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Motivation

Computational Quantum Field Theory

CERN particle collision

Quantum Field Theory (QFT) simulations on D-dimensional*
space-time lattice

@ Discretise on lattice with spacing a = discretisation error

@ Monte Carlo average over configurations = statistical error
Very expensive as a — 0 (continuum limit)

*D = 4 for lattice QCD
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Motivation

Cost analysis and multilevel hierarchy

Total cost for given lattice spacing a and tolerance ey
@ a“ « discretisation error (typically @ = 1,2) = finer lattices
—1/2 T
° Nsar{1ples oc statistical error < estat = more samples
@ integrated autocorrelation time iyt o« a7 (z = 5 in some cases)

_2 —D-
Costsimc = O(egqi-a = %)
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Motivation

Cost analysis and multilevel hierarchy

Total cost for given lattice spacing a and tolerance ey
@ a“ « discretisation error (typically @ = 1,2) = finer lattices

° Ns?::éiles oc statistical error < estat = more samples

@ integrated autocorrelation time iyt o« a7 (z = 5 in some cases)

Costsic = O(ego-a %) = Costume = O(e2-a 7™ +aP)

Key idea: use hierarchy of coarse level theories to
@ accelerate sampling (reduce autocorrelations)
© exploit multilevel variance reduction [Giles ('08), Dodwell et al. ('15)]
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Multilevel MC for path integrals

Quantum mechanics (D = 1 dimensions)

Particle moving in potential V/(x)
Lagrangian £ = action S

]
S(x(t))zfo Lx(t)dt, L=T-vV

_ fOT{%x(tf - V(x(t))} ot

stationary S = Euler-Lagrange = Newton V(0 = jlo, -G = -k

S oL doL oV(x)

XD bty 0 Bx At ox ax

-

~
i
o

= j&class(t) = -

Xclass(t)
Quantum mechanics: “smear out” paths, consider all x(t) with

6S . -
6x—(t) ~ 0, penalise deviations from Xgjass(t)
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Multilevel MC for path integrals

Path integral formulation of quantum mechanics

Feynman’s path integral (in Euclidean time)
observable Q (Qol, quantity-of-interest)

[Q(x(t))e X)) Dx(t)

E[Q] =
] fe—%S(X(t)) Dx(1)

Very elegant approach to quantisation
@ Integrand highly peaked around classical path Xyass(t) as # — 0.7
@ Readily extended to quantum field theory (D > 1)
@ Resembles statistical field theory with temperature T « 7
@ Non-perturbative predictions for strongly coupled theories (lattice QCD)

Only minor problem: integral is infinite dimensional!

Twill work in units where 7 = 1 from now on
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Multilevel MC for path integrals

Discrete path integral

Discretisationt — d-dimensional integral:
x(t) = X = (X0, X1, X2, ..., Xg—1) € RY, x; ~ x(t; = a - )

lattice spacing a = T/d (— 0 in continuum limit)

fQ x)e dXo axq ... dXqg—1

+ discretisation error
[ &5 dxg dxy ... dxg—1

E[Q] =

Discrete action

©T S(x)=a CE {(X’_aﬁ)z - V(x,)}

b b Ix, | 1 X i tmet |ocality = nearest-neighbour couplings

A o

*also regularises UV divergences in QF T
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Multilevel MC for path integrals

Markov chain Monte Carlo

Monte Carlo evaluation + importance sampling:

Draw x(K) ~ z*, z* (x) =21 e=S(x) (Z= normalisation constant)
1
E[Q] = N Z Q[x¥)] + discretisation error + sampling error
k=1

Sample from 7*: Markov chain x(© — x(1) — x(®) — ... - x(N)
Metropolis-Hastings: x() — x(t+1) only depends on ratio

n_*(x(l+1))

@) P [- (S(x(1) = s(x1))]
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Multilevel MC for path integrals

Computational cost

How expensive is a simulation? \/ \/\ / / \

@ Discretisation error (bias)
Agisc < Coa® < €gisc, @ = 1,2

o Statistical error
Agtat o< N amples < Estat ‘\/\ \J/N
Total cost
@ Cost per path: Costpan oc d oc @~
© Number of independent samples Nsamples €,

1

-2
stat
© Integrated autocorrelation time: 7j; oc a~ ¢

-(1+2)/a -2
= Costsimc = Costpath - Nsamples * Tint © €disc * Estat
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Multilevel MC for path integrals

Hierarchy of coarse lattices

Growth of autocorrelations can be a serious issue
(phase transition = “freezing” of topological charge, z > 1 = later)

=Hierarchical sampling

Hierarchy of L (coarser) lattices 7 9—/

me(X) = Z; " exp [-S¢(x)]

Action Sconlevel £ =0,1,....L =1 | oip : L

Finest level (¢ =L —1):
@ action §;,_1 =S
@ probability density 7, 1 = 7*
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Multilevel MC for path integrals

Effective theories

Coarse theories S, _— ’3

me(x) = ZE1 exp [-S¢(x)]

Even/odd decomposition: x = [, x'] level 8 f——f——]

Integrate out odd modes in S,
= effective theory S,_4 N Y
(Renormalisation Group transformation) L1

Sr_1(x') = —log { f e~ Si(Ixx1) d)”(} +Ct

more explicity:

85_1 (Xo, X2, X4, .. ) = — Iog {f e_sf(XO’X“X%Xs"") dX1 dX3 .. } + Cg
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Multilevel MC for path integrals

Effective theories

Coarse theories S, _— ’3

me(x) = ZE1 exp [-S¢(x)]

Even/odd decomposition: x = [, x'] level 8 f——f——]

Integrate out odd modes in S,
= effective theory S,_4 N Y
(Renormalisation Group transformation) L1

S i(x) % - |og{ f o-Su(l5x) di} Lc

more explicity:

Se-1(x0, X2, Xa, . ..) =~ — log {f g~ S0 X128, ) gy gl } + Cy

(approximation sufficient for us!)
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Multilevel MC for path integrals

Hierarchical sampling

Idea [Christen & Fox (2005)]
@ Use coarse-level sample y,_; to generate fine-level proposal
Ye=1[¥e Vel
@ Accept/reject with fine-level theory = x(*1) ~ 7,

Fill-in odd points _ —

= conditional probability distribution 7, for

X, given even points x’: ./.\’/q/'

3 B level ¢ ———F—]
Ro(%Ix') = Z(x') " exp [-Ee([%. x'])]

with S[ =~ S[ L1

also works in higher dimensions = later
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Multilevel MC for path integrals

Two level Metropolis Hastings step

Algorithm 1 Two-level Metropolis Hastings step on level £

() (t+1)

Input: current x,” ~ 7, proposal distribution g,_;. Output: new x, "/ ~ 7,

. Let x 0 _ [)"(5 x,” 1] and pick x(t+1 =y, , from Q[_1('|X5[7)1).

2:if x, ’“) = xﬂ‘_)1 (coarse level proposal rejected) then

3 et XD x
4: else
3t Pick y, from 7 (ly,_) a?? Ie(t)Y/ = [V }’(/;1]-
~ et t t
6:  Compute relyo) A Wey) mea(Xe) e A%

n[(x([r)) me(VelYes) w1 (Yeq)
proposal distribution
7. Accept proposal y, and set x\""" 1 y, with probability min{1, e~25};
set xgr“) “— x ) if proposal is rejected.

8: end if

Qr1 (Ix",) = 7,4 (-) = [Alg. 2, Dodwell (2015)]
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Multilevel MC for path integrals

Hierarchical sampler

Alg. 1 implicitly defines a proposal distribution q{(;TL)(-Ixy))

= apply Alg. 1 recursively, using standard Metropolis-Hastings
method proposal (e.g. HMC) on coarsest level (£ = 1)

Algorithm 2 Hierarchical delayed acceptance sampler

Input: current x\" ~ 7, Output: new x!"*") ~ =,

Generate x!""

using Alg. 1 with level ¢, current sample xS’) ~ 1, and proposal
distribution

Qe (X0 ) = gy (xg") for e =1
= -1 qgl{)(lxg) fort=2,3,...,L -1

[picking from g,_+ inline 1 of Alg. 1 induces recursive call of Alg. 1 on level £ —1]
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Multilevel MC for path integrals

Hierarchical sampler

coarse level (HMC sampler)

—>a - l { v
accept “ W@ reject
fine level

Hierarchical sampling, as described in Alg. 2, for L = 3 levels.
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Multilevel MC for path integrals

Hierarchical sampling

Hierarchical sampling tames growth of autocorrelations by
generating non-local updates
- —1- 2 —(1+
Costsimc = O - @™ ) = Olegi - Edigc )
U

- - - -1
Costhsmc = O(Estgt -a 1) = O(Gstgt ’ Gdiséa)

(Recall that egisc o< a%)
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Multilevel MC for path integrals

Multilevel Monte Carlo

Telescoping sum (E[] linear,~ unbiased = no additional bias)

E[Q] ~ E[Q.-1] = E[QL-1 — QL—2] + E[QL-2]

=E[Q -1 — Q2] + E[Qi -2 — Q__3]
+ -+ E[Qr — Qo] + E[Qo]
N,

= EE[Y(] ~ E?{, ?[ = Nl Z Y{g),
=0 =0 ¢

J=1

where

v, Qo fort=0
“TlQ-—Quy fore=1.2.....L-1,

N¢ = # samples on level ¢
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Multilevel MC for path integrals

Multilevel Monte Carlo

Why does this help?

>

.4\6‘/. Q,
4a

Differences Y, = Q — Q;_1 have smaller +
variance = estimate Y, with fewer samples ./2—;\0 0 o
N, (assuming correct coupling of paths on levels ¢, O\./\O\'Qz; Q,

Y .\o\./.\. *
Var[Y, 1] < --- < Var[Y1] < Var[Yp] > 0, o

a 2a

?

= N_ 1<+ <N < Ny

Shift cost to coarser levels, where action evaluation is cheap

L1 :
~ | [Var[Y/] Ce = cost of generating
eff _ -2 eff t
N = € (; Var[Y] ¢ ] cet *  independent sample on level £

[Giles (2008), Dodwell et al. (2015), Dodwell et al. (2019)]
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Multilevel MC for path integrals

Multilevel Monte Carlo

Algorithm 3 Multilevel Monte Carlo.
Input: Number of levels L, number of samples per level N¢" and sub-sampling
rates t, for £=0,...,L — 1, Output: MLMC estimate /C\?L\"{LA"I’L% for Qol.

1: forlevel £ =0,...,L —1do

2 forj=1,...,N:"do

3 if £ =0 then

4: Create new x““O from x') with standard Metropolis-Hastings.
5 Compute Y = Qy(x!"))

6 else

7 Create new x\""" from x'" with Alg. 1 and g, (-1x\") = 7,1 ;

In practice, use t;_4 steps of Alg. 2 to compute approximately

mdependent sample 2" on level £ - 1.
8: Compute Y = Q,(x EM))—Q (2,
9: end if
10: end for
11: end for .
12: Compute QML’\’\IAQ% = ’l; (1) Y, e with Y, et = $ Z/N:(1
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Multilevel MC for path integrals

Multilevel Monte Carlo cost

Variance decay
Var[Y;] < 277 - Var[Y, 4] < --- < 27 L var vy

Cost of Multilevel Monte Carlo (assuming exact sampling from 7;)

e
Coststuc = O( Estat * d|gc+2)/a)
U
— -2 -1/
Costhsmc = O&gnt - e
U
O( stat + Ed|sc) forﬁ > 1
Costume = . 1
O( €qtat * 11082 €discl” + Ec;isc) forg =1
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Model problems

Quantum mechanical model problem

Topological oscillator

Free particle on a ring, Iy = mgR? (=moment of inertia)

S(x(1) = & foZ dt with x € [-7, 7)
0

| d-1
S(x) =2 ) (1= cos(x = x-1)).
j=0

radius R

Coarse level theories:
= perturbative matching (= approximate RG transformation)

o = K1 — (-8 o (L3)

0 0 —>---—>I((f)
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Model problems

Topological charge

Topological charge g = # complete revolutions in time T

+T

(x(1)) = - fo dte? e
q - 27T 0
1 a-1
~ q(x) = > Z{xj — Xj—1 mod [-7, )}
=0

Qol = topological susceptibility

2
(;) B -

1
O(X):Xt(x):q leo asa—0, T -

integrated autocorrelation time tj; < a7%, z > 1
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Model problems

Integrated autocorrelation time

Tint (do = 32 for hierarchical sampler)

int. autocorrelation time Tint

fary

o
w
1

—

o
N
1

=
o
4

10° 4

=0O— HMC
-— fit xa
=L}~ hierarchical

=¥~ hierarchical [not renorm.]

-8.77

V2BV 102V s1g o

1072 1071
lattice spacing a
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Model problems

Variance decay

Decay of Var[Y/]

-0
u,--n—
’
16
1024 Var[Ye] =27 - Var[ Y]
B=~1
10-3 4
Var[Q]
=0— V,=VarlY]
=+ V,=Var[Y;] [not renorm.]
10-4 ] . c( a
- lll_[n(Var[Od) =0.0219 [theory]
16384 ?
103 102 107t

lattice spacing a;
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Model problems

Multilevel Monte Carlo setup

Compared algorithms
Q Case1:
@ HMC: Standard MC with single-level HMC sampler
O HSMC: Standard MC with hierarchical sampler (Alg. 2)
© MLMC: Multilevel MC, generate coarse level samples with
(subsampled) Alg. 2; subsampling rates t; = [27int(]
©Q Case?2
@ StMC: Standard MC with cluster algorithm [Wolff (1989)]
O MLMC: Multilevel MC, generate coarse level samples with
(subsampled) cluster algorithm; subsampling rates ty = [27int¢]

Reported runtimes do not include burn-in (but burn-in can also be
accelerated with our methods, see also [Endres et al. (2015)])

All results obtained with C++ code available at
https://bitbucket.org/em459/mlmcpathintegral
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Model problems

Cost comparison

Runtime for topological oscillator with egat = 1072

lattice spacing a

10- 101
105 I 1
=O— singlelevel [HMC]
\ =~ hierarchical [HSMC]
10° 4 \ -0~ multilevel [MLMC]
“ —- o |log(&gisc)|?
103 4 Vg T %Eakc
\ (0= Fit « g5 7
2 107
(9
£
€
2 1014
10° 4
10—1 .

tolerance ggisc
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Model problems

Cost comparison

Runtime, topological oscillator, cluster algorithm with ezt = 1072

lattice spacing a

1073
103 A
=0~ singlelevel [StMC]
== multilevel [MLMC]
""""" . —- «|log(egisc)?
Tl P “Ed_iéc
102 4
)
v
£
€
2
10! 4
1024

1074 10-3
tolerance &gisc
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Cost comparison

Model problems

Runtime for double well potential with ezt = 1074

runtime [s]

108

lattice spacing a

107!

107 4

106 4

104 4

103 4

=O— singlelevel [HMC]
=0~ hierarchical [HSMC]
== multilevel [MLMC]

=172
* Egisc

—— Fit xgzkf0«a 321

xg~!

tolerance &gisc
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Schwinger model

Towards QCD

2d Schwinger model = toy model for quantum electrodynamics
n(A,) = Z Vexp [—S(A#)] gauge potential A,(x) € R for all x € Q, u € {0, 1}

Action

’
Scont(Au) = f d?x 2 Z F.?  fieldstrength Fy, = 8,A, — 0,A,
uv

Invariance under local gauge transformation G(x) = e”*) € U(1)
(unitary group = rotations in complex plane)

Au(x) - Au(x) - ée(x)aﬂe-1(x), Fo i Fyy
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Schwinger model

Lattice discretisation

Lattice action design principle: preservation of local gauge invariance’

1 1
_ _ T —
Sat[ U] —ﬁ; (1 5(Up+Up )) B= 2
Link Uny, € U(1),ne€eZXZ . <
| o] |u }
A#(X) — Upy ~ g'9aA.(na) I L
Un,l
Plaquette 7> A
Up = UpoU,, 5, U . U "l o
P = ¥n0%n401% 19,0701

Local gauge transformation g(n) € U(1)

Uny = g(MUnug'(n+ p), Up = Uy

Sensures that conservation laws survive discretisation
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Schwinger model
Lattice hierarchy

I N
1
I A A I Wi
o s
Gauge invariant coarsening
Ur(f;? ) = UnpuUn+piu

Fill-in of additional fine links: draw from from 4-dimensional
distribution in each coarse cell
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Schwinger model

Preliminary results

Integrated autocorrelation time i,; on 16 x 16 lattice, 8 o« a2
Qol = topological susceptibilityT y;

=¥ overrelaxed heatbath [1 x HB, 10 x OR]
-l hierarchical (pert. matching)
-~ hierarchical (exact matching)
+©O- hierarchical (unrenormalised)

-
=)
=

-
o
w

finer lattices —

integrated autocorrelation time Tjn,
= =
b )

10°

coupling constant ﬁ

Comparison hierarchical sampler « Gibbs sampler (heatbath + OR)

scaled by physical volume
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Schwinger model

Preliminary results

Variance decay constant physical volume

10°

32x32

64 x 64

8 = Var[Q,]
96x96 ~O- VarlY;] (renorm.)
-+ Varlv]
- [lTl Var[Q;]=1.3142

107 192 x 192

g1
ceee o« iR

56

56 T
1073 1072

inverse coupling constant g;*

...appears to be consistent with Var[Y] o 571/2

bias (discretisation error) « a2

o a
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Schwinger model

Expected performance gains in D dimensions

Total cost for given tolerances cgisc, €stat
@ discretisation error < &g (typically @ = 1,2)
@ statistical error < &gt

@ integrated autocorrelation time iy o« a~?(z = 5 in some cases)

Costsimc = O - € d|£+z)/a)
1l (hierarchical sampling)
CoSthierarchical = O(€q; - € (;SDC/")
1 (multilevel Monte Carlo)
Costmme = O(e52 - 5 +e,2/")  forD>a

Continuum limit (egisc — 0): Soemstioal -2
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Conclusion

Conclusion

Summary and Outlook
@ Cost of evaluating path integrals grows rapidly as a — 0
@ Hierarchical sampling eliminates autocorrelations
@ Multilevel Monte Carlo leads to further speedups for a <« 1
Chierarchial/ CMLMC & €52, for €stat fixed, egisc — 0
@ Coarse level matching improves performance by 2 x —3x
Future work
@ We really want to apply this to QFT (esp. Lattice QCD)
@ Expected performance gains from MLMC higher for D > 1
@ “Coarsen” in other categories (= multindex MC)

e Size of physical box
e Increase dynamical quark mass on coarse levels

@ Improved coarse level theories from renormalisation group
transformations / lattice perturbation theory / machine learning
@ Combine with neural MCMC [Nicoli et al. arXiv:2007.07115]

= Pan Kessel, Christopher Anders (BIFOLD & TU Berlin)
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Higher dimensions

Does hierarchical sampling only work in 1d?

Recall two-level Metropolis-Hastings step (Alg. 1) in 1d:

@ Fill-in fine unknowns @ by drawing

from 77/(-/®) and set ® = [@, @] coarse o >
@ Accept with ratio lattice W
ﬂf(.new)‘ 7¢(®old|®old) ) me-1(®old) fine ,/'\'/’/.

7¢(®oid) 7e(@new!®new) 7r-1(®new) lattice F——+——]

- d; <«

proposal distribution
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Higher dimensions

2 dimensions = two-stage fill-in process with rotated lattice
see also [Schmidt (1983), Faas & Hilhorst (1986)] for Ising model

@ Fillin @ — O with
fry) ~ exp[—é[(,”]

@ Fillin @, 0 — @ with

7 opl-82)

proposal-actions
§é1) ~ Sllat. spacing = V2a/],

Py

coarse lattice

él(?) ~ S|lat. spacing = a/|
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Higher dimensions

Two-level Metropolis-Hastings step (Alg. 1

)
@ Fill-in fine unknowns 0 by drawing from 7"751)( @)

° F|II in fine unknowns @ by drawing from 7 n ( @, 0) and set
=[e,0,0]
° Accept with ratio

¢ (®new) 7~T( ) (@0101®016, Toia) ‘ 7"T,§1)(Do|d|00ld)  7e-1(®olg)
”[(.old) EZ)(.new|.new’ Dnew) 7?21)(Dnew|.new) 7T[—1(.new)

proposal distribution
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Double-well potential

Particle moving in potential

1 1 1\
V(X) = —EXZ + Z(X— Z)

Vix)

Qol = mean square displacement

—— doublewell V(x) = —3x2+}(x—})*

1 -
Q(x) — X2 -2 -1 é 1 2

Boundary conditions (all numerical experiments): x(0) = x(T)
do not consider finite “volume” errors due to T < oo
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Integrated autocorrelation time

Tint, double well potential (d, = 16 for hierarchical sampler)

=-O— HMC
- fit xa
=L} hierarchical

-2.29

102 4

int

10! 4

int. autocorrelation time T

10° 4

lattice spacing a
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Variance decay

Decay of Var[Y¢], double well potential

o o o o o o o—~n
107 Var[Y;] = 277 - Var[Y;4]
____ 32
w2y e
10—3 4
°12 /‘/ =~ Var[Q]
¢ =-0— V,=VarlY;]
104 7 xa
—_ aa}
2048
1072 107!

lattice spacing a;




Effect of coarse-level matching

Improved coarse level action = better results

0) . ; ¢
@ fuc: No matching ) =k forall £ =0,1,....L - 1

@ fyimc: with matching I, = I(()Lq) — I(()sz) — e I(()” — I(()O)

(0)

d a Edisc tiime  Muvic speedup

64 0.0625 0.01348 4.07 1.72 2.4%
128 0.0312 0.00674 10.68 4.95 2.2%x
256 0.0156 0.00337 16.47 5.72 2.9%x
512 0.0078 0.00168 19.27 7.42 2.6x
1024 0.0039 0.00084 21.92 8.76 2.5%

2048 0.0020 0.00042 2564 10.47 2.5%
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Expected performance gains in D dimensions

Multilevel MC literature: bound total RMS error < €
balance disc/stat errors = egisc = €stat = €/ V2

Costsime = 0(6_2_(D+Z)/Q)
1l (hierarchical sampling)
Costhierarchical = O(EiziDm)
1 (multilevel Monte Carlo)

Cuime = 0(6717D/(Y) for D > a
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