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Ignazio’s talk = Cross-section & coefficient functions
now = TMDs of twist-three

Generic TMDs of twist-three were introduced already in [Tangerman, Mulders, 95].
Generic TMDs are ill-defined objects
Theoretically well-defined objects is TMDs with a specific TMD-twist

Strategy: TMD with a with a specific TMD-twist = physical/generic TMDs

Outline
» Definite-TMD-twist distributions and their evolution
» Interpretation and support
» TMD-distributions with definite T-parity
» Singularities in TMD-distributions = physical TMD-distributions
>

Generic TMD distributions and their evolution

@

Universitit Regensburg

/ladimirov Power for TMD April 20, 2022 2/18



TMD operators and their divergences

Any TMD operator is the product of two semi-compact operators

Onm({z1, ., 20}, 0) =Un({z1, ...}, 0)Unm ({...; 2n }, b)

21 2o z3 +1 SIDIS
..-.----. ------------------------------------ I(
1
n b 1 SO0
It
.-. ------------------------------ [epp——
Z5 Z4 —1 DY

O {21, s 20}, b) = R(VP) Zuy ({21, 1) @ Zuyy ({20 }) © Ona (1)

Three independent divergences
Three renormalization constants
Three anomalous dimensions

e UV divergence for Uy
e UV divergence for Uy,

e Rapidity divergence - -
Computation = see talk by Ignazio a
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TMD-twist-(1,1)

Usual TMDs

Uy = [..]¢ = good-component of quark field (twist-1)

3 ({21, 22},b) = (p, sl€(z1n + b)..D..(z2m) p, s)

d ~
#272(1)11({21,2}7 b,,Ul, C)
dp

¢

—1 DY

F1 (21,1, C) + A1 (22, 1,€)) @11({21,2}, b3 1, )

» 71 = anomalous dimension of Uy

» D = CS kernel
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TMD-twist-(2,1)
Appear at NLP

Uy = [..]¢ = good-component of quark field (twist-1)
Uz = [..]Fu+[..]¢ = good-components of gluon and quark fields (twist-2)

801 ({21, 22,23}, b) = (p, s|€(z1n + b).. Fyus (z2n + b).. 5 .&(z3n) p, )

21 29 +1 SIDIS
®----- L e v \ (

(A2(z1, 22, 1, C) + A1 (23, 11, €)) @21 ({z1,2,3}, b5 11, €)

d -~
12— ®21({z1,2,3},b; 1, C)
dp

C%‘im({zl,z,s}, b, ¢) = —D(b,p)Pa1({z1,2,3},b; 1, C)

» 71 = anomalous dimension of Uy

» 72 = anomalous dimension of Uz

» D = CS kernel QR
Similar for TMD-twist-(1,2)
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Anatomy of anomalous dimension

F1(z, p1,€) = as(,u)CF( +ln( c ) +2ln( q:;;r)) +0(a§)a
aten, 210 0) = ) { B+ Cr (5 410 ()

.
+C,41n(_§6;r) (Op - T)ln(_saz+ ) }+<9 (a2),
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Anatomy of anomalous dimension

quark AD + cusp

Tz 1,¢) = al(u)Cr (§+1n(”—2) J,-2ln( g ))+0( &

¢ 507

Falz2, 23, 11,¢) = “5(‘”){sz13 ler ( e ( ;))

q+ CA 2
+c,41n(_362+2)+2(0 —T)ln( sazt)}“g 2y,

1‘:
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NNSSS—.
Anatomy of anomalous dimension
quark AD + cusp
- 3
Filz p. Q) = as(w)Cr

#2
(§ +In (
’72(22, 23, M, C)

BFLK

at
?) +21ln ( s@;r)) + O(a?),
3 3
ﬂ-s(#) r]HIzzzs +|Cr (§ +1n (%))
gt q*
quasi-partonic-kernel +Caln e +2(Cp — 5 In
[Bukhvostov, Frolov, Lipatov, Kuraev, 1985] “
Hzmiﬂﬂn

(21,22, 23) =

o
Yo oz a
Ca - D, 15(21, 203, 23) + Ay, 15(21, 22, 255) — 20,

~[r]12(11722 23))
+CA/ da/ aBad! " (21, 28, 25,) — (cpf _)/ da/ dBadl s (=, 255, 2
(Cp— —)/ dGG‘I’[N wl (21, 259, 22)

(2.19)

52)
Mixes Lorentz structures I'
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Anatomy of anomalous dimension

quark AD + cusp

F1(2 1, C) = as(u)CH (g +1n(‘“—2) +-21n( ¢ ) +0(al),

¢ —s97F
~ 3 u’
F2(22, 23, 11, C) = as(p)] Hayz[+Cr 2 +1In =
BFLK + +
q C q
quasi-partonic-kernel [FCaln (m) +2 (CF - 7’4) In (_ 0T ) } +0(a3),

Remnants of collinear divergences
(canceled with SF)
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To momentum-fraction space

- L %@ =@ o)
Dz, 20, 0) = 1”+/ dpei== == ol b, |

11
1

& —i(z1 21+ Eozo+2g2zs)pT
(PL[:LI(21122523‘1)) = (p*)zf[d:x}e (wrz1tzazateszg)p @Lﬁlzl(mhmz,mg,b),

B o (21, 22, 23.0) = (p+)° f [dalem (rartrasatrazaltt oI (2, a2, b),

1 1 1
/[d.’r] = / dlll/ dr;/ dxg 6(xy + 22 + 23)
T2 ~1 -1 -1

Support domain |z;| < 1

é é ‘ momentum-fractions
(—+-) 4

could be positive or negative

=+ | /)
-1,0,1 1,0,-1) important for factorization
-/ \*-2 _ _
o divergences-cancelation
-+

® agreement with collinear evolution
/ e evolution mixture
T3 E

(0,-1,17 T-1.0) L1 UR
|ml+m2+m3:ﬂ‘
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Evolution equations in the momentum-fraction space
has involved structure

d Ten 2 .
2 i ok, = ([~ (%) F zmsemﬂ.ﬁ) ol
E2 AT IR AR Jh
d I 2 A
2 o (I)Lr_]u = %SP In (%) Y, + 270 S 9131211) @Lr:]u

T o B Ty "
+]P1'2’.L'3 @ QL,;Z ] + P‘.L'Q‘.L':; © QI[/.I/ZT !

Rapidity evolution is the same
I'cusp-part is the same

d
gd_cq)'g:]lQ(:rL: Tg, T3, b 1, C) _D(b= .“)q)LI:]IQ(ml: Tg, w3, b, C)a

d
J—C'DE:]ZI(:KL,:EQ, x3, 0541, C) = —D(b, jz)@LI:]m(:rl, T, 3, b; 11, C).

€=
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Evolution equations in the momentum-fraction space
has involved structure

d r Feus 2 N
#2?#2@][4‘]21 = ( 2 —n ( ¢ ) + T»CLJ-Z-'-'; + 27”5911-'-2-'-1) QL,]Zl

[tes, o0+ v2, @ty |
d r ?
/J‘Qd_!'tz@][,t[:]l'l = (% In (%) + Txnlz‘-l-'l + QWéSQISIZIl) (I)Lr:]‘lQ
r TA% o
|+P.|.2-L’! [ ”’ 7 ] +P-LBQ-L'K QI[/.I/ZT ]= |

BFLK kernels in momentum
space are quite cumbersome
» non-analytic

continious
mix-sectors

>
>
» longish
>

for “z; > 0” region agrees
with [Beneke, et al, 17]
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Evolution equations in the momentum-fraction space
has involved structure

,ﬁd%z@ﬂl = (%m (%2) A Ty aama| + 27@39“1213) o
P, @ TP, @l

Qdiﬁquf]u = (%m (%2) A Ty + zmsemm) ol
P, @B B, @2y,

Tsraary = ,[3Cr + Caln (%) +2 (c - %) In (%) | + o).

q+ is as in f

[pg| =
gt =

Real-part of collinear logarithms
» Singular at ; =0 o
» Integrable \PZL

» Checked by NLP coeff.function
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act. theorem
Ipal, for B,
for <I>[12].
for @lr].
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Evolution equations in the momentum-fraction space
has involved structure

d r Fcus 2 . I
#2?152@11’]21 = ( 2 —In ( 13 ) + Toyapny {2708 O agay ‘DL,]21
T I
P, @0 P TR BT

d r H2 )
#2_2(131[:]12 _ ( Zeusp ( c ) + Togwoz, H2708 Onguna, @L[:]m

du 2

A 1“7 7] B 57371
+]P1'21'1 @ 11) + P:ﬂz:ﬂ's év, 12 1
Imaginary-part of e 1o € (+1--),
collinear logarithms —(Cr =) mas € (+,—4),
- T123 € (=, = +). 2
» Discontinious Ozizazs = s % G Crag € (=4 4), TOW)
Cr— % 2123 € (=,+,—),
» Process dependent! 0 7123 € (+.4, ).
» OMG!
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NNSSS—.
Evolution equations in the momentum-fraction space
has involved structure
d | I 2 IN
;ﬁﬁ@pﬂ = ( SRS WY ( + Tayagze + 270 8 Oryagay | T
Iz ¢
d
2 [r]
— O
15 i

]
21
“p Havp
+PL, @@ Rl @l
T 2
w12 = ( c;spl ( C ) + Tagaga, + Qmserqrle) ‘I’Lr]m
_HPA @ o r’Y 7] + PB ® @[F“f ’)‘”]
I2r3 T2I3
» Complex

» Discontinious

» Singular

Live is not that bad!
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Complex evolution for complex functions!
Transformation properties

No definite complexity
[<I># Ly(@1,22,23,b)]"

[‘I’ 21(951,12,:103,6)]

opt L0
q>£:’21; ]( x3, —T2, =1, —b)
Opt,0
= 4)9,12 I—
No definite T-parity
PT@M 12(1:1,:02,:63,1) s, L)(PT)!

(~s, —2, —1,~b)
PTQ“ 21($17w2,z3,b s, L)(PT) 1

q)['yOTI‘ T
1,21

( z3, —x2,—x1,—b; —s,—L),
e e

](—123, z2,—x1,—b;—s,—L)
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T-parity-definite combinations

r] <I>££]21(w1,x2,x3,b) + <I>LF,]12(—963, —x2,—21,b)
@, g(r1,22,23,0) = 5

)

Iy I
ol A o) (w1, 22,33,0) — @), (—w3, —w2, —21,b)
po(@1,22,23,0) = i 2

Real functions, with real evolution
Price: evolution mixes @ and © sectors

Definite complexity

oty

@l @730 = 0T @y w25, -b),
ot

@)L @ eaaa, b)) = @ @ w02, -b)

Definite T-parity

PTONL, (o1 w2 ma,bis, LPT) ' = ol T g g,
- YR
PTONL (w1,02,23, b5, L(PT) ™ =+l T 0y g o

o e.
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At this stage we can introduce the parametrization

» Three T-structures {yt,yT~% ic®t~5}

» In the tensor case, one can sort F#_‘_a"’”'-tensors into J =0, 1,2 cases.
» 32 distributions (¢ and ©)

» 16 T-odd and 16 T-even

Example
(DM[’Y+]( b — nz M apuar2 gL
. 212,3,b) = sy, M for(x1,2,3,b) +ib* M- fi(x1,2,3,b)
. T, b, b
+’L>\€‘LubyM2f.LL($1,2,3vb) + b2M3€g_‘V <g% — %) sf}f.LT(xl,z,g,b
fo,r;py = fo,1;51D185 f&.0v = —f&.s1D15
.
U L Tj—o | Ty=1 Tj—2
U fo 9e he he
L oiL Q.LL her hfL
T | for, fir | gers gur | W | WA | R, A e
R
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Evolution equations split into two cases:
Evolution with kernels PA or PP

Example P4
d HA r 12 HA
waa (d ) = (52 () rrams) (51
+( 2P4 2750 11 wows ) ( HE )
—2m505, woay 2P HE )’

( J{%#—gé )’ ( fé,L+g§,L >’ ( fo,r+9e,1 ), ( fé’T+g§’T >,

5~ 9% f5L— 951 for —gar far =951
() () (1) ()
ne ) Lnde ) s ) ks

» Real functions = real evolution

» Mixes T-odd and T-even distributions

» Mixing is proportional to s, so T-parity is preserved, and distributions areeRsal
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TMD distributions of twist-three are generalized functions
No definite value at x; = 0, but definite integrals

A typical term in the cross-section

®o1(%1,2,3, —b)
To — 180

/[dz}a(z _ayyP2@m2s b gy +/[dz & — #1)®11(x,b)

x2 — 150

» The integral is divergent since ®, is discontinuous at 2 =0
» Important: integral from [-1,1], otherwise it would be the end-point divergence

» In fact, divergences cancel
» Let us subtract the divergences and define PHYSICAL TMD distribution

€=
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B
/[d:c T — 3

‘1’12(961,2,3,17) /y
— 150 so0
» It is the rapidity divergence
» It can be computed
P12

T2

do ®12({y, o, 0},b)

~1n(6%)8,D ®11
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Physical TMD distributions of twist-three
T T T
<I>[21],H(961,2,37b) = q:'[gl]’u(ml,l&b) —[R21 ® ¢11]L ](m1,2,3,b)
» Subtraction term cancels in-between parts of factorized expression
» Obeys same evolution equations
» R is know at O(as)

» Produce a term-by-term-finite cross-section
Qtw3

~ 0D(q(x) — q(=)

similar for ®q9o
[Ro1 ® ®11]l7 (21, 20, 23,b) = i0,D(b) B (=21, b)(B(iwa, 23) — (=22, —23)) + O(a?),

Piw3 = Piws3
—

- R ® Prwe
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Generic distributions of twist-three
good- and bad- component of quark fields

X dz et _ T
i@ = [ e e b a0} ps),

oo 2m

T e {1,9%78,787°, 0%, a7}
T e {y,yty8 oot

Ty } indefinite-twist

twist-(1,1) using EOMs rewrite via

twist-(1,1), twist-(2,1), twist-(1,2)

These are mere structure functions
not preserved beyond tree-order, often used by experimentalists

Example of recent extraction from CLAS12 data [Courtoy, et al,2203.14975]

10
8 T-
6 &”(x) at 90% CL
IMRHHTT T
o i il | S .
: @

0.0 o4 02 03 0.4 05
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From generic to genuine TMDs via Equation of motion

d Diw3(w1, w2, 3,b)
Dgq(x,b 7( d mb—i—/dm (z—=x ’—”)
aa(@,b) = 2zpt \ ObH w2 [ 3) o — i0s
» Involves positive and negative x’s
Example
M
ol p) = F[7 € s fr(@, b) + IAeMb, M fi-(z,b) — ib* M f*(x,b)
an papu
—b°M* (g% TR ) €Ty st 7 (2, b)]
() b2M a1 1 01 _ g0
x fr for— gEDT fir — iT > zft= £ - + /1,
afp = A0 el off =107 +¢g “M + fir

U
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The evolution equation for generic distributions is not closed

EILE )l(f+>+l/@( 2P 2159)(44)

dp? z \ f- ) o —27s© 2P o I’
Pair of generic distributions mixing with genuine twist-3
eg {ft.gt} complicated expression

@
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The evolution equation for generic distributions is not closed ]

. d ) L(f) DN 2P 27s© [
" z \ /- z) DN\ —2ms0  2p o )
| |
Pair of generic distributions mixipg with genuine Pwjst-3
eg {ftg*} plicated expressi

| = 0 in the large-N. limit

In the large- N, limit, generic distribution satisfy closed evolution equation

Example

d Teus 2a,C b2 M?
#2WfT:( 2p1 (C)JrasCF)fT* F(ILT flT)
cusp I 1
vttt = (P () vacr) st
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The structure of TMDs at twist-three is totally clear ]

Main points
» 32 genuine TMDPDFs of twist-three

Evolution mixes T-odd and T-even functions, in a process-independent way

>
» Genuine TMD distributions are generalized functions
» Physical distribution requires extra subtraction

>

Evolution of generic TMD distributions is closed in the large-N, limit.
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