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MOTIVATIONS

Obtain four-body clustering from the single-particle 
degree of freedom 

 Towards an unified description of alpha decay from 
SM: 

Estructure(Cluster) + Reaction(Decay) 

Build an alpha-like wave function for the description of 
alpha decay at the drip line: 

Four-body correlations in the continuum



FORMALISM

Single-particle representations from finite-range potentials, 
with continuum: 

Berggren basis 

 Effective interaction with all spin-isospin channels: 
Four-body correlations 

Weak-coupling approach: 
Correlated two like-nucleons bases 
Five-body Hamiltonian diagonalized in the above bases



FORMALISM
Single-particle representation

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

h(r)ψama
(r) = εaψama

(r)

h(r) = −
ℏ2

2μ
∇2

r + VWS(r) + Vso(r) + VCoul(r)



FORMALISM
Single-particle representation

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

h(r)ψama
(r) = εaψama

(r)

h(r) = −
ℏ2

2μ
∇2

r + VWS(r) + Vso(r) + VCoul(r)

δ(r − r′ ) = ∑
n=nb,nr

un(r)un(r′ ) + ∫L⊂𝒞−

u(ε, r)u(ε, r′ )dε

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

Berggren basis



FORMALISM
Single-particle representation

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

Correlations

εb

εr
ℛ → L ⊂ 𝒞−

- Resonant-Resonant 

- Resonant-Non Resonant 

- Non Resonant-Non Resonant

- Bound-Bound 

- Bound-Resonance 

- Bound-Non Resonant continuum



FORMALISM
Two-nucleon interaction Two-nucleon basis

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = NJ

ab ∑
P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = Vse(r) Pse + Vto(r) Pto + Vte(r) Pte + Vso(r) Pso

Central Interaction

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama



FORMALISM

Two-nucleon ME

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = NJ

ab ∑
P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = Vse(r) Pse + Vto(r) Pto + Vte(r) Pte + Vso(r) Pso

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − ( − ) jc+jd−J Pcd]⟨ja jb; JM |Vτ | jc jd; JM⟩

Pcd | jc jd; JM⟩ = | jd jc; JM⟩

2NabNcd[1 − ( − ) jc+jd−JPcd] = 1
np ME

Two-nucleon ME

Pse =
1
2 [1 − ( − ) jc+jd+J Pcd] PS

Pto =
1
2 {[1 − ( − ) jc+jd+J Pcd] − [1 − ( − ) jc+jd+J Pcd] PS}

Pte =
1
2 {[1 + ( − ) jc+jd+J Pcd] − [1 + ( − ) jc+jd+J Pcd] PS}

Pso =
1
2 [1 + ( − ) jc+cd+J Pcd] PS

Wigner-Singlet projectors



FORMALISM

Effective interaction

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − ( − ) jc+jd−J Pcd]⟨ja jb; JM |Vτ | jc jd; JM⟩

Two-nucleon ME

Vτ(r) = Vτe
− r2

β2τ r = | r̄1 − r̄2 |

Two-nucleon WF
ΨJπM(r1, r2) = ∑

b≤a

XJπ

abΨJπM
ab (r1, r2)

HΨJπM = EJπΨJπM

Hn = hn(r1) + hn(r2) + V(r1, r2)
Hp = hp(r3) + hp(r4) + V(r3, r4) + VCoul

∑
b≤a

(XJπ

ab)2 = 1

Berggren ´metric´



FORMALISM

Four-body Hamiltonian

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − Pexch]⟨ ja jb; JM |Vτ | jc jd; JM⟩

ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

Weak-coupling approach

Four-body basis
ℋ = Hn + Hp + Vnp

Vnp = V(r1, r3) + V(r1, r4) + V(r2, r3) + V(r2, r4) Four-body WF

ΨJπM
JnJp

= [ΨJπn
n

ΨJπp
p

]JπM = |JnJp, Jπ⟩

|ΨJπM⟩ = ∑
JnJp

ZJπ

JnJp
|JnJp, Jπ⟩

ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

Glendenning & Harada, NP72(1965)481



FORMALISM

Four-body Hamiltonian

εb
εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − Pexch]⟨ ja jb; JM |Vτ | jc jd; JM⟩

ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

Weak-coupling approach

Four-body basis
ℋ = Hn + Hp + Vnp

Vnp = V(r1, r3) + V(r1, r4) + V(r2, r3) + V(r2, r4) Four-body WF

ΨJπM
JnJp

= [ΨJπn
n

ΨJπp
p

]JπM = |JnJp, Jπ⟩

|ΨJπM⟩ = ∑
JnJp

ZJπ

JnJp
|JnJp, Jπ⟩

ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩
∑
J′ nJ′ p

[(EJn
+ EJp

)δJ′ nJn
δJ′ pJp

+ ⟨JnJp, Jπ |Vnp |J′ nJ′ p, Jπ⟩] ZJπ

J′ nJ′ p
= EJπZJπ

JnJp



FORMALISM
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − Pexch]⟨ ja jb; JM |Vτ | jc jd; JM⟩

ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

Optimization

Single-particle Two-particle
h(r) = −

ℏ2

2μ
∇2

r + VWS(r) + Vso(r) + VCoul(r)

{r0, rc} → {matter rrms, proton rrms}

{a, VWS, Vso} → χ2 minimization

V(r) = Vse(r) Pse + Vto(r) Pto + Vte(r) Pte + Vso(r) Pso

Vτ(r) = Vτe
− r2

β2τ

{Pτ} → χ2 optimization isospin ′ conserving′ 

{βτ} → {Ref . 208Pb, 40Ca by residues}

{Pτ} → χ2 optimization nn, pp, np

( − )S+T+L = − 1



FORMALISM
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − Pexch]⟨ ja jb; JM |Vτ | jc jd; JM⟩

ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

Optimization

Single-particle(s.p.)

Two-particle(t.p.)

O → h(r) = −
ℏ2

2μ
∇2

r + VWS(r) + Vso(r) + VCoul(r)

p → {a, VWS, Vso} → χ2 optimized

O → V(r) = Vse(r) Pse + Vto(r) Pto + Vte(r) Pte + Vso(r) Pso

Vτ(r) = Vτe
− r2

β2τ

p → {Pτ} → χ2 optimized

Method
Levenberg-Marquardt

χ2(p) = ∑
i

[Ocal
i (p) − 𝒪exp

i ]
∂χ2

∂p
→

∂Oi

∂pα
=

∂⟨ϕi |O |ϕi⟩
∂pα

Penalty function

= ⟨ϕi |
∂O
∂pα

|ϕi⟩



APLICACIONES

 212Po

44Ti



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
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(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ
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(r) =

ua(r)
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ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

ΨJπM
JnJp

= [ΨJπn
n

ΨJπp
p

]JπM = |JnJp, Jπ⟩ |ΨJπM⟩ = ∑
JnJp

ZJπ

JnJp
|JnJp, Jπ⟩ ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

212Po

J. Blomqvist and S. Wahlborn, Ark. Fys. 16 (1960) 545

Mean-field

N. K. Glendenning and K. Harada, Nuclear Physics 72 (1965) 481



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)
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n
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ZJπ

JnJp
|JnJp, Jπ⟩ ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

212Po Single-particle energies
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εb

εr

L

εmax

ℑ(ε)

ℜ(ε)
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Vτ(r) Pτ
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(r) =

ua(r)
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212Po Single-particle basis



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − Pexch]⟨ ja jb; JM |Vτ | jc jd; JM⟩

ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

ΨJπM
JnJp

= [ΨJπn
n

ΨJπp
p

]JπM = |JnJp, Jπ⟩ |ΨJπM⟩ = ∑
JnJp

ZJπ

JnJp
|JnJp, Jπ⟩ ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

212Po Two-body interactions

{Pτ} → χ2 optimization nn, pp, np

no optimized
no optimized

Ranges (β)[fm2]



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama

⟨ΨJM
ab |Vτ |ΨJM

cd ⟩ = 2Nab Ncd [1 − Pexch]⟨ ja jb; JM |Vτ | jc jd; JM⟩

ΨJπM(r1, r2) = ∑
b≤a

XJπ

abΨJπM
ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

ME comparison 208Pb
ΨJπM

JnJp
= [ΨJπn

n
ΨJπp

p
]JπM = |JnJp, Jπ⟩ |ΨJπM⟩ = ∑

JnJp

ZJπ

JnJp
|JnJp, Jπ⟩ ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

212Po Two-body interactions

E. K. Warburton, and B. A. Brown, Phys.Rev. C 43, 602 (1991) 
Appraisal of the Kuo-Herling SM interaction and application to A=210-212



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ
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(r) =
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ab (r1, r2)HΨJπM = EJπΨJπM H = h + h + V + VCoul

ΨJπM
JnJp

= [ΨJπn
n

ΨJπp
p

]JπM = |JnJp, Jπ⟩ |ΨJπM⟩ = ∑
JnJp

ZJπ

JnJp
|JnJp, Jπ⟩ ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

212Po  states0+

MeV

MeV

Vte = − 131.368
0.0

0.5

1.0

1.5

2.0

2.5

3.0

E
ne
rg
y
[M

eV
]

0+1
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0+2

Bound Pole
0+1

Complete

⇤0+1

0+2

0+3

0+4

0+5

∼ 400keV



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
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P
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n
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p

]JπM = |JnJp, Jπ⟩ |ΨJπM⟩ = ∑
JnJp

ZJπ

JnJp
|JnJp, Jπ⟩ ℋ |ΨJπM⟩ = EJπ |ΨJπM⟩

212Po  states0+

Amplitudes
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0+3

0+4

0+5

MeV

Not collective
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APPLICATIONS
εb
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εmax

ℑ(ε)

ℜ(ε)
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212Po  states0+

GH
0.898
0.313
0.148
0.095
0.084

AB
0.872
0.436
0.300
0.077
0.138

Amplitudes

MeV
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APPLICATIONS
εb
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εmax
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ℜ(ε)
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212Po  states0+

Collective



APPLICATION 44Ti



APPLICATIONS
εb

εr

L

εmax

ℑ(ε)

ℜ(ε)

ΨJM
ab (r1, r2) = Nab ∑

P

(−1)P P [ψa(r1)ψb(r2)]JM

V(r) = ∑
τ

Vτ(r) Pτ

ψama
(r) =

ua(r)
r [χs Yla( ̂r)]jama
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ab |Vτ |ΨJM
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ΨJπM
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]JπM = |JnJp, Jπ⟩

Four-body basis
Two-body bases
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Egs(44Ti) = − 33.423MeV

Ecorr = 8.744MeV

Vte, Vso → χVte, χVso
χB = 1.2152
χP = 2.7772
χC = 3.5092

Four-body interaction

Four-body strengths

ℋ = Hn + Hp + Vnp
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> 0.3 ⇒ Z2 ≳ 0.1
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Formation amplitude calculation for half live determination 

Four-neutron systems. Ej.  (T. Faestermann, et al., Physics Letters B 824 (2022) 
136799 ) 

Tensor force

14C
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