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Covariant Hamiltonian

Lagrangian L(φ, ∂φ, x)→
Legendre transformation ∂φ↔ p→
Hamiltonian H(φ, p, x)
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Covariant Hamiltonian

Lagrangian L(φ, ∂φ, x)→
Legendre transformation ∂φ↔ p→
Hamiltonian H(φ, p, x)

Conventional theory: Momentum pA = ∂L
∂φ̇A

Covariant theory: Multi-momentum piA = ∂L
∂(∂iφ̇A)

Covariant Hamiltonian H = piA∂iφA − L
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Covariant Hamiltonian II

Canonical equations: ∂H∂φA = −∂cpcA , ∂H
∂pcA = ∂cφA
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Covariant Hamiltonian II

Canonical equations: ∂H∂φA = −∂cpcA , ∂H
∂pcA = ∂cφA

∂dpcA =?? Gauge freedom for multi-momenta
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F(R) Gravity

General Relativity L = 1
16π
√
−gR

F(R) Gravity L = 1
16π
√
−gF(R)
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Einstein frame

Jordan frame LJ = 1
16π
√
−g [F(B) + F′(B)(R− B)]

Weyl transformation
g̃ij = F′gij =⇒ R̃ = R

F′ −
3
F′� ln F′ − 3

2F′∂i ln F
′gij∂j ln F′

B-terms transformation V = F′B−F
F′ , φ̃ =

√
3
2 ln F′

Einstein frame
LE = 1

16π
√
−g
[
R̃− g̃ij∂iφ̃∂jφ̃− V(φ̃)

]
+
√
6

16π∂i

(√
−g̃g̃ij∂jφ̃

)
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Lagrangian Separation

L ∼ R ∼ ∂Γ ∼ ∂2g
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Lagrangian Separation

L ∼ R ∼ ∂Γ ∼ ∂2g
L = L(g, ∂g, ∂2g)

L = Lquad(g, ∂g) + Lsurf , where Lsurf = ∂iV i

0 = δA = δ
∫
M Ldx

D = δ
∫
M Lquaddx

D + δ
∮
∂M V

idSi
δ
∮
∂M V

idSi = 0
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idSi 6= 0 Surface behaviour

LJquad =

√
−g
16π

[
F′gab

(
ΓcbdΓ

d
ac − ΓddcΓ

c
ab

)
−

−F′′∂cB
(

Γcabg
ab − Γaabg

cb
)

+ F − F′B
]
,

LEquad =

√
−g̃
16π

[
g̃ab
(

Γ̃cbdΓ̃
d
ac − Γ̃ddcΓ̃

c
ab − ∂aφ̃∂bφ̃

)
− V

]
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New variable f ab

Momentum Mabc = ∂L
∂(∂cgab)

= complicated

∂cgab = ∂cgab(Mabc) = impossible
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(Multi-)Momenta

Two kinds of momenta Ncab = ∂L
∂(∂cf ab)

, pa = ∂L
∂(∂aB)

Ncab =
F′

16π

[
−Γcab +

1
2

(
Γkakδ

c
b + Γkbkδ

c
a

)]
+

+
F′′

32π
(∂aBδcb + ∂bBδca + ∂gBf gcfab) ,

Ñcab =
F′

16π

[
−Γ̃cab +

1
2

(
Γ̃kakδ

c
b + Γ̃kbkδ

c
a

)]
,

pc = − F′′

16π

(
f bdΓcbd − f

bcΓdbd

)
,

p̃c = − 1
8π
f̃ cb∂bφ̃ .
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Hamiltonians

Legendre transformation H = Ncab∂cf
ab + pa∂aB− L
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Hamiltonians

Legendre transformation H = Ncab∂cf
ab + pa∂aB− L

H = H(f ,B,N, p) X L(f , Γ,B, ∂B)

Γ = Γ(f ,B,N, p) , ∂B = ∂B(f ,B,N, p)
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Hamiltonians

Legendre transformation H = Ncab∂cf
ab + pa∂aB− L

H = H(f ,B,N, p) X L(f , Γ,B, ∂B)

Γ = Γ(f ,B,N, p) , ∂B = ∂B(f ,B,N, p)

HJ =
16π
F′
f ab
(
NcbdN

d
ca −

1
3
NccaN

d
bd

)
−

−8πF
′

3
fab

(
pa

F′′
− N

a
mn
F′
fmn
)(

pb

F′′
− N

b
rs
F′
f rs
)
−

−
√
−f
16π

(
F − F′B

)
,

H̃E = 16πf̃ ab
(
ÑcbdÑ

d
ca −

1
3
ÑccaÑ

d
bd

)
− 4πf̃abp̃ap̃b −

√
−f̃
16π

V .
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Canonical Transformation

Canonical Transformation

(f ,N)→ (̃f , Ñ)
∣∣∣ ∂H
∂f ab

= −∂cNcab ,
∂H
∂Ncab

= ∂cf ab
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Canonical Transformation

Canonical Transformation

(f ,N)→ (̃f , Ñ)
∣∣∣ ∂H
∂f ab

= −∂cNcab ,
∂H
∂Ncab

= ∂cf ab

Principle of least action

δ

∫
M

(
Ncab∂cf

ab + pc∂cB−HJ
)
dx4 = 0 ,

δ

∫
M

(
Ñcab∂c f̃

ab + p̃c∂cφ̃−HE + ∂aGa1(f ,B, f̃ , φ̃, x)
)
dx4 = 0 ,

where
δ

∫
M
dx4∂aGa1 = δ

∮
∂M
Ga1dSa = 0
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Canonical Transformation
Canonical Transformation

(f ,N)→ (̃f , Ñ)
∣∣∣ ∂H
∂f ab

= −∂cNcab ,
∂H
∂Ncab

= ∂cf ab

Principle of least action

δ

∫
M

(
Ncab∂cf

ab + pc∂cB−HJ
)
dx4 = 0 ,

δ

∫
M

(
Ñcab∂c f̃

ab + p̃c∂cφ̃−HE + ∂aGa1(f ,B, f̃ , φ̃, x)
)
dx4 = 0 ,

where
δ

∫
M
dx4∂aGa1 = δ

∮
∂M
Ga1dSa = 0

Conventional Invariants: Poisson brackets, Lagrange brackets
Covariant Invariants: Lagrange brackets
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Generating Function of Canonical Transformation

Four types of generating function bound with Legendre
Transformation

Ga2(f ,B, Ñ, p̃) = Ga1 + f̃ ikÑaik + φ̃p̃a
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Conditions from Hamilton’s Principle

∂Gc2
∂p̃a

= δcaφ̃ ,
∂Gc2
∂Ñdab

= δcd f̃
ab ,

∂Gc2
∂f ab

= Ncab ,
∂Gc2
∂B

= pc

Generating function of Jordan↔Einstein transformation

Gc2 = F′Ñcabf
ab +

√
3
2

ln F′p̃c
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Summary

Using covariant Hamiltonian theory, we are able to achieve
Hamiltonian description of relativistic fields without loss of
covariance.
Such covariant Hamiltonian can be constructed for F(R) gravity.
It can be constructed for Jordan frame as well as for Einstein
frame
Jordan frame Hamiltonian and Einstein frame Hamiltonian are
bound with canonical transformation.
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