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Covariant Hamiltonian

m Lagrangian £(¢, 0¢, x) —
Legendre transformation 0¢ +» p —
Hamiltonian H(¢, p, x)
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Covariant Hamiltonian

m Lagrangian £(¢, 0¢, x) —
Legendre transformation 0¢ <> p —
Hamiltonian H(¢, p, x)

m Conventional theory: Momentum p* = a¢
A

mp=% t=7
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Covariant Hamiltonian

m Lagrangian £(¢, 0¢, x) —
Legendre transformation 0¢ < p —
Hamiltonian #H(¢, p, X)

m Conventional theory: Momentum p* = 25

O
m Covariant theory: Multi-momentum p# = —95
0(0ida)

m Covariant Hamiltonian # = p“d;¢4 — L
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Covariant Hamiltonian Il

m Canonical equations: 2 a¢> = —Op™, 6pCA = Ocp
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Covariant Hamiltonian Il

m Canonical equations: 8¢> = —0p™, W = OcPp

- 8deA —
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Covariant Hamiltonian Il

m Canonical equations: a¢ = —ph, I St = Oct

m J,p% =77 Gauge freedom for multi-momenta
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F(R) Gravity

m General Relativity £ = 72-/—gR
m F(R) Gravity £ = 1-/=gF(R)

B. Matou$ « F(R) Hamiltonian - Gravitational Physics and Cosmology 2022 4/13



F(R) Gravity

m General Relativity £ = 72-/—gR
m F(R) Gravity £ = 1-/—gF(R)
m L= gIF(B)+AR-B)], 0=25—F _A
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F(R) Gravity

m General Relativity £ = 72-/—gR
m F(R) Gravity L= 1—/—gF(R)
m L= 55-/=G[F(B)+F(B)(R - B)]
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F(R) Gravity

m General Relativity £ = 7&-/—gR
m F(R) Gravity £ = 16W,/ gF(R)

m L= -/—g[F(B)+F(B)(R - B)]
m0=2%=F'(R-B)
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Einstein frame

m Jordan frame £/ = ;+-\/=g[F(B) + F/(B)(R — B)]
m Weyl transformation

§i=Fgl — R=ZB_30InF - %8-InF’g’78jlnF’
fln F'
m Einstein frame

£ = =g [R— 0,000 — V(@ ] + 350, (V-3999)

B B-terms transformation V =
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Lagrangian Separation

mL~R~IM~ g
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Lagrangian Separation

mL~R~OI~dg
m L= L(g,09,0%g)
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Lagrangian Separation

mL~R~O~dg
m L= £(g,09,0°g)
B L= Louad(9,09) + Lsus , where Lgys= 0V
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Lagrangian Separation

mL~R~OM~d%g

m L = L(g,99,0%g)

m L= Equad(g, 89) + 'Csurf ,  Wwhere Esurf = 8,'\/i
m0=06A4=0[,Ldx" =6 [,, LuaadXP + § §,,,V'dS;
m g, VdS =0
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Lagrangian Separation

mL~R~OM~d%g

m L = L(g,99,0%g)

m L= Equad(g, 89) + 'Csurf ,  Wwhere Esurf = 8,'\/i
m0=06A4=0[,Ldx" =6 [,, LuaadXP + § §,,,V'dS;
m § §,,,V'dS; # 0 Surface behaviour
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Lagrangian Separation

mL~R~OM~d%g
m L =£(g,09,0%9)
m L= Lquad(g, 8g) + 'Csurf ,  where Lsurf = 8,'\/i
m0=06A4=0[,Ldx" =6 [,, LuaadXP + & §,,,V'dS;
m § §,,,V'dS; # 0 Surface behaviour

o= Y9 [F’g"b (r‘dr rgcrgb) -

quad 167

—F"0:B (e — Tey° ) +F-FB,

‘Cguad: \1/6_?[9 ( dr dc ab aagf)@bqb)

B. Matou$ « F(R) Hamiltonian - Gravitational Physics and Cosmology 2022

6/13



New variable f®

oL
8(8Cgab)

B OcGap = Ocgap(MP°) = impossible

m Momentum Mab¢ —

= complicated
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New variable f®

oL
9(0cgap) —

B OcGap = Ocgap(MP°) = impossible
m fab rgab

m Momentum M¢ —

= complicated
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New variable f

m Momentum Ma¢ = 8(32 ; = complicated
® OcGap = Ocgap(MP°) = impossible
u fab rgab
1
ﬁfluad = 1671' [F/fab <rcdr rgc zb) -

—F”@CB (reof® — Touf®) +v/=F (F - F8)| .
[’guad = 16 [fab (rcdr FZCFZb — 605&,@ — \/ij}
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(Multi-)Momenta

. oL oL
Two kinds of momenta N, = o) ph = 9(aB)
F 1
Néb = E |:_rgb + 5 (rkk(sb +T kég):| +
F//
32 (0aBO}, + OpBOG + 0gBf9fap)
~ F 1
e e ()]
F
pe= 16 (fbdr f”‘rﬂd) )
5C = —7be8b(f5 .
8
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Hamiltonians

m Legendre transformation H = N, 0cf% + p?0,B — L
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Hamiltonians

m Legendre transformation H = NgbaJ“b +p?9,B— L
m H=H(f,B,N,p) X L(f,T,B,0B)
ml=T(f,B,N,p), 0B=09B(f,B,N,p)
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Hamiltonians

m Legendre transformation H

m H = H(f,B,N,p) X L(f.T,B,0B)
m [ =T(f,B,N,p), 9B=0B(f,B,N,p)

H =

167T

1
<NbdN 3N§aN5d> -

87TF/f pa . N emn &b _
ab F// F! F

VS (r

l6m

1

16rf <K/gdﬁga -
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Nb
FI;SfI’S> _

JF

Ngﬂﬂd) — Arfppp’ — V.

16n
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Canonical Transformation

m Canonical Transformation

oH oH

—0, b>7_aafab
oF ~ 7 o,

(f.N) = (F.N)
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Canonical Transformation

m Canonical Transformation
OH oH
(j‘ N) — (j- N) afab ac ab Wzb - aﬁfab

m Principle of least action

5 / (Nf,bajab + p°oB — 'Hf) dx* =0,
M

5/ bacfab +pcac¢ HE + 806 (f,B f ¢7 ))
M
where

5 / dx*9,G¢ =0 ¢ GidS, =0
M oM
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Canonical Transformation
m Canonical Transformation

OH oM
(F.N) = (F.N) —OcNg = 0f*
ofa = 0N NG,

m Principle of least action

5 / (Ngbacf“b + pco.B — H’) dx* =0,
M

5 [ (Nssad® + 50cd — HF + 0,617 8.F,9.)) ax* = 0.
where
5/ dx*9,G¢ = 6 G”dSa_O
m Conventional Invariants: Poisson brackets, Lagrange brackets

m Covariant Invariants: Lagrange brackets
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Generating Function of Canonical Transformation

m Four types of generating function bound with Legendre
Transformation
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Generating Function of Canonical Transformation

m Four types of generating function bound with Legendre

Transformation

9(f,B,N,p) = G + F*NE, + ¢p°

m Conditions from Hamilton’s Principle

C C C C
aG2 _ 56{5 862 _ 5gfab 8GZ _ Ncb aGZ _ pc
apr 9T o Togfeb bt 5B
p ONG, f
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Generating Function of Canonical Transformation

m Four types of generating function bound with Legendre
Transformation

G3(f,B,N,p) = Gf +F*N}, + op°
m Conditions from Hamilton’s Principle

G
opa

9G§
ONY,

oGy . 9GS
ofe — W 9B

c

=05, = 05f* =p

m Generating function of Jordan<Einstein transformation

G5 = FINGf™ + \/3 In F'p¢
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Summary

m Using covariant Hamiltonian theory, we are able to achieve
Hamiltonian description of relativistic fields without loss of
covariance.

m Such covariant Hamiltonian can be constructed for F(R) gravity.

m It can be constructed for Jordan frame as well as for Einstein
frame

m Jordan frame Hamiltonian and Einstein frame Hamiltonian are
bound with canonical transformation.
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