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�
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functional is given

by
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is
allowed

as
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the

Jacobian
of the

integral is
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[10].

Sim
ilarly, we

can
also

redefine
the

other fields: h
µ⌫ , �, and

�̄.

Now
let us explain

how
the field
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Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field
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generates an

expansion
of the

triple
graviton

vertex
as shown

in
Fig. 3, giving

two
new
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for

the
quadruple

graviton
vertex

with
the

two

param
eters

(a
1 , a
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So, by

choosing
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value
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contributions to
the

quadruple
graviton

vertex
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the

standard
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in
the

standard
Lagrangian.

For our fields, we use the m
ost general param

eterized
expansions which

are relevant to

the lowest order vertices. This m
eans that we write all possible param

eterized
com

binations

up
to
four h

for the
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h
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h 0
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h
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c
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c
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c
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+
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c
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+
c
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+
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Where are we looking for it? 

Cavities
‘Empty’ 

 (large static mode, ADMX-like)
‘Loaded’

2.6
Field

Redefinition
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tica

l
B
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ro
u
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d

h

[
a
\

g

field
operators.

W
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this

theorem
by
taking

a
scalar

field
�
as
an
exam
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where
the
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by
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= Z

D
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x
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Now, redefining
the

scalar field
�
!

�̃
=
�
+
a
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2 � 3
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This
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allowed

as
long

as
the

Jacobian
of the

integral is
essentially
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[10].
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how
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this into
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@
↵ h �� , which

is part of the
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illus-
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Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field
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generates an

expansion
of the

triple
graviton

vertex
as shown
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Fig. 3, giving
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new
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the
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graviton
vertex
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the
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eters

(a
1 , a

2 ).
So, by

choosing
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of the
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the
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four h

for the
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µ⌫ as
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µ⌫ +
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+
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Now, redefining
the

scalar field
�
!

�̃
=
�
+
a
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is
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long

as
the
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of the

integral is
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one
[10].

Sim
ilarly, we

can
also
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the

other fields: h
µ⌫ , �, and

�̄.

Now
let us explain

how
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can

sim
plify

the Lagrangian. Consider the

following
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redefinition
for the

gravitational field
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h 0
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µ⌫ +
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.
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Inserting
this into

h
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↵ h �� , which
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gives
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Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field

redefinition
generates an

expansion
of the

triple
graviton

vertex
as shown

in
Fig. 3, giving

two
new

contributions
for

the
quadruple

graviton
vertex

with
the

two

param
eters

(a
1 , a

2 ).
So, by

choosing
a
proper

value
for

these
param

eters, we
can

cancel

som
e
of the

contributions to
the

quadruple
graviton

vertex
in
the

standard
Lagrangian.

For our fields, we use the m
ost general param

eterized
expansions which

are relevant to

the lowest order vertices. This m
eans that we write all possible param

eterized
com

binations

up
to
four h

for the
gravitational field

h
µ⌫ as

h 0
µ⌫ =

h
µ⌫ +

 h
c
1 h

µ↵ h
↵⌫
+
c
2 h

µ⌫ h
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+
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c
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+
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+
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+
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+
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Where are we looking for it? 

Cavities
‘Empty’ 

 (large static mode, ADMX-like)
‘Loaded’

2.6
Field

Redefinition

2
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h
eo
re
tica

l
B
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c
k
g
ro
u
n
d
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[
a
\

g

field
operators.

W
e
can

illustrate
this

theorem
by
taking

a
scalar

field
�
as
an
exam

ple,

where
the

generating
functional is given

by

Z
= Z

D
[�] exp ⇣

i Z

d 4

x
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µ �) ⌘
.

(2.46)

Now, redefining
the
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�
!
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=
�
+
a
1 � 2

+
a
2 � 3

+
· · ·, we

get

Z
= Z

D
[�̃] exp ⇣

i Z

d 4

x
L(�̃, @

µ �̃) ⌘
.

(2.47)

This
redefinition

is
allowed

as
long

as
the

Jacobian
of the

integral is
essentially

one
[10].

Sim
ilarly, we

can
also

redefine
the

other fields: h
µ⌫ , �, and

�̄.

Now
let us explain

how
the field

redefinition
can

sim
plify

the Lagrangian. Consider the

following
field

redefinition
for the

gravitational field

h
µ⌫

!

h 0
µ⌫ =

h
µ⌫ +

 h
a
1 h

µ� h
�⌫
+
a
2 h

µ⌫ h
��
i
+
· · ·

.

(2.48)

Inserting
this into

h
µ⌫ @ µ

h ⌫↵
@
↵ h �� , which

is part of the
triple

graviton
vertex, as an

illus-

tration
gives

h
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@
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!

h
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Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field

redefinition
generates an

expansion
of the

triple
graviton

vertex
as shown

in
Fig. 3, giving

two
new

contributions
for

the
quadruple

graviton
vertex

with
the

two

param
eters

(a
1 , a

2 ).
So, by

choosing
a
proper

value
for

these
param

eters, we
can

cancel

som
e
of the

contributions to
the

quadruple
graviton

vertex
in
the

standard
Lagrangian.

For our fields, we use the m
ost general param

eterized
expansions which

are relevant to

the lowest order vertices. This m
eans that we write all possible param

eterized
com

binations

up
to
four h

for the
gravitational field

h
µ⌫ as

h 0
µ⌫ =

h
µ⌫ +

 h
c
1 h
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↵⌫
+
c
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+
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+
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Sim
ilarly, we

can
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the

other fields: h
µ⌫ , �, and

�̄.
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the Lagrangian. Consider the
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redefinition
for the
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h 0
µ⌫ =
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+
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.
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Inserting
this into

h
µ⌫ @ µ
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is part of the
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illus-

tration
gives

h
µ⌫ @ µ

h ⌫↵
@
↵ h ��

!

h
µ⌫ @ µ

h ⌫↵
@
↵ h ��

+
a
1 h

µ� h
�⌫
@ µ
h ⌫↵

@
↵ h ��

+
a
2 h

µ⌫ h
��
@ µ
h ⌫↵

@
↵ h ��

+
· · · ,

(2.49)

Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field
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generates an

expansion
of the

triple
graviton

vertex
as shown

in
Fig. 3, giving

two
new

contributions
for

the
quadruple

graviton
vertex

with
the

two

param
eters

(a
1 , a

2 ).
So, by

choosing
a
proper

value
for

these
param

eters, we
can

cancel

som
e
of the

contributions to
the

quadruple
graviton

vertex
in
the
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Lagrangian.

For our fields, we use the m
ost general param

eterized
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How does this happen?

Mechanical-coupling  
(shaking the walls)

Cavities
EM-coupling
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Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field
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generates an
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triple
graviton

vertex
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quadruple

graviton
vertex

with
the

two

param
eters

(a
1 , a
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Some (VERY IMPORTANT) details

LIF at all order in hµ⌫

h00 = �2xkx`
1X

n=0

n+ 3

(n+ 3)!
xm1 · · ·xmn@m1 · · · @mnR0k0`

h0j = �2xkx`
1X

n=0

n+ 2

(n+ 3)!
xm1 · · ·xmn@m1 · · · @mnR0kj`

hij = �2xkx`
1X

n=0

n+ 1

(n+ 3)!
xm1 · · ·xmn@m1 · · · @mnRikj`

i) choice of frame Rµ⌫⇢�(h) = Rµ⌫⇢�(h
TT ) +O(h2)

does it really matter? IT DOES!! (changes, eg. the directional sensitivity) 

Marzlin, 94

(More later)
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ii) the signal in terms of power
e.g. Jackson
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Power loss

Power extracted in a resonant cavity
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Stored energy

Power loss

Power extracted in a resonant cavity

time scale of ‘storage’ 

P = �
!

Q
hUi

average energy stored
coupling to the cavity

waveguide
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This
redefinition

is
allowed

as
long

as
the

Jacobian
of the

integral is
essentially

one
[10].

Sim
ilarly, we

can
also

redefine
the

other fields: h
µ⌫ , �, and

�̄.

Now
let us explain

how
the field
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can
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plify

the Lagrangian. Consider the
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field
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Inserting
this into

h
µ⌫ @ µ

h ⌫↵
@
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Figure
3: Field

redefinition
for the

triple
graviton

vertex.

Thus, the
field

redefinition
generates an

expansion
of the

triple
graviton

vertex
as shown

in
Fig. 3, giving

two
new

contributions
for

the
quadruple

graviton
vertex

with
the

two

param
eters

(a
1 , a

2 ).
So, by

choosing
a
proper

value
for

these
param

eters, we
can

cancel

som
e
of the

contributions to
the

quadruple
graviton

vertex
in
the

standard
Lagrangian.

For our fields, we use the m
ost general param

eterized
expansions which

are relevant to

the lowest order vertices. This m
eans that we write all possible param
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up
to
four h
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µ⌫ +

 h
c
1 h

µ↵ h
↵⌫
+
c
2 h

µ⌫ h
↵↵ i

+
 2 h

c
3 h

µ⌫ h
↵↵ h ��

+
c
4 h

µ⌫ h ↵�
h
↵� +

c
5 h

µ↵ h
↵⌫ h ��

+
c
6 h

µ↵ h
⌫� h ↵� i

+
 3 h

c
7 h

µ⌫ h
↵↵ h �� h

��
+
c
8 h

µ⌫ h
↵↵ h ��

h
�� +

c
9 h

µ⌫ h ↵�
h �� h

�↵

+
c
1
0 h

µ↵ h
↵⌫ h �� h

��
+
c
1
1 h

µ↵ h
↵⌫ h
�� h ��

+
c
1
2 h

µ↵ h
⌫� h ↵�

h
��

+
c
1
3 h

µ↵ h
�⌫ h ↵�

h
��

i
+
· · · ,

(2.50)

1
8

|1i
!

! U =

Z
d3x

1

2

�
Re[E(x, t)]2 +Re[B(x, t)]2

�

~B0
B(x, t) = B(0) +B(1)(x, t)

B(x, t) = E(1)(x, t)

O(h)
B2 ⇠ (B0)2 + 2B0B1 + (B1)2

O(h)ei!t unless B0 resonates (in time) hB0B1i = 0

hUi ⇠ O(h2)and

?



Some (VERY IMPORTANT) details

ii) the signal in terms of power

indeed: ADMX sensitivity
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Back to our calculation: mode excitation

E(x, t) =
X

Esn(x, t) +Ein(x, t)

solenoidal irrotational

Esn(x, t) = esn(t)Esn(x)

Ein(x, t) = ein(t)Ein(x)

�
!2
sm + @2

t + �sm@t
�
esm(t) = e�i!Gt⌘sm�

@2
t + �im@t

�
eim(t) = e�i!Gt⌘im

‘source’ (here we want to maximise)

⌘ ⇠
Z

V
d3xEJeff



Back to our calculation: mode excitation

Esn(x, t) = esn(t)Esn(x)

Ein(x, t) = ein(t)Ein(x)

P = �
!

Q
hUi

U =

Z
d3x

1

2

�
Re[E(x, t)]2 +Re[B(x, t)]2

�

when considering only thermal noise one gets

see e.g. Ballantini et al. for the SNR

which modes get excited?

(only solenoidal modes are excited)

Berlin et al 2112.11465



Back to our calculation: mode excitation

⌘sm =

R
V dVE⇤

sm(x) (i!GJe↵(x))R
V dV |Esm(x)|2

⌘im =

R
V dVE⇤

im(x) (i!GJe↵(x))R
V dV |Eim(x)|2

↵

⌘ ⌘

TM (121) TE (212) 

there is ALWAYS a response (even for longitudinal waves!)!

Esn(x, t) = esn(t)Esn(x)

Ein(x, t) = ein(t)Ein(x)
Berlin et al 2112.11465



↵

⌘ ⌘

TM (121) TE (212) 

hTT
ij =

0

@
h+ h⇥ 0
h⇥ �h+ 0
0 0 0

1

A

ij

ei!(t�z)

h00 '
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2
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t h

TT
ab xaxb +O
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x3
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hij ' �
1

6
@2
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⇥�
�izh

TT
ja + �jzh

TT
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zxa

� hTT
ij z2 � �iz�jzh
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x3
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1

3
@2
t

�
hTT
ia zxa

� �izh
TT
ab xaxb

�
+O

�
x3

�
(proper detector frame)

Recall the(VERY IMPORTANT) details

e.g.at 
)O((ωL)3){in the LAB

Berlin et al 2112.11465



Mode excitation at α = 0
Berlin et al 2112.11465
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Two words on mechanical coupling

E(x, t) ' en(t)En(x),

B(x, t) ' bn(t)Bn(x)
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Conclusions

 SRF cavities are a mature technology to look for GWs at GHz either 

‘ADMX’ like
 Heterodyne

As in any GR calculation: subtleties in working with a consistent gauge

 TT gauge needs to be converted to laboratory frame
 The laboratory frame may need all orders in (Rx) ⇠ O((!L))

 The way one reads out cavities is sensitive to time averaged hUi ⇠ O(h2)

 In the laboratory frame, there is sensitivity to ALL directions! (also longitudinal)

 Stay tuned for the connection to real world… (noise estimates + prospects)


