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Non-perturbative contributions to collider physics

Thrust
» SCET: Typically, matrix elements .
b Tk s . : do  doP®
with lightlike Wilson line paths e Q Fyp(k)
» Traditionally, construct models to
B->X;+vy
account for these effects
dr _dr .
» Would prefer rigorous results from dE, ~ dE, = "
lattice QCD, but lightlike paths give
TMD-PDFs

rise to a sign problem (NP hard?)

o = a?°"(br) a"" (by)

Goal: circumvent these 1ssues for TMDs & gain broader insights




Whatis a TMD?

(Transverse-momentum-dependent parton distribution function)

Experiments:

» ATLAS, HERMES,
COMPASS, JLab, ...

» Significantly more data:
Electron-Ion Collider (2030s)

Phenomenology:

» 3D momentum distribution
of quarks/gluons in proton

» SIDIS, Drell-Yan, W/Z
production, Higgs, ...

» Universal functions

First principles?
» Calculate on the lattice

» Connect to continuum with
a perturbative matching




TMD factorization

Experimental data do =H f f X f

!

(e.g. Drell-Yan process)

B
Renormalized continuum QCD  f =7,, —

1 VS

Lattice-regularized QCD f =CX flattice

Collins, Foundations of Perturbative QCD. Ebert, Schindler, Stewart, Zhao (2022).



1. The big picture
II. Unified TMD notation

I11. Factorization



Continuum TMDs from QFT

= Beam function:
f=I1lim Z BEII;]/H » Proton matrix element
— Uv X
lightcone, \/
renormalization » Staple-shaped Wilson line
» Our focus
Soft factor:

> Vacuum matrix element
Beam

» Wilson line path: two
staples glued together

» Cancels divergences in
the beam function



Continuum TMDs from QFT

f = llm YA vy — —
lightcone,
renormalization

Soft factor:
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A mess of continuum schemes

Modern Collins
£ x,br, €, yp, xP*)
fipp(x,br, 1, 0) = lim Zuy (4, €, 6) lim \/S ——— Echevarria, Idilbi, Scimemi
_ ‘ fi%u)(x, br,e, 6 /(xP"))
fisp(x,br,1u,C) = im Z (4, C, €)
Chiu, Jain, Neill, Rothstein ’ ) | ~2:IS(bT’ €, 5t e~Vn)
£ i 0 (u) -
fip(x, b1 1, 0) = l,m:) Zu(p,€) fyp (e br €1, 2P )\/ Semne(brs €M) | ber & Neubert
n—
lim [f MBN(x1, br, €, a, xaPR)f FOBN (), br, €, @, X, P )]
a—0
J1, Ma, Yuan (b202\ Vb - -
|1"; ['l/ C = bO/bT)]
fl(;’(,u) (xal le €,7, xP+)
ﬁ/p(xaler #/xaCm P) hmz v(#; P; €) +0(v+, 7-)_).

\S2attr.€.p) Etc!

See Secs. 2.3-2.5 & 2.10 of TMD Handbook



[.attice observable wishlist

1. Numerically tractable

*  Wilson lines must have equal-time segments, cannot be
light-like (NP hard?)

-

Easy as possible to renormalize

Minimize number of Wilson line sides & cusps

ht

Properly defined

* Account for lattice renormalization, soft physics, finiteness

4. Straightforward to connect to continuum

Ebert, Schindler, Stewart, & Zhao (2022).



[attice schemes

Musch-Hagler-Engelhardt-Negele-Schafer (MHENS) approach
» Pioneered development of lattice TMDs

» Renormalization, soft function not known

» Longest history of calculations, focused
on x-moments of TMDs

Quasi-TMDs
» Based on large momentum EFT (LaMET)

» Renormalization, soft function known

» Matching to continuum known at 1-loop



Unified notational framework

Collins
scheme JMY scheme
, MHENS
Quasi-TMD <cheme
(b,P,€e,mv, 6)

: l/H
f=1lim Zyy q
lightcone, \/ SR (b , €, NV, ﬁl_/)

renormalization

Distinguish different schemes by their limits and arguments

Ebert, Schindler, Stewart, & Zhao (2022).



Beam & soft: definition in QFT

Unified beam function:

BEIS]/H(b; P,e,nv,8) = 2 3
b\ r b b ; v
<H(P)‘ ﬁi(i) 2 W_fj(b,nv, ) q; (_E) ‘H(P)) ._——-———J? byt

2

Unified soft factor:

1
SE(b, e,nv, V) = a(0| Tr[sg(b,nv,ﬁm] |0)

Distinguish different schemes by their limits and arguments

Ebert, Schindler, Stewart, & Zhao (2022).



Neat and tidy tables!

Collins TMD (continuum)

Quasi-TMD (lattice)

: R : Q’L/h Bz/h
TMD lim Zyy,  lim lim Zyv
e—0 YR —r—00 SR a— \/S’R
. + _ O,Z o = -~ ~Z’\
Beam function Q?/h] b, P,e, —conp(ys),b ns) Q?/h b, P,a,iiz,b°2)
: B R _na(ya) . na(ya)
Soft function S™[bL,e,—oona(ya), —oone(ys)] S*™ b, a,—1 ,—1
na(ya)| "Ina(ya)l

(0, b%., bY., b*)

b* (0,b7,b.1)
vH (—e®¥B 1,0,) (0,0,0,—1)
5” (O,b_,OJ_) (anaoa Bz)
m _ .
2e TZ(eyP,e e 0y ) mp(coshyp,0,0,sinhyzs)




1. The big picture
I1. Unified TMD notation

I11. Factorization



Now 1t’s straightforward to see relationships:

Lattice schemes

Quasi MHENS
Continuum
limits
P, large, n — o /
LR

Switch order o : :
£—0,Y = o Change Wilson lines
Matching

relations
Collins JMY

Continuum schemes

Ebert, Schindler, Stewart, & Zhao (2022).



Factorization goal

Lattice schemes

Quasi

Continuum
limit
P, large, n — o
Switch order of
g>LY V

Collins

Continuum schemes



Derivation procedure

Lattice (1) Same at large rapidity
P2>>Aqcp
Quas1 » Map variables after expansion
» Take 00
¢ Step 1 i =

LR

(2) Nontrivial relationship
Step 2 » Different UV renormalization
Collins » Need matching coefficient

The quasi-soft function is chosen to
CO ntinuum reproduce the Collins soft function.



Step 1: Quasi to LR

» M| = o & P2>>Agcp

» Compare Lorentz
invariants formed from

b, P&, ¥, v

» Use boosts to show
quasi=LR in this limit

Quasi LR
b? ~bp — (b°)? B
(nv)? —if° —2n°e*”
P-b —mnb® sinhy %b_ .
b- (o) b* b e’
= sgn(n)| -— sgn(n)
V()62 \/(bz)2 + b2 V2br
P - (nvu ; ¥
P2(|77771;)|2 sinh y 5 sgn(n) sinh(yp —yB) sgn(n)
5 (b°)? 0
b2 b3 + (6%)
b6 e 0
b2 b2 + (b*)?
P i q 1
)
(mv) 1 1
b- (nv)
P2 mp, mj,




Quasi to LR: same at Large Rapidity

Quasi LR
— b7 — (b°)? b7
Matching up Lorentz invariants implies: i _on?ePvs

sinh(yp)sgn(n) = sinh(yp — yg) sgn(m) |uisinny, hber

Need yp —yg = yp




Quasi to LR: same at Large Rapidity

Previous slide:

Y =Yp — VP
Expanding:
—myb, sinhys = il b~ eVP
V2

4

Keep b~, yp finite, boost quasi by
¥g, take limits: ys — 00, yg— —00

All works out as desired.

—mpub® sinh Yp

)

— sgn(n
V&) + 82
P - (nv) ; .
sinh vy 5 sgn sinh — sgn
52 (l;z)z
72 2 722 0
b b7, + (b%)
b-6 (b"')2
b2 2 1 (h?)2 ?
B2+ (5°)
P.6
b 1 1
6 - (mv)
1 1
b- (nv)
p? m? mi




Quasi to LR: same at Large Rapidity

Need 7 = V2 e¥Bp

| In yg = —oo limit, by > b,




Step 1: Quasi to LR

Quasi LR

b —b% — (b°) —b%
(nv)? — i —2n2e?vB
P-b —mnb® sinh Yp @b eYypP

V2

Qua81 — LR - (mv) i sgn(n)| -2 sgn(n)
. 1 VI(nv)26?| \/(Bz)z + b2 V2br
after large rapidity IR P
. 2,1 sinh y 5 sgn(n sinh(yp —yB) sgn(n
expansion e

e 0
b? b2 + (b*)2
b-4 (b%)? ]
b b2, + (b)2
P-4
—P-b 1 1
- ()
1 1
b- (nv)

2 2 2




Step 2: LR to Collins

TMD Beam function Soft function
. . R : Qi/h | vt _ - R _ _
Collins | lim Z§y lim Q. n [b, P,e, —oong(yB),b nb] S*[bL,e,—oona(ya), —oons(ys)]
e—0 Yyp——00 SR q
Q; + _
LR lim lim Z{}Vi Q?/h] [b, P,e,—oong(ys),b nb] SE[by,e,—ocona(ya),—oons(yn)]

—yp>1e—0 ‘/SR

» LR and Collins TMDs only differ in the order of their
yg>> 1 and € — 0 limits

» Fundamental principle of EFT:
* Order of UV limits does not affect IR physics
* Guves rise to a perturbative matching coefficient

fir = C; (xpz, .u)fCollins

Ebert, Schindler, Stewart, & Zhao (2022).




Combine — Factorization

Quasi-TMD Matching RG evolution of  Collins TMD
(lattice) coefficient scale G (continuum)

- _ _ - - 1 . 4 .
fg);]/H (x, le U, {' XPZ) — Ci (xPZ, Ii) exp [E]/(l(u, bT) In g] fEZ]/H (x' bT’ i ()

}

1 Aocp
(xPzbr)” (xP2)*

x{1+0

» Proof works for all choices of spins and for gluon TMDs
» Cross-checked at one-loop

Ebert, Schindler, Stewart, & Zhao (2020, 2022).



Matching coefficient

. 5 . _ 1 . 7 5
fq[is/]H (x, br, 1, {,xP?) = C,(xP? 1) exp lzyé(u, br) In g] fq[f/]H (x, b7, 11, ¢)

» Matching coefficient C;

_./ 18 Independent of spin

» No quark/gluon or flavor mixing = lattice
calculations significantly easier than anticipated

> Take ratios:

~ f" — 3 ~z —
I Bc[h/l}];(xabThu’ana zP ) féf/l}]l(xabTal-L?C)
111 - —

o (i - - T —
" Bgfj]h’(m’ bTaluana‘/EPz) chjjgl’(a:’bT’M’C)




Matching coefficient

. 5 . _ 1 . 7 5
fq[is/]H (x, br, 1, {,xP?) = C,(xP? 1) exp lzyé(u, br) In g] fq[f/]H (x, b7, 11, ¢)

» Matching coefficient C,_,, is independent of spin

=q/g

» No quark/gluon or flavor mixing = lattice
calculations significantly easier than anticipated

» N"LL value of C; is straightforward to compute

i @257 g [ ) dof
ColwP", 1) = Cylo()] exp [ L, owmill & 2rzusP[a'1+vg[a1)]

Ebert, Schindler, Stewart, & Zhao (2020, 2022).



Status of the lattice

CS Kernel Reduced soft function

100 4 - 1-loop

~ue -— S
> N8 F P?=1.05GeV, y=2.17
S T P?=1.58GeV, y=3.06
0.0 , ; . | 'g F P?=2.11GeV, y=3.98
A o0 T | =% P V=3
(0] o AA O P T \\ :i
el ?. - ‘2 ’A ‘ %) \
4
A4
4 i = AC” Om v e -1 ] \
-0.5} 10

O SWZ20 V' Regensburg / NMSU 21 O This work
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I by /fm
A LPC20 < ETMC/PKU 21
-1.5
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Reduced soft function
br [fm]
0.2
g o \ 1.6 1 —loop ~ o . o
{5 -0.2 14 'Sm P‘=3T ‘P“:ST
N 1 —loop z 7 . 7
Cﬁ] -0.4 i 1.21 : '\.\ S %I G EP” :42T EP‘ =62T
3 08 ~1.0{ :\ Y
5 o8 E S 0.81 R .
& ‘ ” 0.61 Qe
—1.0f — svi9 = Pavial9 — N°LO ! : \.\ $ ~
-1.2 o , o 044 \ X i
0.0 0.1 0.2 0.3 0.4 0.5 0.21 \-\ '
br [fm] 00~




» Developed unified notation applicable to off-
lightcone TMD schemes (lattice & continuum)

» Derived a factorization formula connecting quasi
and Collins TMDs

» Nature of factorization & matching coefficients
makes the quasi-TMD formulation particularly
amenable to lattice study

» A similar approach may prove fruitful for other non-
perturbative objects from SCET on the lightcone



Backup slides



Connecting Collins and MHENS schemes

Caseof P-b=0

» MHENS equivalent to quasi (same soft, renormalization, etc.)

~ = g O MHENS /; » T D2 ~
/dx f(g‘/]h(xabTﬁ'l’aCaxP? ): fg‘/]h . (b zoabTalu’apvyn_van)

» This case was the focus of MHENS authors

Case of P - b # 0 (x dependence)

» b?-dependent renormalization
* Challenges due to non-trivial cusp angles & b* dependence of Wilson line length

» b?-dependent soft function?
*  With proper lattice renormalization, Lorentz invariant compensation,
construction of suitable soft function, could connect MHENS & LR

Ebert, Schindler, Stewart, & Zhao (2022).



Reduced soft function

FLS b B i slnaive , 7 ~ SR (bT ,u)
fz[ . Cl?,bT,,UI, Ca z P* f[ | 7bT7,U, x P? naive )
/h( ) ( ) SR(bT,,u,Qyn,ZyB)

v

C — a:2m,2le2(y15+y3 ~Yn) Collins scheme



