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Theory Challenges in Neutrino Physics

Interested in how the universe works? Read symmetry, an online magazine about particle physics 
and its connections to life and other areas of science. Published by Fermi National Accelerator 
Laboratory and SLAC National Accelerator Laboratory. symmetrymagazine.org

OSCILLATING

Neutrinos come in three types, called flavors. 
There are electron neutrinos, muon neutri-
nos and tau neutrinos. One of the strangest 
aspects of neutrinos is that they don’t pick 
just one flavor and stick to it. They oscillate 
between all three.

MYSTERIOUS

Neutrinos are mysterious. Experiments seem 
to hint at the possible existence of a fourth 
type of neutrino: a sterile neutrino, which would 
interact even more rarely than the others. 

VERY MYSTERIOUS

Scientists also wonder if neutrinos are their 
own antiparticles. If they are, they could have 
played a role in the early universe, right after 
the big bang, when matter came to outnumber 
antimatter just enough to allow us to exist.

ABUNDANT

Of all particles with mass, neutrinos are the 
most abundant in nature. They’re also some  
of the least interactive. Roughly a thousand 
trillion of them pass harmlessly through your 
body every second.

FUNDAMENTAL

Neutrinos are fundamental particles, which 
means that—like quarks and photons and  
electrons—they cannot be broken down into 
any smaller bits.

ELUSIVE

Neutrinos are difficult but not impossible to  
catch. Scientists have developed many differ-
ent types of particle detectors to study them.

LIGHTWEIGHT

Neutrinos weigh almost nothing, and they 
travel close to the speed of light. Neutrino 
masses are so small that so far no experi-
ment has succeeded in measuring them. The 
masses of other fundamental particles come 
from the Higgs field, but neutrinos might get 
their masses another way.

DIVERSE

Neutrinos are created in many processes in 
nature. They are produced in the nuclear 
reactions in the sun, particle decays in the 
Earth, and the explosions of stars. They are 
also produced by particle accelerators and  
in nuclear power plants.

 NEUTRINOS
  ARE…
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The 2023 EPS High Energy and Particle Physics Prize is awarded to 

Figure 20: The unitarity triangle using the first and second rows of the mixing matrix. The lengths

of each side are as labeled and twice the area of this triangle is the absolute value of the CP-invariant

factor, |J |. The |Ue1||Uµ1| and |Ue2||Uµ2| vertex moves in a circle as the CP violating phase is changed.

This identity guarantees that the ∆P in Eq.(64) is the same in matter as in vacuum for distances

smaller than any of the matter or vacuum oscillation lengths.

6.2 The oscillation probability νµ → νe

In this review, we mainly focus on the oscillation channel between electron and muon neutrinos because

it is easier to create and detect these neutrinos compared to tau neutrinos. The drawing below shows

schematically the relation among four possible channels.

CP

νµ → νe ⇐⇒ ν̄µ → ν̄e

T $ $ T

νe → νµ ⇐⇒ ν̄e → ν̄µ

CP

The horizontal (vertical) processes are related by CP (T) whereas the processes across the diagonals

are related by CPT. The first row will be explored in very powerful conventional beams, Superbeams,

whereas the second row could be explored in Neutrino Factories or Beta Beams.
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Quarks

Cecilia Jarlskog for the discovery of an invariant measure of CP violation in 
both quark and lepton sectors; and …
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Jarlskog Invariant: 1985

also used in SMEFT 

The 2023 EPS High Energy and Particle Physics Prize for an out-

standing contribution to High Energy Physics is awarded to Cecilia Jarl-

skog for the discovery of an invariant measure of CP violation in both quark and
lepton sectors.

Prof. Jarlskog groundbreaking achievement was published in 1985, in two
single-authored papers [1, 2]. The main point was the insight that, within the
three-generation Standard Model of Particle Physics (SM), there exists a measure
of CP violation in the quark sector which is basis independent.

The Jarlskog Invariant is now used universally by both theorists and exper-
imentalists exploring CP violation, both in the quark and in the lepton sectors,
and was a truly significant and exceptional advance in our understanding of CP
violation. Many authors, when using this invariant no longer cite the original pa-
pers but just use the words Jarlskog Invariant. The fact that this achievement
took place approximately ten years after the discovery of the third generation of
particles, the tau-lepton and b-quark, illustrates that the discovery of this simple
invariant measure for CP violation was a challenging and subtle discovery. The
insight has several significant consequences.

In general, there is freedom in choosing the quark and lepton mixing parametriza-
tions, which translates into di↵erent forms of the CKM and PMNS mixing matrices
that describe the W-boson interactions with fermion-antifermion pairs. The Jarl-
skog invariant is independent of the parametrisation and phase convention chosen,
and provides an unambiguous way to discuss CP violation. It can be expressed
as the imaginary part of a determinant involving the fermionic mass matrices, i.e.
the up and down mass matrices Mu and Md in the case of quarks,

Im det
�
[MuMu†,MdMd†]
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= 2J (m2
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The factor J is the Jarlskog invariant and has been measured with excellent pre-
cision in the quark sector to be

J = (3.08 ± 0.14) ⇥ 10
�5 ,

whereas its equivalent in the lepton sector is

Jl = (3.36 ± 0.06) sin �CP ⇥ 10
�2 .

The quantity “ sin �CP ” is yet to be determined in neutrino oscillation experi-
ments and can be anywhere in the interval [-1,1]. This suggests that the magnitude
of CP violation in the Lepton sector maybe larger than in the Quark sector and
could be of opposite sign. The Jarlskog invariant allows an immediate under-
standing and estimate of the size of the CP asymmetries predicted by the SM in
hadronic decays, as well as those expected in neutrino oscillation experiments.
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And the Daya Bay and RENO collaborations for the observation of short-
baseline reactor electron-antineutrino disappearance, providing the first 
determination of the neutrino mixing angle Θ13, which paves the way for the 
detection of CP violation in the lepton sector.

5

TABLE I. Summary of IBD signal and background. Rates are corrected for the muon veto and multiplicity selection e�ciencies
"µ ⇥ "m. The sum of the fast neutron and muon-x background rates is reported as “Fast n + muon-x”. The AD numbering
scheme reflects the time order of AD fabrication and deployment.

EH1 EH2 EH3
AD1 AD2 AD3 AD8 AD4 AD5 AD6 AD7

⌫e candidates 794335 1442475 1328301 1216593 194949 195369 193334 180762
DAQ live time [days] 1535.111 2686.110 2689.880 2502.816 2689.156 2689.156 2689.156 2501.531

"µ ⇥ "m 0.7743 0.7716 0.8127 0.8105 0.9513 0.9514 0.9512 0.9513
Accidentals [day�1] 7.11± 0.01 6.76± 0.01 5.00± 0.00 4.85± 0.01 0.80± 0.00 0.77± 0.00 0.79± 0.00 0.66± 0.00

Fast n + muon-x [day�1] 0.83± 0.17 0.96± 0.19 0.56± 0.11 0.56± 0.11 0.05± 0.01 0.05± 0.01 0.05± 0.01 0.05± 0.01
9Li/8He [AD�1 day�1] 2.92± 0.78 2.45± 0.57 0.26± 0.04

241Am-13C [day�1] 0.16± 0.07 0.13± 0.06 0.12± 0.05 0.11± 0.05 0.04± 0.02 0.04± 0.02 0.04± 0.02 0.03± 0.01
13C(↵, n)16O [day�1] 0.08± 0.04 0.06± 0.03 0.04± 0.02 0.06± 0.03 0.04± 0.02 0.04± 0.02 0.03± 0.02 0.04± 0.02

⌫e rate [day�1] 657.16± 1.10 685.13± 1.00 599.47± 0.78 591.71± 0.79 75.02± 0.18 75.21± 0.18 74.41± 0.18 74.93± 0.18

tent with the predictions that took the tiny variations in
the baseline and number of protons into account. Fur-
thermore, no significant deviation in the spectral distri-
butions among the ADs in the same experimental hall
was found.

We extracted the oscillation parameters using the sur-
vival probability of three-flavor oscillation given by

P = 1� cos4✓13sin
22✓12sin

2�21

�sin22✓13
�
cos2✓12sin

2�31 + sin2✓12sin
2�32

�
(1)

where �ij = 1.267�m2
ijL/E with �m2

ij in eV2, L is
the baseline in meters between an AD and a reactor core
and E is the energy of the ⌫e in MeV. We used sin2✓12 =
0.307± 0.013 and �m2

21 = (7.53± 0.18)⇥ 10�5 eV2 [2].
Alternatively, for short baselines of a few kilometers, the
survival probability can be parametrized as

P = 1� cos4✓13sin
22✓12sin

2�21 � sin22✓13sin
2�ee.(2)

Here, the e↵ective mass-squared di↵erence �m2
ee is re-

lated to the wavelength of the oscillation observed at
Daya Bay, and is independent of the choice of neutrino
mass ordering as well as the value and uncertainty of the
mixing angle ✓12 [16].

We adopted fitting Method B reported in Ref. [16] to
extract the oscillation parameters. The fit minimized a
�2 function defined as [21]:

�2(✓13,�m2,⌫) = �2
stat(✓13,�m2,⌫) + �2

syst(⌫) (3)

where �2
stat is the standard statistical term that compares

all the measured background-subtracted prompt-energy
spectra with the predictions. For each period of opera-
tion, the spectrum of each AD was divided into 26 bins.
The predictions were derived from the calculated reactor
⌫e flux, survival probability, IBD cross section [23] and
detector response obtained with a detailed Geant4-based
simulation [24–26]. The term �2

syst(⌫) contains the de-
tector and background systematic uncertainties as pulls
of the nuisance parameters expressed as a vector ⌫.

Figure 1 shows the covariance contours in the �m2
ee-

sin22✓13 space. The best-fit point with �2/ndf = 559/517

yields sin22✓13 = 0.0851± 0.0024, and �m2
32 = (2.466±

0.060) ⇥ 10�3 eV2 for the normal mass hierarchy or
�m2

32 = �(2.571 ± 0.060) ⇥ 10�3 eV2 for the inverted
mass hierarchy. Using Eq. 2, we obtained sin22✓13 =
0.0852± 0.0024 and �m2

ee = (2.519± 0.060)⇥ 10�3 eV2

with the same reduced-�2 value. Results determined
with the other fitting methods described in Ref. [16] were
consistent to <0.2 standard deviations.
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FIG. 1. Error ellipses in the �m2
ee-sin

22✓13 space with
the best-fit point indicated. The error bars display the one-
dimensional one-standard deviation confidence intervals. The
colored contours correspond to one, two, and three standard
deviations. The ��2 distributions are also shown. These one-
dimensional distributions were obtained by determining the
smallest ��2 value after scanning through �m2

ee (sin22✓13 )
for a given sin22✓13 (�m2

ee ).

The best-fit prompt-energy distribution is in excellent
agreement with the observed spectra in each experimen-
tal hall, as shown in Fig. 2.
Figure 3 depicts the normalized signal rate of the three

halls as a function of Leff/hE⌫ei with the best-fit curve
superimposed, where Leff and hE⌫ei are the e↵ective
baseline and average ⌫e energy, respectively [16]. The
oscillation pattern related to ✓13 is unambiguous.
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Neutrino Mass EigenStates or Propagation States:

(Dialog) In[185]:=

nue = PieChart3D[{686, 294, 20},
ChartStyle % {Blue, Blue, Blue}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nue = PieChart3D[{100},
ChartStyle % {GrayLevel[0.2]}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

num = PieChart3D[{157, 353, 490},
ChartStyle % {Cyan}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nut = PieChart3D[{157, 353, 490},
ChartStyle % {Red, Red, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu3 = PieChart3D[{490, 20, 490},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu2 = PieChart3D[{353, 294, 353},
ChartStyle % {Cyan, Blue, Red}, PlotTheme % "Business",
SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]

nu1 = PieChart3D[{157, 686, 157}, ChartStyle % {Cyan, Blue, Red},
PlotTheme % "Business", SectorOrigin % {{('Pi . 2 + 0.15), "Clockwise"}, 0}]
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Two Big Challenges:

•Why are the 
Masses so Tiny ?

9

•Why is the Mixing 
Matrix so different
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Understanding Fermion Mixing

One of the puzzling phenomena uncovered by the neutrino data is the

fact that Neutrino Mixing is Strange. What does this mean?

It means that lepton mixing is very di↵erent from quark mixing:

WHY?

(They certainly look VERY di↵erent, but which one would you label

as “strange”?)
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André de Gouvêa Northwestern
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[albeit very tiny ones...]

So What?

June 14, 2023 ⌫ Beyond DUNE
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This is our BEST explanation of why Neutrino Masses are so SMALL
(
�

m�i < O(me/106)).

and

the Heavy Majorana Lepton could be responsible for Leptogenesis .

If Neutrinos are Dirac this would be a Surprise of EPIC proportions!!!
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Why are the nu masses so Tiny ?

What about UV completion ?
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Examples of symmetries: A4, S4, A5
From M. Tanimoto et al., arXiv:1003.3552
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Symmetries in the PMNS matrix:
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Petcov CERN Nu plateform 2023:

Hagedorn:  Wed. 9 am 
Phenomenology of low-scale seesaw with flavour and CP symmetries

Wed. 9 am
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Intergration of Seesaw 
and 

Symmetries Challenging !

Leptogenesis !
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•Neutrino Oscillation Phenomenology
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Sec.VI addresses the case of three flavors plus non-standard interactions (NSI). Next is the

conclusions, Sec. VII, followed by a number of very useful appendices.

II. CALCULATION OF THE OSCILLATION PROBABILITIES

For neutrinos propagating through a constant medium, the oscillation probabilities can

be easily calculated if you know the eigenvalues, �i, of the Hamiltonian in the flavor bases

and V↵iV
⇤
�i of the normalized eigenvectors, V↵i, no matter how complicated the Hamiltonian.

The �i’s and the V↵i’s are the medium equivalents of m2
i and elements of the PMNS matrix

U↵i in vacuum. In general the Hamiltonian is not the same for neutrinos and anti-neutrinos,

so the �i and V↵iV
⇤
�i need to be calculated for both. With these qualities the neutrino

oscillation probabilities are given by

P (⌫↵ ! ⌫�) =

�����
X

j

V
⇤
↵j V�je

�i�jL/(2E)

�����

2

= �↵� � 4
X

i>j

<(V↵iV
⇤
�i V

⇤
↵jV�j) sin

2 (�ij)

�8
X

i>j

=(V↵iV
⇤
�i V

⇤
↵jV�j) sin�ij sin�ik sin�jk , (1)

with �ij ⌘ (�i � �j)L/(4E). There is no sum over k and it is fixed for the calculation,

typically k=1 is chosen. The last term contains the intrinsic CP violating piece and is only

non-zero when ↵ 6= �. The usual way of writing this term, as in the PDG,

2
X

i>j

=(V↵iV
⇤
�iV

⇤
↵jV�j) sin (2�ij)

appears to have a linear dependence in (L/E), but this is illusionary, as this term must

be of order (L/E)3 in the small (L/E) limit as can be seen directly from the first line of

this expression there can be no terms linear in (L/E). Therefore, it is more informative to

rewrite the CP violating term as in eq. 1, since

2
X

i>j

=(V↵iV
⇤
�iV

⇤
↵jV�j) sin (2�ij) = 8

X

i>j

=(V↵iV
⇤
�i V

⇤
↵jV�j) sin�ij sin�ik sin�jk (2)

for any fixed k. So for n-flavors there are n ways to chose k, they are all equivalent. Typically

k=1 is chosen. There are only (n-1)(n-2)/2 non-zero terms on the RHS, as the terms when

i=k or j=k are zero. Therefore the number of such terms is the same as the number of Dirac

4

Sec.VI addresses the case of three flavors plus non-standard interactions (NSI). Next is the

conclusions, Sec. VII, followed by a number of very useful appendices.

II. CALCULATION OF THE OSCILLATION PROBABILITIES

For neutrinos propagating through a constant medium, the oscillation probabilities can

be easily calculated if you know the eigenvalues, �i, of the Hamiltonian in the flavor bases

and V↵iV
⇤
�i of the normalized eigenvectors, V↵i, no matter how complicated the Hamiltonian.

The �i’s and the V↵i’s are the medium equivalents of m2
i and elements of the PMNS matrix

U↵i in vacuum. In general the Hamiltonian is not the same for neutrinos and anti-neutrinos,

so the �i and V↵iV
⇤
�i need to be calculated for both. With these qualities the neutrino

oscillation probabilities are given by

P (⌫↵ ! ⌫�) =

�����
X

j

V
⇤
↵j V�je

�i�jL/(2E)

�����

2

= �↵� � 4
X

i>j

<(V↵iV
⇤
�i V

⇤
↵jV�j) sin

2 (�ij)

�8
X

i>j

=(V↵iV
⇤
�i V

⇤
↵jV�j) sin�ij sin�ik sin�jk , (1)

with �ij ⌘ (�i � �j)L/(4E). There is no sum over k and it is fixed for the calculation,

typically k=1 is chosen. The last term contains the intrinsic CP violating piece and is only

non-zero when ↵ 6= �. The usual way of writing this term, as in the PDG,

2
X

i>j

=(V↵iV
⇤
�iV

⇤
↵jV�j) sin (2�ij)

appears to have a linear dependence in (L/E), but this is illusionary, as this term must

be of order (L/E)3 in the small (L/E) limit as can be seen directly from the first line of

this expression there can be no terms linear in (L/E). Therefore, it is more informative to

rewrite the CP violating term as in eq. 1, since

2
X

i>j

=(V↵iV
⇤
�iV

⇤
↵jV�j) sin (2�ij) = 8

X

i>j

=(V↵iV
⇤
�i V

⇤
↵jV�j) sin�ij sin�ik sin�jk (2)

for any fixed k. So for n-flavors there are n ways to chose k, they are all equivalent. Typically

k=1 is chosen. There are only (n-1)(n-2)/2 non-zero terms on the RHS, as the terms when

i=k or j=k are zero. Therefore the number of such terms is the same as the number of Dirac

CPC

CPV

Advanced Understanding of Neutrino Oscillation Phenomena

�ij ⌘
�m2

ijL

4E
(1)

J ⌘ =(V↵iV
†
�iV

†
↵jV�j)

0

@
X

�

✏↵��

1

A
 
X

k

✏ijk

!
(2)

Rij ⌘ <(V↵iV
†
�iV

†
↵jV�j) (3)

J2 = R12R13 +R12R23 +R13R23 (4)

– Typeset by FoilTEX – 1

�ij ⌘
�m2

ijL

4E
(1)

V is PMNS matrix

k is arbitrary, all choices are equivalent

J ⌘ =(V↵iV
†
�iV

†
↵jV�j)

0

@
X

�

✏↵��

1

A
 
X

k

✏ijk

!
(2)

Rij ⌘ <(V↵iV
†
�iV

†
↵jV�j) (3)

J2 = R12R13 +R12R23 +R13R23 (4)

– Typeset by FoilTEX – 1

i,j,k all different
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Luo, Xing - 2306.16231

Three Neutrinos:
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Neutrino Propogation in Medium:
Interactions 
with mediumU is PMNS matrix: M

2 = Diag(m1
1,m

2
2, · · · ,m2

n)

H =
1

2E
UM

2
U

† +A (5)

Eigenvalues are given by solutions of Det(�I �H) = 0

i-th Eigenvector is given by

V↵iV
⇤
�i =

Adj(�iI �H)↵�
⇧j(�i � �j)

(6)

LeVerrier-Faddeev algorithm

OR calculate Adj(H) and replace m
2
j with (m2

j � �)
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Figure 1. In the normal ordering (NO): top left, the matter potentials, a and a ′, top right, sine
squared of mixing angles in matter, sin2 θ̃jk, bottom left, the mass squared eigenvalues in matter,

m̃2
j , and bottom right, the mass squared differences in matter, ∆ m̃2

jk. Eν ≥ 0 (Eν ≤ 0) is for
neutrinos (anti-neutrinos). Eν = 0 is the vacuum values for both neutrinos and anti-neutrinos.

which is small and vanishes in vacuum, so that our perturbation theory reproduces the

vacuum oscillation probabilities exactly.

If Pνα→νβ (∆m2
31,∆m2

21, θ13, θ12, θ23, δ) is the oscillation probability in vacuum then

Pνα→νβ (∆ m̃2
31,∆ m̃2

21, θ̃13, θ̃12, θ23, δ) is the oscillation probability in matter, i.e. use the

same function but replace the mass squared differences and mixing angles with the matter

values given in eqs. (2.1)–(2.4). The resulting oscillation probabilities are identical to the

zeroth order approximation given in DMP.

2.2 Higher orders

If the 0th order is not accurate enough, going to 1st order is simple and gives another

two orders of magnitude in accuracy. First the ∆ m̃2
jk remain unchanged but the mixing

– 4 –

Wolfenstein Matte
r Effect

U is PMNS matrix: M
2 = Diag(m1

1,m
2
2, · · · ,m2

n)

H =
1

2E
UM

2
U

† +A (5)

For Neutrino Oscillations you need

the eigenvalues (”masses”)

and eigenvectors ( ”PMNS matrix” ) of H.

Eigenvalues are given by solutions of

Det(�I �H) = 0

i-th Eigenvector is given by

V↵iV
⇤
�i =

Adj(�iI �H)↵�
⇧j(�i � �j)

(6)
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H in Flavor basis:
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LeVerrier-Faddeev algorithm

OR Calculate Adj(H) ( and Det(H) ) and replace m
2
j with (m2

j � �)
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OR

LeVerrier-Faddev algorithm:

Det[�I �H] = �
n + d1�

n�1 + · · ·+ dn

Det0[�I �H] = n�
n�1 + (n� 1)d1�

n�2 + · · ·+ dn�1

Adj[�I �H] = A1�
n�1 +A2�

n�2 + · · ·+An

Once we have d’s and A’s we have everything needed:

A1 = I then iterate di = �(1/i)Tr[HAi] and Ai+1 = HAi + diI

each iteration requires one Trace and Matrix Multipication

d1 = �Tr[H] A2 = H � Tr[H]I

d2 =
1

2
(Tr2[H]� Tr[H2]) A3 = H

2 � Tr[H]H +
1

2
(Tr2[H]� Tr[H2])I

...

dn = (�1)nDet[H] and An = (�1)n�1Adj[H].

followed by An+1 = (�1)n�1(HAdj[H] � Det[H]I) = 0 and dn+1 = 0
(useful numerical check) – n traces and (n-1) matrix multiplications

– Typeset by FoilTEX – 7
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 Adjugate =
transpose of

cofactor matrix

Once you have the Eigenvalues, the Eigenvectors are easily obtained using:
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Accuracy better than 0.1%

18

Three Neutrinos in Matter:

Ja ⇡ J0
S�Satm

(4)

Energy

E = mc2 E = mc2

light gray
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FERMILAB-PUB-19-072-T

Simple and Precise Factorization of the Jarlskog Invariant

for Neutrino Oscillations in Matter

Peter B. Denton⇤

Physics Department, Brookhaven National Laboratory, Upton, New York 11973, USA

Stephen J. Parke†
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For neutrino propagation in matter, we show that the Jarlskog invariant, which controls the size
of true CP violation in neutrino oscillation appearance experiments, factorizes into three pieces: the
vacuum Jarlskog invariant times two simple two-flavor matter resonance factors that control the
matter e↵ects for the solar and atmospheric resonances independently. If the solar e↵ective matter
potential and the atmospheric e↵ective �m2 are chosen carefully for these two resonance factors,
then the fractional corrections to this factorization are an impressive 0.04% or smaller. We also show
that the inverse of the square of the Jarlskog in matter (1/ bJ2) is a fourth order polynomial in the
matter potential which guarantees that it can be factored into two quadratics which immediately
implies the functional form of our approximate, factorized expression.

I. INTRODUCTION

The discovery of an invariant, the Jarlskog invariant
[1], that controls the size of CP violation in both quark
and lepton sectors was a monumental step in the un-
derstanding of flavor physics. For neutrinos, using the
standard parameterization of the PMNS matrix [2, 3],
the Jarlskog invariant is given by

J ⌘ s23c23s13c
2
13s12c12 sin � , (1)

where we use the usual notation, cij = cos ✓ij , sij =
sin ✓ij , and � is the CP-violating phase. The CP-violating
part of the vacuum neutrino oscillation probability in the
appearance channels, e.g. ⌫µ ! ⌫e, is given by [4]

8J sin�31 sin�32 sin�21 , (2)

where the kinematic phases are given by �jk =
�m2

jkL/4E⌫ with �m2
jk = m2

j � m2
k for an experiment

of baseline L and neutrino energy E⌫ .
For neutrinos propagating in matter, as in the NOvA

[5], T2K [6], DUNE [7] and T2HK(K) [8, 9] experiments,
the part of the appearance oscillation probability that
depends on the intrinsic CP violation is given by

8 bJ sin b�31 sin b�32 sin b�21 , (3)

where bx is the matter value for the vacuum variable x.
The Jarlskog invariant in matter, bJ , is given by same
expression as eq. 1, but with the mixing angles and phase
replaced by their matter values [10, 11]. Both ✓12 and
✓13 have a strong dependence on density of the matter
and the energy of the neutrino through the Wolfenstein
matter potential [12], a, given by1

a ⌘ 2
p
2GFNeE⌫ . (4)

⇤ pdenton@bnl.gov; 0000-0002-5209-872X
† parke@fnal.gov; 0000-0003-2028-6782
1 GF is the Fermi constant, Ne is the number density of electrons

and E⌫ is the neutrino energy in the matter rest frame.

II. THE APPROXIMATE FACTORIZATION

While the exact expressions for the mixing angles in
matter are extremely complicated [10], it is possible to
relate the Jarlskog invariant in matter to the vacuum
Jarlskog, at the 0.04% level, as simply

J ⇡ S� Satm
bJ , (5)

where

S� =
q

(cos 2✓12 � c213a/�m2
21)

2 + sin2 2✓12 ,

Satm =
q

(cos 2✓13 � a/�m2
ee)

2 + sin2 2✓13 . (6)

Eq. 5 shows simply how to relate the quantity measured
in experiments, bJ , to the amount of CP violation in the
lepton sector, J . The S factors2 are the two-flavor reso-
nance factors associated with the solar and atmospheric
resonances.
The precision scales like O(s213 cos 2✓12(�m2

21/�m2
ee))

and O(s212c
2
12(�m2

21/�m2
ee)

2) leading to an actual frac-
tional precision of ⇠ 0.04% for this factorization. To
achieve this level of precision, we note that the following
are crucial:

• for the solar (1-2) resonance factor, S�, the e↵ective
matter potential is c213a, not just a,

• for the atmospheric (1-3) resonance factor, Satm,
the e↵ective �m2 is

�m2
ee ⌘ c212�m2

31+s212�m2
32 [13, 14], not �m2

31(2).

2 Note that S� can also be written asq
1 � 2 cos 2✓12(c213a/�m2

21) + (c213a/�m2
21)

2 and
q

(1 � c213a/�m2
21)

2 + 4s212(c
2
13a/�m2

21) and similarly for

Satm. Like the Jarlskog invariant, these S factors can also be
written in a convention independent form, see eq. 20. They can
also be written as |e2i✓12 � c213a/�m2

21| and similarly for Satm

which shows where the complex zeros are, see Appendix A.
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Determining the MO

•Current Status:  T2K,  NOvA, Daya Bay, SK

•Appearance

•Disappearance

•Combined
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IO prefer by ~1.6 unit of Δχ2
DUNE physics for P57

The picture today: some exclusions 
but little clarity

● Weak preferences for normal 
ordering from atmospheric & long-
baseline experiments

● Some regions of joint MO-δCP-θ23 

space are excluded at >90% by 
NOvA and T2K

● NOvA and T2K best fit in NO, 
consistent at ~1σ, but mutually 
allowed region in IO at <1σ

● We really do not know the mass 
ordering or δCP

● We need definitive experiments

https://doi.org/10.5281/zenodo.6683827

DUNE physics for P57

The picture today: some exclusions 
but little clarity

● Weak preferences for normal 
ordering from atmospheric & long-
baseline experiments

● Some regions of joint MO-δCP-θ23 

space are excluded at >90% by 
NOvA and T2K

● NOvA and T2K best fit in NO, 
consistent at ~1σ, but mutually 
allowed region in IO at <1σ

● We really do not know the mass 
ordering or δCP

● We need definitive experiments

https://doi.org/10.5281/zenodo.6683827

T2K + NOvA COMBINED

Kelly, Machado, SP,  Perez, Zukanovich 2007.08526 plus other papers  

Devi: Imprints of scalar mediated NSI on long baseline experiments
Mohanta: Vector leptoquark : A possible solution …..  NOvA and T2K results on CP violationU3
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IO NO

By construction  for either (or both) NO or IO at zeroΔχ2
min



IO NO
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add SuperKamiokaNDE   arXiv:1710.09126

NO preference with Δχ ∼ 4.0
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FIG. 9. Constraints on neutrino oscillation parameters from the Super-K atmospheric neutrino data fit with no external
constraints. Orange lines denote the inverted hierarchy result, which has been o↵set from the normal hierarchy result, shown
in blue, by the di↵erence in their minimum �

2 values.

Earth.

Results and Discussion

Figure 9 shows one-dimensional allowed regions for
|�m2

32,31|, sin
2✓23, ✓13 and �CP . In each plot the curve

is drawn such that the �2 for each point on the hor-
izontal axis is the smallest value among all parameter
sets including that point. When the atmospheric neu-
trino data are fit by themselves with no constraint on
✓13, the normal hierarchy hypothesis yields better data-
MC agreement than the inverted hierarchy hypothesis
with �2

NH,min
� �2

IH,min
= �3.48. The preferred value

of sin2✓13 is 0.018(0.008) assuming the former (latter).
Though both di↵er from the globally preferred value of

0.0219 the constraints are weak and include this value
at the 1� level. In the normal hierarchy fit the point at
sin2✓13 = 0.0 is disfavored at approximately 2� indicat-
ing the data have a weak preference for non-zero values.
A summary of the best fit information and parameter
constraints is presented in Table V.

The data’s preference for both non-zero sin2✓13 and the
normal mass hierarchy suggest the presence of upward-
going electron neutrino appearance at multi-GeV ener-
gies driven by matter e↵ects in the Earth (c.f. Fig. 2).
Figure 10 shows the up-down asymmetry of the multi-
GeV single- and multi-ring electron-like analysis samples.
Here the asymmetry is defined as NU � ND/NU + ND,
where NU (ND) are the number of events whose zenith
angle satisfy cos✓z < �0.4 (cos✓z > 0.4). Small excesses
seen between a few and ten GeV in the Multi-GeV e-
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500 yrs
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Time Evolution of JUNO measurements

JUNO_update_2204.13249
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narrower 
+ slightly more separation
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Effect of JUNO’s precision measurement on Δm2
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my guess: Global Fits > 3  at Nu 2026σ
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•Nuclear Theory for Neutrino Physics

•Matrix elements for 

•Nuclear Reactor   Spectra 

•Cross sections and Event Generators for 
Neutrino Interactions ( esp. on Argon )

0νββ

ν̄e

31
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• Flavor Models: Mass and Mixings and connection to 
Leptogenesis and other BSM physics are of paramount 
importance

• Understanding Neutrino Oscillation Physics, 3 or more 
flavors in matter, to match the precision of current and 
future experiments is crucial

• Nuclear Theory is important for extracting the most 
information out of the experiments

Summary:

32
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Extras
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Jq = 2  Area { VudV*ub + VcdV*cb + VtdV*tb = 0 }

There will be no place for new physics to hide, 
if it has a non-SM flavour structure!

38

Jq = A2λ6η = (A2λ6) × ( 2 Area of  ) = (3.08 ± 0.14) × 10−5

 where  is the scale factor for the area of Unitarity Triangle. ( A2λ6 ) ≈ 9 × 10−5

11. CKM quark-mixing matrix 1

11. THE CKM QUARK-MIXING MATRIX
Written January 2006 by A. Ceccucci (CERN), Z. Ligeti (LBNL), and Y. Sakai (KEK).

11.1. Introduction

The masses and mixings of quarks have a common origin in the Standard Model (SM).
They arise from the Yukawa interactions with the Higgs condensate,

LY = −Y d
ij QI

Li φ dI
Rj − Y u

ij QI
Li ε φ∗uI

Rj + h.c., (11.1)

where Y u,d are 3× 3 complex matrices, φ is the Higgs field, i, j are generation labels, and
ε is the 2 × 2 antisymmetric tensor. QI

L are left handed quark doublets, and dI
R and uI

R
are right handed down- and up-type quark singlets, respectively, in the weak-eigenstate
basis. When φ acquires a vacuum expectation value, 〈φ〉 = (0, v/

√
2), Eq. (11.1) yields

mass terms for the quarks. The physical states are obtained by diagonalizing Y u,d by four
unitary matrices, V u,d

L,R, as Mf
diag = V f

L Y f V f†
R (v/

√
2), f = u, d. As a result, the charged

current W± interactions couple to the physical uLj and dLk quarks with couplings given
by

VCKM ≡ V u
L V d†

L =




Vud Vus Vub
Vcd Vcs Vcb
Vtd Vts Vtb



 . (11.2)

This Cabibbo-Kobayashi-Maskawa (CKM) matrix [1,2] is a 3 × 3 unitary matrix. It
can be parameterized by three mixing angles and a CP -violating phase. Of the many
possible parameterizations, a standard choice is [3]

V =




c12c13 s12c13 s13e−iδ

−s12c23−c12s23s13eiδ c12c23−s12s23s13eiδ s23c13

s12s23−c12c23s13eiδ −c12s23−s12c23s13eiδ c23c13



 , (11.3)

where sij = sin θij , cij = cos θij , and δ is the KM phase [2] responsible for all CP -violating
phenomena in flavor changing processes in the SM. The angles θij can be chosen to lie in
the first quadrant, so sij , cij ≥ 0.

It is known experimentally that s13 ( s23 ( s12 ( 1, and it is convenient to exhibit
this hierarchy using the Wolfenstein parameterization. We define [4–6]

s12 = λ =
|Vus|√

|Vud|2 + |Vus|2
, s23 = Aλ2 = λ

∣∣∣∣
Vcb

Vus

∣∣∣∣ ,

s13e
iδ = V ∗

ub = Aλ3(ρ + iη) =
Aλ3(ρ̄ + iη̄)

√
1 − A2λ4

√
1 − λ2[1 − A2λ4(ρ̄ + iη̄)]

. (11.4)

These ensure that ρ̄ + iη̄ = −(VudV ∗
ub)/(VcdV

∗
cb) is phase-convention independent and the

CKM matrix written in terms of λ, A, ρ̄ and η̄ is unitary to all orders in λ. The definitions
of ρ̄, η̄ reproduce all approximate results in the literature. E.g., ρ̄ = ρ(1− λ2/2 + . . .) and
we can write VCKM to O(λ4) either in terms of ρ̄, η̄ or, traditionally,

V =




1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1



 + O(λ4) . (11.5)

CITATION: W.-M. Yao et al., Journal of Physics G 33, 1 (2006)

available on the PDG WWW pages (URL: http://pdg.lbl.gov/) August 30, 2006 10:12

Using Wolfenstein
parameterization:

Jarlskog in Quark Sector: (see  Yuehong Xie talk) 

In the Lepton sector the Jarlskog Invariant 
(and hence the area of Unitarity Triangles)

 is potentially 1000 times larger !
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Daya Bay:

A variant of this definition of an e↵ective �m2 (here I will used the subscripts “xx”), is
defined in terms of the position of the first extremum of (cos2 ✓12 sin2 �31+sin2 ✓12 sin2 �32)
in L/E. If this extremum occurs at (L/E)|1, then define

�m2
xx

⌘
2⇡

(L/E)|1
, (18)

so that, at this extremum, �m
2
xxL

4E = ⇡

2 . With this definition it is again easy to show that,

|�m2
xx
| = |�m2

ee
| (1 +O

 ✓
�m2

21

�m2
ee

◆2 �
). (19)

Again, essentially equal to �m2
ee
.

In both |�m2
XX

| and |�m2
xx
|, the corrections of order

⇣
�m

2
21

�m2
ee

⌘2

, come from the amplitude

modulation of the ✓13 oscillation and the coe�cients are 1
2 sin

2 ✓12 cos2 ✓12 and sin2 ✓12 cos2 ✓12
respectively. Note, these corrections are mass ordering independent.

B. Daya Bay’s Original Definition of the E↵ective �m
2

In ref. [4] & [5], the Daya Bay experiment used the following definition for an e↵ective
�m2, here I will use the symbol �m2

Y Y
,

sin2 �Y Y ⌘ cos2 ✓12 sin2 �31 + sin2 ✓12 sin2 �32. (20)

which implies that

�m2
Y Y

⌘

✓
4E

L

◆
arcsin

q
(cos2 ✓12 sin

2 �31 + sin2 ✓12 sin
2 �32)

�
. (21)

For L/E < 0.3 km/MeV, so that sin2 �3i = �2
3i is a good approximation, �m2

Y Y
is approx-

imately independent of L/E. However, for larger values of L/E, �m2
Y Y

is L/E dependent,
exactly in the L/E region, 0.3 < L/E < 0.7 km/MeV, where the bulk of the experimental
data from the far detectors of the Daya Bay experiment is obtained. In the center of this
L/E region, L/E ⇡ 0.5 km/MeV, is the position of the oscillation minimum.

Furthermore, the definition given by Eqn. 20, is discontinuous at oscillation minimum
(OM). This occurs because as you increase L/E, the L.H.S. eqn. 20 can go to 1, whereas
the R.H.S. never reaches 1. So to satisfy Eqn. 20, as you increase L/E, your e↵ective �m2

must be discontinuous at OM and the size of this discontinuity is given by6

� �m2
EE

|OM = sin 2✓12�m2
21 (22)

which is of order of 3%. In Fig. 4, the various �m2’s are plotted as a function of L/E.

6 The following identity is useful to understand this point, sin2(⇡2 ± ✏) ⇡ 1� ✏
2 where here ✏ = s12c12�21.

Similarly at oscillation maximum, sin2(⇡ ± ✏) ⇡ ✏
2.
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FIG. 4: Daya Bay’s original definition, see [4] and [5], for an e↵ective �m
2, �m

2
Y Y

, is given by
the solid red line. Notice the sizeable L/E dependence near oscillation minimum and maximum
(vertical black dotted lines). At all oscillation extrema, this definition is discontinuous and the size
of the discontinuity is sin 2✓12�m

2
21 ⇠ 3%. The first discontinuity occurs in the middle of the

experimental data of the Daya Bay, RENO and Double Chooz experiments. The L/E independent
lines: �m

2
ee ⌘ cos2 ✓12�m

2
31 + sin2 ✓12�m

2
32 is the blue dashed, �m

2
31 and �m

2
32 are the labelled

black lines. This figure is for normal mass ordering with sin2 ✓12 = 0.30 and �m
2
ee = 2.453⇥ 10�3

eV2.

The relationship between Daya Bay’s �m2
Y Y

and that of the previous section is as follows

�m2
Y Y

|L/E!0 = �m2
ee

vuut
 
1 + sin2 ✓12 cos2 ✓12

✓
�m2

21

�m2
ee

◆2
!

. (23)

Therefore they are identical up to corrections of O(10�4) as L/E ! 0.
Given that �m2

Y Y
is L/E dependent one should take the average of �m2

Y Y
over the L/E

range of the experiment

h�m2
Y Y

i =

R (L/E)max

(L/E)min
d(L/E) �m2

Y Y

[(L/E)max � (L/E)min]
. (24)

For the current experiments this range is from [0,0.8] km/MeV and then from Fig, 4 it is
clear that

h�m2
Y Y

i ⇡ �m2
ee
, (25)

if the discontinuity at OM is averaged over in a symmetric way. In practice, of course, one
needs to weight the average over the L/E range by the experimental L/E sensitivity. This
is something that can only be performed by the experiment. This was not performed in ref.
[4] or [5].
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1.

FIG. 5: Daya Bay’s new definition, see [6], of an e↵ective �m
2, �m

2
ZZ

, for ⌫̄e disappearance
compared �m

2
ee ⌘ cos2 ✓12�m

2
31 + sin2 ✓12�m

2
32. The L/E range appropriate for JUNO and

RENO-50 is 6 to 25 km/MeV, exactly the range in which �m
2
ZZ

changes by ±1%. Yet, the
expected accuracy of these two experiments is better than 0.5%. The sign of the variation of
�m

2
ZZ

is mass ordering dependent. The blue and red dashed lines are �m
2
31 for NO and IO

respectively.

C. Daya Bay’s New Definition of the E↵ective �m
2

After the issue with �m2
Y Y

was pointed out to the Daya Bay collaboration [11], the Daya
Bay collaboration defined a new e↵ective �m2 in the supplemental material of ref. [6]. Here
I will use the symbol �m2

ZZ
for this new definition which is defined in terms of the kinematic

phase, ⌦, given eqn. 3, as

�m2
ZZ

⌘
2E

L
⌦, (26)

= |�m2
ee
| ±

2E

L
�.

Unfortunately, since � is not a linear function in L/E, �m2
ZZ

is also L/E dependent. In

contrast remember, from eqn. 4, �m2
ee
⌘

@ ⌦
@(L/2E)

��� L
E!0 .

For short baseline experiments, such as Daya Bay, RENO and Double Chooz, this de-
pendence is small, and can be calculated analytically from eqn. (11),

�m2
ZZ

= |�m2
ee
|


1±

1

6
cos 2✓12 sin

2 2✓12

✓
�m2

21

�m2
ee

◆
�2

21 +O

✓✓
�m2

21

�m2
ee

◆
�4

21

◆�

⇡ |�m2
ee
|

"
1± 6⇥ 10�6

✓
L/E

0.5 km/MeV

◆2
#
. (27)

10

Δm2
ZZ ≡

2E
L (Δ31 + Δ32 + arctan[cos 2θ12 tan Δ21])

2.

3.

Δm2
ee ≡

∂
∂ (L/2E) (Δ31 + Δ32 + arctan[cos 2θ12 tan Δ21])

L/2E=0

= cos2 θ12Δm2
31 + sin2 θ12Δm2

32 NPZ’05
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• O(45%) change in electron-like event 
rate between δCP=+#/2 and δCP=-#/2
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• We	see	no	strong	asymmetry	in	the	rates	of	appearance	of	νe and	ν̅e
• Disfavor	hierarchy-δ combinations	which	would	produce	that	asymmetry
• Consistent	with	hierarchy-octant-δ combinations	which	include	some	“cancellation.”
– Since	such	options	exist	for	both	octants	and	hierarchies,	results	show	no	strong	preferences.	

NOvA NO prefer by ~1 unit of χ2
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JUNO Events Spectra
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FIG. 2. In the upper left panel we show the oscillated spectra for NO (blue) and for IO (red) for 8
years (2,400 live days) of data using 26.6 GWth with all core-detector baselines set at 52.5 km. No
systematic e↵ects and no backgrounds are included. There are 200 bins between 1.8 and 8.0 MeV,
with a bin size of 31 keV, and 3.0% resolution was used. While�m2

ee [NO] is the input, �m2
ee [IO] is

chosen to minimize the statistical �2 between the two spectra, see right panel (�2
min[IO] = 14.5, see

right panel). The parameters sin2 ✓13, sin2 ✓12 and �m2
21

are from Table I. In the left lower panel,
the di↵erence between the two oscillated spectra in each bin (green), NNO

i �N IO

i , is given, as well

as plus/minus statistical uncertainty in each oscillated bin (orange band), ±
q
NNO

i ⇡ ±

q
N IO

i .
Note, the di↵erence is always within the statistical uncertainty for that bin.

Note that including systematic uncertainties as well as the real distribution of core-reactor
distances and backgrounds will further decrease the di↵erence between the two spectra. But
first let us address the simulation details and systematic uncertainties.

To perform the statistical analysis we create a spectrum of fake data Ndat

i for some set
of oscillation parameters. Next we try to reconstruct this spectrum varying the relevant
oscillation parameters ~p. For each set ~p we calculate a �2 function

�2(~p) = min
~↵

X

i

(Ndat

i �Ni(~p, ~↵))2

Ndat

i

+
X

j

✓
↵j

�j

◆2

+ �2

NL
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where Ni(~p, ~↵) is the predicted number of events5 for parameters ~p, ~↵ = (↵1,↵2, . . .) are
the systematic uncertainties with their corresponding standard deviations �k. �2

NL
is the

penalty for the non-linear detector response and will be discussed in more detail in Sec. VI.
As in Ref. [32], we included systematic uncertainties concerning the flux, the detector

e�ciency (which are normalizations correlated among all bins, i.e. Ni ! ↵Ni) and a bin-
to-bin uncorrelated shape uncertainty. The shape uncertainty is simply introduced as an
independent normalization for each bin in reconstructed energy, i.e. Ni ! ↵iNi.

In the next section we will discuss in detail how some experimental issues can a↵ect
JUNO’s ability to determine the neutrino mass ordering6. We will concentrate on the impact
of the real reactor core distribution, the inclusion of background events, the bin to bin
flux uncertainty, the number of equal-size energy bins of data and the detector energy
resolution. We leave the discussion of the dependence on the true value of the neutrino

5 The number of events includes the background events extracted from Ref. [32].
6 For a verification of our simulation, see Appendix C.
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to-bin uncorrelated shape uncertainty. The shape uncertainty is simply introduced as an
independent normalization for each bin in reconstructed energy, i.e. Ni ! ↵iNi.
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JUNO’s ability to determine the neutrino mass ordering6. We will concentrate on the impact
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