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◆
Large logarithms:

(Sterman Weinberg’1977)

Non-global logarithms (NGLs) arise when the 

soft radiation is not distributed evenly. Dasgupta, 
Salam ’02

Jet cross sections exhibit such logarithms 
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Soft function along directions 
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Renormalization of hard function and renormalization group (RG) 
evolution
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1.       and     are infinite dimension matrix

2. Compute        at hard scale    


and       at soft scale 

3.  Solve the RG equation and evolve 

       from      to 
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<latexit sha1_base64="v+XVTDvAaT2RqMYjz3YJosUDnZg=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePLdgPaZclm2bb0CS7JFmhLP0VXjwo4tWf481/Y9ruQVsfDDzem2FmXphwpo3rfjuFtfWNza3idmlnd2//oHx41NZxqghtkZjHqhtiTTmTtGWY4bSbKIpFyGknHN/N/M4TVZrF8sFMEuoLPJQsYgQbKz32RRrom2bgBuWKW3XnQKvEy0kFcjSC8ld/EJNUUGkIx1r3PDcxfoaVYYTTaamfappgMsZD2rNUYkG1n80PnqIzqwxQFCtb0qC5+nsiw0LriQhtp8BmpJe9mfif10tNdO1nTCapoZIsFkUpRyZGs+/RgClKDJ9Ygoli9lZERlhhYmxGJRuCt/zyKmnXqt5ltda8qNRv8ziKcAKncA4eXEEd7qEBLSAg4Ble4c1Rzovz7nwsWgtOPnMMf+B8/gA4gZAI</latexit>

µs = Q0

<latexit sha1_base64="qmlBLkrSx2GuAz6P2NdY47F9iJo=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTtj/qVql/z50CrJChIFQo0+5Wv3iAlVlBpCMdadwM/M1GOlWGE02m5ZzXNMBnjIe06KrGgOsrnx07RuVMGKEmVK2nQXP09kWOh9UTErlNgM9LL3kz8z+tak9xEOZOZNVSSxaLEcmRSNPscDZiixPCJI5go5m5FZIQVJsblU3YhBMsvr5JWvRZc1eoPl9XGbRFHCU7hDC4ggGtowD00IQQCDJ7hFd486b14797HonXNK2ZO4A+8zx/aAI64</latexit>µh
<latexit sha1_base64="FjvgN3bVJfT+5RRx5/SfXNZPa5E=">AAAB7HicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWMENwkkS5idzCZDZmaXeQhhyTd48aCIVz/Im3/jJNmDJhY0FFXddHfFGWfa+P63t7a+sbm1Xdop7+7tHxxWjo5bOrWK0JCkPFWdGGvKmaShYYbTTqYoFjGn7Xh8N/PbT1RplspHM8loJPBQsoQRbJwU9oTt636l6tf8OdAqCQpShQLNfuWrN0iJFVQawrHW3cDPTJRjZRjhdFruWU0zTMZ4SLuOSiyojvL5sVN07pQBSlLlSho0V39P5FhoPRGx6xTYjPSyNxP/87rWJDdRzmRmDZVksSixHJkUzT5HA6YoMXziCCaKuVsRGWGFiXH5lF0IwfLLq6RVrwVXtfrDZbVxW8RRglM4gwsI4BoacA9NCIEAg2d4hTdPei/eu/exaF3zipkT+APv8wfqrI7D</latexit>µs

<latexit sha1_base64="tK+AjrwT41hju9QExefLqU9eE5A=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoQY8RzAOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bW1ldW9/YLGwVt3d29/ZLB4dNo1JNaIMornQ7woZyJmnDMstpO9EUi4jTVjS6mfqtJ6oNU/LBjhMaCjyQLGYEWyc1u7dYCNwrlf2KPwNaJkFOypCj3it9dfuKpIJKSzg2phP4iQ0zrC0jnE6K3dTQBJMRHtCOoxILasJsdu0EnTqlj2KlXUmLZurviQwLY8Yicp0C26FZ9Kbif14ntfFVmDGZpJZKMl8UpxxZhaavoz7TlFg+dgQTzdytiAyxxsS6gIouhGDx5WXSrFaCi0r1/rxcu87jKMAxnMAZBHAJNbiDOjSAwCM8wyu8ecp78d69j3nripfPHMEfeJ8/WDWO/A==</latexit>

�
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Relation between renormalization constant and 
anomalous dimension

Strong coupling renormalization: 
<latexit sha1_base64="6sJprWcaRu25qHCXDZZD2byDowY=">AAACJnicbVDLSgMxFM34rPVVdekmWAQ3lhkp6kYQ3bhUsCp2ynAnvWODmUxIMkIZ5mvc+CtuXFRE3PkpprWCrwOBwznncnNPrAQ31vffvInJqemZ2cpcdX5hcWm5trJ6YbJcM2yxTGT6KgaDgktsWW4FXimNkMYCL+Pb46F/eYfa8Eye277CTgo3kiecgXVSVDu4jkIQqgf0gAbbNEw0sCKM0ULk07IIURkuMll+OaNsZMqiGSpeRrW63/BHoH9JMCZ1MsZpVBuE3YzlKUrLBBjTDnxlOwVoy5nAshrmBhWwW7jBtqMSUjSdYnRmSTed0qVJpt2Tlo7U7xMFpMb009glU7A989sbiv957dwm+52CS5VblOxzUZILajM67Ix2uUZmRd8RYJq7v1LWA9eHdc1WXQnB75P/koudRrDb2Dlr1g+PxnVUyDrZIFskIHvkkJyQU9IijNyTRzIgz96D9+S9eK+f0QlvPLNGfsB7/wA1HKW0</latexit>

Z↵ = 1� �0

✏

↵s

4⇡

<latexit sha1_base64="zx80ka7Nkpe+iSFmSVaihNlHzdg="></latexit>�
Z�1� = 1+

↵s

4⇡

1

2✏
�(1) +

⇣↵s

4⇡

⌘2


1

8✏2
�(1) ⌦ �(1) � �0

4✏2
�(1) +

1

4✏
�(2)

�

       is (-2) times the one-loop 
hard function soft divergence

<latexit sha1_base64="0pU4eTnIFcY1socxUxMu57aZayI=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2WmiLosutBlBfuAzlgyaaYNTTJDkhHKMOCvuHGhiFu/w51/Y6adhbYeCBzOuZd7coKYUaUd59taWl5ZXVsvbZQ3t7Z3du29/baKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfg69zuPRCoaiXs9iYnP0VDQkGKkjdS3Dz2O9CgIU+8GcY6yh7TqnmZ9u+LUnCngInELUgEFmn37yxtEOOFEaMyQUj3XibWfIqkpZiQre4kiMcJjNCQ9QwXiRPnpNH4GT4wygGEkzRMaTtXfGyniSk14YCbzsGrey8X/vF6iw0s/pSJONBF4dihMGNQRzLuAAyoJ1mxiCMKSmqwQj5BEWJvGyqYEd/7Li6Rdr7nntfrdWaVxVdRRAkfgGFSBCy5AA9yCJmgBDFLwDF7Bm/VkvVjv1sdsdMkqdg7AH1ifP8zPlWE=</latexit>

�(1)        is (-4) times single pole in 
the two-loop hard function

<latexit sha1_base64="VzVrMAhzVv6HDL4bKpJFTK57usw=">AAAB/nicbVDLSgMxFM34rPU1Kq7cBItQN2WmiLosutBlBfuAzlgyaaYNTTJDkhHKMOCvuHGhiFu/w51/Y6adhbYeCBzOuZd7coKYUaUd59taWl5ZXVsvbZQ3t7Z3du29/baKEolJC0cskt0AKcKoIC1NNSPdWBLEA0Y6wfg69zuPRCoaiXs9iYnP0VDQkGKkjdS3Dz2O9CgIU+8GcY6yh7RaP836dsWpOVPAReIWpAIKNPv2lzeIcMKJ0JghpXquE2s/RVJTzEhW9hJFYoTHaEh6hgrEifLTafwMnhhlAMNImic0nKq/N1LElZrwwEzmYdW8l4v/eb1Eh5d+SkWcaCLw7FCYMKgjmHcBB1QSrNnEEIQlNVkhHiGJsDaNlU0J7vyXF0m7XnPPa/W7s0rjqqijBI7AMagCF1yABrgFTdACGKTgGbyCN+vJerHerY/Z6JJV7ByAP7A+fwDOVZVi</latexit>

�(2)
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<latexit sha1_base64="Zm6kOYzna1TjA1L5d5RINeWmFZc="></latexit>

Rm: real emission

Vm: virtual correction

Extraction of anomalous dimension from hard function

<latexit sha1_base64="xfOEVFOukXuwBYflY9wJpz8G3kA="></latexit>

Hm({n}, Q, ✏) =
1

2Q2

X

spins

mY

i=1

Z
dEi E

d�3
i

c̃✏ (2⇡)2
|Mm({p})ihMm({p})

⇥ (2⇡)d �
⇣
Q�

mX

i=1

Ei

⌘
�(d�1)(~ptot)⇥in({n})

<latexit sha1_base64="6YISCPeNqlu7ovZmx7tCqAs4uM4="></latexit>

�(1) =

0

BBBBB@

V2 R2 0 0 . . .
0 V3 R3 0 . . .
0 0 V4 R4 . . .
0 0 0 V5 . . .
...

...
...

...
. . .

1

CCCCCA

1. Take the soft limit of 

2. Take the residue of      for loop integrals

3. Put UV cut-off on energy      to isolate IR 

    divergence

<latexit sha1_base64="ILrHFHOEQUoe2DLxshzaviaYn3E=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4xyiOBlcwODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7vHB7RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9C/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlyu3Z6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AAEeNng==</latexit>

q0

<latexit sha1_base64="mOBsUuzxL1uNqJWG0Srk/PlP9pw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BETxGNA9IljA76SRDZmfXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/U33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Xq7cnZWqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBIUiNtA==</latexit>

Eq

<latexit sha1_base64="CjK44KWn2cLfkN85uVAAwzWMovc=">AAACHnicbVDLSgMxFM34rPVVdekmWISKpcwUX8uimy4r2Ad0ypBJM21okhmTjFCG+RI3/oobF4oIrvRvzLRdaOuBJIdz701yjh8xqrRtf1tLyyura+u5jfzm1vbObmFvv6XCWGLSxCELZcdHijAqSFNTzUgnkgRxn5G2P7rJ6u0HIhUNxZ0eR6TH0UDQgGKkjeQVzl2O9NAPksmJEUvqaeol/NRJS24CheeU3X6oVdlQnm33bnoCvULRrtgTwEXizEgRzNDwCp/mFhxzIjRmSKmuY0e6lyCpKWYkzbuxIhHCIzQgXUMF4kT1kom9FB4bpQ+DUJolNJyovycSxJUac990ZibUfC0T/6t1Yx1c9RIqolgTgacPBTGDOoRZVrBPJcGajQ1BWFLzV4iHSCKsTaJ5E4Izb3mRtKoV56JSvT0r1q5nceTAITgCJeCAS1ADddAATYDBI3gGr+DNerJerHfrY9q6ZM1mDsAfWF8/9GahsQ==</latexit>

Hm+1({n1, . . . , nm, nq})
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Real emission
<latexit sha1_base64="TgJFEVcH+ziCO6oGE3PRVzRDgzg="></latexit>

Hm+1({n, nq}, Q, ✏) = �g2s

Z ⇤

0

dEq Ed�3
q

c̃✏ (2⇡)2
✓in(q)

X

(ij)

ni · nj

ni · q nj · q
Ta

i Hm({n}, Q, ✏)Tã
j

<latexit sha1_base64="lVpcyiYIKwnkTYX24HEHr2/aQfk="></latexit>

Hm({n}, Q, ✏) =
g2s
2

X

(ij)

Z
ddq

(2⇡)d
�i

q2 + i0

ni · nj

[ni · q + i0] [�nj · q + i0]

⇥Ti ·Tj Hm({n}, Q, ✏) + h.c.

Virtual corrections
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Real emission
<latexit sha1_base64="TgJFEVcH+ziCO6oGE3PRVzRDgzg="></latexit>

Hm+1({n, nq}, Q, ✏) = �g2s

Z ⇤

0

dEq Ed�3
q

c̃✏ (2⇡)2
✓in(q)

X

(ij)

ni · nj

ni · q nj · q
Ta

i Hm({n}, Q, ✏)Tã
j

<latexit sha1_base64="lVpcyiYIKwnkTYX24HEHr2/aQfk="></latexit>

Hm({n}, Q, ✏) =
g2s
2

X

(ij)

Z
ddq

(2⇡)d
�i

q2 + i0

ni · nj

[ni · q + i0] [�nj · q + i0]

⇥Ti ·Tj Hm({n}, Q, ✏) + h.c.

Virtual corrections

put cut off on      <latexit sha1_base64="mOBsUuzxL1uNqJWG0Srk/PlP9pw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BETxGNA9IljA76SRDZmfXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/U33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Xq7cnZWqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBIUiNtA==</latexit>

Eq
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Real emission
<latexit sha1_base64="TgJFEVcH+ziCO6oGE3PRVzRDgzg="></latexit>

Hm+1({n, nq}, Q, ✏) = �g2s

Z ⇤

0

dEq Ed�3
q

c̃✏ (2⇡)2
✓in(q)

X

(ij)

ni · nj

ni · q nj · q
Ta

i Hm({n}, Q, ✏)Tã
j

<latexit sha1_base64="lVpcyiYIKwnkTYX24HEHr2/aQfk="></latexit>

Hm({n}, Q, ✏) =
g2s
2

X

(ij)

Z
ddq

(2⇡)d
�i

q2 + i0

ni · nj

[ni · q + i0] [�nj · q + i0]

⇥Ti ·Tj Hm({n}, Q, ✏) + h.c.

Virtual corrections
<latexit sha1_base64="zQNHLIad15u0HHpBA9/jTWInCeM="></latexit>

1

ni · q + i0
=

�1

�ni · q + i0
� 2⇡i�(ni · q)1. use identity :

put cut off on      <latexit sha1_base64="mOBsUuzxL1uNqJWG0Srk/PlP9pw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BETxGNA9IljA76SRDZmfXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/U33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Xq7cnZWqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBIUiNtA==</latexit>

Eq
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Real emission
<latexit sha1_base64="TgJFEVcH+ziCO6oGE3PRVzRDgzg="></latexit>

Hm+1({n, nq}, Q, ✏) = �g2s

Z ⇤

0

dEq Ed�3
q

c̃✏ (2⇡)2
✓in(q)

X

(ij)

ni · nj

ni · q nj · q
Ta

i Hm({n}, Q, ✏)Tã
j

<latexit sha1_base64="lVpcyiYIKwnkTYX24HEHr2/aQfk="></latexit>

Hm({n}, Q, ✏) =
g2s
2

X

(ij)

Z
ddq

(2⇡)d
�i

q2 + i0

ni · nj

[ni · q + i0] [�nj · q + i0]

⇥Ti ·Tj Hm({n}, Q, ✏) + h.c.

Virtual corrections

2. Take the residue of 
<latexit sha1_base64="ILrHFHOEQUoe2DLxshzaviaYn3E=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4xyiOBlcwODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7vHB7RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9C/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlyu3Z6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AAEeNng==</latexit>

q0

<latexit sha1_base64="zQNHLIad15u0HHpBA9/jTWInCeM="></latexit>

1

ni · q + i0
=

�1

�ni · q + i0
� 2⇡i�(ni · q)1. use identity :

put cut off on      <latexit sha1_base64="mOBsUuzxL1uNqJWG0Srk/PlP9pw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BETxGNA9IljA76SRDZmfXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/U33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Xq7cnZWqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBIUiNtA==</latexit>

Eq
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Real emission
<latexit sha1_base64="TgJFEVcH+ziCO6oGE3PRVzRDgzg="></latexit>

Hm+1({n, nq}, Q, ✏) = �g2s

Z ⇤

0

dEq Ed�3
q

c̃✏ (2⇡)2
✓in(q)

X

(ij)

ni · nj

ni · q nj · q
Ta

i Hm({n}, Q, ✏)Tã
j

<latexit sha1_base64="lVpcyiYIKwnkTYX24HEHr2/aQfk="></latexit>

Hm({n}, Q, ✏) =
g2s
2

X

(ij)

Z
ddq

(2⇡)d
�i

q2 + i0

ni · nj

[ni · q + i0] [�nj · q + i0]

⇥Ti ·Tj Hm({n}, Q, ✏) + h.c.

Virtual corrections

3. put cut off on      and

Integrate out it

<latexit sha1_base64="mOBsUuzxL1uNqJWG0Srk/PlP9pw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BETxGNA9IljA76SRDZmfXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/U33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Xq7cnZWqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBIUiNtA==</latexit>

Eq

2. Take the residue of 
<latexit sha1_base64="ILrHFHOEQUoe2DLxshzaviaYn3E=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4xyiOBlcwODUyYnV1nZk3Ihk/w4kFjvPpF3vwbB9iDgpV0UqnqTndXEAuujet+O7mV1bX1jfxmYWt7Z3evuH/Q0FGiGNZZJCLVCqhGwSXWDTcCW7FCGgYCm8Hoeuo3n1BpHsl7M47RD+lA8j5n1Fjp7vHB7RZLbtmdgSwTLyMlyFDrFr86vYglIUrDBNW67bmx8VOqDGcCJ4VOojGmbEQH2LZU0hC1n85OnZATq/RIP1K2pCEz9fdESkOtx2FgO0NqhnrRm4r/ee3E9C/9lMs4MSjZfFE/EcREZPo36XGFzIixJZQpbm8lbEgVZcamU7AheIsvL5NGpeydlyu3Z6XqVRZHHo7gGE7Bgwuowg3UoA4MBvAMr/DmCOfFeXc+5q05J5s5hD9wPn8AAEeNng==</latexit>

q0

<latexit sha1_base64="zQNHLIad15u0HHpBA9/jTWInCeM="></latexit>

1

ni · q + i0
=

�1

�ni · q + i0
� 2⇡i�(ni · q)1. use identity :

put cut off on      <latexit sha1_base64="mOBsUuzxL1uNqJWG0Srk/PlP9pw=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BETxGNA9IljA76SRDZmfXmVkhLPkELx4U8eoXefNvnCR70MSChqKqm+6uIBZcG9f9dnIrq2vrG/nNwtb2zu5ecf+goaNEMayzSESqFVCNgkusG24EtmKFNAwENoPR9dRvPqHSPJIPZhyjH9KB5H3OqLHS/U33sVssuWV3BrJMvIyUIEOtW/zq9CKWhCgNE1TrtufGxk+pMpwJnBQ6icaYshEdYNtSSUPUfjo7dUJOrNIj/UjZkobM1N8TKQ21HoeB7QypGepFbyr+57UT07/0Uy7jxKBk80X9RBATkenfpMcVMiPGllCmuL2VsCFVlBmbTsGG4C2+vEwalbJ3Xq7cnZWqV1kceTiCYzgFDy6gCrdQgzowGMAzvMKbI5wX5935mLfmnGzmEP7A+fwBIUiNtA==</latexit>

Eq



10

<latexit sha1_base64="l9VH4aE5aCexFnqFGo++medcmIc="></latexit>

Rm = �4
X

(ij)

Ta
i,LT

ã
j,R W q

ij ✓in(nq)
<latexit sha1_base64="P5i1K8RRkYb59TpxYjO3RbwA8Fw="></latexit>

Vm = 2
X

(ij)

(Ti,L ·Tj,L +Ti,R ·Tj,R)

Z
[d⌦q] W

q
ij

� 2
X

(ij)

[Ti,L ·Tj,L �Ti,R ·Tj,R]⇥ i⇡⇧ij

<latexit sha1_base64="M05qn3X32mD1qqDpbcikPJoozDg=">AAACI3icbVDLSsNAFJ34rPVVdelmsAgupCRFVASh6MZlBfuAJobJdNJOO5mkMxOhhPyLG3/FjQuluHHhvzhtg9TWAwPnnnMvd+7xIkalMs0vY2l5ZXVtPbeR39za3tkt7O3XZRgLTGo4ZKFoekgSRjmpKaoYaUaCoMBjpOH1b8d+44kISUP+oIYRcQLU4dSnGCktuYWrhpvQXvo4uLZ9gXDCXWrjdqggd3vpbDWwT8ca/K1Tt1A0S+YEcJFYGSmCDFW3MLLbIY4DwhVmSMqWZUbKSZBQFDOS5u1YkgjhPuqQlqYcBUQ6yeTGFB5rpQ39UOjHFZyosxMJCqQcBp7uDJDqynlvLP7ntWLlXzoJ5VGsCMfTRX7MoArhODDYpoJgxYaaICyo/ivEXaSzUjrWvA7Bmj95kdTLJeu8VL4/K1Zusjhy4BAcgRNggQtQAXegCmoAg2fwCt7Bh/FivBkj43PaumRkMwfgD4zvH9dhpPs=</latexit>

W q
ij =

ni · nj

ni · nq nj · nq

Results for one-loop anomalous dimension

1. Collinear divergence when soft emission is collinear    

   to hard partons. 


2. Collinear finite by combining real and virtual.



Two-loop anomalous dimension

11

<latexit sha1_base64="FvOQjVxczVdVwp4BkH/9o8goNes="></latexit>

vm: two-loop virtual

rm: real-virtual

dm: double real emission

The extraction of       is similar to       but there 
are some subtleties

<latexit sha1_base64="wA9cPTBrX6eNMNL02cBjinNc8GE=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9ktoh6LHvRYwX5Ady3ZNNuGJtklyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0c3Ubz9RpVksH8w4oYHAA8kiRrCxku/fYiHwY1apnU16pbJbdWdAy8TLSRlyNHqlL78fk1RQaQjHWnc9NzFBhpVhhNNJ0U81TTAZ4QHtWiqxoDrIZjdP0KlV+iiKlS1p0Ez9PZFhofVYhLZTYDPUi95U/M/rpia6CjImk9RQSeaLopQjE6NpAKjPFCWGjy3BRDF7KyJDrDAxNqaiDcFbfHmZtGpV76Jauz8v16/zOApwDCdQAQ8uoQ530IAmEEjgGV7hzUmdF+fd+Zi3rjj5zBH8gfP5AxVIkRE=</latexit>

�(2)

1. Which cut-off                       or  

2. Pure collinear singularity 

<latexit sha1_base64="Ce/oY+DzeAggFRVXiM6vS+L+p5E=">AAACEHicbVC7SgNBFJ31GeMramkzGMSkMOwGUcugCBYWEcwDsssyOztJhsw+nLkrhCWfYOOv2FgoYmtp5984SbbQxAMDh3Pu4c49Xiy4AtP8NhYWl5ZXVnNr+fWNza3tws5uU0WJpKxBIxHJtkcUEzxkDeAgWDuWjASeYC1vcDn2Ww9MKh6FdzCMmROQXsi7nBLQkls4sqHPgJTsG53xyfGVe1/Gc5osu4WiWTEnwPPEykgRZai7hS/bj2gSsBCoIEp1LDMGJyUSOBVslLcTxWJCB6THOpqGJGDKSScHjfChVnzcjaR+IeCJ+juRkkCpYeDpyYBAX816Y/E/r5NA99xJeRgnwEI6XdRNBIYIj9vBPpeMghhqQqjk+q+Y9okkFHSHeV2CNXvyPGlWK9ZppXp7UqxdZHXk0D46QCVkoTNUQ9eojhqIokf0jF7Rm/FkvBjvxsd0dMHIMnvoD4zPH4B0m50=</latexit>

✓(⇤� Eq)✓(⇤� Er)
<latexit sha1_base64="U10Qqrr7vPqoN89F0DOTw6BE8VE=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4xkUcCGzI79MKE2dllZpaEEL7DiweN8erHePNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD+7nfHKPSPJZPZpKgH9G+5CFn1FjJH3USqqgQKIgi3WLJLbsLkHXiZaQEGWrd4lenF7M0QmmYoFq3PTcx/pQqw5nAWaGTakwoG9I+ti2VNELtTxdHz8iFVXokjJUtachC/T0xpZHWkyiwnRE1A73qzcX/vHZqwlt/ymWSGpRsuShMBTExmSdAelwhM2JiCWWK21sJG9gUmLE5FWwI3urL66RRKXvX5crjVal6l8WRhzM4h0vw4Aaq8AA1qAODETzDK7w5Y+fFeXc+lq05J5s5hT9wPn8AUvyRzw==</latexit>

q k r

<latexit sha1_base64="ZJrVlkg6WreXMNzGddriNfAn7EM=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBiIVhN4haBkWwsIhgHpBdltnZ2WTI7MOZu0JY0vgrNhaK2PoZdv6Nk0eh0QMXDufcw8w9fiq4Asv6MgoLi0vLK8XV0tr6xuaWub3TUkkmKWvSRCSy4xPFBI9ZEzgI1kklI5EvWNsfXI799gOTiifxHQxT5kakF/OQUwJa8sw9B/oMSMW50ZmAHF9593rkkWeWrao1Af5L7BkpoxkanvnpBAnNIhYDFUSprm2l4OZEAqeCjUpOplhK6ID0WFfTmERMufnkgBE+1EqAw0TqiQFP1J+JnERKDSNfb0YE+mreG4v/ed0MwnM353GaAYvp9KEwExgSPG4DB1wyCmKoCaGS679i2ieSUNCdlXQJ9vzJf0mrVrVPq7Xbk3L9YlZHEe2jA1RBNjpDdXSNGqiJKBqhJ/SCXo1H49l4M96nqwVjltlFv2B8fAMsZ5V9</latexit>

✓(⇤� Eq � Er)

<latexit sha1_base64="Vy3WklJdttiz7ItF1pH5hrEN1oQ=">AAAB83icbVBNSwMxEJ31s9avqkcvwSLUS9ktoh6LHvRYwX5Ady3ZNNuGJtklyQpl6d/w4kERr/4Zb/4b03YP2vpg4PHeDDPzwoQzbVz321lZXVvf2CxsFbd3dvf2SweHLR2nitAmiXmsOiHWlDNJm4YZTjuJoliEnLbD0c3Ubz9RpVksH8w4oYHAA8kiRrCxku/fYiHwY1bxzia9UtmtujOgZeLlpAw5Gr3Sl9+PSSqoNIRjrbuem5ggw8owwumk6KeaJpiM8IB2LZVYUB1ks5sn6NQqfRTFypY0aKb+nsiw0HosQtspsBnqRW8q/ud1UxNdBRmTSWqoJPNFUcqRidE0ANRnihLDx5Zgopi9FZEhVpgYG1PRhuAtvrxMWrWqd1Gt3Z+X69d5HAU4hhOogAeXUIc7aEATCCTwDK/w5qTOi/PufMxbV5x85gj+wPn8ARPCkRA=</latexit>

�(1)

<latexit sha1_base64="Xj3raoi/r8Idb+ShAo20+3aCr24="></latexit>Z
dEqdEr

✓(⇤� Eq)✓(⇤� Er)

E�2✏�1
q E�2✏�1

r
=

⇤�4✏

4

1

✏2
,

Z
dEqdEr

✓(⇤� Eq � Er)

E�2✏�1
q E�2✏�1

r
=

⇤�4✏

4

✓
1

✏2
�

2⇡2

3

◆
+O(✏) .

<latexit sha1_base64="hB9AKU99XqX1q+UtqpSBl6VAidc="></latexit>

�(2) =

0

BBBBB@

v2 r2 d2 0 . . .
0 v3 r3 d3 . . .
0 0 v4 r4 . . .
0 0 0 v5 . . .
...

...
...

...
. . .

1

CCCCCA



Double real emissions

12

Take soft      as example. The soft limit of hard function 
<latexit sha1_base64="6uRkRvdZAI29h1jxVfmsLxw8pJU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120y7dbNLdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfeuLaiFg94iThfkQHSoSCUbRSe9wNqM7G016p7FbcOcgq8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPi12U8MTykZ0wDuWKhpx42fze6fk3Cp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGN74mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRFW0I3vLLq6RZrXhXlerDZbl2m8dRgFM4gwvw4BpqcA91aAADCc/wCm/O2Hlx3p2PReuak8+cwB84nz9u+ZA8</latexit>

qq̄

<latexit sha1_base64="cOP0i1ryeH39e9l54GOv/n326pM="></latexit>

H
q̄q
m+2 =

g4snFTF

c̃2✏(2⇡)4

X

i,j

Ta
i HmTa

j ✓in(nq)✓in(nr)

⇥

Z
dEq

E2✏
q

dEr

E2✏
r

niq njr + nir njq � nij nqr

(Eqniq + Ernir) (Eqnjq + Ernjr)n2
qr

✓(⇤� Eq � Er)



Double real emissions

12

Take soft      as example. The soft limit of hard function 
<latexit sha1_base64="6uRkRvdZAI29h1jxVfmsLxw8pJU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120y7dbNLdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfeuLaiFg94iThfkQHSoSCUbRSe9wNqM7G016p7FbcOcgq8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPi12U8MTykZ0wDuWKhpx42fze6fk3Cp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGN74mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRFW0I3vLLq6RZrXhXlerDZbl2m8dRgFM4gwvw4BpqcA91aAADCc/wCm/O2Hlx3p2PReuak8+cwB84nz9u+ZA8</latexit>

qq̄

<latexit sha1_base64="cOP0i1ryeH39e9l54GOv/n326pM="></latexit>

H
q̄q
m+2 =

g4snFTF

c̃2✏(2⇡)4

X

i,j

Ta
i HmTa

j ✓in(nq)✓in(nr)

⇥

Z
dEq

E2✏
q

dEr

E2✏
r

niq njr + nir njq � nij nqr

(Eqniq + Ernir) (Eqnjq + Ernjr)n2
qr

✓(⇤� Eq � Er)

constraint on total energy
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12

Take soft      as example. The soft limit of hard function 
<latexit sha1_base64="6uRkRvdZAI29h1jxVfmsLxw8pJU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120y7dbNLdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfeuLaiFg94iThfkQHSoSCUbRSe9wNqM7G016p7FbcOcgq8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPi12U8MTykZ0wDuWKhpx42fze6fk3Cp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGN74mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRFW0I3vLLq6RZrXhXlerDZbl2m8dRgFM4gwvw4BpqcA91aAADCc/wCm/O2Hlx3p2PReuak8+cwB84nz9u+ZA8</latexit>

qq̄

<latexit sha1_base64="cOP0i1ryeH39e9l54GOv/n326pM="></latexit>

H
q̄q
m+2 =

g4snFTF

c̃2✏(2⇡)4

X

i,j

Ta
i HmTa

j ✓in(nq)✓in(nr)

⇥

Z
dEq

E2✏
q

dEr

E2✏
r

niq njr + nir njq � nij nqr

(Eqniq + Ernir) (Eqnjq + Ernjr)n2
qr

✓(⇤� Eq � Er)

pure collinear singularity constraint on total energy



Double real emissions

12

Take soft      as example. The soft limit of hard function 
<latexit sha1_base64="6uRkRvdZAI29h1jxVfmsLxw8pJU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120y7dbNLdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfeuLaiFg94iThfkQHSoSCUbRSe9wNqM7G016p7FbcOcgq8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPi12U8MTykZ0wDuWKhpx42fze6fk3Cp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGN74mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRFW0I3vLLq6RZrXhXlerDZbl2m8dRgFM4gwvw4BpqcA91aAADCc/wCm/O2Hlx3p2PReuak8+cwB84nz9u+ZA8</latexit>

qq̄

<latexit sha1_base64="cOP0i1ryeH39e9l54GOv/n326pM="></latexit>

H
q̄q
m+2 =

g4snFTF

c̃2✏(2⇡)4

X

i,j

Ta
i HmTa

j ✓in(nq)✓in(nr)

⇥

Z
dEq

E2✏
q

dEr

E2✏
r

niq njr + nir njq � nij nqr

(Eqniq + Ernir) (Eqnjq + Ernjr)n2
qr

✓(⇤� Eq � Er)

pure collinear singularity constraint on total energy
<latexit sha1_base64="aWxPBJqeEYw259hatoFL7CFmJ3U="></latexit>

H
q̄q
m+2 =

⇣↵s

4⇡

⌘2 ⇣ µ

2⇤

⌘4✏
nFTF

X

i,j

Ta
i HmTa

j

KF
ij;qr +KF,(✏)

ij;qr ✏

✏
✓in(nq)✓in(nr)

<latexit sha1_base64="l3xZBTnf+EOlNLJXU3d/Fso19P0="></latexit>

KF,(✏)
ij;qr = � 20

9n2
qr

✓
nir

niq
� njr

njq

◆2

+
16W q

ij

nqr
+ . . .

<latexit sha1_base64="ixg5JvPXfHwuOyMeLmR52x4yoa4="></latexit>

KF
ij;qr =

4(niqnjr + nirnjq � nijnqr)

n2
qr(niqnjr � nirnjq)

ln
niqnjr

nirnjq
+

8

n2
qr
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Take soft      as example. The soft limit of hard function 
<latexit sha1_base64="6uRkRvdZAI29h1jxVfmsLxw8pJU=">AAAB73icbVBNS8NAEJ34WetX1aOXxSJ4KkkR9Vj04rGC/YA2lM120y7dbNLdiVBC/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXJFIYdN1vZ219Y3Nru7BT3N3bPzgsHR03TZxqxhsslrFuB9RwKRRvoEDJ24nmNAokbwWju5nfeuLaiFg94iThfkQHSoSCUbRSe9wNqM7G016p7FbcOcgq8XJShhz1Xumr249ZGnGFTFJjOp6boJ9RjYJJPi12U8MTykZ0wDuWKhpx42fze6fk3Cp9EsbalkIyV39PZDQyZhIFtjOiODTL3kz8z+ukGN74mVBJilyxxaIwlQRjMnue9IXmDOXEEsq0sLcSNqSaMrQRFW0I3vLLq6RZrXhXlerDZbl2m8dRgFM4gwvw4BpqcA91aAADCc/wCm/O2Hlx3p2PReuak8+cwB84nz9u+ZA8</latexit>

qq̄

<latexit sha1_base64="cOP0i1ryeH39e9l54GOv/n326pM="></latexit>

H
q̄q
m+2 =

g4snFTF

c̃2✏(2⇡)4

X

i,j

Ta
i HmTa

j ✓in(nq)✓in(nr)

⇥

Z
dEq

E2✏
q

dEr

E2✏
r

niq njr + nir njq � nij nqr

(Eqniq + Ernir) (Eqnjq + Ernjr)n2
qr

✓(⇤� Eq � Er)

pure collinear singularity constraint on total energy

<latexit sha1_base64="U3sNVzQG2ehL7H6H3ZX85S9zXv4="></latexit>

dF
m = �4nFTF

X

(ij)

Ta
i,LT

a
j,R


KF

ij;qr ✓in(nr)�
52

9
W q

ij �(nq � nr)

�
✓in(nq) .

<latexit sha1_base64="aWxPBJqeEYw259hatoFL7CFmJ3U="></latexit>

H
q̄q
m+2 =

⇣↵s

4⇡

⌘2 ⇣ µ

2⇤

⌘4✏
nFTF

X

i,j

Ta
i HmTa

j

KF
ij;qr +KF,(✏)

ij;qr ✏

✏
✓in(nq)✓in(nr)

<latexit sha1_base64="l3xZBTnf+EOlNLJXU3d/Fso19P0="></latexit>

KF,(✏)
ij;qr = � 20

9n2
qr

✓
nir

niq
� njr

njq

◆2

+
16W q

ij

nqr
+ . . .

<latexit sha1_base64="ixg5JvPXfHwuOyMeLmR52x4yoa4="></latexit>

KF
ij;qr =

4(niqnjr + nirnjq � nijnqr)

n2
qr(niqnjr � nirnjq)

ln
niqnjr

nirnjq
+

8

n2
qr
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<latexit sha1_base64="Ws6go2SKbDSE5darJ8vL+/VYyvY="></latexit>

dm =
X

(ij)

X

k

ifabc
⇣
Ta

i,LT
b
j,LT

c
k,R �Ta

i,RT
b
j,RT

c
k,L

⌘
Kijk;qr✓in(nq)✓in(nr)

� 2
X

(ij)

Ta
i,LT

a
j,R

�
Kij;qr✓in(nq)✓in(nr) + �collW

q
ij ✓in(nq)�(nq � nr)

�

Double-real contribution and 
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of legs, which includes both a term with i = 1, j = 2 and one with i = 2, j = 1. Below

we will also encounter sums over unordered triplets (ijk) of legs. As it stands, the first

term in (5.1) also generates contributions involving only two legs, since the sum over k is

unconstrained and includes k = i and k = j, however due to Kiji;qr = Kijj;qr = 0 these

terms vanish. Following Caron-Huot [15], we split the two-particle term as follows

Kij;qr = CAK
(a)
ij;qr + [nFTF � 2CA]K

(b)
ij;qr + [CA � 2nFTF + nSTS ]K

(c)
ij;qr , (5.4)

where nF and nS are the number of fermions and scalars included in the theory and TF

and TS the traces of the associated generators. The individual functions are given by [15]

K(a)
ij;qr =

4nij

niqnqrnjr


1 +

nijnqr

niqnjr � nirnjq

�
ln

niqnjr

nirnjq
,

K(b)
ij;qr =

8nij

nqr(niqnjr � nirnjq)
ln

niqnjr

nirnjq
, (5.5)

K(c)
ij;qr =

4

n2
qr

✓
niqnjr + nirnjq

niqnjr � nirnjq
ln

niqnjr

nirnjq
� 2

◆
.

These functions are finite when q or r become collinear the the legs i and j, but there are

collinear divergences when q becomes collinear to r. In [15] the motivation for splitting

the two-particle term in the above form was that only the first term is present in N = 4

supersymmetric Yang-Mills theory. We are primarily interested in QCD, but allowing

for nS scalars is also useful when adopting renormalization schemes such as dimensional

reduction (DRED) which involve ✏-scalars, see e.g. [36].

In addition to the implicit collinear divergences present in Kij;qr, the final term in the

anomalous dimension involves a purely collinear term proportional to

�coll = �cusp1 �
2CA

3
(2� cR + 2⇡2) +

4

3
(CA � 2nFTF + nSTS) , (5.6)

which is proportional to the angular �-distribution introduced in (4.2). The value of the

coe�cient �coll depends on the treatment of spins in d-dimensions. To be able to consider

di↵erent renormalization schemes, we have introduced a variable cR which tracks ✏-terms

in gluon spin sums. For the result in conventional dimensional regularization (CDR) we

need to set cR = 1. The collinear terms involve the two-loop cusp anomalous dimension

�cusp1 = 4

✓✓
67

9
�

⇡2

3

◆
CA �

20

9
nFTF �

8

9
nSTS

◆
. (5.7)

Note that, throughout our paper, the symbol �cusp1 refers to the value of this anomalous

dimension in conventional dimensional regularization (CDR). The terms proportional to

�coll are di↵erent from the rest of the terms in dm in that it is the angular integration,

which produces the divergence, while the soft integral itself is finite. The terms can be ex-

tracted by considering the collinear limit of the real emissions and extracting the associated

divergence, see Section 7.1. As mentioned earlier the q k r collinear divergences cancel soft

function collinear divergences and are part of the anomalous dimension. To demonstrate
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5 Two-loop anomalous dimension �
(2)

In this section, we now turn to the two-loop anomalous dimension. As in the one-loop case

discussed in detail in Section 3, the anomalous dimension can be extracted by considering

the soft limit of amplitudes and extracting the infrared singularities associated with this

limit. To get the contribution associated with the two-loop anomalous dimension, one

has to first remove the contributions which arise from iterating the one-loop anomalous

dimension. We will discuss this in detail in Section 7, but want to first present the result

of this extraction and discuss subtleties associated with collinear divergences and with the

choice of the renormalization scheme.

5.1 Diagrammatic result for the anomalous dimension

As indicated in (2.7), the two-loop anomalous dimension has three di↵erent types of contri-

butions. The entries dm are associated with double real emissions, rm describe real-virtual

terms and vm contains purely virtual divergences. The part of the anomalous dimension,

which describes the emission of two particles along the directions nq and nr is extracted

by considering the soft current for the emission of two particles, identifying the associated

divergences and removing the strongly ordered contribution which corresponds to the iter-

ated one-loop result, as was done in [15] and will be detailed in Section 7. The result for

the double real part of the anomalous dimension is given by

dm =
X

(ij)

X

k

ifabc
⇣
T a
i,LT

b
j,LT

c
k,R � T a

i,RT
b
j,RT

c
k,L

⌘
Kijk;qr✓in(nq)✓in(nr)

� 2
X

(ij)

T a
i,LT

a
j,R

⇣
Kij;qr✓in(nq)✓in(nr) + �collW

q
ij ✓in(nq)�(nq � nr)

⌘
. (5.1)

As in the one-loop result (3.6), we should distinguish the color indices of the emitted

particles in the amplitude from the ones in the conjugate amplitude. To be precise, we

should for example replace

ifabcT a
i,LT

b
j,LT

c
k,R ! T a

i,LT
b
j,Lif

ãb̃cT c
k,R (5.2)

in the first term in dm to properly indicate that two new gluons are produced with color

indices a, b in the amplitude and ã, b̃ in the conjugate amplitude. To keep the notation

compact, we will write the color indices in contracted form as in (5.1) throughout the main

text. Similarly to the example (5.2) it is easy to reconstruct the full result with open color

indices for the other terms. We will do so in Section 8 when we present the final result for

the anomalous dimension.

The anomalous dimension dm in (5.1) consists of three pieces. The first is a term

involving three color generators, proportional to the angular function [15]

Kijk;qr = 8
⇣
W q

ikW
r
jk �W q

ikW
r
jq �W q

irW
r
jk +W q

ijW
r
jq

⌘
ln

✓
nkq

nkr

◆
, (5.3)

where we again use the abbreviation nab = na · nb. This function has the property that

it vanishes in all collinear limits. The notation (ij) refers to a sum over unordered pairs
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Three-leg correlations

Two-leg correlations
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� 2
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Z
[d⌦r]Kijk;qr✓in(nq)
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Ta
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Vm =2
X

(ij)

(Ti,L · Tj,L + Ti,R · Tj,R)

Z ⇥
d2⌦q

⇤
W q

ij

� i⇡
X

(ij)

1

2
[Ti,L · Tj,L � Ti,R · Tj,R] ⇧ij �

cusp
0 , (8.1)

where the soft dipole is W k
ij = nij/(niqnqj). The color generators Ti,L and Ti,R act on

color of the i-th parton in the hard amplitude and its complex conjugate, respectively.

The entry Rm maps m-parton hard functions onto (m+ 1)-parton hard functions and the

constraint ✓in(nq) ensures that the additional hard parton along the direction nq is inside

the jet region. The additional gluon induced by Rm has color index a in the amplitude

and ã in the conjugate amplitude. The virtual piece Vm keeps the number of partons

unchanged. The individual entries Rm and Vm contain collinear divergences when the

additional parton q becomes collinear to partons i or j. As discussed in detail in Section

4, the collinear singularities associated with final-state partons cancel when the anomalous

dimension is applied to the soft functions. The quantity ⇧ij = 1 if i and j are both incoming

or outgoing and ⇧ij = 0 otherwise. For e+e� collisions we have only outgoing QCD partons

so that ⇧ij = 1 and the Glauber-phase terms in Vm proportional to �cusp0 = 4 cancel by

color conservation. For hadronic collisions this is not the case, and the Glauber phases

spoil the cancellation of the soft-collinear singularities associated with the initial state. To

analyze hadronic collisions, the collinear singularities in (8.1) must be made manifest, see

[12]. Their presence leads to double logarithms known as super-leading logarithms [10, 11].

A form of (8.1) suitable for hadronic collisions was given in [12] and used to resum these

super-leading logs to all orders. In our paper, we restrict ourselves to e+e� collisions.

The two-loop anomalous dimension matrix has three di↵erent types of entries. The

elements dm describe singularities arising in unordered double emissions from the original

hard partons, and it maps from the space of m hard partons to the one of m + 2 hard

partons. The entries rm are related to soft singularities in real-virtual corrections and map

m parton hard functions into (m + 1)-parton hard functions. The third and final entries

vm relate to the soft singularities in two-loop virtual corrections and leave the number of

hard partons unchanged. Our final result for the three entries reads

dm =
X

(ij)

X

k

ifabc
⇣
T a
i,LT

b
j,LT

c
k,R � T a

i,RT
b
j,RT

c
k,L

⌘
Kijk;qr✓in(nq)✓in(nr)

� 2
X

(ij)

T c
i,LT

c
j,RKij;qr✓in(nq)✓in(nr) , (8.2)

rm = � 2
X

i

X

(jk)

ifabc(T a
i,LT

b
j,RT

c
k,R � T a

i,RT
b
j,LT

c
k,L)

Z ⇥
d2⌦r

⇤
Kijk;qr✓in(nq)

�

X

(ij)

T a
i,LT

a
j,R

⇢
W q

ij

h
4�0 ln(2W

q
ij) + �cusp1

i
� 2

Z ⇥
d2⌦r

⇤
Kij;qr

�
✓in(nq)

+ 8i⇡
X

i

X

(jk)

ifabc
⇣
T a
i,LT

b
j,RT

c
k,R + T a

i,RT
b
j,LT

c
k,L

⌘
W q

ij lnW
q
jk ✓in(nq) , (8.3)

– 42 –

vm =
X

(ijk)

ifabc
⇣
T a
i,LT

b
j,LT

c
k,L � T a

i,RT
b
j,RT

c
k,R

⌘Z ⇥
d2⌦q

⇤ Z ⇥
d2⌦r

⇤
Kijk;qr

+
X

(ij)

1

2

�
T a
i,LT

a
j,L + T a

i,RT
a
j,R

� Z ⇥
d2⌦q

⇤
W q

ij

h
4�0 ln(2W

q
ij) + �cusp1

i

� i⇡
X

(ij)

1

2

�
T a
i,LT

a
j,L � T a

i,RT
a
j,R

�
⇧ij �

cusp
1 . (8.4)

This expression involves the functions Kij;qr and Kijk;qr introduced by Caron-Huot [15],

which are given in (5.4) and (5.3). These angular functions depend on the light-cone

directions nq and nr associated with emissions or loop-momenta, and the directions ni,

nj and nk of the hard partons. As they stand, the quantities dm, rm and vm contain

collinear singularities when the emitted partons are aligned with the hard partons along

directions ni and nj . In addition, the two-loop hard functions also contain singularities

when the emitted partons along nq and nr become collinear. In our result for �
(2) we

have rearranged the collinear terms so that the cancellation of collinear singularities in

the angular integrals is manifest. To achieve this, we have shifted terms in dm describing

collinear configurations to rm.

As stressed earlier, we should distinguish the color indices of the emitted partons in

dm and rm in the amplitude from the ones in the conjugate amplitude. To keep the

notation compact, we write the indices in contracted form in (8.2) and (8.3), but it is easy

to reconstruct the result with open color indices. For the three-parton correlations in dm

we should replace
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to properly indicate that two new gluons are produced with color indices a, b in the am-

plitude and ã, b̃ in the conjugate amplitude. Similarly in rm, we should replace
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b
j,RT

c
k,R � T a

i,RT
b
j,LT

c
k,L) ! T a

i,L if ãbcT b
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to indicate that one extra gluon is emitted, with color index a in the amplitude and ã in

the conjugate amplitude. The only piece where the restoration of color indices is more

involved is the two-parton correlations proportional to Kij;qr in dm. The color index in

T c
i,LT

c
j,R refers to the parent parton which branches into two quarks, scalars or gluons.

To, for example, restore the color indices of the emitted quark-anti-quark pair, one should

replace
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The results (8.2), (8.3) and (8.4) correspond to a renormalization scheme in which all

angular integrals are kept d-dimensional. Changing to conventional dimensional regulariza-

tion and using standard minimal subtraction (MS) induces additional contributions related

to ✏ terms in the angular integrals of the (iterated) one-loop terms. The full anomalous

dimension in the MS scheme, integrated over directions is given by
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1. We present two-loop anomalous dimension.

2. Reproduce divergence of two-loop soft functions.


3. The anomalous dimension is finite combining      ,


          and      .  


4. The angular integrations are in 4 dimension,


    which is suitable for parton shower.
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NLO cross sections with region expansion
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<latexit sha1_base64="igjBKGxd01ZmlYqMo6rOo0Zjnjs=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSJUkJIUUZdFNy5bsA9oQ5hMJ+3QmSTMTMQS+ituXCji1h9x5984bbPQ1nO5cDjnXubOCRLOlHacb2ttfWNza7uwU9zd2z84tI9KbRWnktAWiXksuwFWlLOItjTTnHYTSbEIOO0E47uZ33mkUrE4etCThHoCDyMWMoK1kXy7lPiqr5hATd+puBemzn277FSdOdAqcXNShhwN3/7qD2KSChppwrFSPddJtJdhqRnhdFrsp4ommIzxkPYMjbCgysvmt0/RmVEGKIyl6Uijufp7I8NCqYkIzKTAeqSWvZn4n9dLdXjjZSxKUk0jsngoTDnSMZoFgQZMUqL5xBBMJDO3IjLCEhNt4iqaENzlL6+Sdq3qXlVrzcty/TaPowAncAoVcOEa6nAPDWgBgSd4hld4s6bWi/VufSxG16x85xj+wPr8AR1Dkok=</latexit>

ps ⇠ Q0(1, 1, 1)



23

Collinear rearrangement
Collinear singularity in <latexit sha1_base64="grNN9tzw/84eamXu4j+LWJGTp8g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZDZnbXmd5gWPIdXjwo4tWP8ebfOHkcNLGgoajqprsrSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJxqxusslrFuBdRwKSJeR4GStxLNqQokbwbD26nfHHFtRBw94DjhvqL9SISCUbSSTzrInzAIs9Gkq7rFklt2ZyCrxFuQEixQ6xa/Or2YpYpHyCQ1pu25CfoZ1SiY5JNCJzU8oWxI+7xtaUQVN342O3pCzqzSI2GsbUVIZurviYwqY8YqsJ2K4sAse1PxP6+dYnjtZyJKUuQRmy8KU0kwJtMESE9ozlCOLaFMC3srYQOqKUObU8GG4C2/vEoalbJ3Wa7cX5SqN4s48nACp3AOHlxBFe6gBnVg8AjP8Apvzsh5cd6dj3lrzlnMHMMfOJ8/BV+SRg==</latexit>vm

<latexit sha1_base64="6ACq7cQ8lnRxWT3tRIBnV3lGMFI="></latexit>
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Collinear rearrangement
Collinear singularity in <latexit sha1_base64="grNN9tzw/84eamXu4j+LWJGTp8g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZDZnbXmd5gWPIdXjwo4tWP8ebfOHkcNLGgoajqprsrSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJxqxusslrFuBdRwKSJeR4GStxLNqQokbwbD26nfHHFtRBw94DjhvqL9SISCUbSSTzrInzAIs9Gkq7rFklt2ZyCrxFuQEixQ6xa/Or2YpYpHyCQ1pu25CfoZ1SiY5JNCJzU8oWxI+7xtaUQVN342O3pCzqzSI2GsbUVIZurviYwqY8YqsJ2K4sAse1PxP6+dYnjtZyJKUuQRmy8KU0kwJtMESE9ozlCOLaFMC3srYQOqKUObU8GG4C2/vEoalbJ3Wa7cX5SqN4s48nACp3AOHlxBFe6gBnVg8AjP8Apvzsh5cd6dj3lrzlnMHMMfOJ8/BV+SRg==</latexit>vm

<latexit sha1_base64="6ACq7cQ8lnRxWT3tRIBnV3lGMFI="></latexit>

vm =
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⇣
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j,LT
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Collinear rearrangement
Collinear singularity in <latexit sha1_base64="grNN9tzw/84eamXu4j+LWJGTp8g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZDZnbXmd5gWPIdXjwo4tWP8ebfOHkcNLGgoajqprsrSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJxqxusslrFuBdRwKSJeR4GStxLNqQokbwbD26nfHHFtRBw94DjhvqL9SISCUbSSTzrInzAIs9Gkq7rFklt2ZyCrxFuQEixQ6xa/Or2YpYpHyCQ1pu25CfoZ1SiY5JNCJzU8oWxI+7xtaUQVN342O3pCzqzSI2GsbUVIZurviYwqY8YqsJ2K4sAse1PxP6+dYnjtZyJKUuQRmy8KU0kwJtMESE9ozlCOLaFMC3srYQOqKUObU8GG4C2/vEoalbJ3Wa7cX5SqN4s48nACp3AOHlxBFe6gBnVg8AjP8Apvzsh5cd6dj3lrzlnMHMMfOJ8/BV+SRg==</latexit>vm

<latexit sha1_base64="6ACq7cQ8lnRxWT3tRIBnV3lGMFI="></latexit>
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<latexit sha1_base64="2bXgLr3330Ln4P5h/ZKipOD8kHY="></latexit>Z
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Collinear rearrangement
Collinear singularity in <latexit sha1_base64="grNN9tzw/84eamXu4j+LWJGTp8g=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoPgKewGUY9BLx4jmAckS5idzCZDZnbXmd5gWPIdXjwo4tWP8ebfOHkcNLGgoajqprsrSKQw6LrfTm5tfWNzK79d2Nnd2z8oHh41TJxqxusslrFuBdRwKSJeR4GStxLNqQokbwbD26nfHHFtRBw94DjhvqL9SISCUbSSTzrInzAIs9Gkq7rFklt2ZyCrxFuQEixQ6xa/Or2YpYpHyCQ1pu25CfoZ1SiY5JNCJzU8oWxI+7xtaUQVN342O3pCzqzSI2GsbUVIZurviYwqY8YqsJ2K4sAse1PxP6+dYnjtZyJKUuQRmy8KU0kwJtMESE9ozlCOLaFMC3srYQOqKUObU8GG4C2/vEoalbJ3Wa7cX5SqN4s48nACp3AOHlxBFe6gBnVg8AjP8Apvzsh5cd6dj3lrzlnMHMMfOJ8/BV+SRg==</latexit>vm

<latexit sha1_base64="6ACq7cQ8lnRxWT3tRIBnV3lGMFI="></latexit>
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⇣
Ta
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<latexit sha1_base64="6HALR0OJu0Ot+IQe9zxdRq2GaRY="></latexit>

vm =
X

(ijk)

ifabc
⇣
Ta

i,LT
b
j,LT

c
k,L �Ta

i,RT
b
j,RT

c
k,R

⌘Z
[d⌦q]

Z
[d⌦r]Kijk;qr

+
X

(ij)

Ta
i,LT

a
j,L +Ta

i,RT
a
j,R

2

Z
[d⌦q]W

q
ij


4�0 ln(2W

q
ij) + �cusp

1 +
4CA(cR � 1)

3

�

�
X

(ij)

�
Ta

i,LT
a
j,L �Ta

i,RT
a
j,R

�
�cusp
1

i⇡⇧ij

2
.
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<latexit sha1_base64="+W86NxP5eS0Y3z5UA93TI4qNOxE="></latexit>
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ij✓in(nq)

<latexit sha1_base64="Ws6go2SKbDSE5darJ8vL+/VYyvY="></latexit>

dm =
X
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ifabc
⇣
Ta

i,LT
b
j,LT

c
k,R �Ta

i,RT
b
j,RT

c
k,L

⌘
Kijk;qr✓in(nq)✓in(nr)
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Ta
i,LT
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j,R

�
Kij;qr✓in(nq)✓in(nr) + �collW

q
ij ✓in(nq)�(nq � nr)

�

Replace the     term by         

And combine with       term in      

<latexit sha1_base64="L06UXXj0KSeCGN90iO2GWMrrtYA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWME84BkCbOT3mTI7IOZXiGEfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3twk5xd2//4LB0dNw0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ381tPqI1M4kcap+hHfBDLUApOVmp1AyTec3ulsltx52CrxMtJGXLUe6Wvbj8RWYQxCcWN6XhuSv6Ea5JC4bTYzQymXIz4ADuWxjxC40/m507ZuVX6LEy0rZjYXP09MeGRMeMosJ0Rp6FZ9mbif14no/DGn8g4zQhjsVgUZopRwma/s77UKEiNLeFCS3srE0OuuSCbUNGG4C2/vEqa1Yp3Vak+XJZrt3kcBTiFM7gAD66hBvdQhwYIGMEzvMKbkzovzrvzsWhdc/KZE/gD5/MH7RSPTg==</latexit>

�0
<latexit sha1_base64="z3dQiF5atybk1wlX2xIY2b2tEgA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktooKXohfBSwX7Ie1Ssmm2jU2ya5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HVxG8+UaVZJO/MKKa+wH3JQkawsdL9TTdlDxePatwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OAxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxITnfspknBgqyWxRmHBkIjT5HvWYosTwkSWYKGZvRWSAFSbGZlSwIXjzLy+SRqXsnZYrtyel6mUWRx4O4BCOwYMzqMI11KAOBAQ8wyu8Ocp5cd6dj1lrzslm9uEPnM8f0q6Qbg==</latexit>

Kij;qr
<latexit sha1_base64="pbUOAbhfCjTjtpOKPhuEe9MAohg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmKqMuiC11WsA9oQphMJ+3QmSTM3Ig1BH/FjQtF3Pof7vwbp20W2nrgwuGce2fuPUHCmQLb/jZKS8srq2vl9crG5tb2jrm711ZxKgltkZjHshtgRTmLaAsYcNpNJMUi4LQTjK4mfueeSsXi6A7GCfUEHkQsZASDlnzzwL3GQmA/c4E+QKYf5Hnum1W7Zk9hLRKnIFVUoOmbX24/JqmgERCOleo5dgJehiUwwmlecVNFE0xGeEB7mkZYUOVl0+1z61grfSuMpa4IrKn6eyLDQqmxCHSnwDBU895E/M/rpRBeeBmLkhRoRGYfhSm3ILYmUVh9JikBPtYEE8n0rhYZYokJ6MAqOgRn/uRF0q7XnLNa/fa02rgs4iijQ3SETpCDzlED3aAmaiGCHtEzekVvxpPxYrwbH7PWklHM7KM/MD5/AFx/ldM=</latexit>

�coll

<latexit sha1_base64="ChaiCBWOqlgGOf6wBPFsfqDue+o=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ac0oWw2m3bp7ibsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMUmmKWvTRCS6FxLDBFesDRwE66WaERkK1g3HtzO/+8i04Yl6gEnKAkmGisecErCS7wN7gjDOo+lADqo1t+7OgVeJV5AaKtAaVL/8KKGZZAqoIMb0PTeFICcaOBVsWvEzw1JCx2TI+pYqIpkJ8vnNU3xmlQjHibalAM/V3xM5kcZMZGg7JYGRWfZm4n9eP4P4Osi5SjNgii4WxZnAkOBZADjimlEQE0sI1dzeiumIaELBxlSxIXjLL6+STqPuXdYb9xe15k0RRxmdoFN0jjx0hZroDrVQG1GUomf0it6czHlx3p2PRWvJKWaO0R84nz+S2JIK</latexit>

dm

Collinear rearrangement in      and  <latexit sha1_base64="ChaiCBWOqlgGOf6wBPFsfqDue+o=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ac0oWw2m3bp7ibsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMUmmKWvTRCS6FxLDBFesDRwE66WaERkK1g3HtzO/+8i04Yl6gEnKAkmGisecErCS7wN7gjDOo+lADqo1t+7OgVeJV5AaKtAaVL/8KKGZZAqoIMb0PTeFICcaOBVsWvEzw1JCx2TI+pYqIpkJ8vnNU3xmlQjHibalAM/V3xM5kcZMZGg7JYGRWfZm4n9eP4P4Osi5SjNgii4WxZnAkOBZADjimlEQE0sI1dzeiumIaELBxlSxIXjLL6+STqPuXdYb9xe15k0RRxmdoFN0jjx0hZroDrVQG1GUomf0it6czHlx3p2PRWvJKWaO0R84nz+S2JIK</latexit>

dm
<latexit sha1_base64="nLbDUA6ZOIdaVBe0yhVD/ryTYlQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ac0pWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2I2gjYvWAkwR6ERsqEQrO0Eq+j/CEQZjpaT/qlytu1Z2DrhIvJxWSo9Evf/mDmKcRKOSSGdP13AR7GdMouIRpyU8NJIyP2RC6lioWgell85un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe9zKhkhRB8cWiMJUUYzoLgA6EBo5yYgnjWthbKR8xzTjamEo2BG/55VXSqlW9y2rt/qJSv8njKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8weoOpIY</latexit>rm
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<latexit sha1_base64="+W86NxP5eS0Y3z5UA93TI4qNOxE="></latexit>
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<latexit sha1_base64="Ws6go2SKbDSE5darJ8vL+/VYyvY="></latexit>

dm =
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Kijk;qr✓in(nq)✓in(nr)
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�
Kij;qr✓in(nq)✓in(nr) + �collW

q
ij ✓in(nq)�(nq � nr)

�

Replace the     term by         

And combine with       term in      

<latexit sha1_base64="L06UXXj0KSeCGN90iO2GWMrrtYA=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8hd0g6jHoxWME84BkCbOT3mTI7IOZXiGEfIQXD4p49Xu8+TdOkj1oYkFDUdVNd1eQKmnIdb+dtfWNza3twk5xd2//4LB0dNw0SaYFNkSiEt0OuEElY2yQJIXtVCOPAoWtYHQ381tPqI1M4kcap+hHfBDLUApOVmp1AyTec3ulsltx52CrxMtJGXLUe6Wvbj8RWYQxCcWN6XhuSv6Ea5JC4bTYzQymXIz4ADuWxjxC40/m507ZuVX6LEy0rZjYXP09MeGRMeMosJ0Rp6FZ9mbif14no/DGn8g4zQhjsVgUZopRwma/s77UKEiNLeFCS3srE0OuuSCbUNGG4C2/vEqa1Yp3Vak+XJZrt3kcBTiFM7gAD66hBvdQhwYIGMEzvMKbkzovzrvzsWhdc/KZE/gD5/MH7RSPTg==</latexit>

�0
<latexit sha1_base64="z3dQiF5atybk1wlX2xIY2b2tEgA=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktooKXohfBSwX7Ie1Ssmm2jU2ya5IVytJf4cWDIl79Od78N6btHrT1wcDjvRlm5gUxZ9q47reTW1peWV3Lrxc2Nre2d4q7ew0dJYrQOol4pFoB1pQzSeuGGU5bsaJYBJw2g+HVxG8+UaVZJO/MKKa+wH3JQkawsdL9TTdlDxePatwtltyyOwVaJF5GSpCh1i1+dXoRSQSVhnCsddtzY+OnWBlGOB0XOommMSZD3KdtSyUWVPvp9OAxOrJKD4WRsiUNmqq/J1IstB6JwHYKbAZ63puI/3ntxITnfspknBgqyWxRmHBkIjT5HvWYosTwkSWYKGZvRWSAFSbGZlSwIXjzLy+SRqXsnZYrtyel6mUWRx4O4BCOwYMzqMI11KAOBAQ8wyu8Ocp5cd6dj1lrzslm9uEPnM8f0q6Qbg==</latexit>

Kij;qr
<latexit sha1_base64="pbUOAbhfCjTjtpOKPhuEe9MAohg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUmKqMuiC11WsA9oQphMJ+3QmSTM3Ig1BH/FjQtF3Pof7vwbp20W2nrgwuGce2fuPUHCmQLb/jZKS8srq2vl9crG5tb2jrm711ZxKgltkZjHshtgRTmLaAsYcNpNJMUi4LQTjK4mfueeSsXi6A7GCfUEHkQsZASDlnzzwL3GQmA/c4E+QKYf5Hnum1W7Zk9hLRKnIFVUoOmbX24/JqmgERCOleo5dgJehiUwwmlecVNFE0xGeEB7mkZYUOVl0+1z61grfSuMpa4IrKn6eyLDQqmxCHSnwDBU895E/M/rpRBeeBmLkhRoRGYfhSm3ILYmUVh9JikBPtYEE8n0rhYZYokJ6MAqOgRn/uRF0q7XnLNa/fa02rgs4iijQ3SETpCDzlED3aAmaiGCHtEzekVvxpPxYrwbH7PWklHM7KM/MD5/AFx/ldM=</latexit>

�coll

<latexit sha1_base64="ChaiCBWOqlgGOf6wBPFsfqDue+o=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ac0oWw2m3bp7ibsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMUmmKWvTRCS6FxLDBFesDRwE66WaERkK1g3HtzO/+8i04Yl6gEnKAkmGisecErCS7wN7gjDOo+lADqo1t+7OgVeJV5AaKtAaVL/8KKGZZAqoIMb0PTeFICcaOBVsWvEzw1JCx2TI+pYqIpkJ8vnNU3xmlQjHibalAM/V3xM5kcZMZGg7JYGRWfZm4n9eP4P4Osi5SjNgii4WxZnAkOBZADjimlEQE0sI1dzeiumIaELBxlSxIXjLL6+STqPuXdYb9xe15k0RRxmdoFN0jjx0hZroDrVQG1GUomf0it6czHlx3p2PRWvJKWaO0R84nz+S2JIK</latexit>

dm

Collinear rearrangement in      and  <latexit sha1_base64="ChaiCBWOqlgGOf6wBPFsfqDue+o=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ac0oWw2m3bp7ibsTsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8MBXcgOt+O6W19Y3NrfJ2ZWd3b/+genjUMUmmKWvTRCS6FxLDBFesDRwE66WaERkK1g3HtzO/+8i04Yl6gEnKAkmGisecErCS7wN7gjDOo+lADqo1t+7OgVeJV5AaKtAaVL/8KKGZZAqoIMb0PTeFICcaOBVsWvEzw1JCx2TI+pYqIpkJ8vnNU3xmlQjHibalAM/V3xM5kcZMZGg7JYGRWfZm4n9eP4P4Osi5SjNgii4WxZnAkOBZADjimlEQE0sI1dzeiumIaELBxlSxIXjLL6+STqPuXdYb9xe15k0RRxmdoFN0jjx0hZroDrVQG1GUomf0it6czHlx3p2PRWvJKWaO0R84nz+S2JIK</latexit>

dm
<latexit sha1_base64="nLbDUA6ZOIdaVBe0yhVD/ryTYlQ=">AAAB83icbVBNS8NAEN3Ur1q/qh69LBbBU0mKqMeiF48V7Ac0pWy2k3bpZhN2J2IJ/RtePCji1T/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVHJo8lrHuBMyAFAqaKFBCJ9HAokBCOxjfzvz2I2gjYvWAkwR6ERsqEQrO0Eq+j/CEQZjpaT/qlytu1Z2DrhIvJxWSo9Evf/mDmKcRKOSSGdP13AR7GdMouIRpyU8NJIyP2RC6lioWgell85un9MwqAxrG2pZCOld/T2QsMmYSBbYzYjgyy95M/M/rphhe9zKhkhRB8cWiMJUUYzoLgA6EBo5yYgnjWthbKR8xzTjamEo2BG/55VXSqlW9y2rt/qJSv8njKJITckrOiUeuSJ3ckQZpEk4S8kxeyZuTOi/Ou/OxaC04+cwx+QPn8weoOpIY</latexit>rm

<latexit sha1_base64="2bXgLr3330Ln4P5h/ZKipOD8kHY="></latexit>Z
[d⌦r]Kij;qr = 2W q
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