
• Determining the x-dependence of PDFs is a work
in progress.
• We are extending our calculations to extract the
moments of polarised, g1, g2, and the unpolarised
parity-violating, F3, structure functions.

OUTLOOK
Fig. 2: Q² dependence of the lowest moments of F²(x,Q² ).
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Fig. 1: 𝟂 dependence of the Compton SFs. Shaded
bands are fits in the form of Eq. 1.

0

1

2

3

Fuu1 Fuu2 /ω FuuL

0.0

0.5

1.0

1.5 Fdd1 Fdd2 /ω FddL

0.0 0.2 0.4 0.6 0.8 1.0
ω

−0.075

−0.050

−0.025

0.000

0.025

0.050

0.075

Fud1 Fud2 /ω FudL

Q² ~ 5 GeV²

RESULTS

λ λ-

( )
2

3.1
De

ep
Ine

las
tic

Sc
att

eri
ng

16

P

k

k
0

q

P
+

q

N

e
�

X

e
�

Figu
re

3.1
: The

Fe
yn

man
dia

gra
m

for
de

ep
ine

las
tic

sca
tte

rin
g.

As with
all

Fe
yn

man
dia

gra
ms

in
th

is
th

esi
s,

tim
e inc

rea
ses

lef
t to

rig
ht.

• th
e vir

tu
al

ph
oto

n ex
ch

an
ge

d by
th

e ele
ctr

on
an

d nu
cle

on
ha

s mom
en

tu
m

q =
k�k

0 .

Give
n th

ese
va

ria
ble

s,
it

is
us

efu
l to

de
fin

e som
e Lore

ntz
sca

lar
s.

• ⌫ =
P
·q

M

, whic
h is

th
e en

erg
y tra

ns
fer

red
to

th
e nu

cle
on

in
th

e nu
cle

on
’s

res
t fra

me:

⌫ =
k
0 � k

00 .

• Q
=

p �q2 , whic
h

is
alw

ay
s rea

l,
sin

ce
q
µ

is
sp

ac
eli

ke
.

This
is

th
e mom

en
tu

m

tra
ns

fer
red

to
th

e nu
cle

on
.

• x =
Q
2

2P
·q
, th

e ‘B
jor

ke
n sca

lin
g va

ria
ble

’.
In

th
e nu

cle
on

’s
res

t fra
me,

th
is

is
pr

op
or-

tio
na

l to
th

e rat
io

of
mom

en
tu

m
tra

ns
fer

to
en

erg
y tra

ns
fer

.

• !
=

x
�
1 , th

e inv
ers

e Bjor
ke

n
va

ria
ble

. This
va

ria
ble

is
pa

rti
cu

lar
ly

us
efu

l for
th

e

OPE.

• M
, th

e nu
cle

on
mass

.

• m f
th

e mass
of

a qu
ark

of
fla

vo
ur

f .

• M
2
X

=
(P

+
q)
2 , th

e inv
ari

an
t mass

of
th

e ou
tgo

ing
sta

te
X.

Phy
sic

al
Reg

ion
of

Sc
ala

rs

Now
we will

de
ter

mine
wha

t th
e ph

ysi
ca

lly
all

ow
ed

reg
ion

is for
ea

ch
Lore

ntz
sca

lar
de

fin
ed

ab
ov

e.

Firs
t,

no
te

th
at

in
th

e nu
cle

on
’s

res
t fra

me th
e ele

ctr
on

tra
ns

fer
s en

erg
y to

th
e pr

oto
n

an
d he

nc
e ⌫ � 0,

an
d sin

ce
th

is
is

a Lore
ntz

sca
lar

it
is

no
n-n

eg
ati

ve
in

all
fra

mes.

The
n,

sin
ce

q =
k�k

0 an
d k an

d k
0 are

fut
ur

e-p
oin

tin
g tim

eli
ke

ve
cto

rs,
we ca

n us
e th

e

inv
ers

e Mink
ow

ski
tri

an
gle

ine
qu

ali
ty

to
ge

t q
2 =

(k
� k

0 )2
 |k

2 � k
02 | =

m
2
e
�

� m
2
e
�

=
0

(se
e ap

pe
nd

ix
A).

The
ref

ore
, q

is
a sp

ac
eli

ke
ve

cto
r,

an
d he

nc
e �q

2 =
Q
2 � 0.

The
reg

ion

for
ine

las
tic

sca
tte

rin
g sta

rts
at

Q
2 & 2G

eV
2 .

In
ine

las
tic

sca
tte

rin
g,

th
e mom

en
tu

m
tra

ns
fer

to
th

e nu
cle

on
is

ve
ry

lar
ge

, a
nd

he
nc

e

M
2
X

=
(P

+
q)
2 & M

2 . The
ref

ore
,

P
2 +

2P
· q � Q

2 & P
2

)
2P

· q
& Q

2

)
!

=
2P

· q

Q
2

& 1.

(3.
1)

Hen
ce

th
e ph

ysi
ca

l reg
ion

of
x is

[0,
1],

an
d for

!
it

is
[1,

1).

3.1
Deep Inelastic Scattering

16

P

k

k 0

q

P
+

q

N

e �

X

e �

Figure 3.1: The Feynman diagram
for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.

•
⌫ =

P
·q

M , which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ =
k 0�

k 00.

•
Q

= p
�q 2, which

is always real, since q µ

is spacelike.
This is the momentum

transferred to the nucleon.

•
x =

Q 2
2P

·q , the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum
transfer to energy transfer.

•
!

=
x �

1, the inverse Bjorken variable. This variable is particularly useful for the

OPE.•
M

, the nucleon mass.

•
m
f the mass of a quark of flavour f .

•
M

2
X =

(P
+

q) 2, the invariant mass of the outgoing state X.

Physical Region
of Scalars

Now
we will determine what the physically allowed region is for each Lorentz scalar defined

above.First, note that in the nucleon’s rest frame the electron transfers energy to the proton

and hence ⌫ �
0, and since this is a Lorentz scalar it is non-negative in all frames.

Then, since q =
k�k 0

and k and k 0
are future-pointing timelike vectors, we can use the

inverse Minkowski triangle inequality to get q 2

=
(k �

k 0) 2 |k 2�
k 02| =

m 2
e� �

m 2
e� =

0

(see appendix A). Therefore, q is a spacelike vector, and hence �q 2

=
Q 2�

0. The region

for inelastic scattering starts at Q 2&
2GeV 2

.

In inelastic scattering, the momentum
transfer to the nucleon is very large, and hence

M
2

X =
(P

+
q) 2&

M
2. Therefore,

P 2

+
2P · q �

Q 2&
P 2

)
2P · q &

Q 2

)
! = 2P · qQ 2 &

1.

(3.1)

Hence the physical region of x is [0, 1], and for !
it is [1,1

).

~
Ordinary quark propagator
Perturbed quark propagator

• Finally, we calculate a ratio of 2-point Green’s functions as sketched,
to extract the Compton amplitude, .

• In QCD, we add an oscillating EM background field to the action,

• and extend the FHT to 2nd order to access the Compton amplitude,

• FHT: In quantum mechanics, at 1st
order, expectation value of a perturbed
system is related to the energy shift.

METHOD: FEYNMAN-HELLMANN THEOREM (FHT)

(Eq. 1)

• T𝞵𝞶 is parametrised by two Compton structure functions (SFs), , and
we have defined, , with Q² = -q² and 𝟂=2(p.q)/Q².

• Compton SFs can be expanded in terms of the moments of
DIS structure functions, e.g.,
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Figure
3.1: The Feynman diagram

for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.

•
⌫ =

P
·q

M , which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ =
k 0�

k 00
.

•
Q

= p
�q 2, which

is always real, since q µ

is spacelike.
This is the momentum

transferred to the nucleon.

•
x =

Q 2
2P

·q , the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum
transfer to energy transfer.

•
!

=
x �

1
, the inverse Bjorken

variable. This variable is particularly
useful for the

OPE.•
M

, the nucleon mass.

•
m
f the mass of a quark of flavour f .

•
M

2
X =

(P
+

q) 2, the invariant mass of the outgoing state X.

Physical Region
of Scalars

Now
we will determine what the physically allowed region is for each Lorentz scalar defined

above.First, note that in the nucleon’s rest frame the electron transfers energy to the proton

and hence ⌫ �
0, and since this is a Lorentz scalar it is non-negative in all frames.

Then, since q =
k�k 0

and k and k 0
are future-pointing timelike vectors, we can use the

inverse Minkowski triangle inequality to get q 2

=
(k �

k 0) 2 |k 2�
k 02| =

m 2
e� �

m 2
e� =

0

(see appendix A). Therefore, q is a spacelike vector, and hence �q 2

=
Q 2

�
0. The region

for inelastic scattering starts at Q 2&
2GeV 2

.

In inelastic scattering, the momentum
transfer to the nucleon is very large, and hence

M
2

X =
(P

+
q) 2&

M
2
. Therefore,

P 2

+
2P · q �

Q 2&
P 2

)
2P · q &

Q 2

)
!

= 2P · qQ 2 &
1.

(3.1)

Hence the physical region of x is [0, 1], and for !
it is [1,1

).
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Figure
3.1: The Feynman diagram

for deep inelastic scattering. As with all Feynman diagrams

in this thesis, time increases left to right.

•
the virtual photon exchanged by the electron and nucleon has momentum

q =
k�k 0.

Given these variables, it is useful to define some Lorentz scalars.

•
⌫ =

P
·q

M , which is the energy transferred to the nucleon in the nucleon’s rest frame:

⌫ =
k 0�

k 00
.

•
Q

= p
�q 2, which

is always real, since q µ

is spacelike.
This is the momentum

transferred to the nucleon.

•
x =

Q 2
2P

·q , the ‘Bjorken scaling variable’. In the nucleon’s rest frame, this is propor-

tional to the ratio of momentum
transfer to energy transfer.

•
!

=
x �

1
, the inverse Bjorken

variable. This variable is particularly
useful for the

OPE.•
M

, the nucleon mass.

•
m
f the mass of a quark of flavour f .

•
M

2
X =

(P
+

q) 2, the invariant mass of the outgoing state X.

Physical Region
of Scalars

Now
we will determine what the physically allowed region is for each Lorentz scalar defined

above.First, note that in the nucleon’s rest frame the electron transfers energy to the proton

and hence ⌫ �
0, and since this is a Lorentz scalar it is non-negative in all frames.

Then, since q =
k�k 0

and k and k 0
are future-pointing timelike vectors, we can use the

inverse Minkowski triangle inequality to get q 2

=
(k �

k 0) 2 |k 2�
k 02| =

m 2
e� �

m 2
e� =

0

(see appendix A). Therefore, q is a spacelike vector, and hence �q 2

=
Q 2

�
0. The region

for inelastic scattering starts at Q 2&
2GeV 2

.

In inelastic scattering, the momentum
transfer to the nucleon is very large, and hence

M
2

X =
(P

+
q) 2&

M
2
. Therefore,

P 2

+
2P · q �

Q 2&
P 2

)
2P · q &

Q 2

)
!

= 2P · qQ 2 &
1.

(3.1)

Hence the physical region of x is [0, 1], and for !
it is [1,1

).
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Q2
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Q2 )

Power Corrections:
Higher-twist and
Target MassJ𝞵 J𝛎

Leading
Twist
(PDFs)

Compton
Amplitude

• The forward Compton amplitude is described by the time-ordered
product of electromagnetic currents sandwiched btw. nucleon states,

FORWARD COMPTON AMPLITUDE

• Nucleon is a composite object of (anti-)quarks and gluons,
• Longitudinal distribution of its constituents (partons)
are encoded in structure functions (SFs).

• At energies , and excluding the resonances, structure
functions reduce to parton distribution functions (PDFs).

• We aim to: Determine the SFs, from a first-principles approach,
• Constraint the low- and high-x regions of PDFs better,
• Identify the Q² region where power corrections become relevant.
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