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MOTIVATIONS

o Obtain four-body clustering from the single-particle
degree of freedom

e Towards an unified description of alpha decay from
SM:

* Estructure(Cluster) + Reaction(Decay)

e Build an alpha-like wave function for the description of
alpha decay at the drip line:

* Four-body correlations in the continuum




FORMALISM

o Single-particle representations from finite-range potentials,
with continuum:

* Berggren basis

o Effective interaction with all spin-isospin channels:

* Four-body correlations

o Weak-coupling approach:
* Correlated two like-nucleons bases

* Five-body Hamiltonian diagonalized in the above bases




FORMALISM

Single-particle representation

B g, (F) = €/ ()

h
hr) = — Z—V,% + Vo) + V(1) + Vi, (1)
U




FORMALISM

Single-particle representation

7
hr) = — Z—V,% + Vo) + V(1) + Vi, /(1)
U

o(r—r) = Z u,(Hu, (r) + [ u(e, ru(e, r)de

n=n..n LCE6™

Berggren basis




FORMALISM

Correlations Single-particle representation

Ep

- Bound-Bound

- Bound-Resonance

- Bound-Non Resonant cantinuum

o o o
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—
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- Resonant-Resonant

- Resonant-Non Resonant

- Non Resonant-Non Resonant




FORMALISM

Two-nucleon interaction :
Two-nucleon basis

W, r) = NI, ) (=DFP [y rw(r)]
B

Central Interaction

Vin=V..nP +V.(nP, +V (P, +V ()P,

p—

S L name P Definition
0 even singlet-even P, 1—P7)(1+
1 odd triplet-odd F,, '
1
0

even triplet-even P

odd singlet-odd Pk,

NN NN
AN AN AN N
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FORMALISM

W ry) = N3, )L (=DP P [y rpu(ry)]
Two-nucleon ME ;

3(e)

V(r) = Vse(r) PS€ + ‘/ZLO(’/.) PtO + er(r) Pte + VSO(r) PSO

Two-nucleon ME

(P V| WMy = 2N, N, [1 = (= YT P (Gjis IM| V| jojigs IM)

Pcdljcjd; JM> > |]d]c’JM> \

np ME Wigner-Singlet projectors

2N Negl 1 = (= YHr/Py) = 1 Pu=1[1= (=) p ] P,
P, = % : [1 Ll et pcd] - [1 = E e pcd] pS:

Pte = % : [1 £{ ~ )jC+jd+JPcd] = [1 £ (= )jC+jd+JPcd] PS:
P % 1+ (= )tat/ p | Pg




FORMALISM

Two-nucleon ME

Effective interaction

2

V(ir)=Ve #

Vo ® =22 ¥, @)

r JaM

\Pffz‘f(rl, ry)) = Ny, Z O P [Wa(rl) Wb(rz)]JM
P
V(l") = Z Vr(r) PT

<‘P‘Z\f| Vr | qjﬁﬂ - 2Nab ch [1 = )jc+jd_J Pcd] <jajb;JM| VT ljcjd; ]M>

Two-nucleon WF
W oy(r,r) = Z

b<a

H lP JiM = E Jﬂ\P JrM Berggren “metric’

Hn = hn(l"l) —+ hn(rz) i V(r19r2)
Hp = hp(l"3) S hp(r4) + V(r39 l"4) T VCOMZ
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Weak-coupling approach Vi) = VAP 1Y, 1) = 2Ny Noy (11~ P s M1V, o 19
Glendenning & Harada, NP72(1965)481 Y = ETJ::‘PJnM O X, L B VT

Four-body Hamiltonian Four-body basis

J M - - T
¥ =H,+H,+V,, I = (¥l = [l I
Vi = V(r,13) + Vg, ry) + Vi, r3) + Vi, ry)

Four-body WF

(e ) Z7 7 |l I7)
Ji

7 | ‘PJﬂM> = EJﬂ | TJ’TM)




W, (1) = i [){ Yza(?)] 2 H(e)
FORMALISM -
Wy (1)) = Ny, Z b [Wa(r Dyp(r 2)] = I
P
o C~( )
Weak-coupling approach Vi) = D VAP, (v ey 2, Ny [T P G JMI V. it M)
H‘PJ,,M=E€J\P L ZXJ‘P]M()V1 r) H=h+h+V+V.,

Four-body Hamiltonian Four-body basis
X =H +H,+V, W57 = Vel = 1l )

Vnp e V(l’l,l’3) + V(l’l,l‘4) t V(l’z,l’3) =+ V(I‘z,l’4)

Four-body WF

[y =) 20 1T
(E; + EJ)5JJ5JJ 1]

AN Y piD P

EY J”)] A

7 | ‘PJﬂM> = EJﬂ | TJ’TM)




FORMALISM

Optimization

Single-particle

h2
h(r) = - V2 + Vo) + V. (1) + Ve, (1)
U

ro, 7.} — {matter r,, ., proton r,, }

{a, Vye V., } = y* minimization

ua
Wom () =
r

‘Pé%@p r,) =N Z (= 1)P = [Wa(rl)Wb(rz)]JM
P

V()= D VA Pe oy, |WMy = 2N, Ny [ o] s MV, i IV

HY poyg = Ep¥ ey e »

Two-p article

V(r) = Vi (r) Py + Vi, (1) Py + Vi (1) P + V(1) P,
2

V)= Ve R
{B.} — {Ref. 208Pb, 40Ca by residues}
{P.} — y* optimization nn, pp, np

{P,} — x* optimization isospin conserving’
T S L Affects to... (=)t =_1

1 0 even J even in nn, pp y np

1 odd J even and odd in nn, pp y np
1 even J even and odd in np
0

odd J odd in np
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F L I S r JaMy
‘ ’ R | \ / I A | » I ‘11211‘94(1”191’2) = Nap Z t O F [l//a(rl)Wb(rz)]JM
P

Optimization V(I") = Z Vf(r) PT <\P£I¥| Vrl‘{’gy> o 2NabNd [1 a3 Pexch] <jajb;JM| Vrljcjd; JM)
® HY . — bz Wl W@, 1) = XC{” e
Penalty function GaE e e bz b»

@)=Y |08p) - 079

l

Single-particle(s.p.)

2
@Oi o a<¢i ‘ 0, ‘ ¢z> O — h(r) = ;l V,% + Viyo(r) + V. () + Vi, (7)
0Py 0Py 3

00 i Vivss VSO} e 4 optimized
= <¢l‘ ‘¢z>
op

= Two-particle(t.p.)

O VYo =V E V(0P tV (i Vv (rE

| Method Vv h

‘- Levenberg-Marquardt ;l p — {P,} — x° optimized
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APPLICATIONS S
WA r) =Ny ), (= DF P [y orwr)]
2172 ViD= 2 Vb ey (wit on N TR G IV
PO Mean-field 2 Sl D oeilad X

T
H‘PJ;;M — EJE\PJJTM v n : X&IZ\P&,ZM(”DFZ) il = h e h i V+ VCOMI

‘Pﬁj = [Yym¥ ol peps = |l I7) . Zj],qu/pljnjp’ I |\ Yy = Ep| ¥ japp)

N. K. Glendenning and K. Harada, Nuclear Physics 72 (1?65) _481

Blomqvist and Wahlborn '} have calculated the eigenfunctions in a Woods-Saxon
potential for the single-particle levels around 2°®Pb. To determine v, we postulated
the following condition:

J.rz'a[’lf.o. dr =fr2'!féwd", - (1)

where Y, ., and Wgw are respectively the harmonic and Blomqvist-Wahlborn wave

T In calculating 9* we use the Blomqvist-Wahlborn radial functions which are needed at R,, to
avoid the incorrect asymptotic behaviour of the harmonic oscillator functions.
J. Blomqvist and S. Wahlborn, Ark. Fys. 16 (1960) 545
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APPLICATIONS S Sy
S(e)

V()= D VA Pe oy, [WM) = 2N, Ny (1= o] s MV, i IV

212 : . :
Po Single-particle energies :
HY . =M. N F ZXJE‘PJEM(rl,rZ) H=nth itV V.

Neutron States Proton States by
Estado | E(MeV) Rel.Err | Estado | E(MeV) Rel.Err. ) |¥,,) = 2 L Y P
lgg/o | —3.936 0.03% Ohg/e | —3.798 0.02%
0i11/2 | —3.130 0.9% 1f7/2 | —2.585 0.05%
0j15/2 | —2.521 0.3% Oi1z/0 | —1.844 0.05%
2ds /2 —2 430 2.4% 1f5/2 | —0.408 0.25%
2d3/9 | —1 373 2% Oi11/2 | 3.329 —40.25 x 10~
1h11/2 0.716 — 20.0004 199/2 3.000 — 20.288 X -3
2f7/2 | 1.081 —140.246 0715/2 | 4.289 —10.126 x 1 —9
0k17/2 | 2.521 —140.0001 2ds5/9 | 6.046 —10.103 x 1 —2
1
1
2

0j13/2 | 2.895 — i0.001 1g7/2 | 6.516 —i0.139 x 1

3 7.046 — 20.239 x 1
°1/2 ! Vo Voo a ro

33.44 17.29 0.84 1.50

2d3/2 7.432 —10.133 x 10~
1h11 /2 | 9.537 — i0.863 x 10~
0jrs/2 | 10.926 — i0.392 103 52.83 17.71 0.74 1.36




APPLICATIONS

: 2P() Single-particle basis

*wam;r) 20 1y no|

‘Pﬁ;j(i’p 1) = Ny z b [l//a(rl)l/jb(rz)]JM
i

Neutron States

V()= D VAP ey, wity = on, N, [1'~ Tstado

E(MeV)

HY poyy = Ep¥ g ¥

Representation

Neutron states

Bound

1gg/2,0t11/2,0715/2, 2d5 /2
351/27 2d3/27 197/2

Proton states

Ohg /2, 1f7/2,0i13/9, 152
2293/2

1gg/2,0i11/2,0715/2, 2d5 /2
381/2, 2d3/27 197/2
Lh11/2,2f7/2,0k17/2
0713/2

Oh9/27 1f7/27 Oi13/27 ]-f5/2

—3.936

—3.130

—2.521

—2.430

—1.822

—1.537

—1.373

0.716 — 20.0004
1.081 —20.246
2.521 —120.0001
2.895 —10.001

2p3 /2

Proton States

2]?1/27 O2’11/27 199/27 Oj15/2

E(MeV)

2d5/27 197/27 351/27 2d3/2

Complete

1gg/2,0i11/2,0715/2, 2d5 /2
351 /2, 2d3 /2, 197 /2
1h11/2, Ch11/27 2f7/2, Cf7/2
0k17/2,ck17/2,0713/2,CJ13/2

Ohg /2, 1f7/2,0%13/2, 1f5/2
22?3/2

2p1 /2, ¢p1/2, 0111 /2, Cl11/2

1gg/2,¢99/2,0715/2, CJ15/2

2d5 /2, cds /2, 197 /2, cg7/2

351 /2, CS1/2, 2d3 /2, cd3 /9

—3.798

—2.585

—1.844

—0.408

—0.103

0.766

3.329 — 0.25 x 10~ 1!
3.500 — 70.288 x 108
4.289 —i0.126 x 10~°
6.046 — 70.103 x 102
6.516 — i0.139 x 103
7.046 — 30.239 x 107!
7.432 —40.133 x 107!
9.537 —i0.863 x 10~2
10.926 — 70.392 x 1073
13.122 —i0.171




APPLICATIONS

< 2P() Two-body interactions

Nucleus

Pot

Ene(MeV)

Diff(keV

210Pb

Vee = —24.538
Vie = —7.218

0" = —9.135
2T = —8.230
47 = —8.043
67 = —7.984
8T = —7.956

12
—93
13
20
111

Vse = 7.043
Vie = 45.712

= —8.749
= —7.749
= —7.469
= —7.330
= —7.218

—33
67
113
31
—8

Vie = —114.968
Vie = —131.368

Veo = 44.12
Vie = —49.895

= —8.493
= —3.881
= —8.137
= —3.105
= —3.035
= —7.964

i, (1)

Wom () =
r

[)(s Yza(?)]

Jalllg

lIfc]l]l‘a/l(l‘” 1) = N.p z (= 1)P = [Wa(rl) Wb(rz)]JM
P

Vi) = Z Vi P oMy 1wy —on, N [1

HY oy = Ep¥ ey ¥y

I yJ*M
Xab‘Pab (r(,1,)

— P,on| Gadins IM| Vo jigs IM)

}‘j = [YmWymlymy = | %) W) = 2 Zi}pl]n]p, 15 H |\ Ve =EL Wy
J J

LiP > »* optimization nn, pp, np ‘

—89 «—— no optimized

— 424 «———— 1o optimized

D

21
—22
—4

Ranges (3)[fm?]

1.8 14 1.0
1.8 20 14
- - 14

10
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r
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APPLICATIONS

: 2P() Two-body interactions

<\P£]¥| VT | Tﬁ%) = 2Nab ch [1 2% Pexch] <jajb;JM| V’l’ |jcjd; JM>

‘PJﬂM(l’l,rz) = ZX;Z‘P‘CZIZM(FDI’Z) H — h -+ h -+ V+ VCOM[

b<a

¥ 7 = (¥ plyen = 190 T 1 Wmag) = D 205 1000 ™) T\ Y papg) = Epsl ¥ )
J J

M . 208 ;
m E. K. Warburton, and B. A. Brown, Phys.Rev. C 43, 602 (1991)
E CO arlson Pb Appraisal of the Kuo-Herling SM interaction and application to A=210-21:

Space Average Range éé;re e éare + G1pih + Gopan | Rosario

nn
nn

(G)
(G])

J -0

J 40

-0.021
0.047

-0.022
0.078

-0.064
0.091

nn
nn

(G)
(G1)

J =0

J =0

-0.112
0.272

-0.217
0.427

-0.260
0.316

np
np

(G)
(1G])

T 20

J 0

-0.0.41

0.082

-0.039
0.119

-0.036
0.059

np
np

(G)
(G1)

J =0

J =0

-0.121
0.369

-0.109
0.447

-0.182
0.272
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APPLICATIONS

ZIZPO 0

states

Y ) =N, Z( DP P |y, (r 1)1//19(”2)]

V(r) = Z V.(r) P,

(WM |V, | M) = 2N

3(e)

Ny (U= Pl Gl IM| V. s IM)

HTJ;;M—EJn\P]nM TJnM(rl,r2)= ZX&IZ ]ZM(rl,rz) H=h+h+V+ VCOMI

b<a

Sl I7) ¥ gpg) = ZZJE wpr I TN o) = Epe| ¥ )

Representation

Neutron states

Proton states

Bound

1gg/2,0i11/2,0]15/2, 2d5 /2
351/2,2d3/2, 1972

Ohg/2,1f7/2,0013/2,1f5/2
2p3 /2

lgg/2,0i11/2,0j15/2, 2d5 /2
351/2,2d3/2, 197 /2
Lhy1/2,2f7/2,0k17/2
07132

Ohg /2, 1f7/2,0i13/2, 1 f5/2
2p3/2
2p1/2,0t11/2, 199/2, 07152
2ds5 /2, 1g7/2,351/2,2d3/2

Complete

1gg /2, 0i11/2,0]15/2, 2d5 /2
351/2,2d3/2, 197 /2
1}111/2, Ch11/27 2f7/27 Cf7/2
0172, ck17/2,0713/2, €J13/2

Ohg /2, 1f7/2,0013/2, 1 [5/2
2p3/2

2291/27 CP1/2; 07311/27 Ci11/2

Lgg9/2,¢99/2,0715/2, Cj15/2

2ds5 /2, cds 2, 197 /2, €97 /2

381/2, 681/2, 2d3/2, Cd3/2

‘/se = —114.968
— 131.368 Vie = —131.368

Veo = 44.12

Vi, = —49.895
MeV

Experimental

Bound Pole Complete
—192.2 —186.1 —194




Voot LY, 0|

AP P LI CATI O N S iy - a N, Zr( I b [l//a(rj)’:;b(rz)]
3(¢)

217 V(r) = ZV(F)P (PM v | WMy = 2N, N, [1= Pl G MLV, g TM)
PO 0 states e e

HY, . =B e ZXC{Z‘PézM(rl,rz) H=h+h+V+V.,

b<a

‘Pﬁw—[‘l’ ol ey = | Sy I7) |TJ”M>:ZZJ [ ) ZN Y jepg) = Eje| W pepg)
o

Amplitudes

Jy,J7) | Bound Pole Complete

B+ —19.341 (—19.341;0.012) —19.341

07 07 > 0.884 (0.855;0.000) 0.839

S TR e P PP NoOt COHGC’[IVG;ZJF 2+> 0.360 (0.375;0.003) 0.385
: 0; 0F # + 4+

Experimental Bound Complete 4 4 > 0.251 (O 257 0. 003) 0.271

6+ 6+> 0.158 (0.1 ) 0.214

) 0.103 (0.1 ) 0.171

MeVv| Bound Pole Complete

+ o+
Vie | —192.2 —186.1 —194 8] 8
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APPLICATIONS

212P() 0" states

\Pﬁ‘f(rl, ry)) = Ny, Z b P [Wa(rl)Wb(rz)]JM
P

V()= D VAP 9y, 19y = 3N, Ny (1= Po] Gl M1V, IV

T
H‘PJ;;M — EJE\PJnM v n : XC{Z‘PézM(rl,rz) i = h e h i V+ VCOM[

*‘Pﬁf = ¥ polymns = 1 1)

ZJJ:Jpljan’ I ZNYjem) = Epe| ¥ prpg)

Jn L, J)) Amplitudes Complete
E. | AB GH ~ —19.341

Experimental

Bound

Pole

Complete

—192.2

—186.1

—194

21 2

07 #‘gﬁ 4+
Complete 1 =1

67 67
87 8

0.872
0.436

0.300
0.077
0.138

0.898
0.313

0.148
0.095
0.084

0.839
0.385
0.271
0.214
0.171
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APPLICATIONS

\Pﬁ‘f(rl, ry)) = Ny, Z b P [Wa(rl)Wb(rz)]JM
P

3(e)

21 ZPO 0 Vi) = ), VD P, (B | VoI o) = 2Noy Nog (1 = Poer| Gados IMI Ve | e IM)

states ; —
H‘PJ;;M o EJE\PJnM TJﬂM(rl,rz) — ZXc{b‘Png(rl,rz) H=h+h+V+ VCOM[

3.0 -
2054 O
Z 20-
= Collective
;;“5‘ —17.810 (—18.011;0.004) —18.017
L0- > —0.416  (—0.474;—0.002)  —0.491
05 > 0.390  (0.332; —0.005) 0.286
. Jor | 0431 (0.413;-0.002) 0.396
Experimental Bound Pole Complete 61_ 61_>O;r 0.479 (0475’ _0001) 0.478
Mey ?ngg _1121661 COjllg{fte 87 81 )pr | 0.510 (0.519;0.000) 0.540
te . . ,
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O B N T O
S(e)

44Ti Nucleons mean-field e Z VA Pe (OB V, 198 = 2N,y Ny (1= e G M1 Ve e I
H‘PJ;;M —_ EJE\PJnM ‘PJ;;M(I"I,rz) = ZX;Z‘P‘;ZM(I’DI’Z) L = h e h i V+ VCOMI

b<a
. . . Ti:.g o [TJZ”‘PJZP]J”M = |Jn‘lp’ ]ﬂ> |\P]7TM> = ZZJ J ] Jﬂ> %l\P]ﬂM> e E]nllPerM>
Spectroscopic weighted s.p. energies i

N. Schwierz, |. Wiedenhover, and A. Volya, A. arXiv: 0709.3525. 2007 P()le bases F < lMeV
410& 4l SC 410q 41g,

state e, (MeV) ex (MeV)
state || €exp € eexp | Re(e) 5 S 0f7/2 -8.309 -1.109

/2 : : , —U. 1
1ps/o ||-5.84(-6.017(/ 0.69 | 0.760 07 [18] 0.9 9, 10, 19] 7o ~3.995 (2.291,0.494 x 10”
0

0.6 [9 0.9 |14
1p1/2 -4.20 ‘3.995 2.38 2.291 _[ ]089/2 012[[141] Of5/2 —1626 (4982,—0789 x 10~

0fs/2||-1.56|-1.626|| 4.96 | 4.982 .12 5] 0.23 [14 Ogos2 |(1.658,-0.405x 107%)  (7.961,-0.222)
0g7 /2 (8.321,-1.541) (14.433,-2.788)

Mean-field parameters 2ds/2 | (0.895,-0.188) (6.066,-1.735)
23 | (1.954,-1.335) (6.952, —3.848)

nucleon| Vo(MeV) Vio(MeV fm) a(fm) 7o(fm) Ohy12|  (10.568,-1.129) (16.560,-2.075)
neutron [52.052(1.0) 16.915(4.2) 0.811(0.2) 1.274 Ohgje | (17.876,-7.300) (24.171,-9.195)
proton [51.440(1.1) 16.190(4.9) 0.791(0.2) 1.278 Bound bases 4 1
Pole bases 6 5
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1) = Ny Z( 1" P [wa<rl>wb<r2>] :

<‘Pab | VT I ‘Pcd> =N ch e E R IMLY [ M)

CY

44T1 Model spaces L

H‘PJﬂM i EJﬂ\PJﬂM lIJJ”M(rl’rz) = ZX]ﬂlP]ﬂM(rl rz) H — h + h + V+ VCOM[

Basis

Neutron states

Proton states

bound

Of7/2, 1P3/2, 11?1/2
0/5/2

0f 7/2 L = [y el jryg =

pole

Of7/2, 1293/2, 11?1/2
0f5/2, 0gg/2, lds/2

0f7/2, 1psj2, 1pi/2
0f 5/2 099/2

complete

Of7/27 1P3/2, 1291/2
Of5/27 099/2, Cg9/2
Lds/2, cds/o csy1/2

CP1/2, €P3/2

0f7/2, 1psaj2, cps/o 122
Ip1/2, cp1y2 Ofzs/2
Cf5/2 099/2, Cg9/2

[ Fdpr I7) 0 o) = 2

b<a

NS I7) TNY pepg) = Epe| Y gopg)

Poles

e, (MeV) ex (MeV)

discretized

CS1/2 non-RC

-8.309 ~1.109
-6.017 (0.760, -0.671 x 107°)
~3.995 (2.291,-0.494 x 1071)
~1.626 (4.982,-0.789 x 1071)
(1.658,-0.405 x 1072)  (7.961,-0.222)

(8.321,-1.541) (14.433, -2.788)
(0.895, -0.188) (6.066,—1.735)
(1.954, -1.335) (6.952, —3.848)
(10.568, —1.129) (16.560, —2.075)
(17.876, —7.300) (24.171,-9.195)

Bound-Bound

Bound-Resonance

Bound-Non Resonant continuum
Resonant-Resonant
Resonant-Non Resonant

Non Resonant-Non Resonant
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We ) Z( D P yar)wsr)

LN

S(e)

44Ti Two-nucleon interactions y /0= 2 V0P Gviwi =20, N [1 P i M1V, i W)

H‘PJ;;M—EJn\PJnM ‘I’JﬂM(rl,rz)= Z \PJ M(l’l I’z) H h+h+V+ VCOMI

‘Pﬁ”—[w ‘P p]JM J ]”) |\P],,M>=sz b J”) %|‘PJ,[M>—EJ,[|\PJ”M>
Optlmlzatlon 1sospin 'conserving' o

Basis Neutron states Proton states
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 Formation amplitude calculation for half live determination

® Four-neutron systems. EJ 14C (T. Faestermann, et al., Physics Letters B 824 (2022)
136799 )

o Tensor force
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