserting f(r) = 1 − 2M/r, one gets the Regge-
Wheeler equation with spin s = 0, namely, the mas-
ter equation for massless scalar fields propagating in the
Schwarzschild spacetime.

For the first order operator, we find it convenient to
define the following coefficients:

ajlm =
m2

Nlm

∫ 1

−1

xj (Pml )
2

1− x2
dx , (4.11)

bjlm =
1

Nlm

∫ 1

−1

xj (Pml )
2
dx , (4.12)

cjlm =
1

Nlm

∫ 1

−1

xjPml
[(

1− x2
)
∂2
x − 2x∂x

]
Pml dx ,

(4.13)

djlm =
1

Nlm

∫ 1

−1

Pml
(
1− x2

) (
∂xx

j
)

(∂xP
m
l ) dx , (4.14)

ejlm =
−1

Nlm

∫ 1

−1

dxxjPml
√

1− x2∂xP
m
l , (4.15)

f jlm =
1

Nlm

∫ 1

−1

dx (Pml )
2

[
xj+1

√
1− x2

−
√

1− x2∂xx
j

]
,

(4.16)

gjlm =
m

Nlm

∫ 1

−1

xj (Pml )
2
dx

1− x2
, (4.17)

hjlm =
m

Nlm

∫ 1

−1

(Pml )
2
dx

(1− x2)
3/2

[
jxj−1

(
1− x2

)
+ xj+1

]
+

2m

Nlm

∫ 1

−1

xjPml (∂xP
m
l ) dx√

1− x2
. (4.18)

By using integrations by part, it can be shown that these
coefficients satisfy the following relations

2ejlm + f jlm = 0 , hjlm = 0 . (4.19)
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Also, we have

cjlm = −l(l + 1)bjlm + ajlm ,

d0
lm = 0 ,

ajlm = bjlm = cjlm = djlm = gjlm = 0 if j is odd, (4.20)

and

ejlm = f jlm if j is even. (4.21)

The identity (4.21) and the first identity of Eq. (4.19)

directly imply ejlm = 0 if j is even.
With the above coefficients, the first order operator

can be expressed as

1

Nlm

∫ 1

−1

dxPml D2
(1)m,ωψm,ω

=
f

r2

[
ajlm (Aj −Dj)− cjlm (Aj − Cj)−

djlm
2

(Aj +Bj − Cj +Dj) + ejlm∂r (fcj)− igjlm∂r (fdj)

]
Rl,m

− f

r2
bjlm (Aj −Bj) ∂r

(
r2f∂r

)
Rl,m −

f2

2r2

[
bjlmr

2
(
A′j −B′j + C ′j +D′j

)
+ 4igjlmdj +

4iωr2bjlmaj
f

]
∂rRl,m

−
iωfbjlm
r

(
2aj + ra′j

)
Rl,m . (4.22)

Again, the summations over j are implicitly assumed,
and the prime denotes the derivatives with respect to r.

A. Effective potential

As we have mentioned, at the zeroth order, the master
equation can be written as a Schrödinger-like form, which
contains an effective potential. It can also be done in
the presence of spacetime deformations if only taking ε-
order effects into account. After recasting the master
equation into the Schrödinger-like form and determining
the effective potential in the presence of deformations, we
can directly compare how the deformations modify the
effective potential and, in turn, the QNMs themselves.

In order to rewrite the master equation into a
Schrödinger-like form, we define the tortoise radius r∗
that satisfies

dr

dr∗
= f(r)

[
1 +

ε

2
bjlm (Aj −Bj)

]
. (4.23)

Then, we redefine a new radial wave function Ψl,m relat-
ing to the original radial wave function Rl,m as

Rl,m =
Ψl,m

r

[
1 +

ε

4
bjlm (Aj −Bj)− ε

∫
dr
Zlm(r)

4r2

]
,

(4.24)
where

Zlm(r) ≡ bjlmr
2
(
A′j −B′j + C ′j +D′j

)
+ 4igjlmdj +

4iωr2bjlmaj
f

. (4.25)

The master equation can then be rewritten in the follow-
ing Schrödinger-like form:

∂2
r∗Ψl,m + ω2Ψl,m = Veff(r)Ψl,m , (4.26)

where the modified effective potential reads

Veff(r) = l(l + 1)
f

r2
+
f

r

df

dr

[
1 + εbjlm (Aj −Bj)

]
+ ε

{
f

r2

[
ajlm (Aj −Dj)− cjlm (Aj − Cj)−

djlm
2

(Aj +Bj − Cj +Dj)

+ ejlm∂r (fcj)
]

+
1

4r2

d

dr∗

[
bjlmr

2 d

dr∗
(Aj −Bj + Cj +Dj)

]
−
bjlm
4

d2

dr2
∗

(Aj −Bj)

}
. (4.27)

Note that only the coefficients ajlm, bjlm, cjlm, djlm, and ejlm appear in the effective potential Veff(r). In addition,
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although the right-hand side of Eq. (4.22) depends on the
frequency ω, the effective potential (4.27) does not. It is
then clear from Eq. (4.27) how the deformation functions
in the metric modify the effective potential of the master
equation. Finally, we would like to mention that grθ, i.e.,
the metric function cj(r), is the only off-diagonal metric
component that enters the effective potential. However,
it does not mean that other off-diagonal metric compo-
nents are not physical. In fact, as we have shown in
Sec. III, the deformed spacetime is non-circular due to
the presence of the metric functions in other off-diagonal
components. Therefore, these off-diagonal metric com-
ponents cannot be removed by simply using coordinate
transformations. It just happens that they do not con-
tribute to the effective potential due to our neglection of
higher-order deformation effects. Note that although the
metric functions that encode the spacetime deformations
can be quite arbitrary, in the rest of this paper, we will
assume the deformations to be mild enough such that
the effective potential (4.27) still has a single peak for
simplicity.

V. EIKONAL LIMIT

As we have mentioned, the correspondence between
eikonal QNMs and photon geodesics, in particular, the
photon sphere around black holes, is tightly related to
the fact that in the eikonal limit, the peak of the effective
potential is located precisely at the photon sphere. In the
previous section, we have obtained the effective potential
for the radial master equation of QNMs. It allows us to
examine how the peak of the effective potential would be
altered in the presence of spacetime deformations.

In the case of static and spherically symmetric space-
times, the effective potential contains only the multiple
number l, not the azimuthal number m. Therefore, the
eikonal limit corresponds to the limit where l goes to in-
finity (l � 1). However, in the presence of spacetime
deformations, the effective potential depends on m, and
thus, the behaviors of high-frequency modes could be dif-
ferent for different values of m. In this section, we will
first focus on two special cases: |m| = l and m = 0, then
discuss how the effective potential would behave in the
eikonal limit for these cases separately. The general dis-
cussions on arbitrary m will be presented at the end of
this section.

A. |m| = l

We first consider the case with |m| = l. Note that
the associated Legendre functions with m = l can be

expressed as

P 0
0 = 1 ,

P ll (x) = (−1)
l (2l − 1)!

2l−1 (l − 1)!

(
1− x2

)l/2
, for l ≥ 1 .

(5.1)

On the other hand, for the case with m = −l, we have

P−ll (x) =
(2l − 1)!

2l−1 (l − 1)! (2l)!

(
1− x2

)l/2
. (5.2)

Using the above expressions, one can directly compute
the coefficients ajll, a

j
l−l, b

j
ll, b

j
l−l, c

j
ll, c

j
l−l, d

j
ll, and djl−l.

When j is even, i.e., when j equals 2k with k being non-
negative integers, these coefficients are

ajll = ajl−l =
l (2l + 1)Cl+kk

2C2l+2k
2k

, (5.3)

bjll = bjl−l =
(2l + 1)Cl+kk

(2l + 2k + 1)C2l+2k
2k

, (5.4)

cjll = cjl−l =
l (2l + 1) (2k − 1)Cl+kk

2 (2l + 2k + 1)C2l+2k
2k

, (5.5)

djll = djl−l = −
2kl (2l + 1)Cl+kk

(2l + 2k + 1)C2l+2k
2k

, (5.6)

where Cab ≡ a!/[b!(a − b)!] is the combination number.
When j is odd, these coefficients are identically zero.

As for the coefficients ejll and ejl−l, one can use Stirling’s
approximation to get their asymptotic expressions in the
eikonal limit (l� 1):

ejll ≈ e
j
l−l ≈

2(2k + 1)(2k)!

4k+1k!
l−k , (5.7)

when j is odd (j = 2k + 1), and ejll = ejl−l = 0 when j is
even.

According to the above expressions, in the eikonal limit
(l � 1) for the case with |m| = l, the dominant coeffi-
cients are a0

ll and a0
l−l, approximated as

a0
ll = a0

l−l ≈ l2 . (5.8)

Therefore, in this case, the effective potential (4.27) can
be approximated as

Veff(r) ≈ l2 f
r2

[1 + ε (A0 −D0)] . (5.9)

Notice that only the deformation functions with j = 0
in the gtt and gϕϕ components dominate the effective
potential of eikonal modes with |m| = l.

B. m = 0

For the case with m = 0, the associated Legendre func-
tion reduces to the Legendre function Pl. In the large l
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limit, we have

Pl (cos θ) =
2√

2πl sin θ
cos

[(
l +

1

2

)
θ − π

4

]
+O

(
l−3/2

)
.

(5.10)
Plugging the formula above into coefficients, when j is
even (j = 2k), we have

bjl0 ≈
1

4k
C2k
k , (5.11)

cjl0 ≈ −
1

4k
C2k
k l2 , (5.12)

djl0 ≈
k

4k
C2k
k , (5.13)

while when j is odd (j = 2k + 1), these coefficients are
identically zero. Clearly, in the eikonal limit, the coeffi-
cients cjl0 with even j dominate over the coefficients bjl0
and djl0 because cjl0 scale quadratically while bjl0 and djl0
scale linearly in l.

The estimation of the coefficients ajl0 can be achieved

by identity cjlm = −l(l + 1)bjlm + ajlm. It can be directly

seen from Eqs. (5.11) and (5.12) that the coefficients ajl0
are subdominant compared with cjl0.

Finally, the estimation of the coefficients ejl0 seems
more involved. At this point, we will only exhibit that
the coefficients ejl0 are also subdominant compared with

cjl0. We shall only focus on the cases in which j is odd

(j = 2k + 1) because ejl0 = 0 for even j. We can write

|ejl0| =
2

Nl0

∣∣∣∣∫ 1

0

dxx2k+1
√

1− x2Pl(x)∂xPl(x)

∣∣∣∣
≤ 2

Nl0

∫ 1

0

dxx2k+1
√

1− x2 |Pl(x)| |∂xPl(x)|

≤ 4

Nl0π

√
l + 2

3

l + 1
2

∫ 1

0

dx
x2k+1

(1− x2)
1/4

=
k!Γ (3/4)

πΓ (k + 7/4)

√
l + 2

3

l + 1
2

(2l + 1) . (5.14)

During the above estimation, we have used the improved
version of Bernstein’s inequality [96, 97]

|Pl(x)| <

√
2

π (l + 1/2)

1

(1− x2)
1/4

,

for l ≥ 0 and x ∈ [−1, 1] . (5.15)

To estimate the derivative of Legendre polynomials, we
have used the following inequality [98]

∣∣(1− x2
)
∂xPl(x)

∣∣ <√ 2

π
(l + 2/3) ,

for l ≥ 0 and x ∈ [−1, 1] . (5.16)

In the eikonal limit, the right-hand side of the inequal-
ity (5.14), which acts as an upper bound of |ejl0|, scales as

O(l). Therefore, in this limit, the coefficients ejl0 are sub-

dominant compared with the coefficients cjl0 that scale as
O(l2). As a consequence, in the eikonal limit, the effec-
tive potential for QNMs with m = 0 can be approximated
as

Veff(r) ≈ l2 f
r2

[
1 + ε

∞∑
k=0

1

4k
C2k
k (A2k − C2k)

]
. (5.17)

C. Generic m

For generic cases with arbitrary m, we may utilize the
classical limit of the 3-J symbol to generate the coeffi-
cients [99]:

lim
l→∞

∫
YlmYsms

Y ∗(l+δl)(m+ms)dΩ

≈
√

2s+ 1

4π
dsms,δl

(π
2

)
dsms,δl

(
cos−1 α

)
, (5.18)

where Ylm(θ, ϕ) ≡
√

(2l+1)(l−m)!
4π(l+m)! Pml (cos θ)eimϕ is the

spherical harmonics, Ω is the measure over a 2-sphere,
dsms,δl

(β) ≡
∫
Y ∗sms

R(β)Ysδl dΩ is the Wigner d matrix

with a pitchR of angle β, and α ≡ (2m+ms)/(2l+δl+1)
is the cosine of the rotation angle that will be related to
the inclination angle of the corresponding orbit.

By relating Ys0 to xj , liml→∞
∫
xjYlmY

∗
lmdΩ turns out

to be 1, 0, (1 − α2)/2, 0, 3(1 − α2)2/8..., for j = 0, 1, 2...,
with the generating function G(z) = (1−(1−α2)z2)−1/2.
Thus, we obtain the generic formulae of the coefficients:

a(2k)lm ≈ l2α2
(
1− α2

)k
4−kC2k

k

× 2F1

(
1, k +

1

2
; k + 1; 1− α2

)
,

b(2k)lm ≈
(
1− α2

)k
4−kC2k

k ,

c(2k) lm ≈ a(2k) lm − l2b(2k) lm ,

d(2k)lm ≈
(
1− α2

)k−1
4−kC2k

k

(
k − k (2k + 1)α2

)
,

e(2k+1)lm ≈
(
1− α2

)k
4−k−1C2k+2

k+1

×
(

(k + 1) 2F1

(
−1

2
, k +

1

2
; k + 1; 1− α2

)
−1− α2

2
2F1

(
1

2
, k +

3

2
; k + 2; 1− α2

))
,

(5.19)

where F is the hypergeometric function. Coefficients of
opposite parity (odd for a ∼ d, even for e) vanish exactly.

The formulae above match the leading order coef-
ficients obtained in previous subsections but not the
higher-order ones such as c2ll or ejl0 since the approx-
imation deployed in this subsection contains o(1) sub-
traction when converting Ys0 to xj . Nonetheless, we are
certain that only ajlm and cjlm survive the eikonal limit
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regardless of m since they are the only terms of order l2

in m = 0 ∨ ±l cases discussed previously, or when α is
away from 0 (m = 0) and 1 (|m| = l).

For completeness, let us write down the effective po-
tential for eikonal QNMs of arbitrary m

Veff(r) ≈ l2 f
r2

{
1 + ε

∞∑
k=0

(
1− α2

)k
4−kC2k

k

[
α2

2F1

(
1, k +

1

2
; k + 1; 1− α2

)
(A2k −D2k)

+
1− α2

2k + 2
2F1

(
1, k +

1

2
; k + 2; 1− α2

)
(A2k − C2k)

]}
, (5.20)

where we have applied the identity α2
2F1

(
1, k + 1

2 ; k + 1; 1− α2
)

+ 1−α2

2k+2 2F1

(
1, k + 1

2 ; k + 2; 1− α2
)

= 1.

VI. EIKONAL CORRESPONDENCE WITH
PHOTON ORBITS

Roughly speaking, the correspondence between eikonal
QNMs of spherically symmetric black holes and the pho-
ton sphere originates from the location of the peak of
the effective potential in the master equation for eikonal
QNMs, which is at the photon sphere around the black
hole. In this section, we will extend the investigation to
the deformed Schwarzschild black hole (3.1). We will first
consider circular photon orbits, in which photons undergo
planar motion parallel to the equatorial plane θ = π/2.
It turns out that these orbits still exist in this spacetime,
and there is a correspondence between these circular or-
bits and the eikonal QNMs with |m| = l. Then, we will
consider polar orbits that are nearly circular, i.e., with
slightly varying radii. However, these orbits are periodic
and cross the poles (|x| = 1) repeatedly. We will show
that the same as the cases for generic orbits, the peak of
the effective potential coincides with the averaged radius
of these nearly circular orbits along one complete period.

A. Circular photon orbits

We first reconsider the deformed Schwarzschild metric
(3.1) and rewrite it in the following form:

ds2 = gttdt
2 + grrdr

2 + gθθdθ
2 + gϕϕdϕ

2

+ 2gtrdrdt+ 2gtθdθdt+ 2grϕdrdϕ+ 2gθϕdθdϕ

+ 2grθdrdθ . (6.1)

According to Eq. (3.1), the diagonal components of the
metric have non-vanishing zeroth order parts, i.e., the
Schwarzschild metric, plus the first order terms in ε. On
the other hand, the off-diagonal parts are O(ε) by them-
selves.

Then, we consider the geodesic equations of massless
particles moving in the spacetime (6.1). The axisymme-
try and stationarity lead to two constants of motion:

E = −gttṫ− gtr ṙ − gtθ θ̇ , (6.2)

Lz = gϕϕϕ̇+ grϕṙ + gθϕθ̇ , (6.3)

where E and Lz are the energy and the azimuthal angular
momentum of particles. The dot denotes the derivative
with respect to the affine parameter λ. The above equa-
tions can be solved to get

ṫ = −E + gtr ṙ + gtθ θ̇

gtt
, (6.4)

ϕ̇ =
Lz − grϕṙ − gθϕθ̇

gϕϕ
. (6.5)

Expanding up to the first order in ε, the constraint equa-
tion of photon geodesics can be written as

E2

gtt
+

L2
z

gϕϕ
+ grr ṙ

2 + gθθ θ̇
2 + 2grθ ṙθ̇ = 0 . (6.6)

The circular orbits are defined by photons moving at a
constant radius r and on a fixed plane parallel to the
equatorial plane2. These photon orbits are then associ-
ated with ṙ = r̈ = θ̇ = θ̈ = 0 for all affine time λ, thus
satisfying the following constraint equation:

1

gtt
+

b2

gϕϕ
= 0 , (6.7)

where b ≡ Lz/E is the impact parameter of the photon
orbits.

Using the geodesic equation

d

dλ
(gµν ẋ

ν) =
1

2
(∂µgαβ) ẋαẋβ , (6.8)

requiring ṙ = θ̇ = r̈ = θ̈ = 0, and taking its radial and
polar angle components, we get

1

g2
tt

∂rgtt +
b2

g2
ϕϕ

∂rgϕϕ = 0 , (6.9)

1

g2
tt

∂θgtt +
b2

g2
ϕϕ

∂θgϕϕ = 0 . (6.10)

2 In general, these photon orbits are not on the equatorial plane
because the spacetime is equator reflection asymmetric.
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In principle, one can obtain the associated radius r, the
polar angle θ, and the impact parameter b of the orbits by
simultaneously solving Eqs. (6.7), (6.9), and (6.10). Now,
we will show that the radius r of these orbits must be at
the peak of Eq. (5.9), i.e., the potential corresponding to
the eikonal QNMs with |m| = l. It can be done without
having explicit forms of the deformation functions Aj(r)
and Dj(r).

We first start with Eq. (6.10). In the presence of space-
time deformations, Eq. (6.10) implies that circular orbits
would lie on planes with θ = π/2+O (ε).3 By eliminating
b2 in Eqs. (6.7) and (6.9), one finds that the radius r of
circular photon orbits can be determined by

∂r

(
gtt
gϕϕ

)
= 0 , (6.11)

which, up to the first order in ε, can be written as

∂r

[
f (1 + εA0)

r2 (1 + εD0)

]
≈ ∂r

[
f

r2
(1 + εA0 − εD0)

]
= 0 .

(6.12)
Note that no θ dependence appears in the equation be-
cause ε cos θ ∼ O

(
ε2
)

and sin θ ≈ 1 +O
(
ε2
)
, as the only

terms depending on θ, receive no correction. According
to Eq. (6.12), one sees that the radius of circular pho-
ton orbits follows the same equation that determines the
peak of the effective potential (5.9). Therefore, the cor-
respondence between eikonal QNMs with |m| = l and
circular photon orbits holds for deformed Schwarzschild
black holes.

B. Polar orbits

After constructing the correspondence between eikonal
QNMs and circular photon orbits for deformed
Schwarzschild black holes, we then switch gear and con-
sider the polar photon orbits and see whether an analog
correspondence for these orbits also exists. The discus-
sion about photon orbits with arbitrary inclinations will
be exhibited later.

It is well-known that the spherical photon orbits
around Schwarzschild black holes are always perfect cir-
cles. More explicitly, each of them is a light ring with
a radius r = 3M , the union of which forms a photon
sphere. After the spacetime is deformed, most of the cir-
cular orbits would become neither circular nor planar,
except for the special orbits that remain parallel to the
equatorial plane, i.e., the orbits discussed in the previous
subsection. For those orbits that receive non-circular de-
formations, since the spacetime deformations are O(ε),
the deviations of the orbits from circular and planar mo-
tions also remain O(ε). For these generic “light rings”
with non-zero inclination angles to the axis of spacetime

3 Only deformations of odd parity along θ contribute.

symmetry, the light ring radius should pick up a non-
constant deformation. Therefore, the correspondence be-
tween the potential peak of the QNMs, which is a con-
stant for a particular mode, and the light ring radius,
seems ill-defined. Nevertheless, let us proceed and solve
the orbit, in the hope of finding a correspondence that
permits physical interpretations.

Let us consider the geodesic equations for polar orbits
first. Natural conditions would be ṙ ∼ O(ε) as we fo-
cus on orbits around the photon sphere, and Lz ∼ O(ε).
Therefore Eqs. (6.4), (6.5), and the constraint equation
become

ṫ =
E + gtθ θ̇

−gtt
, (6.13)

ϕ̇ =
Lz − gθϕθ̇

gϕϕ
, (6.14)

0 =
E2

−gtt
− A2θ̇2 + L2

z

gϕϕ
+O(ε2) , (6.15)

where A ≡
√
gθθgϕϕ − g2

θϕ is the area element of θ, ϕ,

and is everywhere semi-positive-definite. For the polar
orbit to cross the poles (gϕϕ = 0) at a finite θ̇, in ad-
dition to the vanishing of Lz, the following condition
A2 = O(gϕϕ) around the poles is also mandatory 4, indi-
cating that g−1

ϕϕA
2 receives O(ε2) corrections everywhere.

Unfortunately, ϕ̇ could be large, and extra care must be
taken. We now turn our attention to the r component of
Eq. (6.8)

d

dλ
(grr ṙ) =

E2

2gtt
∂r ln

∣∣∣∣ gttgθθ
∣∣∣∣− d

dλ

((
grθ − grϕ

gθϕ
gϕϕ

)
θ̇

)
+

(
gtθ∂r ln

∣∣∣∣gtθgtt
∣∣∣∣+ gtr∂θ ln

∣∣∣∣ gttgtr
∣∣∣∣) ṫθ̇ +O(ε2) .

(6.16)

As we have just mentioned, these deformed “light
rings” do not have a constant radius r. However, these
orbits have to be periodic as they pass through the poles
and can be regarded as a class of limit cycles in the phase
space. It allows us to integrate Eq. (6.16) along a closed

loop for one period in λ direction, i.e.,
∮
dλ =

∮
θ̇−1dθ.

For detailed reasons shown later along with the discus-
sion for generic orbital inclinations, only the first term
on the right-hand side of Eq. (6.16) dominates the inte-
gration. Therefore, we get

o(ε) ∝
∫ 2π

0

dθ∂r ln

∣∣∣∣ gttgθθ
∣∣∣∣

=

∫ 2π

0

dθ∂r

[
f

r2

(
1 + ε (Aj − Cj) cosj θ

)]
∝ ∂r

[
f

r2

(
1 + ε

∞∑
k=0

1

4k
C2k
k (A2k − C2k)

)]
, (6.17)

4 The condition ensures the topology of S2.
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where the dummy index j stands for summation over
all non-negative integers. Note that the integration runs
from θ = 0 to θ = 2π, meaning that the trajectories
go back and forth through the two poles. According to
Eq. (6.17), one sees that the integrated equation, up to
O(ε), is equal to the equation that determines the peak
of the effective potential (5.17). Later in the next subsec-
tion, we will show explicitly that the peak of the effective
potential can be interpreted as an averaged radius of de-
formed light rings along a period.

C. Orbits with generic inclinations

Methods in the last subsection can also be applied to
general cases with Lz 6= 0. The only difference is that the
orbits no longer pass the poles, sparing us from dealing
with coordinate singularities. Again let us consider the
r component of Eq. (6.8)

d

dλ
(grr ṙ) =

E2

2gtt

(
(1 + K) ∂r ln

∣∣∣∣ gttgϕϕ

∣∣∣∣− K ∂r ln

∣∣∣∣ gttgθθ
∣∣∣∣)

+

(
gtθ∂r ln

∣∣∣∣gtθgtt
∣∣∣∣+ gtr∂θ ln

∣∣∣∣ gttgtr
∣∣∣∣) ṫθ̇

+

(
gθϕ∂r ln

gθϕ
gϕϕ

+ grϕ∂θ ln
gϕϕ
grϕ

)
θ̇ϕ̇

− d

dλ

(
grθ θ̇

)
, (6.18)

with K ≡ E−2gttgθθ θ̇
2 = −1 − L2

zE
−2gttg

−1
ϕϕ . As we

argued before, “light rings” have to be periodic and thus
correspond to a class of limit cycles. Let us focus on the
Lyapunov exponent of a limit cycle r∗ on a θ section〈
d

dλ
(grr ṙ)

〉
= 〈∂rF (r∗, θ)(r − r∗)〉

= ∂rF0(rP ) 〈r − r∗〉+ o(ε)

= ∂rF0(rP ) 〈r − rP 〉+ ε 〈F1(rP , θ)〉+O(ε2) ,
(6.19)

where 〈 〉 ≡
∮
θ̇−1dθ is the integration over one revolu-

tion, with r, r∗, and θ̇ considered functions of θ, F (r, θ)
represents the right-hand side of Eq. (6.18), Fn is the n-
th order term of F in ε with F0 independent of θ, and rP
is the photon sphere radius of a Schwarzschild black hole.
The first equality defines the Lyapunov exponent of the
deformed limit cycle Λ ≡

√
∂rF (r∗, θ), while the third is

the ε-expansion of F . The second equality comes from
the largeness of the background Lyapunov exponent, sug-
gesting O(ε) proximity of the deformed limit cycle to the
Schwarzschild one. Therefore, we may utilize background
θ to determine r∗, rendering the last three terms on the
right-hand side of Eq. (6.18) o(ε) after tracing over one
revolution.5 The integrated equation can be interpreted

5 Two of these terms are the non-circularity introduced in section
III. The suppression of the non-circularity can be understood as

as determining up to O(ε) the averaged photon ring ra-
dius if the orbit is closed radially up to o(ε).

The orbit up to O(1) can be characterized by its incli-
nation angle δ as

K = −
(
1− x2

)−1 (
sin2 δ − x2

)
, (6.20)

ẋ = ±

√
E2
(
sin2 δ − x2

)
−gttgθθ

, (6.21)

with x = cos θ, and the integration of Eq. (6.18) over one
period is

o(ε) =

∫ ± sin δ

∓ sin δ

(
(1 + K) ∂r ln

∣∣∣∣ gttgϕϕ

∣∣∣∣− K ∂r ln

∣∣∣∣ gttgθθ
∣∣∣∣) dx

ẋ

∝
∑
k

s2k4−kC2k
k

((
1− s2

)
2F1

(
1, k +

1

2
; k + 1; s2

)
× ∂r(A2k −D2k) +

s2

2k + 2
2F1

(
1, k +

1

2
; k + 2; s2

)
× ∂r(A2k − C2k)

)
+ ∂r

(
fr−2

)
, (6.22)

with s ≡ sin δ. Comparing the equation above with
Eq. (5.20), we notice that the equations derived from two
different approaches coincide if we identify s2 = 1 − α2.
Thus, cos−1(m/l) corresponds to the inclination angle of
the orbit, and the potential peak to the averaged photon
ring radius.

Having formulated the correspondence between the
peak of the eikonal effective potential and the averaged
photon ring radius, we can base on the results of sec. II A
i.e., Eq. (2.17), to formally build the eikonal correspon-
dence between eikonal QNMs and the deformed photon
sphere in the deformed Schwarzschild spacetime.

VII. CONCLUSIONS

Based on the geometric optics approximation in
generic curved spacetimes, the eikonal black hole QNMs
are tightly related to the spherical photon orbits around
the black hole. The violation of this eikonal correspon-
dence can be a smoking gun of physics beyond GR. It
is thus timely to understand how the eikonal correspon-
dence could be broken in different circumstances.

It should be emphasized that the explicit identifica-
tion of the eikonal correspondence for non-rotating black
holes and rotating black holes (Kerr and Kerr-Newman
spacetimes) in the literature substantially relies on the
symmetries of the spacetime. One symmetry gives rise
to the separability of master wave equations, and another
to the separability of geodesic equations. However, there
is no theoretical evidence that these symmetries are still

the irrelevance of the wave function deformation at linear order.
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preserved when going beyond GR. Therefore, to better
understand how to utilize the eikonal correspondence for
testing black hole models and gravitational theories, a
thorough understanding of how to identify the correspon-
dence in black hole spacetimes without sufficient symme-
tries, is required.

In this work, we identify the well-defined eikonal corre-
spondence for a Schwarzschild spacetime with a generic
axisymmetric stationary deformation, neglecting frame-
dragging effects. Although neither the master wave equa-
tions nor the geodesic equations are separable, the as-
sumption that the spacetime deformations are small, i.e.,
only taking the ε-order contributions into account, allows
us to build the correspondence. Specifically, with this as-
sumption, the radial part of the QNM master equation
can be decoupled from the angular part, and recast into
a Schrödinger-like form. The effective potential (4.27)
in the equation has a well-defined peak, which differs
slightly from r = 3M due to the spacetime deformations.
On the other hand, we find that the trapped photon or-
bits in the deformed Schwarzschild spacetime do not have
a constant r in general, even though circular orbits still
exist and are parallel to the equatorial plane. The peri-
odicity of the trapped photon orbits allows us to define
the averaged radius of the orbits along one period. It
turns out that in the eikonal limit, the peak radius of
the effective QNM potential is identical to the averaged
radius of the trapped photon orbits. The conclusion is

valid for orbits with arbitrary inclinations.
The spacetime deformations we consider in this pa-

per, although already very general, do not break the ax-
isymmetry of the spacetime. It will be interesting to see
whether a similar sense of eikonal correspondence can be
identified or not when axisymmetry is broken. In addi-
tion, the assumption of the Schwarzschild spacetime as
the reference for the order analysis is just for simplic-
ity. Our ultimate goal is to understand the eikonal cor-
respondence of a non-Kerr spacetime, with either small
or moderate deformations from the Kerr metric. The
eikonal correspondence can also be helpful in the gravi-
tational waveform modelings of black hole mergers [100].
We hope to address these issues elsewhere in the future.
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