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Motivation

Track-based measurements offer:
® Superior angular resolution
® Pileup mitigation

® One problem: Track-based
calculations are not IR safe in
perturbation theory.

T

Track Functions
» IR divergences are absorbed into

universal non-perturbative functions.
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v Track functions introduced and studied at O(a,).
[H. Chang, M. Procura, J. Thaler, W. Waalewijn, 1303.6637, 1306.6630]
® But complicated:
observables. For all of these observables, the uncertainties for the track-based observables are significantly
smaller than those for the calorimeter-based observables, particularly for higher values of 8, where more
soft radiation is included within the jet. However, since no track-based calculations exist at the present

time, calorimeter-based measurements are still useful for precision QCD studies. [ALLAS Collaboration, 1312.09837]
the selection of charged particle jets. Note that track-based observables are IRC-unsafe. In general, »
nonperturbative track functions can be used to directly compare track-based measurements to analytical
calculations [[67-H69]; however, such an approach has not yet been developed for jet angularities. Two

techniques are used, described in the following subsections, to apply the nonperturbative corrections, —olaberation. 2107.11303]

only the charged constituents in anti-kt algorithm (“charged”). While observables computed
with both charged and neutral constituents can be described more easily from first-principle
calculations, the charged variants can be measured with a better resolution as a result of the
high efficiency and precision of the tracking detector. [CMS Collabaration, 2109.03340]

¥ This talk: Track function formalism beyond leading order.

» Energy correlators are much simpler to interface with
track functions. q higher order calculation

» Moments of track functions have simple evolution.
4+ New: Preliminary results for the nonlinear x-space evolution at @(asz).
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® Full nonlinear x-Space Evolution



Introduction to Track Functions
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TraCK FunCtions ]—;(X, /’t [H. Chang, M. Procura, J. Thaler, W. Waalewijn,

1303.6637, 1306.6630]
Definition

e The track function T}(x, ) describes

the total momentum fraction x of all
charged particles (tracks) in a jet

initiated by a hard parton 1i.
P =xpl'+ O(AQcp) -0 <x<1).

® This formalism applies to other
subsets of particles (positively-
charged, strange, etc).




Track Functions

Features - ;y; ¢537. 1306.6630]

® A generalization of the
fragmentation function (FF).

[H. Chang, M. Procura, J. Thaler, W. Waalewijn,

o

o

Independent of hard process.

Fundamentally non-perturbative,
with a calculable scale (u)

[T T T T T T T T T T T T

4.0F —— 100 - 1000 GeV
L ---- Pythia 1000 GeV
[ —— Pythia 100 GeV

---- Pythia 10 GeV

3.00
r — 100 - 10 GeV

208 fem
T(x,p)
1.0

0.0k

00

dependence.

Incorporating correlations
between final-state hadrons, like
multi-hadron FFs.

e

1
Sum rule: [ dx T(x,p) =1 . ¢———

0

-» © The probability of a parton to produce a
single-hadron state considered.

0 The momentum sum rule:

1
> [0 dz z Di_yzp) = 1.
h

® The (single-hadron) fragmentation function:




Incorporating Tracks

e For correlations of energy flow: k-point
correlation functions

[1303.6637]
® Fora 5—f3nct?on typ: observable e (E(71))E (i13) - - - E (7))
measured using partons:
do u using p ® An energy flow operator that measures

do
= Z [dHN#(S [e — é(pl.”)] energy flow on a restricted set R of final
e N states: SR e.g. charged hadrons

e Then, the k-point correlator is

7))
E (ER(T1)ER(Ty) - - Er(iiy))
- full functional » This can be related to the partonic-level
do y formofT correlation functions by a factorization formula:
== =y JdH —[de,T(x )8 [e - e(xp”)] En)En () .gR(ﬁk»
' = Y () T () (1) E () - 6, ()

'Ll 7/27 /Lk}

~+ contact terms
with dependence on higher moments of T




[Chen, Moult, Zhang, Zhu, 2004.11381]

I (DE;

Incorporating Tracks

[1303.6637]
e For a o-function type observable e
measured using partons:

do doy
== Y A= e - épl)|
de ;[ van,” [

® E.g., 2-point correlator (EEC)

dx LE;
= Z J—]é (cos;(— COS y;i ) do
dcosy Y Q> /

B — J T B

%)
_é only = TWE
= Mellin moments
full functional ds. moments of Ty EE;
v formof T (d ) - ZTi(])Ti(])J—za (cos;g—cos;gij> ds
cosy /4 o 0

Track EEC

- 3 o 165l
N

2
+) Tk(z)J%(s (cosy — 1) d
k

» Energy correlators: tracking easily included and can use

modern fixed-order techniques. ey S1UdlY OF RG equations for
. moments of track functions



Track Function Evolution

T (1) T,(2)
T,3) T(D) T 3) T,(1)
o= =P g _q._»

\*\ \\*
T(1) SST0)=1



Track Function Evolution O@IN=3  @Tx)
dln,u2 Ti( ZZ{H/dZ’“] 1_sz) 1—>{Zf}({zf}) q Tg(xz)

N {if} -m=1 - >

{H/dmm .. xmla(m_;zmxm)

~
~

Ao ‘Tq('x3)

(ial.‘f:gal/hl/_lsd )

® Nonlinear, involving contributions
from all branches of splittings.

e While for fragmentation functions:
Only one branch observed — Linearity

l—>h(Z’ lu) 2 j—h ® P/T(Za /’t)

® | O evolution:

G ) = 440 ) sz PO (@, 2)8(1 = 2~ 2)

{jk)
2 o T (%)
X deldxzn(xl,,u)Tk(xz,,u)é[x — X—2X%] . 1/6
Involving contributions from both Z
the branches of the splitting. * T(xl)




Track Function Evolution
In Mellin Space q N o1 N
1i0) =S 0| TL [ o] o(1= 3 o) Prsgi (s

1 =
L dx "  ——p  dlng? N {is} m=1 m=1
N 1 N
X [H / dz,, T; (xm)]5<x — Z zmxm>
m=1"0 m=1

® RG equations for T =

{Tin), -+, T, (T (n = k), -, T, (1) T, (D)}

® For fragmentation functions:

Matrix form:

>

d T
_ — =D ==Y D+ 1

» R: related to moments of timelike splitting functions.

I(n)=- 2 Tj(n) yjlr(n + 1)+terms of products of lower moments

® dinyu? ]

12



Track Function Evolution
In Mellin Space

i [de Florian, Vanni: arXiv:0310196]
e Taking the nth moment sets a cutoff at
the number of the branches observed, _€lated to

because 1
{ dx T(x) =1
0

—p ® The evolution equations for
< n-hadron FFs.

_ (1 ® For single-hadron FFs:
e The evolution for T(1): (1) > D,_,(1),
=N 71T d _
dln u? Il = ]Z I 7 (2) dT//lzDi—»h(l) == ;Djﬁ/q(l)yﬁ(z)

e The evolution for T;(2): e With di-hadron FFs,

T @ = > TG + YR, T (DT, (1)
J

il7i2

1
1@ ~ 3 |Dis@)+ D2

} +2 DD, (1,1)



A Surprising Symmetry:

® Energy conservation implies the evolution

is shift-symmetric:. x = x4+ a

For fragmentation functions:

d
Di—)/’l(z7 /’l) = Z Dj—>h ® Pji(Za M)
j

d1n u?

® Scale invariant D(y) - D(ay) .

:ﬂ T(x+a)= ), [(demdzmT[m(xm = a)) Py ({za)) & <1 - zm> 2 <x -2 xmzm>
X m

m

® This uniquely fixes the form of the evolution of the first three moments:

S
dln p?

1l

J0

A = [—74q(2) —794(2)] A,

_ [ 799(3) ~Yag(3)] [04(2)] 4 ’VQAQ
—Y99(3)  —Yaq(3)] [04(2)] _VqAQ

_ [—Yg9(4)  —Yag(4)] [74(3)] i
|—Y9¢(4)  —qa(4)] [04(3)]  [V54

oA oA
Yag Vag

A1

g
Yaq

shift-invariant objects:

A =Ty(1) — Ty(1)
0i(2) == T;(2) — T;(1)?
0i(3) :=T;(3) — 3T;(2)T;(1) + 2T;(1)*

3
09(2)] A ’YgA 3
+ A
oq(2) VqAB

n—1 . . . gy .
dz 7" Pi(z, a;) where Pji denotes the singlet timelike splitting function.

14



Methods of Calculation

e Two independent approaches to extracting the evolution at @(asz):

» Calculating two IR-safe observables modified to measure on tracks. When computed
on tracks, they have collinear divergences.

absorbed by the track functions

» Guideline: By computing the collinear divergences, we can extract the RG evolution
for track functions.

o (Projected) Energy Correlators & >» o0 Jet Functions
Ag ree [Ritzmann, Waalewijn,1407.3272]
- n-point correlators on tracks involves - Directly calculating track jet functions
moments up to T(n). J(s,x) .

int t K lat pole cancellation
- - —’ .
fi-point track correlator in collinear limit - Taking n-th moments to extract the

Evolution for T(n, u) evolution for T(n, ).

> The evolution for the lower moments . .
can be checked at wide-angle region. v' check on the track function formalism



Track Function Evolution at 6(a?)
In Mellin Space

= For the higher moments, there’re

Ay =T, (1) =T,

dA, three parts: a linear part fixed by
dln p2 - [qu(z) + ng(2)} Aq DGLAP, corrections proportional to
do, (2) powers of A, and nonlinear terms that

Og 1 1 2 2 :
i = —’Yég) )+ Z{ ’7,§g) )(0g:(2) + 04, (2) +AZ + A2) are not proportional to powers of A.

12413 52 1528 16
T [( _ o2 2)0 iy T]A.A-. ,
TP\ 350 T 25" )OAT a5 OF T g F|Rata

do
) — D @0y(3) + S P (00 (3) + 00 (3) +300, DAy, + 300 (2)Ag + A+ A3)

%

+TF[(_@+§ )CA_%CF} a(2)(Ag, +Ag,)

45 3 250
5321 2 1523 12 ) )

e The evolution for A is fixed by DGLAP to all orders.

® For the second and the third moments, the evolution can be divided into two parts: a linear part fixed
by DGLAP, and corrections proportional to powers of A.

16



The Size of A in QCD

For the evolution of 6;(n) (i = q, g ; n = 2,3),

Rn) = effect of A-terms at NLO 0.6 _' 100Rg(2)| . R,3) _

effect of the DGLAP part at NNLO 05E o

D = 100R,(2) Ry(3) ..seesseenneess :

04 f_ .......... _f

e The effect of A on the evolution of 5: 0.3 g " E

the second central moment is much SEE: |

smaller than for the higher moments. 02F . =

e The A terms are effectively 0.1f It D L T £

suppressed by one order in the L L T TN
perturbative expansion. 10 20 50 107 10° 10

p [GeV]
=g NNLO

17



Non-Linearities
in the 4th and 5th Moments

QCD:
g
Notation: ag(n) = aq(n) ’Ay(n) _ 799(”) ’qu(”)
a¥(n) Ygq(1) Vgq(n)
d = A = 2 = — A — A - —
I 2 d(4) = —4(5)7(4) + Yoy0, [0(2) : O’T(Z)} + YosA0(3)A + 702A20(2)A2 + Apa A
linear term fixed ~ nonlinear terms not corrections proportional to powers of A
by DGLAP proportional to powers of A
d o . . .
27 ®) = 7HOTE) + Fosr [73) -7 (2)]



k(4) = 6(4) — 36%(2)

Non-Linearities K:cumulants ) _ 5(s) _ 10631002
in the 4th and 5th Moments dljug £(4) = 10 (5)K(4) + Yy K2(2)
Pure Yang-Mills theory: a
Tin 2 75) = 799 (6)8(5) + Vg, 1(3)5(2)
np linear term fixed nonlinear term
(BT SN 00 PSS 008 F < Ty s
0.10!1/'4///%%‘,% ol \\\E\Fi\\\\\\ lj{///% :
0.05 b W= ;g:: _ T 2 ]
ee———1 _ AN\
-_\<L\\,"\§ ] 0 —‘\x\é \\l_
ool \‘\i\\\\\\\\\f\\»\\\,‘ | o =2 \“\\‘\\\\\tﬁ

AR SN

—0.08

...........................................

0 0.05 0.10 0.15 0.20 0.25 —-0.04 -0.02 0 0.02 0.04
r(2)? k(3)k(2)
(a) " (b)

—0.15




Non-Linearities

in the 4th and 5th Moments
Pure Yang-Mills theory:

0.15
0.10
0.05

—0.05F
—0.10f
—0.15F

Wz
i

0F

o= |
m—

e ]
4;.—4-———_

, —— ]
===

0 005 0.10 0.15 0.20 0.25
K(2)*
(a)

® Arrows denote the direction of the
derivatives with respect to In .
® A single fixed-point in the evolution at the

origin, corresponding to the trivial fixed
point where all cumulants vanish.

i
0.04}*‘\\‘\\\\\ /7: 3
s/ \N\\N\\S
I NN

1 @ k(5) > —«(5),
1 k(3) > — k(3) symmetry



Predictions for Track EECs

&(ny)



Track EEC for ¢"¢~ annihilation

e First NLO (@(aSZ)) calculations for ® Track function formalism can be

) applied to other subsets of hadrons
track-based observables specified by their quantum numbers.

e Results are available in completely 025 ‘ ‘ ‘
analytical form. — NLO, Positively Charged
030 T T . . 020! — NLO, Charged
_ = LO ENLO - Pythia _ — NLO, Partonic
0.25¢ H st 11 & Pythia, Positively Charged
(@) 020 &) ' Pythia, Charged
o. [ = :
E = 0.10 : Pythia, All
o2 0.15¢ ! Q =250 GeV
&
&
= 0.10¢ 0.05
0.05 C
0.00.
-1.0 . .
0.00":: ' ' ! : cosy

-1.0 -0.5 0.0 0.5 1.0
cosy
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3-point energy
correlator

Jet Substructure

In the collinear limit:
_)

e The energy correlator is a jet observable: 2(x;) = T® H.
2-point energy

o Jet functionszfor projected energy correlators on tracks, correlator T(1E;
Jtr<ln 19 ,a (,u)): Moments T;(n, u) appear as the coefficients.
u (E
® The jet function constants (the jet functions with the logarithmic l)( 50

dependence excluded): e.g. for track EECs, up to @(asz)

jg:lr,(2)+a,{T(1)T(1)CA< ) ZT(I) (I)TF< l)}
48 s 150

v lrorad e 527C3+133639871 2159n2+19n4 e ZT(I)T(I)
a. . . — — n _ cee
s e s A 10 3240000 1800 90 A0 a

® Matches the state-of-the-art calculation for jet substructure, but now on tracks!
[Kardos, Larkoski, Trocsanyi, 2002.05730]
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Full Non-Linear
x-Space Evolution

300 — 4=10 GeV, T=T,= 12x*(1-x),-"~+_
25 — p=100 GeV, T, ‘
— p=100 GeV, T,

20
----- 1=1000 GeV, T,

----- y=1000 GeV, Tq 1

1.5}

1.0}

0.0 02 04 0.6 08 1.0
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In DR: T = rbare

Track Jet Functions
LO track jet function:

To calculate directly... JO = 5(5)T©

The definition for track jet functions is that

Jabare(8, ) Zz/dqﬁva oty (L2r ) (s517}) /ldelT(o (%1 (x—Z:CZZZ>

N {ay}

E.g., the quark case:

| RR / ¢
e s o)

Ly > 4{?} A 2% - }’%

[S. Catani, M. Grazzini: arXiv:hep-ph/9908523]

[G. Sborlini, D. Florian, G. Rodrigo: arXiv:1310.6841] 25



Calculation of Track Jet Functions

After integration over angular variables,
1

Ja(S’ X) 2 deldXde3j ledZ2dZ35(1 — T Z3)Pa—>alaza3(zl’ 22 Z3)
0 have not been expanded in e

X T(O)(X )T(O)(xz)T(O)(x3)5(x — )X — LX) — 23%3)

o Forz;, <z <z (if,i, i3 = 1,2,3), do the coordinate transformation
2t z 1

1+z+zt’ %z 1+z+zt’ BTl bz oat
[Sector decomposition (Heinrich, arXiv:0803.4177)]

e Forl — n+ 1 splitting P, _,,, (24, 2, ***, Z,,41) » We can set
<, i,

and tl —)_,t2_>_, “',tn_:’
<, <y Ve

Ziq

Zi1<Zi2< <Z <ZzZ

Int+1

to divide the integration region and then separate the singularities.

» For1 — 2 splittings, z; — 172 %= T p forz; <z .

26
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Evolution for Track Functions
NLO in /V 4 SYM a: t’ Hooft coupling constant

l—>1
1 z
m T(z) = {25_C3T3:)+/ dw1/ d:cg/ dz T(z1)T (z2) & (w—x11+z—x21+z)

XE{§W2 H +32ln2(2—|—1) 161n(z)1n(z+1)}5 K(” @

..............................................................

R R
2[In(1+t2) —In(1 + 2z +tz)]  10[In(1 + z + t2) — In(1 + 2)]

(1+8)(1+2)(1 +t2) tz ;
P Tln(l+4tz) In(l+¢)-Int In(l+z)+n(1+8) W(l+2): K (20)
tz (1+)(1 +t2) (14+)(1+2) (1+t)z! )

Q420 +t2) | A+1)z(1+2)

zIn(1 + 2) n In(1 +tz2) }}



Solving RGEs

Numerically, at LO

e A toy model: at u = 10 GeV,
T(x) = 12x2(1 -x)(I=4q,8)
of which the first moment is
0.6 ~ that in real world QCD.

® Suppose that the track
function at any scale, T(x, u;),

can be well described by a
polynomial of some degree.

T(x, ,uj) can be restored from a
finite number of its moments.

300 — §=10 GeV, T(=T,= 12x*(1-x),-*~«
25 — u=100 GeV, T, '

— u=100 GeV, T,

----- ﬂ=1000 GeV, Tg
b oeee 1=1000 GeV, T, /4

0.0 02 0.4 0.6 08 1.0
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Summary & Outlook

® Track functions offer a QFT approach to calculating track-based observables:

® Track function formalism studied beyond leading order:
O Evolution for moments of track functions at @(asz).

© Numerical studies on the A-terms and the RG flows.

o Energy correlators interface in a simple manner with tracking information through
the moments, allowing for high order calculations.

e Preliminary results for the nonlinear x-space evolution at @(asz)

o Evolution for any moment of the track function is provided.

® This formalism allows |IR-safe observables to be computed on any subset of final-
state hadrons specified by some particular quantum numbers.

29
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A Surprising Symmetry:

n

® x — x+ aleadsto 7j(n) — Z <k,)(—a)”’“Tj(k) in Mellin space, e.g.,
T,(1) > T(01) —a,
T,(2) » T3(2) - 2aT3(1) + o? |
T(3) > Ty(3) — 3aT3(2) + 3a°T;(1) — o

The shift symmetry requires that the evolution for moments of track function should

still hold after the above transformation, which constrains the form of the evolution up
to all loop orders: e.g.,

Tz TV = [Ty(Da] + 2 [T (1)l |

dhcli,u2 [Tg(2)_2aT9(1) - az] =by [Tg(2)_2aTg(1) - 02] + by [Tq(2)—2aTq(1) — a2]
+ [Tg(l)—a]2 + Y2 [Tg(l)—a] [Tq(l)_a] + y3 [Tq(l)—a]2

32



A Surprlsmg Symmetry

® X —> X + aleads to Tj( Z < ) )" *T;(k) in Mellin space, e.g.,
Ti(1) = T3(1) —a,
Tj(2) - T5(2) - 2aTj<1> +a?
T5(3) = T;(3) — 3aT}(2) + 3a*T(1) - a®
® The shift symmetry requires that the evolution for moments of track function should

still hold after the above transformation, which constrains the form of the evolution up
to all loop orders: e.g.,

=0,
9 ] C1 + €2

o2 19(2) =01 T6(2) + 02T4(2) + i T (NTy(1) + 12Ty (1) Tg(1) + ysTe(1)Te(1)

+a[(=2b1 — 2y1 — y2 + 2¢1)Ty(1) + (—2b2 — y2 — 2y3 + 2¢2) T4 (1)]
+a®(b1 + b2 + y1 + Y2 + y3) =0

33



A Surprising Symmetry:

® X > x+ aleadsto Tj(n)—>z<k

() - (1) —a,
Tj(2) = Tj(2) — 2aT(1) + a2 ,
T;(3) — T5(3) — 3aT}(2) + 3a°T;(1) — @®

)(—a)”’“Tj(k) in Mellin space, e.g.,

® The shift symmetry requires that the evolution for moments of track function should
still hold after the above transformation, which constrains the form of the evolution up
to all loop orders: e.g.,

9 This implies there is redundancy for these evolution kernels.

® \We can use shift invariant objects to reorganize the form of the evolution to avoid this
redundancy. (See Page 14.)

Up to this stage we haven’t used the Feynman diagram approach.
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Track EECs

» The expression for track EEC has the form:

1 — cos ;i
< > ZT (1, )T (1, p {Zéa@”/ o 5( 23>da}
partonic,subtracted

(o]

+ Z Tc(27 :U’) {Z 5ck

2N T, w)To(1, ) ab+ZTc(2,u) =
a,b c

’ }
partonic,subtracted

35



Track EECs

» The expression for track EEC has the form:

Ta ()
f2 Ty(2)
f 1 2 N 1 X T, (2)
dx) d= 1+a L+1a2 Ry Rg)R ~ oy + O(a?) o
dz /. dz ° e 2 °° € €2 5 7

~”

T2,bare
where Fgl has a similar pole structure to the partonic collinear FF.
dx dz et

dz dz 2
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x-Space Evolution

The evolution up to NLO has the form:

d
WTZ(QZ) =ag Z /dxld:cgdzldngi(Ezjk(zl, 22)Tj(x1)Ti(22)0(1 — 21 — 22)0(x — 121 — X222)

tree-level
1—2 splittings

2
+ag

Z /dxldxzdzldngi(izjk(zl, Zz)Tj(xl)Tk(iEg)(S(l — 21 — 22)5(.’2 — T1R1 — .272272)

one-loop
1—2 splittings

+ ) / dz1dzadesderdzadzs Ky, (21, 22, 23) T (21) T (2) T (23)

tree-level
1—3 splittings

X 0(1l — 21 — 290 — 23)0(x — X121 — T229 — T323)

where i, j, k, m, n denote parton species (e.g., ¢, 8) and a, = a,(u)/(4r) .
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x-Space Evolution

For brevity,
d 0
dTluzTi(x) :asKi(—ij ® T T ()
+ a2 | K, @ TTi(@) + K( @ Ty T ()
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Track Jet Functions

E.g., The form of the quark jet function on tracks: 6(s)-terms: _7: finite matching coefficients

Jira(s, 1) =8() Ty, 1) + s 6(5) | TD Ty, 1) + T8y © TyTy(a, )]

+ az 5(8) |:t-7q—>q ( ) + Jq—)qg ® Tng(w,,u) + Jq(zzqgg ® TngTg(x“u,) +]

1
Tra(s,1) =0O)TE@) + 0x8(6) { LKy ® TOTO + TOTO + 7, £ TOTO |

+ a2é(s) jq@qTq(O) +78 2) e ® T(O)T(O) + jq ® T(O) (O)T(O) + j(2) _® Tq(O)Tq(O)Tq(O) + 2‘7(2) ®T(O)T(0)T(0)

q—qQQ

LO evolution kernel
{ —q99

1 (0)7(0) 1 0) (0
+ (—_) {Kggqgg STOTOLY + Ky o TOTOTY + 3 KO o TOTOTO + K, & TOT, >}
RHS of the evolution for T (x) at NLO Wlth T in place of T(x, y)

1
! (1) g(0) (0)7(0) (1) 0) ( g (0) (0)7(0)
+( 6) {j KO, @ TOTO (z) + 7 [T (K ® T )

a—q" " q—q9 —>qg g 9—4q9
0 L | 0
#10 (K O TOT 4 3 g 010 4 pes e ® [10 (KOs,  TOT2)])

) oS
39 + ¢ Kq,—ru ® T.: )—[; >




