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Energy Flow Polynomials

@ Energy Flow Polynomials (EFPs): Discrete linear basis for all infrared- and
collinear-safe observables
Komiske, Metodiev, Thaler '17, ’19

© Can be represented in graph form:
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© How this works:
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Sum over particles in the jet Angular distance between

particles j and k



Energy Flow Polynomials

M
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@ One more: = E 21 Zin Zig Zig 0i1in0inis 0;
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© Degree: how many lines in the EFP

1 2 3 4 S
@ Chromatic number: how many particles needed to have non-vanishing EFP
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Energy Flow Polynomials

All prime (connected) EFPs up to degree 5

| Degree | Connected Multigraphs |
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The power of Power Counting

@ Parametric power counting of the dynamics of QCD can be used to design
substructure observables

© E.g.: QCD/Boosted-object jet discrimination Larkoski, Moult, Neill ‘14
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@ We will use one-prong power counting - not to design observables - but to better
understand relations between observables



This talk

@ Power counting provides relations that greatly reduce the number of independent
EFPs at a given level of accuracy

@ Using the smaller EFP basis does not affect tagging performance

Degree 01112 4 5! 6
All EFPs by degr.ee 1|3 23 | 66 | 212
cumulative 215|113 |36 | 102 | 314
, by degreee 12,4 |7 | 12 | 22
b
SO basis cumulative 2[4 8 [15] 26 | 49
5 collinear bas; by degree 1124 | 8| 16 | 36
- i
ORI PR T cumulative 2[4 8|16 32 | 68




Power Counting
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Strongly ordered

@ We start our investigation by applying a very restrictive power counting:
strong energy and angular ordering
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Strongly ordered

© Use this power counting to perform expansion

Full expression: ="
M

0@ = E , 2iZjti; —— Sum over all particles
i,j=1

Strongly ordered (SO) expansion:

50 1 Zo 22 1
o—@® = Q@ + O—@ +(9(z393)

S:O 222(92 + 0(2393)

N\

Angle between dominant emission and hard prong
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Strongly ordered

S:O 22’2(92 -+ 0(23(93)

© Let’s have a look at a more complicated EFP: 4-dots

30 1 29 1 29 29 1 29 1
*—0—0—0 = 06—0—0—0 + O—@—0—0 + O(22230503)

SO 2
— 222

03 + O(20250503)
@ In the SO limit we can write 4-dots in terms of the dumbbell EFP

O—0—0—0 = - 0—0 0-2-0 | O(2,230205)

1
2
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Strongly ordered

. . : : 1
© How does this relation hold in Pythia? *—O——0 L - 0—@ 0-2-0
2
Correlation # jets Correlation ratio
T I| T III| T III| T III| T III| T |||| T |||| T |||| T |||| T |||| I'L 500 |||| T |||| T |||| T |||| T |||| T |||| T |||| T |||| T |||| T |||| T
10-2 '_ Pythia 8.226, /s = 14 TeV, Hadronization=on _‘ 1.5 | Pythia 8.226, /s = 14 TeV, Hadronization=on —
= ot € [500,550]GeV, [yt < 1.7, anti-k, with R = 0.4." ] L4 C P € [500,550]GeV, [y < 1.7, anti-k, with R = 0.4 E
10_3:_8 le size = 10° jet E N * E
E  Sample size = jets . ] C ]
10-4 L ) 400 13 F o—eo—o—o0 2 % I >
- E C é .
o B o 1.2 & .
S 107°L _ S - .
= g ; . 11E = 0.65, 0 = 0.10 =
2 -0 | 1 o z : .
= 107° & = 300 = I E
2 o7l a3
E E =
O 1078 L = 3
e - ; 200 .
107 =
—10] |
1077 o—o—o—o0 2 % I! E
o1 L ® h 100
;Iolll Il III| Il III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 I: III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 III| 1 III| L1
10711071072 107 1077 107% 107°107* 107 1072 1071 107°107° 1078 1077 107¢ 107°107* 1073 1072
Full EFP 1 Full EFP

@ Correlation is clearly present but expression is off by an overall factor:
u=0.65, o0=0.1

13 Cal, Thaler, Waalewijn 22 (to appear)



1-collinear

© Let’s perform a better expansion: the 1-collinear expansion

@ What do we know in the 1-collinear approximation?

> There is one hard prong

B All are emissions are collinear-soft: z; < 1 0, <1

P> We assume no strong ordering

14



1-collinear

© Use this power counting to perform expansion jﬁ

Full expression:

M
@@ = § :Zizjez'j —> Sum over all particles
t,j=1

1-collinear expansion: maximize the number of times the hard prong is assigned

1 23 23 1

o—o = o—o0 + o—e +0(z?)

M
9 Z 2:0; + O(2%)
1=2

l 0; = Angle between particle i

Sum over collinear-soft particles and hard prong

15



1-collinear

© Use this power counting to perform expansion g f
02 (93 HM 21 = 1— izi

1=2

Full expression:

M
— E 2i2520i 50510k

t,J,k=1

1-collinear expansion:

1 2 2
A : A+A+A +O(=)
Z <] <j 1 1 <j

J

M
1:C 3 Z zizjﬁz-@jﬁij -+ 0(23)

1,]=2
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1-collinear

M M
@ So far, at 1c: O O 1:C 22%9@ A 1:C 3 Z ZiZjeiej(gij
1=2

1,]=2

@ What happens to 4-dots now?

1o 1 24 1 < 23 1 2 1
® © o o= e O e O+ 0 e O e

1 2i 7 1

+0(2°)

new <«— -+

M
Lc 2i%; (2(97;2(9]' + 0;0;0;;) ‘|‘O(23)

R T

0 A
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1-collinear

© At 1-collinear accuracy we obtain the relation:
new compared to SO

A
' N\

1 1
—0—0—0 — ; 6—0 0-2-0 i +0(2°)

Correlation # jets Correlation ratio # jets

_III| IIII| T III| T III| IIII| IIII| IIII| T III| T III| IIII| 1 I”l T II.Il T I”l T I”l II”l T I”l T II'Il I.”Il T I”l rrm rT 500
0= - Pythia 8.226, \/s = 14 TeV, Hadronization—on . 500 1.5 - Pythia 8.226, /s = 14 TeV, Hadronization=on e
- P € [500,550]GeV, || < 1.7, anti-k, with R = 0.4 : 14 b °t ¢ [500, 550]GeV, [/ < 1.7, anti-k, with R = 0.4 E
107 ¢ Sample size = 10° jet E : :
- ample size = Jets 3 1.3 & E

104 L B 400 s - 400
= ; ] o) 12F0 E
2 10701 i 2 i 1
= i ] Sle 11 E E

g 107 L . 300 BlE L : 300
8 - E SIM 1.E -
& -7 [ | Outf+]= & :5 - ]
2 07 E < |~ 09 =
Q _8 | ] N C ]

(Ci 10 = 3 200 <~ 0.8 pu=1,0=99x10"° - 200
107 & E 0.7 -
10-10 L _ - =

! - o—o—o—oTiC%I!Jr%Af 100 O'6: T2011!+1 ] 100
- - C e e o o= - = ;
1071 ¢ - 0.5 [ 248 3 A 3
_Illl IIII| 1 III| 1 III| IIII| IIII| IIII| 1 III| 1 III| IIII| L1 |||| 1 |||| 1 |||| 1 |||| ||||| 1 |||| 1 |||| 1 |||| 1 |||| 1 |||| 11

1071071107 107® 1077 107% 107°107* 1073 1072 1071107107 107® 1077 107% 107°107* 107 1072
Full EFP 1 Full EFP 1

1 =1.0000, 0 =1x10"°

18 Cal, Thaler, Waalewijn 22 (to appear)



1-collinear

© Another 1-collinear example:

1 2¢ Approximation

1072

1073
10~
107°
1076
1077
1078
1077

10—10

1071

| =

:

Correlation

1
*—O@ ©-3-0 |-

Pythia 8.226, v/s = 14 TeV, Hadronization=on
v e [500,550]CGeV, |y7t| < 1.7, anti-k, with R = 0.4

Sample size = 10° jets

w199 1
i

)

10711071910 1078 1077 107% 107°107* 1072 1072
Full EFP

1.1,

7

o= 0.037

# jets
250

200

150

100

50

T 2¢ Approximation

Full EFP

1.5
1.4
1.3
1.2

1.1

0.9
0.8
0.7
0.6

0.5

new compared to SO

_ A"

' N\

2

Correlation ratio

+ O(z°)

— Pythia 8.226, \/s = 14 TeV, Hadronization=on
E I € [500,550]GeV, || < 1.7, anti-k; with R = 0.4

p=11,0=37x10"2

o—o—< TiciI{jL%b.—o

10711071107 1078 1077 107 107°107* 1073 1072
Full EFP

Cal, Thaler, Waalewijn '22 (to appear)
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@ An even better expansion: 2-collinear expansion

@ 2-collinear approximation: 2 collinear particles, the remaining are collinear-soft

2-collinear regime

© Note: the general solution must combine the individual 1- and 2-collinear
solutions (see how later). We call this the up-to-2-collinear solution ( 12c )

20



@ 1-collinear solution:

© In the 2-collinear regime: f f
<< ' M

:I::zzc :I: +:I: Lo

l—x o 1—=x r 1l—x

1y
DO | —
Y

_|_

Q

N

N

w

N—"

2 223(1 — 2)%60° + O(2)
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@ The dumbbell EFP expansion in the 2-collinear approximation

e T 1—=a l—z =
o—e = &—0 |+ o—0 +0(2) = 2z(1-2)0 +O(2)

allows us to write:

o—@ (0-2-0)° + O(2)

&
N

@ We obtain the up-to-2-collinear solution ( T2c¢ ) by taking the intersection
(including degeneracies) of the 1- and 2-collinear solutions

| T2 b_‘ _|_i ®@ O (0—2—0)2 + subleading

WV

r DNO| —

lc: O(2%) lc: O(z%)
2¢: O(z) 2¢: O(1) 22



Out[#]=

lc Approximation

| 12 % b_‘ 4_% —@ (0-2-@)° + subleading

1073

1-collinear

~ Pythia 8.226, v/s = 14 TeV, Hadronization=on
I € [500, 550]CeV, |3t < 1.7, anti-k, with R = 0.4

1-collinear

=084, 0 =017

a

IIs
N | =
IN

1072107 107°107° 1078 1077 107% 107°10* 1073
Full EFP

t=0.84,0 =0.17

# jets

100

Up-to-2-collinear

_|||| ||||| ||||| ||||| ||||| ||||| ||||| ||||| ||||| |||||
10-3 " Pythia 8.226, v/s = 14 TeV, Hadronization=on
- pf € [500,550/GeV, [ < 1.7, anti-k; with R = 0.4
107
107°
o t  Up to 2-collinear
2 107 L 4 =0.99, o = 0.03
< C
E -
g 1077
g 107
— -
oul = & 1078 L
< -
2 -9
Al 10 =
10—10 __
1071 L 2
C 12¢ 1 1 ?
C = - 2 += 2
10—12 | 2 4 ‘
:Illl IIII| IIII| IIII| IIII| IIII| IIII| IIII| IIII| IIII|

1072107 107910 1078 1077 107% 107°10~* 1073

Full EFP

1 =0.99,0 = 0.03

# jets
100
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@ What about a 3-color EFP? Same reasoning

c 1 1 :
4:: T2 5 b—o +6 o—2—-@ A + subleading

Out[#]

lc Approximation

1073
107*
107°
107¢
1077
1078

107°

10—10 I
10—11 i

10—12 I

1-collinear

~ Pythia 8.226, v/s = 14 TeV, Hadronization=on
= PR e [500,550]GeV, |y < 1.7, anti-k; with R = 0.4

1-collinear

1 =0.924, 0 = 0.06

N =

<L

1072107 1071°10° 1078 1077 107% 107°107* 1073

Full EFP

1 =0.92,0 = 0.06

# jets

100

24
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1 2¢ Approximation

1073

1074

107°
- Up to 2-collinear

1076

1077
1078
107°
107

10—11

10-12

Up-to-2-collinear

~ Pythia 8.226, v/s = 14 TeV, Hadronization=on
- prt € [500,550/GeV, 7| < 1.7, anti-k; with R = 0.4

pw=0.992 0 =0.01

N =
[

<Pl A

1072107 1071°10™® 1078 1077 107% 107°10~* 1073

Full EFP

1 =0.99,0 = 0.01

# jets
100
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The collinear basis

© We can use this relations to create a basis of linearly independent EFPs at a
given accuracy

© We do so by looking at all possible terms that can appear at leading power

Degree 1 Degree 2 Degree 3
M M M M

Expression Z zzé’z Z ZZH,LQ Z 21(9? Z Ri%j 92(9] Hz'j

=2 i=2 =2 iyj=2

1 1 1 1

EFP term —@® 0 — @=2=@ — @=3-@ —

2 2 2 3

M
® What about terms like »  zizj0ij 2 ——> There is no EFP for which it

6,J=2 IS leading power

M M
1=2

i, j=2
25
LP NLP



The collinear basis

© We can proceed with this exercise to arbitrarily high degree

Degree 1 Degree 2 Degree 3
M M M M
Expression Z 20, Z 207 Z 207 Z 2i%j0;0;0;;
=2 i=2 =2 i,j=2
1 1 1 1
EFP term -0 O — @=2-@ —~ @=3-@ 5
2 2 2 3
Degree 4
M M M
Expression Zzié’f Z Zizﬂf 00, Z 2i2j0;0; 9z'2j
=2 i,j=2 i,j=2
1 1
EFP term — @=41-@ . -
2 2 9

26




The collinear basis

© We dub this the 2-collinear basis

Degree 1 | Degree 2 Degree 3

Degree 4
o—eo | o-2-0 | O-3-0 A o-i-@ I>.—o {'S
2

Degree 5

e [\ oo Ly Do e

Degree 6

"“EAZ\-‘.J--»D" I>""

......................................................................................

......................................................................................

© The 1- and 2-collinear basis are identical apart from two EFPs at degree 6

© With these elements we can describe any EFP at up-to-2-collinear accuracy

27



The collinear basis

© All prime EFPs up to degree 6

‘ FTTT ‘ TTTT ‘ TTTT ‘ TTTT ‘ TTTT ‘ TTTT ‘ TTTT ‘ FTTT ‘ TTTT FTTT TTTT |
100 — Pythia 8.226, v/s = 14 TeV, Hadronization=on =
90 —pi* € [500,550]GeV, || < 1.7, anti-k, with R = 0.4 —
80 — =
E E |||| ||||| ||||| ||||| ||||| ||||| ||||| ||||| ||||| ||||| T
(U= - 1.5 | Pythia 8.226, v/s = 14 TeV, Hadronization=on -
= c - - _ ]
= 60 Prime EFPs with d <6 — L4 b P € 1500,550/CeV, [y < 1T, anti-k, with R = 0.4 .
O C - . :— _:
50 — 1 — » .
= w0k (eass = 1.231 M le i 13 E
] I 2 — C ]
: (rac)aso = 1.201 mTe 5| 12F E
30 — = C ]
JoS] C ]
20 g o 1.1 -
- M|y C ]
10 = % g 1 ;_ EEEEEEEEEEEEEEEEEEEEAEEEEEEEEEEEEE ;; an l/L
= - ]
0 <= 0.9 F =
j » .
~ | 08 [ p=11,0=37x10"
M - .
0.7 £ =
‘ T T T T T T T T T T T T ‘ T T ‘ T T T T T T r _
130 Pythia 8.226, /s = 14 TeV, Hadronization=on E 0.6 - o -
120 =pk* € [500, 550]GeV, |if*t| < 1.7, anti-k; with R = 0.4 = - ._._< NLL 3 I 3 % D._. ]
= 0.5 -
110 é III| IIII| IIII| IIII| IIII| IIII| IIII| IIII| IIII| IIII| L1
100 E 1071107°107° 107 107 10~° 107°10~* 1072 1072
90 Prime EFPs with d < 6 —
b= 30 N = Full EFP
= 3
8 20 <Ulc>d§6 = 0.225 . 1C j
& 60 <0T20>d§6 =0.194 . T 2¢ é
=

Cal, Thaler, Waalewijn '22 (to appear)



The collinear basis

@ For all EFPs, going from 1-collinear to up-to-2-collinear improves the correlation
between the full EFP and its approximation

101 I_gllll I ||||||||| I ||||||||| I ||||||||| I ||||||||| I ||||||||| I ||||||||| I ||||||||| I ||||||||| I ||||||||| TTTI I_IIQ
Pythia 8.226, /s = 14 TeV, Hadronization=on

P € 1500, 550]GeV, 7| < 1.7, anti-k, with R = 0.4 K Cal, Thaler, Waalewijn "22 (to appear)

All Prime EFPs with d < 6 . :1‘!{?

012¢

=

&
I |||||T|'| ||||||||T| ||||||||T| ||||||||T| ||||||||T| ||||||||T| [ TTT
ETTIT RERTTTT AR RTTIT MERTTT ARWETTI MRMATT MWL

10—4 T I IIIIII| I I I IIIIII| I I I IIIIII| I I I,I—
_ Pythia 8.226, /s = 14 TeV, Hadronization=on Re i
10-° it € [500,550]GeV, [y < 1.7, anti-k, with R = 0.4 -
/ =1
. 10° —d < 6 EFPs with 1c # 1 2c A —
10—6 = 0." o -
Enl L L1119 | IIIIIIII| | IIIIIIII| | IIIIIIII| | IIIIIIII| | IIIIIIII| | IIIIIIII| | IIIIIIII| | IIIIIIII| | IIIIIIE : “ _
107 10 100" 107 10® 107* 1073 1072 107! 10° 10° - lc T 2c ]
|MT20 - 1| 5 B 7
107" =
- s -
107 =
EI I I I | | | I I I I | | | | I I I I | | | | | IE
1072 1071 10°

29 =1



The SO basis

@ We can also obtain the SO basis by performing the strongly ordered expansion
on the 1-collinear basis

Degree 1 | Degree 2 Degree 3 Degree 4
o—o | 0-2-0 o—3-0 A o-1-@
2
Degree 5 Degree 6

Cal, Thaler, Waalewijn 22 (to appear)
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Bases vs. All EFPs

© The size of the bases is much smaller compared to all possible EFPs

Degree 0|12 4 5 6
All EFPs by degr.ee 111|3 23 | 66 | 212
cumulative || 1 | 2 | 5| 13 | 36 | 102 | 314

S0 basis by degreee || 1 |1 |2 | 4 | 7 | 12 | 22

i

cumulative || 1 |2 4| 8 | 15| 26 49

, , by degree |1 |12 | 4 | 8 | 16 | 36

2-collinear basis ,

cumulative || 1 |2 (4| 8 | 16 | 32 68

@ Let’s study the differences in quark/gluon tagging performance when using 3
different sets of inputs:

1) All EFPs
2) The SO basis

3) The 2-collinear basis

Cal, Thaler, Waalewijn 22 (to appear)
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Logistic regression

|||||||||||||||| |||||||||||||||||||||||||
Pythla 8226 \/_ 14 TeV, Hadronization=on

Pt e [500,550)CeV, || < 1.7, anti-k, with R = 0.4

—_

<
©

E—Max degree = 6

e 2
N o
I I

o TTTTTTTTTTrTTTTr T T T T TT TT T T T T T TTT T T T TT T TTT

—— All EFPs
—-—= SO basis

o 2
o o

—---- 2-collinear basis

Quark Jet Efficiency

o
.

------- 22-truncated basis

R
=N W

o

01 02 03 04 05 06 07 08 09 1.
Gluon Mistag Rate

e <
o o =

Quark Jet Efficiency
e L2 2 2 2
— D W ~ ot o
TTT TTTT TTTT TTT

=

— All EFPs

e
~
T

||||||||||||||||||||||||||||||||||||||||| ||||||||
Pythia 8.226, /s = 14 TeV, Hadronization=on

Pt e [500, 550)GeV, [ < 1.7, anti-k, with R = 0.4

Max degree:
— 1

0. 01 02 03 04 05 06 07 08 09 1.

Gluon Mistag Rate

© Area under the curve (AUC) - measure of classification performance

Max degree All EFPs SO 2-collinear
1 0.741 +£0.003 || 0.741 = 0.003 | 0.741 £+ 0.003
2 0.745 4+ 0.003 0.740 4+ 0.003 0.741 £ 0.003
3 0.761 £ 0.003 0.755 4+ 0.003 0.755 4+ 0.003
4 0.770 £+ 0.003 0.765 +0.003 | 0.766 & 0.003
5 0.784 4+ 0.003 0.781 £0.003 | 0.782 £ 0.003
§ 0.792 +0.003 || 0.789 4 0.003 | 0.789 4 0.003

Performance nearly identical!

Cal, Thaler, Waalewijn ’22 (to appear)32



Conclusions

@ We characterize EFPs using power counting, obtaining relations between them
that hold at a given accuracy for quark and gluon jets

® These relationships are validated by Pythia, finding excellent agreement

© We can use these relationships to substantially reduce the number of EFPs
without affecting tagging performance

© Future directions: B Power counting for 2 and 3 prong jets

> Analytic resummation of EFPs, looking for
patterns in factorization theorems

33
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1-collinear

e

[>»—e

S (0%, 4500, + O

1C 2 Z 212392(9 sz + 0( )
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Color reduction for 1-collinear

© 1-collinear basis can be “color reduced”, i.e. n-color graphs can be traded
for (n — 1) colored, for n > 3

1
1 1 24
c L &m0z 1 lc

Degree 1 | Degree 2 Degree 3 Degree 4
o—eo | o-2-0 | -3-0 o-i-@ 2
2
Degree 5
I ? I__I ) I ¢ I_ ? I I I
@o-5—-@ 3 2 2 2
3 ‘—‘ 2—‘
Degree 6

- 1L L3 L Ld L
L L] Ll oD .




z’-truncated basis

© Another way to define leading power: Lowest power of z across all EFPs

Degree EFP O(z) O(z?)
1 @ 2 " z6; —2zes Y zibi + > 22505
i i (2]
0=0 2" 262 —2zes Y207 + Y 220,
i i 2]
5 O e @@ S 262 ~2ze ) 207 + ) 2i2(20:0:5 + 0:9;)
. i 0]
© o0 o 0 4;zizj9i9j
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z’-truncated basis

Degree EFP O(z) O(z?)
030 23" 26 —2zes Y200 + Y 220,
i l 1,7
O ) G > 267 —2zes Y 207 + Y 22i(070:5 + 070, + 0,07)
@ v ]
3 <. > 263 —3zes Y207 +3) 22,070,
i i ]
0=2-® O 0 4Zzizj9§9j
i
© © o o 0 > 7iz(2070; + 0,0;0:;)

@]

© If we keep only O(z)terms, we end up with only Dumbbells in our basis

@ Let’s therefore find a basis that can recover all O(z?)
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z’-truncated basis

© We dub this the z2-truncated basis

Degree 2% monomial basis

1 o—@

- Al
- A LA
J AANAXAY U
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