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QCD at the LHC

• The Run III of the LHC is about to start!

➡ Huge increase in statistics.

➡ Experimentally, we may reach 
a precision of 1% (e.g., 
luminosity, JES, ..)

We need to make sure that our theory predictions also 
reach this standard of 1%!

➡ It’s time to critically assess and revisit our theory tools.



• Standard approach to LHC computations: QCD factorisation

Sum over 
parton species

Parton density 
functions (PDFs)

Partonic 
cross sections

Higher-twist 
effects
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QCD at the LHC

• The partonic cross sections are expanded in perturbation theory:
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• Naive counting: NLO         10%�!
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NLO & NNLO

Virtual corrections (‘loops’) Real emission

• The NLO cross section:

• The NNLO cross section:

Double virtual Real-virtual Double real
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Figure 8: The dependence of the cross-section on a common renormalization and factorization
scale µ = µF = µR.

�scale

EFT,k

LO (k = 0) ±14.8%

NLO (k = 1) ±16.6%

NNLO (k = 2) ±8.8%

N3LO (k = 3) ±1.9%

Table 5: Scale variation of the cross-section as defined in eq. (3.11) for a common renormalization
and factorization scale µ = µF = µR.

the treatment of both infrared and ultraviolet singularities. For a physical process such

as inclusive Higgs production, where one cannot identify very disparate physical scales,

large separations between the renormalization from the factorization scale entail the risk

of introducing unnecessarily large logarithms. In Fig. 8 we present the dependence of the

cross-section on a common renormalization and factorization scale µ = µR = µF . Through

N3LO, the behaviour is very close to the scale-variation pattern observed when varying

only the renormalization scale with the factorization scale held fixed. More precisely, using

the same quantifier as introduced in eq. (3.11) for the variation of the renormalization scale

only, the variation of the cross-section in the range [mH/4,mH ] for the common scale µ

is shown in Tab. 5. We observe that the scale variation with µR = µF is slightly reduced

compared to varying only the renormalization scale at NLO and NNLO, and this di↵erence

becomes indeed imperceptible at N3LO.

The scale variation is the main tool for estimating the theoretical uncertainty of a

cross-section in perturbative QCD, and it has been successfully applied to a multitude of

– 16 –

Next, let us analyze the uncertainties quoted in our cross-section prediction. We

present our result in eq. (8.1) with two uncertainties which we describe in the following. The

first uncertainty in eq. (8.1) is the theory uncertainty related to missing corrections in the

perturbative description of the cross-section. Just like for the central value, it is interesting

to look at the breakdown of how the di↵erent e↵ects build up the final number. Collecting

all the uncertainties described in previous sections, we find the following components:

�(scale) �(trunc) �(PDF-TH) �(EW) �(t, b, c) �(1/mt)

+0.10 pb

�1.15 pb
±0.18 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb

+0.21%
�2.37% ±0.37% ±1.16% ±1% ±0.83% ±1%

In the previous table, �(scale) and �(trunc) denote the scale and truncation uncertainties

on the rEFT cross-section, and �(PDF-TH) denotes the uncertainty on the cross-section

prediction due to our ignorance of N3LO parton densities, cf. Section 3. �(EW), �(t, b, c)

and �(1/mt) denote the uncertainties on the cross-section due to missing quark-mass e↵ects

at NNLO and mixed QCD-EW corrections. The first uncertainty in eq. (8.1) is then

obtained by adding linearly all these e↵ects. The parametric uncertainty due to the mass

values of the top, bottom and charm quarks is at the per mille level, and hence completely

negligible. We note that including into our prediction resummation e↵ects in the schemes

that we have studied in Section 4 would lead to a very small scale variation, which we

believe unrealistic and which we do not expect to capture the uncertainty due to missing

higher-order corrections at N4LO and beyond. Based on this observation, as well as on the

fact that the definition of the resummation scheme may su↵er from large ambiguities, we

prefer a prudent approach and we adopt to adhere to fixed-order perturbation theory as

an estimator of remaining theoretical uncertainty from QCD.

The second uncertainty in eq. (8.1) is the PDF+↵s uncertainty due to the determina-

tion of the parton distribution functions and the strong coupling constant, following the

PDF4LHC recommendation. When studying the correlations with other uncertainties in

Monte-Carlo simulations, it is often necessary to separate the PDF and ↵s uncertainties:

�(PDF) �(↵s)

±0.90 pb +1.27pb
�1.25pb

±1.86% +2.61%
�2.58%

Since the �(↵s) error is asymmetric, in the combination presented in eq. (8.1) we conser-

vatively add in quadrature the largest of the two errors to the PDF error.

As pointed out in Section 7, the PDF4LHC uncertainty estimate quoted above does

not cover the cross-section value as predicted by the ABM12 set of parton distribution func-

tions. For comparison we quote here the corresponding cross-section value and PDF+↵s

– 39 –
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• Naive counting: NLO         10%�!
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➡ Sometimes the naive counting fails!
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• The N3LO cross section:

<latexit sha1_base64="Cm15JY4OrHf7Qv69pO0WZYVOIqs=">AAACD3icdVDLSgMxFM3UV62vUZdugq3gqkx16mNXcONCtIJ9QFtLJs20oZkHyZ1iGQr+gnu3+gvuxK2f4B/4GWbaClb0wIXDOffm3hwnFFyBZX0Yqbn5hcWl9HJmZXVtfcPc3KqqIJKUVWggAll3iGKC+6wCHASrh5IRzxGs5vTPEr82YFLxwL+BYchaHun63OWUgJbaptkEdgfSiy9zt4e5i6tR28xaeWsMPCF2QuxTu2gVcWFqZdEU5bb52ewENPKYD1QQpRoFK4RWTCRwKtgo04wUCwntky5raOoTj6lWPL58hPe00sFuIHX5gMfqz4mYeEoNPUd3egR66reXiH95jQjck1bM/TAC5tPJIjcSGAKcxIA7XDIKYqgJoZLrWzHtEUko6LBmtiRvS+WqUUZH8/1//D+pHuQLR3n72s6WSveTkNJoB+2ifVRAx6iEzlEZVRBFA/SIntCz8WC8GK/G26Q1ZUyD3UYzMN6/ABkonQ4=</latexit>

N
3
LOThe dawn of 



N3LO AT THE LHC OVER TIME 6

2015 2016
2017

2018

2019N3LO

Slide inspired by G. Salam / L. Cieri...

2020

2021

Higgs Threshold Exp.  
[Anastasiou, Duhr, Dulat, Herzog, BM, 15]

Higgs Jet Veto [Banfi, et al. 15]
Higgs VBF  [Dreyer,  Karlberg,16]

Higgs Diff. Threshold App. [Dulat, BM, A. Pelloni,17]

Higgs Diff. qT [Cieri,Chen, Gehrmann,  
Glover,Huss,18]

Higgs (Y approx.) [Dulat, BM,Pelloni,18]

HH (VBF) [Dreyer, Karlberg,18]

Higgs, [BM,18]

bb->H [Dulat, Duhr, BM,19]

ggF->HH [Chen,Li,Shoa,Wang]

Drell-Yan [Dulat, Duhr, BM,20]

bbH 4FS+5FS [Dulat, Duhr, Hirschi, BM,20]

CCDY [Dulat, Duhr, BM,20]
Fully differential Higgs -> 2Photons  [Chen, BM, et al. 21]

Fiducial Higgs and DY [Billis, Tackmann, et al., 21]

Fiducial DY [Camarda,Cieri,Ferrera, 21]DY-Rapidity [Chen,Gehrmann,Glover,et al.]

Production Cross Sections The dawn of 

[Picture by B. Mistlberger]
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• N3LO computations are extremely challenging!

• Cons:

• Focus of this talk: Inclusive cross sections for             processes.

➡ Idealised theoretical observables (no cuts, no differential info)

The dawn of 
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q q̄0 ! W± ! `±⌫`

➡ Simple color-singlet final states.

• Pros:

➡ Can be computed analytically.
➡ Can serve as a template to understand N3LO phenomenology.
➡ Historically, inclusive cross sections were also the first 

milestones for NNLO computations.



Outline

• Inclusive N3LO cross sections:

➡ Scale dependence.

➡ Review of computational strategy.

➡ Neutral-current Drell-Yan production and      . 
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• Phenomenological results:

➡ PDF dependence.

• Outlook and conclusion.



Inclusive N3LO 
cross sections



Inclusive cross sections

• Inclusive cross sections can be cast in the form (                  ):

� = ⌧
X

ij

Z 1

⌧

dz

z
Lij(⌧/z)

�̂ij(z)

z
Lij(⌧/z) =

Z 1

⌧/z

dx

x
fi(x) fj(⌧/(xz))
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Partonic luminosity

➡ Partonic cross sections only depend on                 . 
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z = Q2/ŝ

• Reverse Unitarity: interpret phase space integrals as loop 
integrals with a cut.
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2 �m2)
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⌧ = Q2/S

➡ We can use multi-loop technology to evaluate inclusive phase 
space integrals.



• In 2015, we solved the differential equations as a series

⌧ =
m2

H

S
' 10�4z =

m2
H

ŝ

➡ For Higgs:  Main 
contribution from 
region where  tttttt.      z ' 1

➡ Physically:
production at 
threshold + emission 
of soft partons.
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The gluon fusion cross section

�̂(z) = ��1 + �0 + (1� z)�1 +O(1� z)2

➡ Fails for quark-
initated processes.



Convergence of the expansion
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Figure 3: The numerical e↵ect in Setup 1 of the N3LO correction in the main partonic channels
and the total cross-section as a function of the truncation order in the threshold expansion, for
n = 0 in eq. (3.6).

the convolution (3.6). This leads to a slower apparent convergence, at least in the case

where only a few terms are taken into account in the threshold expansion. While the

spread between the di↵erent curves gives a measure for the quality of the convergence of

the threshold expansion, we know of no compelling argument why any of this curves should

be preferable over others at this order of the expansion. We observe, however, that the

di↵erent curves agree among each other within a range of 0.1 pb, thereby corroborating

our claim that the threshold expansion provides reliable results for the N3LO cross-section.

In Fig. 3 we plot the N3LO corrections for the gg and qg channels2, as well as the total

inclusive cross-section, as a function of the truncation order (for n = 0). The quark-initiated

channels contribute only a small fraction to the inclusive cross-section. The convergence of

the threshold expansion for these channels is less rapid than for the dominant gluon-gluon

channel. This is better demonstrated in Fig. 4, where we plot the ratio

�X(N) ⌘
�(3)

X,EFT (N)� �(3)

X,EFT (Nlast)

�(3)

X,EFT (Nlast)
100% . (3.8)

Here, �(3)

X,EFT (N) denotes the contribution of the partonic channel X to the N3LO correc-

tion to the hadronic cross-section when computed through O(z̄N ) in the threshold expan-

sion. Nlast (equal to 37) is the highest truncation order used in our current computation.

Although the convergence of the quark-gluon and the quark channels is rather slow, the
2We sum of course over all possible quark and anti-quark flavours.

– 10 –

Next, let us analyze the uncertainties quoted in our cross-section prediction. We

present our result in eq. (8.1) with two uncertainties which we describe in the following. The

first uncertainty in eq. (8.1) is the theory uncertainty related to missing corrections in the

perturbative description of the cross-section. Just like for the central value, it is interesting

to look at the breakdown of how the di↵erent e↵ects build up the final number. Collecting

all the uncertainties described in previous sections, we find the following components:

�(scale) �(trunc) �(PDF-TH) �(EW) �(t, b, c) �(1/mt)

+0.10 pb

�1.15 pb
±0.18 pb ±0.56 pb ±0.49 pb ±0.40 pb ±0.49 pb

+0.21%
�2.37% ±0.37% ±1.16% ±1% ±0.83% ±1%

In the previous table, �(scale) and �(trunc) denote the scale and truncation uncertainties

on the rEFT cross-section, and �(PDF-TH) denotes the uncertainty on the cross-section

prediction due to our ignorance of N3LO parton densities, cf. Section 3. �(EW), �(t, b, c)

and �(1/mt) denote the uncertainties on the cross-section due to missing quark-mass e↵ects

at NNLO and mixed QCD-EW corrections. The first uncertainty in eq. (8.1) is then

obtained by adding linearly all these e↵ects. The parametric uncertainty due to the mass

values of the top, bottom and charm quarks is at the per mille level, and hence completely

negligible. We note that including into our prediction resummation e↵ects in the schemes

that we have studied in Section 4 would lead to a very small scale variation, which we

believe unrealistic and which we do not expect to capture the uncertainty due to missing

higher-order corrections at N4LO and beyond. Based on this observation, as well as on the

fact that the definition of the resummation scheme may su↵er from large ambiguities, we

prefer a prudent approach and we adopt to adhere to fixed-order perturbation theory as

an estimator of remaining theoretical uncertainty from QCD.

The second uncertainty in eq. (8.1) is the PDF+↵s uncertainty due to the determina-

tion of the parton distribution functions and the strong coupling constant, following the

PDF4LHC recommendation. When studying the correlations with other uncertainties in

Monte-Carlo simulations, it is often necessary to separate the PDF and ↵s uncertainties:

�(PDF) �(↵s)

±0.90 pb +1.27pb
�1.25pb

±1.86% +2.61%
�2.58%

Since the �(↵s) error is asymmetric, in the combination presented in eq. (8.1) we conser-

vatively add in quadrature the largest of the two errors to the PDF error.

As pointed out in Section 7, the PDF4LHC uncertainty estimate quoted above does

not cover the cross-section value as predicted by the ABM12 set of parton distribution func-

tions. For comparison we quote here the corresponding cross-section value and PDF+↵s

– 39 –



The threshold expansion

z = 1
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Initial condition = soft limit

⌧ =
m2

H

S
' 10�4 1/2
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• Exact numerical results! 

➡ Removes truncation uncertainty.

➡ Opens the way to extend to quark-initiated processes.

[Mistlberger]



Quark-initiated processes
• We have recently completed the N3LO cross sections for           

• Spin-off: First independent confirmation of all 3-loop splitting 
functions. [Moch, Vermaseren, Vogt]
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q q̄0 ! W± ! `±⌫`
[CD, Dulat, Mistlberger]

• All computations are done in massless QCD with              flavours. 
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➡      is ambiguous in dimensional regularisation.
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➡ The axial current is anomalous 
in QCD.

➡ The anomaly cancels for an 
even number of flavours.



• We use the Larin-scheme to work with     .
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➡ Write                                                          . 

the ambiguities in how to treat �
5 in dimensional regularisation. In the remainder of this

section we discuss our treatment of �
5 in detail.

Consider the operator describing the coupling of an axial current in QCD to the axial-

vector ZA:

OA = gA ZA,µ

NfX

f=1

Af J
µ
A,f , J

µ
A,f = iq̄f�

µ
�
5
qf , (3.1)

where Nf is the number of quark species. In the SM we have gA = 2mW
v cos ✓W

, Af = 1

2
T
3

f

and Nf = 6. Since the coupling of ZA to the axial current involves the �
5 matrix, which

is only well-defined in four dimensions, care is needed how this operator is analytically

continued to arbitrary dimensions when working in dimensional regularisation. Moreover,

it is well-known that the singlet axial current J
µ
A,S =

PNf

f=1
J
µ
A,f is anomalous in QCD and

satisfies the Adler-Bell-Jackiw (ABJ) anomaly equation [35–37] (see also ref. [74]). In four

dimensions �
µ and �

5 anticommute, as one can easily verify by writing �5 as in refs. [40, 41]:

�
5 = �

i

4!
✏
µ⌫⇢�

�µ�⌫�⇢�� . (3.2)

However, if the spacetime dimension is extended to D-dimension this no longer holds true.

Here we work in the Larin-scheme [42–44] and define the axial-vector current explicitly as

J
µ
A,f =

1

3!
✏
µ⌫⇢�

q̄f�⌫�⇢��qf . (3.3)

For D = 4, this definition is identical to the one of eq. (3.1) as on can easily see by

computing the anti-commutation relation

�
µ
�5 =

1

2
{�

µ
, �5} = �

i

3!
✏
µ⌫⇢�

�⌫�⇢��. (3.4)

In our computation the �
µ matrices are interpreted as D-dimensional objects, and the

Dirac algebra is performed in D-dimensions. Any Feynman diagram in the Drell-Yan

process mediated by an axial-vector current will involve two insertions of the axial-vector

current of eq. (3.3). We use the identity

✏
µ1µ2µ3µ4✏

⌫1⌫2⌫3⌫4 = det

0

BBB@

g
µ1⌫1 g

µ1⌫2 g
µ1⌫3 g

µ1⌫4

g
µ2⌫1 g

µ2⌫2 g
µ2⌫3 g

µ2⌫4

g
µ3⌫1 g

µ3⌫2 g
µ3⌫3 g

µ3⌫4

g
µ4⌫1 g

µ4⌫2 g
µ4⌫3 g

µ4⌫4

1

CCCA
, (3.5)

which is valid in strictly D = 4 dimensions, to contract Lorentz indices of the Levi-Civita

tensors, and we treat the metric tensors in the above equation as D-dimensional. The above

extension to D space-time dimensions modifies the computed cross sections at sub-leading

order in the dimensional regulator. In the presence of divergences, these modifications

are propagated into finite and singular terms of the bare partonic cross sections and their

renormalisation below.
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➡ Evaluate Dirac traces in     dimensions.
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D

➡ Replace 

the ambiguities in how to treat �
5 in dimensional regularisation. In the remainder of this

section we discuss our treatment of �
5 in detail.

Consider the operator describing the coupling of an axial current in QCD to the axial-

vector ZA:

OA = gA ZA,µ

NfX

f=1

Af J
µ
A,f , J

µ
A,f = iq̄f�

µ
�
5
qf , (3.1)

where Nf is the number of quark species. In the SM we have gA = 2mW
v cos ✓W

, Af = 1

2
T
3

f

and Nf = 6. Since the coupling of ZA to the axial current involves the �
5 matrix, which

is only well-defined in four dimensions, care is needed how this operator is analytically

continued to arbitrary dimensions when working in dimensional regularisation. Moreover,

it is well-known that the singlet axial current J
µ
A,S =

PNf

f=1
J
µ
A,f is anomalous in QCD and

satisfies the Adler-Bell-Jackiw (ABJ) anomaly equation [35–37] (see also ref. [74]). In four

dimensions �
µ and �

5 anticommute, as one can easily verify by writing �5 as in refs. [40, 41]:

�
5 = �

i

4!
✏
µ⌫⇢�

�µ�⌫�⇢�� . (3.2)

However, if the spacetime dimension is extended to D-dimension this no longer holds true.

Here we work in the Larin-scheme [42–44] and define the axial-vector current explicitly as

J
µ
A,f =

1

3!
✏
µ⌫⇢�

q̄f�⌫�⇢��qf . (3.3)

For D = 4, this definition is identical to the one of eq. (3.1) as on can easily see by

computing the anti-commutation relation

�
µ
�5 =

1

2
{�

µ
, �5} = �

i

3!
✏
µ⌫⇢�

�⌫�⇢��. (3.4)

In our computation the �
µ matrices are interpreted as D-dimensional objects, and the

Dirac algebra is performed in D-dimensions. Any Feynman diagram in the Drell-Yan

process mediated by an axial-vector current will involve two insertions of the axial-vector

current of eq. (3.3). We use the identity

✏
µ1µ2µ3µ4✏

⌫1⌫2⌫3⌫4 = det

0

BBB@

g
µ1⌫1 g

µ1⌫2 g
µ1⌫3 g

µ1⌫4

g
µ2⌫1 g

µ2⌫2 g
µ2⌫3 g

µ2⌫4

g
µ3⌫1 g

µ3⌫2 g
µ3⌫3 g

µ3⌫4

g
µ4⌫1 g

µ4⌫2 g
µ4⌫3 g

µ4⌫4

1

CCCA
, (3.5)

which is valid in strictly D = 4 dimensions, to contract Lorentz indices of the Levi-Civita

tensors, and we treat the metric tensors in the above equation as D-dimensional. The above

extension to D space-time dimensions modifies the computed cross sections at sub-leading

order in the dimensional regulator. In the presence of divergences, these modifications

are propagated into finite and singular terms of the bare partonic cross sections and their

renormalisation below.
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• The result is UV-divergent, and the divergence is removed by 
renormalising the axial current.

It is well-known that the axial current J
µ
A,f is anomalous in QCD and develops a UV-

divergence starting from one-loop order. This UV-divergence cancels in the complete SM,

due to the relation
Nf=6X

f=1

Af = 0 . (3.6)

In variants of the SM with an odd number Nf of fermion species, however, eq. (3.6) is

violated, and the UV-divergence does not cancel. The UV-divergence can be removed by

renormalising the axial current by the equation (valid through at least three loops)

⇥
J
µ
A,f

⇤
R

= Zns J
µ
A,f + Zs

NfX

f 0=1

J
µ
A,f 0 = Zns J

µ
A,f + Zs J

µ
A,S , (3.7)

where
⇥
J
µ
A,f

⇤
R

is the renormalised axial current. We see that the renormalisation mixes

the axial currents for di↵erent flavors. The non-singlet and singlet counterterms Zns and

Zs are not pure MS counterterms, but they also include finite terms whose purpose is to

ensure that the renormalised singlet axial current computed in the Larin-scheme satisfies

the all-order ABJ anomaly equation [35–37]:

@µ
⇥
J
µ
A,S

⇤
R

=
↵S(µ2)

8⇡
Nf

⇥
F eF

⇤
R

, (3.8)

with F eF = ✏µ⌫⇢� Tr
�
F

µ⌫
F

⇢�
�
, and the renormalised singlet axial current is

⇥
J
µ
A,S

⇤
R

= ZS J
µ
A,S , with ZS = Zns + Nf Zs . (3.9)

Both the non-singlet and singlet counterterms are known to three loops in QCD [43, 75–77]:

Zns = 1 � as(µ) CF + as(µ)2 CF


11CA � 2Nf

24✏
+

1

144
(�107 CA + 198CF + 2Nf )

�

+ as(µ)3 CF

n
�

(11CA � 2Nf )
2

432✏2
+

1

2592✏

�
� 416CANf � 2574CACF + 1789C

2

A

+ 360CFNf + 4N
2

f

�
+

1

5184

⇥
(4536⇣3 � 6441) C

2

A + (17502 � 12960⇣3) CACF

+ (864⇣3 + 356) CANf + (7776⇣3 � 9990) C
2

F � (864⇣3 + 186) CFNf + 52N
2

f

⇤o

+ O(as(µ)4) , (3.10)

Zs = as(µ)2 CF

✓
3

16✏
+

3

32

◆
+ as(µ)3 CF

(
2Nf � 11CA

96✏2
+

109CA � 162 CF + 2Nf

576✏

+
1

3456

⇥
(1404⇣3 � 326) CA + (�1296⇣3 + 621) CF + 176Nf

⇤
)

+ O(as(µ)4) .

We have computed the partonic coe�cient functions in the Larin-scheme in a variant

of the SM with only Nf = 5 massless active quark flavors, and the top quark is consid-

ered infinitely-heavy and thus absent from the computation. If only the strong coupling
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the ambiguities in how to treat �
5 in dimensional regularisation. In the remainder of this

section we discuss our treatment of �
5 in detail.

Consider the operator describing the coupling of an axial current in QCD to the axial-

vector ZA:

OA = gA ZA,µ

NfX

f=1

Af J
µ
A,f , J

µ
A,f = iq̄f�

µ
�
5
qf , (3.1)

where Nf is the number of quark species. In the SM we have gA = 2mW
v cos ✓W

, Af = 1

2
T
3

f

and Nf = 6. Since the coupling of ZA to the axial current involves the �
5 matrix, which

is only well-defined in four dimensions, care is needed how this operator is analytically

continued to arbitrary dimensions when working in dimensional regularisation. Moreover,

it is well-known that the singlet axial current J
µ
A,S =

PNf

f=1
J
µ
A,f is anomalous in QCD and

satisfies the Adler-Bell-Jackiw (ABJ) anomaly equation [35–37] (see also ref. [74]). In four

dimensions �
µ and �

5 anticommute, as one can easily verify by writing �5 as in refs. [40, 41]:

�
5 = �

i

4!
✏
µ⌫⇢�

�µ�⌫�⇢�� . (3.2)

However, if the spacetime dimension is extended to D-dimension this no longer holds true.

Here we work in the Larin-scheme [42–44] and define the axial-vector current explicitly as

J
µ
A,f =

1

3!
✏
µ⌫⇢�

q̄f�⌫�⇢��qf . (3.3)

For D = 4, this definition is identical to the one of eq. (3.1) as on can easily see by

computing the anti-commutation relation

�
µ
�5 =

1

2
{�

µ
, �5} = �

i

3!
✏
µ⌫⇢�

�⌫�⇢��. (3.4)

In our computation the �
µ matrices are interpreted as D-dimensional objects, and the

Dirac algebra is performed in D-dimensions. Any Feynman diagram in the Drell-Yan

process mediated by an axial-vector current will involve two insertions of the axial-vector

current of eq. (3.3). We use the identity

✏
µ1µ2µ3µ4✏

⌫1⌫2⌫3⌫4 = det

0

BBB@

g
µ1⌫1 g

µ1⌫2 g
µ1⌫3 g

µ1⌫4

g
µ2⌫1 g

µ2⌫2 g
µ2⌫3 g

µ2⌫4

g
µ3⌫1 g

µ3⌫2 g
µ3⌫3 g

µ3⌫4

g
µ4⌫1 g

µ4⌫2 g
µ4⌫3 g

µ4⌫4

1

CCCA
, (3.5)

which is valid in strictly D = 4 dimensions, to contract Lorentz indices of the Levi-Civita

tensors, and we treat the metric tensors in the above equation as D-dimensional. The above

extension to D space-time dimensions modifies the computed cross sections at sub-leading

order in the dimensional regulator. In the presence of divergences, these modifications

are propagated into finite and singular terms of the bare partonic cross sections and their

renormalisation below.
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• The relevant 3-loop counterterms have recently been computed.

Axial anomaly

[Ahmed, Gehrmann, Mathews, Rana, Ravindran; Ahmed, Chen, Czakon; Chen, Czakon, Niggetiedt]

• Important point: It is not a pure      -counterterm!
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MS

➡ Finite renormalisation to restore Adler-Bell-Jackiw anomaly 
equation:

It is well-known that the axial current J
µ
A,f is anomalous in QCD and develops a UV-

divergence starting from one-loop order. This UV-divergence cancels in the complete SM,

due to the relation
Nf=6X

f=1

Af = 0 . (3.6)

In variants of the SM with an odd number Nf of fermion species, however, eq. (3.6) is

violated, and the UV-divergence does not cancel. The UV-divergence can be removed by

renormalising the axial current by the equation (valid through at least three loops)

⇥
J
µ
A,f

⇤
R

= Zns J
µ
A,f + Zs

NfX

f 0=1

J
µ
A,f 0 = Zns J

µ
A,f + Zs J

µ
A,S , (3.7)

where
⇥
J
µ
A,f

⇤
R

is the renormalised axial current. We see that the renormalisation mixes

the axial currents for di↵erent flavors. The non-singlet and singlet counterterms Zns and

Zs are not pure MS counterterms, but they also include finite terms whose purpose is to

ensure that the renormalised singlet axial current computed in the Larin-scheme satisfies

the all-order ABJ anomaly equation [35–37]:

@µ
⇥
J
µ
A,S

⇤
R

=
↵S(µ2)

8⇡
Nf

⇥
F eF

⇤
R

, (3.8)

with F eF = ✏µ⌫⇢� Tr
�
F

µ⌫
F

⇢�
�
, and the renormalised singlet axial current is

⇥
J
µ
A,S

⇤
R

= ZS J
µ
A,S , with ZS = Zns + Nf Zs . (3.9)

Both the non-singlet and singlet counterterms are known to three loops in QCD [43, 75–77]:

Zns = 1 � as(µ) CF + as(µ)2 CF


11CA � 2Nf

24✏
+

1

144
(�107 CA + 198CF + 2Nf )

�

+ as(µ)3 CF

n
�

(11CA � 2Nf )
2

432✏2
+

1

2592✏

�
� 416CANf � 2574CACF + 1789C

2

A

+ 360CFNf + 4N
2

f

�
+

1

5184

⇥
(4536⇣3 � 6441) C

2

A + (17502 � 12960⇣3) CACF

+ (864⇣3 + 356) CANf + (7776⇣3 � 9990) C
2

F � (864⇣3 + 186) CFNf + 52N
2

f

⇤o

+ O(as(µ)4) , (3.10)

Zs = as(µ)2 CF

✓
3

16✏
+

3

32

◆
+ as(µ)3 CF

(
2Nf � 11CA

96✏2
+

109CA � 162 CF + 2Nf

576✏

+
1

3456

⇥
(1404⇣3 � 326) CA + (�1296⇣3 + 621) CF + 176Nf

⇤
)

+ O(as(µ)4) .

We have computed the partonic coe�cient functions in the Larin-scheme in a variant

of the SM with only Nf = 5 massless active quark flavors, and the top quark is consid-

ered infinitely-heavy and thus absent from the computation. If only the strong coupling
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• However: This is not the result we want!

• After the renormalisation of the axial current, we obtain a finite 
result.

➡ Example: The result depends on            coming from the 
cancellation of the UV-pole from the axial anomaly… but in 
the SM there is no anomaly!
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Axial anomaly
We want this!
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�QCD6
(mt) = �QCD5

+O(1/mt)
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➡ RGE for Wilson coefficient compensates ‘wrong’            
dependence. 
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FIG. 3: The gluon fusion cross-section at all perturbative or-
ders through N3LO in the scale interval [mH

4 ,mH ] as a func-

tion of the center-of-mass energy
p
S.

top-quark is infinitely heavy and can be integrated out,
see eq. (2). Moreover, we assumed that all other quarks
have a zero Yukawa coupling. Finite quark mass e↵ects
are important, but it is su�cient that they are inlcuded
through NLO or NNLO. Indeed, finite quark-mass e↵ects
have been computed fully through NLO in QCD [30],
while subleading top-quark mass corrections have been
computed at NNLO systematically as an expansion in
the inverse top-quark mass [34]. In these references it
was observed that through NLO finite quark mass ef-
fects amount to about 8% of the K-factor. At NNLO,
the known 1

mtop
corrections a↵ect the cross-section at

the ⇠ 1% level. A potentially significant contribution
at NNLO which has not yet been computed in the lit-
erature originates from diagrams with both a top and
bottom quark Yukawa coupling. Assuming a similar per-
turbative pattern as for top-quark only diagrams in the
e↵ective theory, eq. (2), higher-order e↵ects could be of
the order of 2%. We thus conclude that the computation
of the top-bottom interference through NNLO is highly
desired in the near future.

Finally, the computation of the hadronic cross-section
relies crucially on the knowledge of the strong coupling
constant and the parton densities. After our calculation,
the uncertainty coming from these quantities has become
dominant. Further progress in the determination of par-
ton densities must be anticipated in the next few years
due to the inclusion of LHC data in the global fits and the
impressive advances in NNLO computations, improving
the theoretical accuracy of many standard candle pro-
cesses.

To conclude, we have presented in this Letter the
computation of the gluon-fusion Higgs production cross-
section through N3LO in perturbative QCD. While a
thorough study of the impact of electroweak and quark
mass e↵ects is left for future work, we expect that the re-
maining theoretical uncertainty on the inclusive Higgs
production cross-section is expected to be reduced to
roughly half, which will bring important benefits in the
study of the properties of the Higgs boson at the LHC
Run 2. Besides its direct phenomenological impact, we
believe that our result is also a major advance in our un-
derstanding of perturbative QCD, as it opens the door to
push the theoretical predictions for large classes of inclu-
sive processes to N3LO accuracy, like Drell-Yan produc-
tion, associated Higgs production and Higgs production
via bottom fusion. Moreover, on the more technical side,
our result constitutes the first independent validation of
the gluon splitting function at NNLO [14], because the
latter is required to cancel all the infrared poles in the
inclusive cross-section. In addition, we expect that the
techniques developed throughout this work are not re-
stricted to inclusive cross-sections, but it should be pos-
sible to extend them to certain classes of di↵erential dis-
tributions, like rapidity distributions for Drell-Yan and
Higgs production, thereby paving the way to a new era
of precision QCD.
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Figure 6: The K-factors ⌃N
k
LO

/⌃N
3
LO as a function of invariant masses Q 1.800 GeV

for k  3. The bands are obtained by varying the perturbative scales by a factor of two

around the central µcent. = Q.

Figure 7: Dependence of the invariant-mass distribution through N3LO on one of the

two perturbative scales with the other held fixed. The bands are obtained by varying the

other scale by a factor of two around the central scale Q = 100 GeV.

Before we discuss these ratios, we need to make a comment. Whenever one studies

ratios of cross sections, there is an ambiguity in how to choose the perturbative scales. For

example, if one believes that QCD corrections should be similar between W , �
⇤ and Z pro-

duction (as motivated for example by the universality of certain limits, like the threshold

limit), it is natural to vary the scales in the numerator and the denominator in a correlated

way. Alternatively, one may choose the scales in an uncorrelated way (e.g., because di↵er-

ent partonic channels are weighted di↵erently by the PDFs for these processes, breaking

the universality of the QCD corrections), typically leading to larger scale variation bands.

In ref. [33] it was shown that for the W and �
⇤ cross sections the correlated prescription

leads to a vanishingly small scale dependence at the sub-permille level at N3LO, while the

uncorrelated prescription produces excessively large scale variation bands at N3LO (much

larger than the absolute shift from NNLO to N3LO). As a consequence, neither the corre-

lated nor the uncorrelated prescriptions are expected to give reliable estimates for missing

higher-order terms for these ratios at N3LO. Therefore, in ref. [33] a new prescription

was considered, which uses the relative size of the last considered order compared to the
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Figure 3: The cross sections for producing a W+ (left) or W� (right) as a function of the

virtuality Q normalised to the N3LO prediction. The uncertainty bands are obtained by

varying µF and µR around the central scale µcent = Q. The dashed magenta line indicates

the physical W boson mass, Q = mW .

virtual photon production in ref. [10], hinting once more towards a universality of the

QCD corrections to these processes.

Figure 4: The cross sections for producing a W+ (left) or W� (right) as a function of

the virtuality Q. The uncertainty bands are obtained by varying µF and µR around the

central scale µcent = Q/2. The dashed magenta line indicates the physical W boson mass,

Q = mW .

Figure 4 shows the scale variation of the cross section with a di↵erent choice for the

central scale, µcent = Q/2. It is known that for Higgs production a smaller choice of the

factorisation scale leads to an improved convergence pattern and the bands from scale

variations are strictly contained in one another. We observe here that the two scale choices

share the same qualitative features.

The fact that the scale variation bands do not overlap puts some doubt on whether

it gives a reliable estimate of the missing higher orders in perturbation theory, or whether

other approaches should be explored (cf., e.g., refs. [85, 86]). In ref. [10] it was noted that

for virtual photon production there is a particularly large cancellation between di↵erent

initial state configurations. We observe here the same in the case of W boson production.

This cancellation may contribute to the particularly small NNLO corrections and scale

variation bands, and it may be a consequence of the somewhat arbitrary split of the content

– 7 –
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Before we discuss these ratios, we need to make a comment. Whenever one studies

ratios of cross sections, there is an ambiguity in how to choose the perturbative scales. For

example, if one believes that QCD corrections should be similar between W , �
⇤ and Z pro-

duction (as motivated for example by the universality of certain limits, like the threshold

limit), it is natural to vary the scales in the numerator and the denominator in a correlated

way. Alternatively, one may choose the scales in an uncorrelated way (e.g., because di↵er-

ent partonic channels are weighted di↵erently by the PDFs for these processes, breaking

the universality of the QCD corrections), typically leading to larger scale variation bands.

In ref. [33] it was shown that for the W and �
⇤ cross sections the correlated prescription

leads to a vanishingly small scale dependence at the sub-permille level at N3LO, while the

uncorrelated prescription produces excessively large scale variation bands at N3LO (much

larger than the absolute shift from NNLO to N3LO). As a consequence, neither the corre-

lated nor the uncorrelated prescriptions are expected to give reliable estimates for missing

higher-order terms for these ratios at N3LO. Therefore, in ref. [33] a new prescription

was considered, which uses the relative size of the last considered order compared to the
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was considered, which uses the relative size of the last considered order compared to the
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0 and only considering Nf = 5 massless degrees of freedom in loops. This approximation

is motivated because o↵-diagonal CKM matrix elements are small and diagrams without a

coupling of the top quark to the electroweak gauge boson decouple in the limit of infinite top

quark mass. Corrections to this approximation, which are expected to be very small, can be

computed separately and are beyond the scope of this article. The strong coupling constant

is evolved to the renormalisation scale µR using the four-loop QCD beta function in the

MS-scheme assuming Nf = 5 active, massless quark flavours. Unless stated otherwise,

all results are obtained for a proton-proton collider with
p
S = 13TeV using the zeroth

member of the combined PDF4LHC15 nnlo mc set [84].
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Figure 1: The cross sections for producing a W+ (left) or W� (right) for µR = Q =

100 GeV as a function of the factorisation scale µF . The bands are obtained by varying

µR by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figure 2: The cross sections for producing a W+ (left) or W� (right) for µF = Q =

100 GeV as a function of the renormalisation scale µR. The bands are obtained by varying

µF by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figures 1 and 2 show the dependence of the fixed-order cross sections on the factori-

sation scale µF and renormalisation scale µR, which are introduced by the truncation of

the perturbative series. We show the variation of the cross section for Q = 100 GeV on

one of the two scales with the other held fixed at Q. We observe that the dependence on

the perturbative scales is substantially reduced as we increase the perturbative order. The

dependence on the scales looks very similar to the case of the N3LO cross section for the

neutral-current process studied in ref. [10]. We notice, that the dependence of the cross

– 5 –

Scale dependence (W)

µR = Q = 100GeV
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0 and only considering Nf = 5 massless degrees of freedom in loops. This approximation

is motivated because o↵-diagonal CKM matrix elements are small and diagrams without a

coupling of the top quark to the electroweak gauge boson decouple in the limit of infinite top

quark mass. Corrections to this approximation, which are expected to be very small, can be

computed separately and are beyond the scope of this article. The strong coupling constant

is evolved to the renormalisation scale µR using the four-loop QCD beta function in the

MS-scheme assuming Nf = 5 active, massless quark flavours. Unless stated otherwise,

all results are obtained for a proton-proton collider with
p
S = 13TeV using the zeroth

member of the combined PDF4LHC15 nnlo mc set [84].

Figure 1: The cross sections for producing a W+ (left) or W� (right) for µR = Q =

100 GeV as a function of the factorisation scale µF . The bands are obtained by varying

µR by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

��� ���� ����

��� ��� ��� ��� �� ��� ��� ��	 ��
 ��� ��� ��� ��� ���

����

����

���

����

���


����

����

���

��/�

�
/�
��
��
��
��

�� ��������� ��� �+

	
� �
���
����	
���_����_��
�=��� ��� ��� ���� ����

��� ��� ��� ��� �� ��� ��� ��	 ��
 ��� ��� ��� ��� ���

����

����

���

����

���


����

����

���

��/�

�
/�
��
��
��
��

�� ��������� ��� �-

	
� �
���
����	
���_����_��
�=��� ���

Figure 2: The cross sections for producing a W+ (left) or W� (right) for µF = Q =

100 GeV as a function of the renormalisation scale µR. The bands are obtained by varying

µF by a factor of 2 up and down. The cross sections are normalised to the leading order

cross section evaluated at µF = µR = Q.

Figures 1 and 2 show the dependence of the fixed-order cross sections on the factori-

sation scale µF and renormalisation scale µR, which are introduced by the truncation of

the perturbative series. We show the variation of the cross section for Q = 100 GeV on

one of the two scales with the other held fixed at Q. We observe that the dependence on

the perturbative scales is substantially reduced as we increase the perturbative order. The

dependence on the scales looks very similar to the case of the N3LO cross section for the

neutral-current process studied in ref. [10]. We notice, that the dependence of the cross
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µF = Q = 100GeV
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Collider dependence

Tevatron

LHC

FCC-hh
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[Baglio, CD, Mistlberger, Szafron - preliminary]
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Variation per channel (DY)
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NNLO

N3LO

Very large cancellations 
between channels.

Already present at 
NNLO!

There are no such 
cancellations for Higgs 

production.

Similar cancellations 
for W.



Scale dependence

• For Higgs (ggH & bbH): Scale bands overlap very well           
(for smallish      ). <latexit sha1_base64="CfnStRoG2asMVDLpeF97zdFJtHM=">AAACA3icbVDLSgMxFL1TX7W+qi7dBIvgqsxIQZcFQVxWcGyhHUomzbShSWZIMkIZCi7cu9VfcClu/RD/wM8w0+nCth64cDjn3tybEyacaeO6305pbX1jc6u8XdnZ3ds/qB4ePeg4VYT6JOax6oRYU84k9Q0znHYSRbEIOW2H4+vcbz9SpVks780koYHAQ8kiRrCxkt8Taf+mX625dXcGtEq8OanBHK1+9ac3iEkqqDSEY627npuYIMPKMMLptNJLNU0wGeMh7VoqsaA6yGbHTtGZVQYoipUtadBM/TuRYaH1RIS2U2Az0steLv7ndVMTXQUZk0lqqCTFoijlyMQo/zkaMEWJ4RNLMFHM3orICCtMjM1nYUv+ttKRnlZsNN5yEKukfVH3GnXPu2vUms2nIqUynMApnIMHl9CEW2iBDwQYvMArvDnPzrvz4XwWrSVnnuwxLMD5+gUkvZip</latexit>µF

• For DY (NC & CC): Scale bands do not overlap over a large 
range of virtualities.

➡ Difference in central values: few %.
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➡ All results obtained with pdf4lhc_nnlo_mc (more later).

• Observation: Large cancellation between channels for DY at 
NNLO and N3LO (both NC and CC).

➡ No cancellation for Higgs.



ZH production

[Baglio, CD, Mistlberger, Szafron - preliminary]



WH production

[Baglio, CD, Mistlberger, Szafron - preliminary]



WH production
pp ! W

+
H +X | PDF4LHC15

�(qq̄ ! W
+
H) [pb]

µ0
F
= µ0

R
= MH +MW

LO QCD

NLO QCD

NNLO QCD

N
3
LO QCD

�
/
�
N

3
L
O

p
S [TeV]

pp ! W
+
H +X | PDF4LHC15

�(qq̄ ! W
+
H) [pb]

µ0
F
= µ0

R
= M

HW

LO QCD

NLO QCD

NNLO QCD

N
3
LO QCD

�
/
�
N

3
L
O

p
S [TeV]

<latexit sha1_base64="8w+I3yBYVwHzL6R3kLH1CmtfEoo=">AAACH3icbZDLSgMxFIYzXmu9VV26CRZBsJQZLeqy4KbLCvYCnVoyaaYNzcyE5IxYhgFXvod7t/oK7sRt38DHML0sbOuBwM//n+TkfJ4UXINtj6yV1bX1jc3MVnZ7Z3dvP3dwWNdRrCir0UhEqukRzQQPWQ04CNaUipHAE6zhDW7HeeORKc2j8B6GkrUD0gu5zykBY3VyWLoF6UKEGw/JeVopYBfYE6ggkV2/JPo07eTydtGeFF4Wzkzk0ayqndyP241oHLAQqCBatxxbQjshCjgVLM26sWaS0AHpsZaRIQmYbieTTVJ8apwu9iNlTgh44v69kZBA62Hgmc6AQF8vZmPzv6wVg3/TTngoY2AhnQ7yY4HN5mMsuMsVoyCGRhCquPkrpn2iCAUDb27K+G2lfZ1mDRpnEcSyqF8Unavi5V0pXy4/TyFl0DE6QWfIQdeojCqoimqIohf0ht7Rh/VqfVpf1ve0dcWagT1Cc2WNfgF/zaOk</latexit>

p p ! W
+
H, pdf4lhc

<latexit sha1_base64="GFi6406YCY9NBNJpqhcQ4PPtiW8=">AAACE3icbZDJSgNBEIZ7XGPc4nLz0hgET2FGRT0GvHiMYBZIhtDTU5M06VnorpHEIeBLePeqr+BNvPoAvoGPYWc5mMSChp//r64qPi+RQqNtf1tLyyura+u5jfzm1vbObmFvv6bjVHGo8ljGquExDVJEUEWBEhqJAhZ6Eupe72aU1x9AaRFH9zhIwA1ZJxKB4AyN1S4cthD6qMIsEH3wqeZMwrBdKNole1x0UThTUSTTqrQLPy0/5mkIEXLJtG46doJuxhQKbublW6mGhPEe60DTyIiFoN1sfP2QnhjHp0GszIuQjt2/PzIWaj0IPdMZMuzq+Wxk/pc1Uwyu3UxESYoQ8cmiIJUUYzpCQX2hgKMcGMG4EuZWyrtMMY4G2MyW0WylAz3MGzTOPIhFUTsrOZel87uLYrn8NIGUI0fkmJwSh1yRMrklFVIlnDySF/JK3qxn6936sD4nrUvWFOwBmSnr6xeQ3Z+M</latexit>

fixed scale
<latexit sha1_base64="i3C4IsghE6G2xlOF8KWjDxbqPq8=">AAACF3icbVDLSgMxFM3UV62vUTeCm2ARXJUZFXVZcOOygn1AO5RMmmlDk5khuSMOQ8XfcO9Wf8GduHXpH/gZZtoubOuFhMM5996THD8WXIPjfFuFpeWV1bXiemljc2t7x97da+goUZTVaSQi1fKJZoKHrA4cBGvFihHpC9b0h9e53rxnSvMovIM0Zp4k/ZAHnBIwVNc+6AB7ACWzXhoSaWiBtbnYqGuXnYozLrwI3Ckoo2nVuvZPpxfRRLIQqCBat10nBi8jCjg1+0qdRLOY0CHps7aBxo1pLxv/YISPDdPDQaTMCQGP2b8TGZFap9I3nZLAQM9rOfmf1k4guPIyHsYJsJBOjIJEYIhwHgfuccUoiNQAQhU3b8V0QBShYEKbccl3Kx3oUclE484HsQgapxX3onJ2e16uVp8mIRXRITpCJ8hFl6iKblAN1RFFj+gFvaI369l6tz6sz0lrwZoGu49myvr6Bee2oVY=</latexit>

dynamical scale

Preliminary Preliminary



PDF+      -uncertainty↵s

<latexit sha1_base64="Dcxle4Kk78EM0HMYD7iZatR5jbM=">AAACBXicdVC7SgNBFL0bXzG+opY2g0GwChvZoHYBG8sI5gHJEu5OZpMhsw9mZoWwBOzsbfUX7MTW7/AP/AxnsxGM6IGBwzl37uN4seBK2/aHVVhZXVvfKG6WtrZ3dvfK+wdtFSWSshaNRCS7HiomeMhammvBurFkGHiCdbzJVeZ37phUPApv9TRmboCjkPucojZSt48iHuNADcoVu2rPQXLiZMS5dOp2ndQWVgUWaA7Kn/1hRJOAhZoKVKpXs2Ptpig1p4LNSv1EsRjpBEesZ2iIAVNuOt93Rk6MMiR+JM0LNZmrP3+kGCg1DTxTGaAeq99eJv7l9RLtX7gpD+NEs5Dmg/xEEB2R7Hgy5JJRLaaGIJXc7EroGCVSbSJampL1lspXs5KJ5vt+8j9pn1VrTtW5cSqNxn0eUhGO4BhOoQbn0IBraEILKAh4hCd4th6sF+vVestLC9Yi2ENYgvX+BUcKmgU=</latexit>

2

�� �� �� �� �� �� �� 	�� 		� 	
� 	�� 	��
���
�

�����

�����

�����

	���

	��


	���

	���

� [
��]
(�

±
�(
��
�+

�
�)
)/
�

��� �� ���
	
������
_����_��
	 	 � �*+�

FIG. 1 The light red area in the left plot represents the PDF uncertainty, the dark red area corresponds to the
combination in quadrature of PDF+↵s uncertainty. The right plot shows the uncertainty on the cross section due to

missing N3LO PDFs.

and µf denote the renormalisation and factorisation
scales respectively. We have computed the partonic cross
sections analytically through N3LO for all partonic chan-
nels. At NLO and NNLO we reproduce the results of
refs. [3–11]. Our computation follows closely the one for
the inclusive cross sections for Higgs production in gluon-
fusion [16–18] and bottom-quark fusion [19]. All relevant
Feynman diagrams are generated with QGraf [20] and
sorted into scalar integral topologies, which are then re-
duced to a set of master integrals via integration-by-parts
identities [21, 22] using an in-house code. The master in-
tegrals are computed analytically as a function of z using
the di↵erential equations method [23–27]. The master
integrals contributing to the N3LO cross section can be
subdivided into several classes. Firstly, there are purely
virtual three-loop integrals, which are encoded in the
quark form factor up to three loops [28–34]. We have re-
computed the purely virtual corrections, and we find per-
fect agreement with the existing results in the literature.
The N3LO cross section also receives contributions from
partonic subprocesses describing additional final-state ra-
diation. The master integrals describing the emission of
a single massless parton at this order in perturbation
theory have been computed in ref. [35–39]. Similarly,
the master integrals for double-real virtual and triple-
real contributions have been computed in refs. [16, 40–44]
as an expansion around the production threshold of the
Higgs boson and exactly as a function of z in ref. [18].
We work exclusively with the master integrals of ref. [18].
All master integrals have already been evaluated in the
context of the N3LO corrections to the gluon-fusion and
bottom-quark-fusion cross sections.

The di↵erent contributions that we have described are
not yet well-defined in four space-time dimensions. They
are individually ultraviolet (UV) and infrared (IR) di-
vergent, and we regulate both UV and IR using con-
ventional dimensional regularisation, i.e., we work in
D = 4� 2✏ space-time dimensions. The UV divergences

are absorbed by replacing the strong coupling constant
by its renormalised value in the MS-scheme. The UV-
counterterm for the strong coupling constant has been
computed through five loops in refs. [45–49]. After UV
renormalisation, all remaining divergences are of IR ori-
gin. They can be absorbed into the definition of the
PDFs using mass factorisation at N3LO [50–52], which
involves convoluting lower-order partonic cross sections
with the three-loop splitting functions of refs. [53–55].
All convolutions are computed analytically in z space us-
ing the PolyLogTools package [56]. We observe that
after UV renormalisation and mass factorisation, all poles
in the dimensional regulator cancel and we obtain finite
results for all partonic channels.
Besides the explicit analytic cancellation of the UV

and IR poles, we have performed various checks to
establish the correctness of our computation. First,
we have reproduced the soft-virtual N3LO cross sec-
tion of refs. [41, 57–60] and the physical kernel con-
straints of ref. [61–63] for the next-to-soft term of the
quark-initiated cross section. Second, we have checked
that our partonic cross sections have the expected be-
haviour in the high-energy limit, which corresponds to
z ! 0 [64, 65]. Finally, we have also checked that all
logarithmic terms in the renormalisation and factorisa-
tion scales produced from the cancellation of the UV and
IR poles satisfy the Dokshitzer-Gribov-Lipatov-Altarelli-
Parisi (DGLAP) evolution equation [66–68].

PHENOMENOLOGICAL RESULTS

In this section we present our phenomenological re-
sults for lepton-pair production via an o↵-shell photon at
N3LO in QCD. The strong coupling is ↵s(m2

Z) = 0.118,
and we evolve it to the renormalisation scale µr using the
four-loop QCD beta function in the MS-scheme assuming
Nf = 5 active, massless quark flavours. In the remainder

PDF4LHC15_nnlo_100

CT14nnlo

MMHT2014nnlo68cl

NNPDF30_nnlo_as_0118

2 4 6 8 10 12 14
0.90

0.95

1.00

1.05

1.10

E(TeV)

�
/�
LH
A
P
D
F
0

Figure 16: Higgs production cross-section and the relative PDF+↵s uncertainty at 68% C.L.
using the CT14, MMHT2014 and NNPDF3.0 sets, normalized by the central value obtained with
the PDF4LHC15 combination.

The situation is very di↵erent for the ABM12 set, which uses a lower central value of

the strong coupling constant

↵ABM
s = 0.1132± 0.0011 . (7.3)

This value is the result of the ABM fit. As one can see from Fig. 18, the ABM12 set gives

a prediction that is about 23% lower than the one from PDF4LHC15 at Tevatron energies,

and 9 � 7% lower at LHC energies. The PDF+↵s error is 1.2%, which does not account

for this discrepancy. We note here that the variation range for ↵s used for the PDF+↵s

variation in the ABM12 set is determined by the fitting procedure and is slightly smaller

than the range suggested by the PDF4LHC recommendation [109].

To understand how much of this di↵erence comes from the choice of a di↵erent value

of the strong coupling constant, we plot in Fig. 18 the prediction from CT14 at the same

value of ↵s as the one obtained by ABM12. At ↵s = 0.118 the predictions from CT14

are in very good agreement with those from PDF4LHC15 (Fig. 16). At a lower value of

↵s, CT14 gives a cross-section that is about 10% smaller than the result at ↵s = 0.118

(12% at Tevatron energies). The dependence on the center-of-mass energy appears to be

much milder than the one exhibited by ABM12. However, the PDF+↵s uncertainty might

improve the agreement between the two sets. Unfortunately, only one error set for CT14

at ↵s = 0.113 is available, and we cannot assess this uncertainty.
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ggH DY

• Dependence of the cross on PDF+      : ~2—9% at LHC 
energies.

↵s

<latexit sha1_base64="/pe/sX2K0YTc+7GQmP84vxyEG5A=">AAACBXicbVDLSgNBEOyNrxhfUY9eBoPgKexKQI8BLx4jmAckS+idzCZDZmeXmVkhLAFv3r3qL3gTr36Hf+BnOJvkYBILGoqq7umeChLBtXHdb6ewsbm1vVPcLe3tHxwelY9PWjpOFWVNGotYdQLUTHDJmoYbwTqJYhgFgrWD8W3utx+Z0jyWD2aSMD/CoeQhp2is1OmhSEbY1/1yxa26M5B14i1IBRZo9Ms/vUFM04hJQwVq3fXcxPgZKsOpYNNSL9UsQTrGIetaKjFi2s9m907JhVUGJIyVLWnITP07kWGk9SQKbGeEZqRXvVz8z+umJrzxMy6T1DBJ54vCVBATk/zzZMAVo0ZMLEGquL2V0BEqpMZGtLQlf1vpUE9LNhpvNYh10rqqerVq7b5Wqdef5iEV4QzO4RI8uIY63EEDmkBBwAu8wpvz7Lw7H87nvLXgLII9hSU4X78YcZnm</latexit>

➡ Central set: pdf4lhc_nnlo_mc.
➡ Uncertainty band obtained following PDF4LHC 

recommendation.



• This introduces a mismatch in our calculation.

• We do not have N3LO PDFs

1

1.2

1.4

1.6

1.8

0 0.2 0.4 0.6 0.8 1
x

F2,NS / F2,NS
LO

LO

NLO

N2LO

N3LO

µr = µf = Q

x

N2LO / NLO

N3LO / N2LO

αS = 0.2, Nf = 40.98

1

1.02

1.04

10 -5 10 -4 10 -3 10 -2 10 -1 1

Figure 16: The perturbative expansion of the non-singlet structure function F2,ns up to three loops
(N3LO). On the left all curves are normalized to the leading-order result F LO

2,ns = qns given by
Eq. (5.2), on the right we show the relative effects of the two-loop and three-loop corrections.
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Figure 17: As Fig. 16, but for FL where the terms up to order αn+1
s form the NnLO approximation.

Also here the left plot is normalized to qns, facilitating a direct comparison with F2,ns.
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Photon DIS

[Moch, Vermaseren, Vogt]

• The factor 1/2 takes into account that this 
estimate is most likely overly conservative. 

➡ cf. convergence pattern of DIS.

• Estimate of the uncertainty:
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• In all cases we observe                             .                              �(PDF-TH) ⇠ 1� 3%
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cross section as NNLO- or NLO-PDFs are used:

�(PDF-TH) =
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����
⌃NNLO, NNLO-PDFs(Q2) � ⌃NNLO, NLO-PDFs(Q2)

⌃NNLO, NNLO-PDFs(Q2)

���� . (4.6)

Here, the factor 1

2
is introduced as it is expected that this e↵ect becomes smaller at N3LO

compared to NNLO.
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Figure 12: Relative uncertainty of the NCDY process at N3LO due to incomplete knowl-

edge of parton distribution functions and the strong coupling constant as a function of Q.

�(PDF), �(PDF + ↵s) and the sum of �(PDF + ↵s) and �(PDF-TH) are shown in red,

brown and green respectively.

In figure 12 we show the combined uncertainty from PDFs, the value of the strong

coupling constant ↵S and the missing N3LO PDFs. The size of these uncertainties is

comparable to the uncertainties obtained in refs. [23, 33] for the photon-only and charged-

current DY processes.

Figures 13 and 14 show the impact of evaluating the NCDY cross section with dif-

ferent PDF sets. PDF4LHC15 is a combination of the CT14 [88], MMHT14 [89] and

NNPDF3.0 [90] PDF sets and we show in fig. 13 predictions based on these individual sets

relative to the prediction based on the PDF4LHC15 nnlo mc set. The red band in fig. 13 re-

flects the �(PDF) uncertainty of PDF4LHC15 and we observe that the predictions based on

the individual PDF sets are contained within this band and that their spread is comparable

in size to this band. Since the publication of the PDF4LHC15 combination a plethora of

developments and the inclusion of LHC data into global PDF fits has led to updated PDF.

In fig. 14 we study in particular the PDF sets ABMP16 [91], CT18 [92], MSHT20 [93],

NNPDF3.1 [94] and NNPDF4.0 [95]. With the exception of NNPDF4.0 we observe, that

– 18 –
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[Baglio, CD, Mistlberger, Szafron - preliminary]



Summary

in table 1 the results for the inclusive production cross section for various 2 ! 1 processes.
All results are obtained for the LHC with

p
S = 13 TeV, and we fold partonic cross sections

with the pdf4lhc15_nnlo_mc set [25]. We show results for the K-factors from NNLO to
N3LO, and we observe that in all cases the N3LO corrections can change the value of the
predictions by a few percent, up to 5% depending on the invariant mass Q considered. We
also show the uncertainty �(scale) on the cross section from varying the perturbative scales
by a factor of 2 up and down around the central scale µcent. = Q/2. We see that in all
cases the residual scale dependence at N3LO is of the order of a few percent. Based on these
results, we conclude that N3LO predictions for hadron collider observables are highly desired
and needed if we want to achieve percent-level precision for hadron collider observables.

Q [GeV] K-factor �(scale) [%] �(PDF + ↵S) �(PDF-TH)
gg ! Higgs mH 1.04 +0.21%

�2.37%
±3.2% ±1.2%

bb̄ ! Higgs mH 0.978 +3.0%

�4.8%
±8.4% ±2.5%

NCDY
30 0.952 +1.53%

�2.54%

+3.7%

�3.8%
±2.8%

100 0.979 +0.66%

�0.79%

+1.8%

�1.9%
±2.5%

CCDY(W+)
30 0.953 +2.5%

�1.7%
±3.95% ±3.2%

150 0.985 +0.5%

�0.5%
±1.9% ±2.1%

CCDY(W+)
30 0.950 +2.6%

�1.6%
±3.7% ±3.2%

150 0.984 +0.6%

�0.5%
±2% ±2.13%

Table 1: Representative results for the K-factor for inclusive 2 ! 1 processes at the LHC
with

p
S = 13 TeV, as well as for the main sources of uncertainty [6–8,10,14–16]. For details,

see the discussion in the main text.

Achieving precise predictions for hadron collider processes does not only rely on our
ability to perform high-order perturbative calculations, but it also requires the knowledge of
the structure of the proton at the same level of precision. The latter is described by parton
density functions (PDFs), which are non-perturbative quantities that need to be extracted
from experimental data. Consequently, PDFs come with their own sources of uncertainty,
which depend on the quality of the data and the fitting methodology used. Moreover, the
value of the strong coupling constant used in the perturbative computations can only be
measured from experiment or is extracted from Lattice QCD simulation. In table 1 we show
how the uncertainties on the PDFs and the strong coupling constant impact our theoretical
predictions at N3LO. The uncertainty �(PDF + ↵S) quoted in table 1 was computed using
the recipe of [25]. We observe that �(PDF+↵S) is always of the order of a few percent, and
always significantly larger than the residual scale dependence. We also note that currently
there is no PDF set available that was extracted by comparing theory and experiment at
N3LO accuracy, which formally introduces a mismatch into our computation. In order to
assess the impact of this mismatch on our N3LO predictions, we investigate the e↵ect of
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➡ K-factors (N3LO/NNLO) ~ 2-5 %.
➡ Scale dependence ~ few %.
➡ PDF uncertainty: 2 - 9% (+ few percent missing N3LO PDFs)

Already for the simplest hadron collider observables 
N3LO corrections are important to reach 1% precision!
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• For some simple processes also differential distributions or 
fiducial cross sections are available at N3LO (mostly DY and 
ggH).

The dawn of 
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[Dulat, Mistlberger, Pelloni; Cieri, Chen, Gehrmann, Glover, Huss; Chen, Gehrmann, Glover, Huss, 
Mistlberger, Pelloni; Billis, Dehnadi, Ebert, Michel, Tackmann; Camarda, Cieri, Ferrara; Chen, 
Gehrmann, Glover, Huss, Yang; Chen, Gehrmann, Glover, Huss, Monni, Re, Rottoli, Torrielli]

• More theoretical developments are needed to reach 1% 
precision for other processes!



• PDFs are non-perturbative, and need to be extracted by 
comparing experimental data to theory predictions.

                     PDFs
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• The dependence on the factorisation scale is perturbative.

➡ In order to fit N3LO PDFs, we need N3LO predictions!

➡ DGLAP evolution equation:
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• DGLAP anomalous dimensions are known to 3-loop order.
[Moch, Vermaseren, Vogt]➡ N3LO requires 4-loop ADs!

➡ First few Mellin-moments known. [Moch, Ruijl, Ueda, Vermaseren, Vogt]



partonic cross sections
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Require complicated 2 & 3-loop 
computations

➡ Need to combine all contributions and cancel IR singularities.



partonic cross sections
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Figure 3. Representative Feynman diagrams for leading-color A
(2)(g, g, g, g, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

Figure 4. Representative Feynman diagrams for leading-color A
(2)(q, q̄, g, g, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

Figure 5. Representative Feynman diagrams for leading-color A
(2)(q, q̄, Q, Q̄, g) amplitudes, con-

tributing at order N
0
f , N1

f and N
2
f .

The renormalized amplitudes can be obtained from their bare counterparts by replacing
in eq. (2.6) the bare QCD coupling ↵0 by the renormalized coupling ↵s in D = 4 � 2✏

dimensions. The two couplings are related by

↵0µ
2✏
0 S✏ = ↵sµ
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which we can use to define the perturbative expansion of the renormalized amplitude,

AR = S
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s)

◆
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where S✏ = (4⇡)✏e�✏�E and ↵s = g
2
s/(4⇡). The �i are the coefficients in the perturbative

expansion of the QCD �-function, which we give explicitly in appendix A. Here, µ2
0 is the

scale introduced in dimensional regularization to keep the coupling dimensionless in the

– 6 –
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STEPS TOWARDS N3LO

Scattering Amplitudes:

▸ Bottleneck: Efficient computation and evaluation of 2 and 3 loop 
scattering amplitudes. 

▸ Recently, impressive progress on 2->2 and 2->3 scattering amplitudes.

[Caola, Chakraborty, Gambuti, Mateuffel, Tancredi]
…

[Abreu, Febres Cordero, Ita, Page, Slotnikov]

[Bayu, Badger, Brannum-Hansen, Peraro]
…

• First amplitudes needed for N3LO computations are becoming 
available:

➡ 3-loop corrections to 2-to-2 processes.

➡ 2-loop corrections to 2-to-3 processes.

[Bargiela, Caola, Chakraborty, 
Gambuti, von Manteuffel, Tancredi; …]

[Abreu, Febres-Cordero, Ita, Page, Sotnikov, 
Tschernow, …;  Badger, Chicherin, Gehrmann, Henn, 

…; Chaudhry, Czakon, Mitov, Poncelet, …; …]



partonic cross sections
<latexit sha1_base64="Cm15JY4OrHf7Qv69pO0WZYVOIqs=">AAACD3icdVDLSgMxFM3UV62vUZdugq3gqkx16mNXcONCtIJ9QFtLJs20oZkHyZ1iGQr+gnu3+gvuxK2f4B/4GWbaClb0wIXDOffm3hwnFFyBZX0Yqbn5hcWl9HJmZXVtfcPc3KqqIJKUVWggAll3iGKC+6wCHASrh5IRzxGs5vTPEr82YFLxwL+BYchaHun63OWUgJbaptkEdgfSiy9zt4e5i6tR28xaeWsMPCF2QuxTu2gVcWFqZdEU5bb52ewENPKYD1QQpRoFK4RWTCRwKtgo04wUCwntky5raOoTj6lWPL58hPe00sFuIHX5gMfqz4mYeEoNPUd3egR66reXiH95jQjck1bM/TAC5tPJIjcSGAKcxIA7XDIKYqgJoZLrWzHtEUko6LBmtiRvS+WqUUZH8/1//D+pHuQLR3n72s6WSveTkNJoB+2ifVRAx6iEzlEZVRBFA/SIntCz8WC8GK/G26Q1ZUyD3UYzMN6/ABkonQ4=</latexit>

N
3
LO

• At NLO and NNLO, real and virtual corrections are combined 
using
➡ subtraction methods.
➡ slicing methods.

• Both approaches rely on the factorisation of QCD amplitudes in 
infrared (soft and collinear) limits.

• IR limits of QCD amplitudes at N3LO starting to be understood.

• Caveat: There are indications that for 2-to-4 processes at one-loop, 
the naive collinear factorisation breaks down!

[CD, Gehrmann; Li, Zhu; Dixon, Herman, Yan, Zhu; Zhu; Catani, Cieri; Catani, Colferai, 
Torrini; Del Duca, CD, Haindl, Lazopoulos, Michel; …]

[Catani, de Florian, Rodrigo]

➡ 2-to-4 processes at one-loop are RRV for 2-to-2 processes.



Higher twist
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Higher-twist effects

• For inclusive DY production,              .
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C1 = 0

➡ Also expected for inclusive ggH.

➡ In general, one expects             .
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C1 6= 0

[Beneke, Braun]

• For                              and                                      , we have
<latexit sha1_base64="lmYLLBGY6i2KTby6u4F32/62E78=">AAACKXicbVDLSgMxFM34tr6qLt0EiyAuyoyIuiwo6MKFgq1Cp5RMeqcNJjNDckcsw4Cf4H+4d6u/4E7duvEzTB+CtR4IHM45uTc5QSKFQdd9dyYmp6ZnZufmCwuLS8srxdW1molTzaHKYxnr64AZkCKCKgqUcJ1oYCqQcBXcHPX8q1vQRsTRJXYTaCjWjkQoOEMrNYs7/pkNt1gz8xHuUKvs4ug4z6lvhKLej0ZPoJY3iyW37PZBx4k3JCUyxHmz+OW3Yp4qiJBLZkzdcxNsZEyj4BLygp8aSBi/YW2oWxoxBaaR9f+U0y2rtGgYa3sipH31942MKWO6KrBJxbBj/no98T+vnmJ42MhElKQIER8sClNJMaa9gmhLaOAou5YwroV9K+UdphlHW+PIlt5sbUKTF2w13t8ixkltt+ztl/cu9kqVyv2gpDmyQTbJNvHIAamQU3JOqoSTB/JEnsmL8+i8Om/OxyA64QyLXScjcD6/ATNUqC0=</latexit>

⇤QCD ⇠ 1 GeV
<latexit sha1_base64="8Y/6Js5Syzla+lXqwE+ci2EVXkQ="></latexit>

⇤QCD

Q
⇠ 10�3 � 10�2

<latexit sha1_base64="2S9paABFEFGciPyNOMK1pF1lXOU=">AAACHnicbZDLSgMxFIYz3q23UZcuDBbBjWVGirosuNClBXuBdiiZ9IwGk5khOSOWoeDG93DvVl/BnbjVN/AxzLRdeDsQ8vP/JznJF6ZSGPS8D2dqemZ2bn5hsbS0vLK65q5vNE2SaQ4NnshEt0NmQIoYGihQQjvVwFQooRVenxR56wa0EUl8gYMUAsUuYxEJztBaPXe73jVCUd/z6D71K57duwi3qFVOT6E57Lllr3CL4K/wJ6JMJnXecz+7/YRnCmLkkhnT8b0Ug5xpFFzCsNTNDKSMX7NL6FgZMwUmyEcfGdJd6/RplGi7YqQj9/uJnCljBiq0nYrhlfmdFeZ/WSfD6DjIRZxmCDEfD4oySTGhBRXaFxo4yoEVjGth30r5FdOMo2X3Y0pxtzaRGZYsGv83iL+ieVDxDyvVerVcq92NIS2QLbJD9ohPjkiNnJFz0iCc3JNH8kSenQfnxXl13satU84E7Cb5Uc77FwrUoQg=</latexit>

Q ⇠ 100� 1.000 GeV



Conclusion

➡ PDFs at N3LO.

• N3LO corrections to key LHC processes are relevant if we 
want to reach a precision of 1%!

• The computation of inclusive 2-to-1 processes is mature.

• There is still a lot to do for more complicated processes

➡ Complicated 2 & 3-loop amplitudes.

➡ IR-singularities at N3LO - Factorisation violation?

➡ Higher twist effects?

<latexit sha1_base64="ew0qbFQx2NyCj6P1KcndKmbB0KM=">AAACBnicbVDLSsNAFL2pr1pfVZduBovgQkoiRV0W3HRZwT6kCWUynaRDZ5IwMxFKKLh071Z/wZ249Tf8Az/DSduFbT0wcDjnzn0cP+FMadv+tgpr6xubW8Xt0s7u3v5B+fCoreJUEtoiMY9l18eKchbRlmaa024iKRY+px1/dJv7nUcqFYujez1OqCdwGLGAEayN9BC6F6GrY9Tolyt21Z4CrRJnTiowR7Nf/nEHMUkFjTThWKmeYyfay7DUjHA6KbmpogkmIxzSnqERFlR52XThCTozygAFsTQv0miq/v2RYaHUWPimUmA9VMteLv7n9VId3HgZi5JU04jMBgUpR+bE/Ho0YJISzceGYCKZ2RWRIZaYaJPRwpS8t1SBmpRMNM5yEKukfVl1rqq1u1qlXn+ahVSEEziFc3DgGurQgCa0gICAF3iFN+vZerc+rM9ZacGaB3sMC7C+fgHnjpm7</latexit>

g g ! H
<latexit sha1_base64="QyAFi450oOK+32O5b6biNNAA294=">AAACDnicbZDLSgMxFIbP1Futl466dBMsggspM1LUZcFNlxXsBTqlZNJMG5rJDElGKMOAj+Derb6CO3HrK/gGPoaZtgvbeiDw8/8nOSefH3OmtON8W4WNza3tneJuaW//4LBsHx23VZRIQlsk4pHs+lhRzgRtaaY57caS4tDntONP7vK880ilYpF40NOY9kM8EixgBGtjDeyy7116Ppapn3k6Qo2BXXGqzqzQunAXogKLag7sH28YkSSkQhOOleq5Tqz7KZaaEU6zkpcoGmMywSPaM1LgkKp+Ols8Q+fGGaIgkuYIjWbu3xspDpWahr7pDLEeq9UsN//LeokObvspE3GiqSDzQUHCkfliTgENmaRE86kRmEhmdkVkjCUm2rBampK/LVWgspJB466CWBftq6p7Xa3d1yr1+tMcUhFO4QwuwIUbqEMDmtACAgm8wCu8Wc/Wu/Vhfc5bC9YC7AkslfX1C1oznKc=</latexit>

b b̄ ! H

<latexit sha1_base64="ZpwtxfMjlefQDMKTwhkZgx2OzyE="></latexit>

q q̄ ! �⇤/Z ! `+`�
<latexit sha1_base64="0k46BNuFc5dHRnfPKtGMkaveG9Q="></latexit>

q q̄0 ! W± ! `±⌫`


