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INtroduction

Non-global logarithms (NGLs) arise when the
soft radiation is not distributed evenly. Dasgupta,

Salam 02

Jet cross sections exhibit such logarithms

~ 0o
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r = tan®(o/2)

Large logarithms: o = oy (1 + aﬁF (—16log rlog(Qo/Q) — 12logr + CO))

(Sterman Weinberg’1977)
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Factorization theorem
Qo

r = tan®(a/2)

The amplitude with m hard partons can be factorized as

l

Wilson lines: S;(n;) = exp [z’gS/ dsn; - A%(sn;) T,La]
0
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(TB, Neubert, Rothen, Shao '15)

o= 5 R S

Color trace Integration over direction {n}

Hard function with fixed direction {n} = {ni,...,nm}

Soft function along directions {z} = {n1,...,nm}
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Renormalization of hard function and renormalization group (RG)
evolution

m({n}, Q. 9, 1) Z Hpve({n}, Q,6,¢) (Z77),,, ({n},Q,d,¢, 1)

d
dln p Hm(in}, Q, 0, 1) ZHZ {n}, Q, 0, 1) Tim({n}, Q, 0, 1)
1. Z7tand T are infinite dimension matrix " 0

2. Compute H,,, at hard scale up, = Q)
and S,,, at soft scale s = Qo

3. Solve the RG equation and evolve Sm | Qo

Hm from pnto ts



Relation between renormalization constant and
anomalous dimension
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One-loop anomalous dimension

/ Vo Ra 0 0 ...\ R,,: real emission
0 Vs Rsg O : V,,,: virtual correction
I‘(l) — 0 0 V4 R4
I _
—xtraction of anomalous dimension from hard function
1. Take the soft limit of Hm+i1({n1, .-, ng })
__ : 0 -
2. lake the residue of ¢ for loop integrals
3. Put UV cut-off on energy E, to isolate IR

divergence



Real emission

AdE, E4—3
0.¢) = —g? q “q _
Hm—l—l({@a nq}a y 6) gs / 56 (27’(’)2 Hm(Q)

0

ni-nj

— ;- gMnj - g

(i7)

T¢ 1o ({0}, Q, ) T?

Virtual corrections

_9s d'q  —i i 1
%m({ﬂ}7Q7€) T 9 Z/ 27.‘.)d q2 + 120 [nz - q T+ iO] [—nj - q + iO]

xT; - T; Hm({n},Q,¢) +h.c.



Real emission

Vs put cut off on E,

; A dE, Eg—3 | n; - n; i . g
Hm—l—l({ﬂj nq}; Q, E) = —Yq /() Ge (27’(’)2 Hm(Q) % ni-qn; - qu Hm({—}v Q7 )TJ
Virtual corrections
_ 9 d'q  —i ni 1,
/Hm({ﬂ}’ Q’ 6) - ? Z / (27T)d C]2 + 20 [nz - q T+ ZO] [—nj - q + ZO]

xT; - T; Hm({n},Q,¢) +h.c.



Real emission

Vs put cut off on E,

AdE, B33 N; Mg G
_ 2 9q v~ 'Y a a
Hm—l—l({ﬂa nq}v Q7 E) = —Ys / ce (27’(’)2 Hm(Q) Z TZ Hm({ﬂ}’ Q’ 6) Tj

0 gy b4

Virtual corrections

—1
—n; - q + 10

_ 95 d'q i [ nem
Hm({n}, @ €) = = Z/(Qﬂ)d 2 + 40 [n; - q + i0) [—7;76]' - q + 0]

1. use identity : nql Y0

xT; - T; Hm({n},Q,¢) +h.c.



Real emission

Vs put cut off on E,

AdE, B33 N; Mg G
_ 2 9q v~ 'Y a a
Hm—l—l({ﬂa nq}v Q7 E) = —Ys / ce (27’(’)2 Hm(Q) Z TZ Hm({ﬂ}’ Q’ 6) Tj

0 gy 4

Virtual corrections

—1
—m-q#—z’()

_ 95 d'q i [ nem
Hm({n}, @ €) = = Z/(Qﬂ)d 2 + 40 [n; - q + i0) [—7;76]' - q + 0]

1. use identity : nql Y0

< - Ty Hm({n}, Q,€) + h.c.

2. Take the residue of ¢




Real emission

/ put cut off on E,

AdE, B33 N
Hm—l—l({ﬂ, nq}v Q7 E) — _gg /O 66(1(27'(?)2 HIH(Q) Z .n% nj T7C,L Hm({ﬂ}, Q7 6) T

gy 4

Virtual corrections

—1

T.useidentity : =50~ T a0 2700 9)
A ' T N+ 1
Hm({ﬂ}an _ %: 2 + ZO [nz q + ZO] [ n; - q + ZO]

Hm({n}, Q,€) + h.c.

3. put cut off on E, and 5
Integrate out it 2. Take the residue of ¢




Results for one-loop anomalous dimension

1. Collinear divergence when soft emission is collinear
to hard partons.

2. Collinear finite by combining real and virtual.
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Two-loop anomalous dimension

V9 I'o d2 0

0 wv3 r3 dsg ... V,,. two-loop virtual
(2 — 0 0 wvg4 14 r,,: real-virtual
0 O 0 vy ... d,,,: double real emission

The extraction of 1® is similar to T'*) but there
e some subtleties

1. Which cut-off (A - E, — E,) or (A — E,)0(A — E,.)

2. Pure collinear singularity ¢ || 7

_ _ —4e
/qudETH(A E)O(A—E,) A 1

Q

—2e—1 p—2e—1 )
Yo E; 4 €

6A—E,—E) A1 272
/qudEr Eq—2e—12’r—26—1 — 1 \2 3 +O(e) -
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Double real emissions

ake soft 99 as example. The soft limit of hard function

1
4
qq  __ gsnFTF a a
§at L > T 1, T G ()i () / \
qu dEr Mg Njr -+ Ny Nijq — N5 Ngr
X O(AN—FE, — F,
| B T G o) (B & By, YA~ B B
J
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Double real emissions

ake soft 99 as example. The soft limit of hard function

4
qq _ gsnFTF a a
Hm_|_2 = 626(7)4 = r]:‘Z ,]'[r,nr:[“7 Qin(nq)ein(nr)
v / dfgq dfgr Mg Njr + Nr Nijq — N5 Ngr _ H(A B Eq B
qu Ere (Eqniq + Ernir) (Eqnjq + ETnj?“) nqr

/
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Double real emissions

ake soft 99 as example. The soft limit of hard function

1
4
q gsnFTF a a
2,7

y / dE, dE, Nig Mjr T Nir Njq — Mij Ngr (A — E,— E,)
B B (aa + Bo) (- By,
pure colinear singularity  constraint on total energy
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Double real emissions

ake soft 99 as example. The soft limit of hard function

1
4
q gs nFTF a a
2,7

y / dE, dE, Nig Mjr T Nir Njq — Mij Ngr (A — E,— E,)
B B o) B ),
pure colinear singularity  constraint on total energy

F,(e)
_ s \2 7 1\ 4 i aKf;r+Ki.;Te
Hinro = (E) (_) npTp y  Ti HpnTj = L Oin(ng)bin (1)

2\ — ¢
(ZW)
2 q
F A(nighjr + Nirfjqg — NijNgr) . MigNyr 8 Fy(e) 20 (nir _ Myr 16W3;
Kijigr = 5 L T3 Kijiar =~ g2 - T T
Ngr (igNjr — NirMjg) Nirfjg Mgy ngr \Mig Mg Ngr
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Double real emissions

ake soft 99 as example. The soft limit of hard function

1
4
q gsnFTF a a
‘H%M::@%%ﬂ4E:TfHﬁjﬁhﬁwwmmﬁ /////// \\\\\\\
1]

y / dE, dE, Nig Mjr T Nir Njq — Mij Ngr (A — E,— E,)
B B o) B ),
pure colinear singularity  constraint on total energy

F,(e)
_ 2 4e K 1 K o\Ye
aS ILL a a 17,49Tr 17549r
N = (—) (—) npTe Y T¢ H,, T =2 9 (1) 0 (N
m—+2 A7t 2A - ) 9 € ( CZ) ( )
i,]
2
KF _ Anignge + iy = Migngr) | Nigyr 8 KO _ 20 (ni omg\T 16Wy
Liqr n2 (MigNjr — NirMjq) NirMjqg Moy Wt In2,. \Mig Mg Ngr
df = —dnpTp SOTY, T, | KE. 0 () — 22 W2 5(ng — )| i (ny)
m — —ANplFE i, L LR ij:qr Yin Ty g i g — Ny )| Yin\Ngq) -
(27)
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Double-real contribution and d,,,




Angular functions

Three-leg correlations

Rijhiar =8 (ng = Wy Wiy = Wi Wi + Wi Wfq) " (”’“1>

N ey

Two-leg correlations
Kij;qr — CAK(G) -+ [TLFTF ZCA] (b) [CA — anTF 4+ nSTS] (C)

1];97 17;9T ijiqr
() _ _ A4ng MijNgr MigMjr
Kigr = 1+ In :
| MigMgrijr NigNjr — Nirljq| — MirNijg

81 1) Mgl
,Lj;qr o n (n . n . —_— n . n . ) n . n . ?
qr\""q ojr trivyq rltyq

K(c) . 4 (niqnjr + NirMjq In MM jr B 2> |

igiqr T 2 M m . m iy
| an NigMjr NirTjg NirMijq

Caron-Huot ‘15
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Real-virtual

Real-virtual contribution andr,,




Double virtual corrections

Double-virtual contribution and v,

( 1
@ k k
j j




Diagrammatic results and collinear rearrangement




Diagrammatic results and collinear rearrangement




Result for T'(®




Scheme change

For the renormalization conditions for soft function

gren(1) _ g(1) _ iI‘(l)é@l, Angular integration in
2€ d dimension

gren(2) _ g(2) 812 [pu)@p(l)@l n 25011(1)@1}

1 . R
- [I‘@)@l oW Ggren(l) 46081"6“(1)}
€
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Scheme change

For the renormalization conditions for soft function

gren(1) _ g(1) _ iI‘(l)é@l, Angular integration in

Ve d dimension

sren(@ — g(2) 812 TOETO g + 25,061

1 . .
- [I‘@)@l L or(Wggren(l) 4 46081"6“(1)}
€

__ Angular integration in
Change to MS scheme 4 d?mension

1
8e2

I 1= _ _
- = {I‘(Q) 251 + 2D g, Sren(l) 4 4@081"61&(1)}
€

sren(2) — g(2) {pu) 2, TO®@E 1 + 28,0V @4 1}

19



Scheme change

For the renormalization conditions for soft function

gren(l) _ g(1) _ iI‘(l)é@l, Angular integration in
2€ d dimension

Sren() _ g(2) 812 TOETO g + 25,061

1 . .
- [I‘@)@l L or(Wggren(l) 4 46081“6“(1)}
€

Angular integration in

Change to MS scheme 4 dimension

1
gren(2) _ g(2) = {pu) 2, TO®@E 1 + 28,0V @4 1}
I 1= _ _
- = {I‘@) 251 + 2D g, Sren(l) 4 45081"61&(1)}
€

I ,1=T® g,1-28TV g, 1— (pu) 2, TV . 1-TM g TW g, 1)
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Outlook and conclusion

1. We present two-loop anomalous dimension.

2. Reproduce divergence of two-loop soft functions.

3. The anomalous dimension is finite combining d,,,,

r'mand Vi, .

4, The angular integrations are in 4 dimension,

which is suitable for parton shower.
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NLO cross sections with region expansion

O Hard mode:pr ~ Q(1,1,1)

PIER

2 €
() [rhe8-tm0 ]

Soft mode: ps ~ Qo(1,1,1)

> sC 2\ [41n
g () [

Qo
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Collinear rearrangement

Collinear singularity in v,

Vi = if (T?,LT?,LTE,L - T?,RT?,RTZ,R) /[dﬂq] /[dﬂr] Kijkqr
(ijk)

+ Z (T?,LT?,L + T?,RT?,R> {/[dﬂq] /[er] Kij;qr
(i5)

2 472C
+ (—?4—1}011—# 7T3 A) /[qu] ny}

a a a a cus . Hz
- Z (Tz‘,LTj,L - Tz’,RTj,R) 71 pm2 L
(5)
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Collinear rearrangement

Collinear singularity in v,

Vi = if (T?,LT?,LTE,L - T?,RT?,RTZ,R) /[dﬂq] /[dﬂr] Kijkqr
(ijk)

+ Z (T?,LT?,L + T?,RT?,R> {/[dﬂq] /[er] Kij;qr
(i5)

2 472C
+ (—?4—1}011—# 7T3 A) /[qu] ny}

a a a a cus . Hz
- Z (Tz‘,LTj,L - Tz’,RTj,R) 71 pm2 L
(5)
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Collinear rearrangement

Collinear singularity in v,

Vim = Z i fc (T?,LT?,LTE,L — T?,RT?,RTZ,R) /[qu] /[dﬂr] Kijk:qr

(i5k)
+ Z T; T, + T rTS p { /[qu]
(25)

472C
4 (_T + r 011 A) /[dQ } /[dQT] Kij;qr = 2VV§7 [50 (% + 1n(2Wg)) + i’ygusp

’I/]THZJ I'eon 27T20A cr— 1
=D (TEpT = T g TS ) "= Ty T3 Ty G
(45)
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Collinear rearrangement

Collinear singularity in v,

Vi = Y if" (T?,LTﬁ,LTi,L - TZRT?,RTZ,R) /[qu] /[er] Kijkiqr
(i5k) m——

2/30 4:7T2OA
+ (—T + Deon + 3 ) /[qu] WZ} /[er] Kijigr = 2W}, [ﬂo (% + ln(QWi%)) + i’yfusp

ZWII i r 2
a a a a cusp 1] ol 2mCyxq cp—1




Collinear rearrangement ind,,, and I'm,

= —2 Z Z Zfabc TaLTb RT TZRTb',LTz,L) /[er] Kijk;qrein (nq)
i (jk)
+8im YN ipee (Tgﬁ A A, N O v L) W3 In W, 0 ()
P Gk)

812C' 4 4 rea
3 ) Z Ti,LTj,RW%@in(nq)
(i5)

~

dpm = > Y if* (T?,LT?,LTZ,R - TﬁRTg,RTZ,L) Kij;qgnin (1) Oin (12r)

(ij) k
(i7)
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1 1 cus

I‘coll 27T2CA cp — 1

' ' — C
Collinear rearrangement ind,, and 'm N

Iy = — 2 Z Z ifabc(ch:L,LTb,RTz,R - TqC:L,RTb',LTz,L) /[dﬂr] Kijk;qrfin(ng)

i (jk)
+8im Yy > ifee (Tgﬁ LT0 R TS g+ T4 g T TS, L) Wi In W 6i(ng)
i (k)
812C' 4 4 rea
3 ) ZTi,LTj,RW%Hin(nq)
(i4)

~

dpm = > Y if* (T?,LT?,LTZ,R - TﬁRTg,RTZ,L) Kij;qgnin (1) Oin (12r)

(2j) k
(47)
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