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Motivation

b

n1 n2
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Scale hierarchy  in  induces large logarithms to be 
resummed, which is relevant in precision studies. 

Next-to-leading power (NLP) problems are complicated from several 
aspects, factorization, renormalization, solving RGEs and resummation. 
e.g., [Beneke, et al 17' - '22; Moult, et al '18-'20; Liu, et al '19 - '22; Wang, 19'; Julian's and Yao's 
talk and yesteday, and et al...] 

This work is to present the last piece for the . Specifically, we 
study the consistency after RG evolutions in the "plus-type" subtraction 
scheme.

M2
h ≫ m2

b H → γγ(gg)

H → γγ
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Factorization after renormalization
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We choose to evolve operators, such that  does not bother. 
Since operators in  are zero at LO, in RG-improved LO, their RG solutions 
are not exponentiated. 

H1
T2
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Resummation accuracy

Resummation of large logarithms can be achieved by solving RGEs order by order. 
Two kinds of RG-functions are commonly used:
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They usually appear as exponents in the exponential for Sudakov problems:

We find that for our case, it is systematic to do the counting in exponents, 
i.e., the two RG functions above.
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RG-improved LO ⇠ C0(⌫) exp [S0(�; ⌫, µ) + a0(�; ⌫, µ)]
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⇠ C(⌫) exp [S(�; ⌫, µ) + a(�; ⌫, µ)]
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Resummed T3
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Si
� = S(�cusp;µi, µh), ai� = a(�cusp;µi, µh)
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Liu, and Matthias '19;

Liu, Mecaj, Neubert and XW, '20
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NLL amplitude entirely comes from region I of , resumming . 
To achieve that, just expand the exponentials and the Meijer-G function. 
Without expansion, i.e., counting in the exponents, the corrections reaches 14%.
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Resummed T3
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Renormalization Group Equation (RGE): T2
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With diagonal one-loop kernel:

And mixing one-loop terms:

transverse vector Brodsky-Lepage kernel

Lange-Neubert kernel



• How to solve the two integro-differential equations in the presence of mixing 
terms systematically? 

• Is endpoint divergence subtracted properly after seperate scale evolutions? 
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Solutions to 
<latexit sha1_base64="ciUYWGFbdC0lTuPIqtFSqKkIL70=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQQcpMKeqy6MadFewDOkPJpJk2NMkMSUaoQxdu/BU3LhRx60e4829M21lo64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDX12/dEKhqJOz2Oic/RQNCQYqSN1LOLHkNiwAi86VXLD6ceT06gJ+dSzy45FWcGuEzcjJRAhkbP/vL6EU44ERozpFTXdWLtp0hqihmZFLxEkRjhERqQrqECcaL8dPbEBB4bpQ/DSJoSGs7U3xMp4kqNeWA6OdJDtehNxf+8bqLDCz+lIk40EXi+KEwY1BGcJgL7VBKs2dgQhCU1t0I8RBJhbXIrmBDcxZeXSatacc8qtdtaqX6ZxZEHRXAEysAF56AOrkEDNAEGj+AZvII368l6sd6tj3lrzspmDsEfWJ8/sWqW2w==</latexit>
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Gegenbauer polynomials with weight 3/2 are  
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Not true beyond one loop!
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See e.g., Mikhailov and Radyushkin, '84
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Solutions to                              cont.
<latexit sha1_base64="ciUYWGFbdC0lTuPIqtFSqKkIL70=">AAACBHicbVDLSgMxFM3UV62vUZfdBItQQcpMKeqy6MadFewDOkPJpJk2NMkMSUaoQxdu/BU3LhRx60e4829M21lo64ELh3Pu5d57gphRpR3n28qtrK6tb+Q3C1vbO7t79v5BS0WJxKSJIxbJToAUYVSQpqaakU4sCeIBI+1gdDX12/dEKhqJOz2Oic/RQNCQYqSN1LOLHkNiwAi86VXLD6ceT06gJ+dSzy45FWcGuEzcjJRAhkbP/vL6EU44ERozpFTXdWLtp0hqihmZFLxEkRjhERqQrqECcaL8dPbEBB4bpQ/DSJoSGs7U3xMp4kqNeWA6OdJDtehNxf+8bqLDCz+lIk40EXi+KEwY1BGcJgL7VBKs2dgQhCU1t0I8RBJhbXIrmBDcxZeXSatacc8qtdtaqX6ZxZEHRXAEysAF56AOrkEDNAEGj+AZvII368l6sd6tj3lrzspmDsEfWJ8/sWqW2w==</latexit>
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<latexit sha1_base64="z4zgrhO8p5QE9rKzAv1KeD8FMLY=">AAACBnicbVDLSgMxFM3UV62vUZciBIvQbuqMFHUjFN24rGAf0BmGTJppQ5PMkGSEUrpy46+4caGIW7/BnX9j2g6irQcunJxzL7n3hAmjSjvOl5VbWl5ZXcuvFzY2t7Z37N29popTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Hrit+6JVDQWd3qYEJ+jnqARxUgbKbAP5aWHWNJHgSp5PC2f/Lx4EJYDu+hUnCngInEzUgQZ6oH96XVjnHIiNGZIqY7rJNofIakpZmRc8FJFEoQHqEc6hgrEifJH0zPG8NgoXRjF0pTQcKr+nhghrtSQh6aTI91X895E/M/rpDq68EdUJKkmAs8+ilIGdQwnmcAulQRrNjQEYUnNrhD3kURYm+QKJgR3/uRF0jytuGeV6m21WLvK4siDA3AESsAF56AGbkAdNAAGD+AJvIBX69F6tt6s91lrzspm9sEfWB/f9RKYKg==</latexit>
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<latexit sha1_base64="+oEW0ISCa0JtX64oXgz64wm9RT8="></latexit>

m = 0 m = 10 m = 100 m = 1000
I 3.790� 1.946 i 2.389� 0.842 i 1.704� 0.482 i 1.275� 0.316 i
II 0.208� 0.078 i 2.041� 0.375 i 3.563� 0.322 i 4.904� 0.193 i
III �0.026 + 0.024 i �0.0182 + 0.0135 i 0.008� 0.005 i 0.029� 0.018 i

<latexit sha1_base64="R7qNIKkIVs2HtxjnZ33nVV+DANk=">AAACJXicbVDLSsNAFJ34tr6qLt0Ei6CgJSmiLhRENy4rWBWaEm4mt3VwJgkzN0IJ/Rk3/oobFxYRXPkrTh8LXwcGDuecy517okwKQ5734UxMTk3PzM7NlxYWl5ZXyqtr1ybNNccGT2WqbyMwKEWCDRIk8TbTCCqSeBPdnw/8mwfURqTJFXUzbCnoJKItOJCVwvJxEKMkCEjIGIugA0pBb1vtnOyNeFio3t5PNyxqNRvZVTthueJVvSHcv8Qfkwobox6W+0Gc8lxhQlyCMU3fy6hVgCbBJfZKQW4wA34PHWxamoBC0yqGV/bcLavEbjvV9iXkDtXvEwUoY7oqskkFdGd+ewPxP6+ZU/uoVYgkywkTPlrUzqVLqTuozI2FRk6yawlwLexfXX4HGjjZYku2BP/3yX/Jda3qH1T3L/crp2fjOubYBttk28xnh+yUXbA6azDOHtkze2V958l5cd6c91F0whnPrLMfcD6/APsQpYY=</latexit>

��̃(m) = ��m � �̃22(m,m)

I
II

III

The diagonal two-loop moments are derived from [Hayashigaki, Kanazawa, and Koike, '97;  
König and Neubert, '15].
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At RG-improved LO, we need the LO hard function , expanded upon  
Gegenbauer polynomials, which are constants: . 

The endpoint divergence in the convolution manifests itself in the Gegenbauer 
space as the divergence in the summation:

H2
h2m = yb(μh)/ 2
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Endpoint divergence in                                 :  enhanced term as an example
<latexit sha1_base64="PVj1l6VoQogJrQUNaNSfKwypQY4=">AAACBnicbZDLSsNAFIYnXmu9RV2KMFgEVyUpRV0W3XRnBXuBJoTJdNIOnUzCzIlQSldufBU3LhRx6zO4822ctllo6w8DH/85hzPnD1PBNTjOt7Wyura+sVnYKm7v7O7t2weHLZ1kirImTUSiOiHRTHDJmsBBsE6qGIlDwdrh8GZabz8wpXki72GUMj8mfckjTgkYK7BP6kHFS4DHTHuCyL5g+NY4ao6BXXLKzkx4GdwcSihXI7C/vF5Cs5hJoIJo3XWdFPwxUcCpYJOil2mWEjokfdY1KInZ649nZ0zwmXF6OEqUeRLwzP09MSax1qM4NJ0xgYFerE3N/2rdDKIrf8xlmgGTdL4oygSGBE8zwT2uGAUxMkCo4uavmA6IIhRMckUTgrt48jK0KmX3oly9q5Zq13kcBXSMTtE5ctElqqE6aqAmougRPaNX9GY9WS/Wu/Uxb12x8pkj9EfW5w9Ivphg</latexit>

H2 ⌦ hO2i

Can this term be subtracted by the subtracted term  
after scale evolution with a different kernel?
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This subtracted operator is closely related to the radiative jet function by 
a re-factorization formula, which has been proved to all orders.  
The techniques to solve the jet function in [Liu, Neubert 2020'] can be applied hereby.

Endpoint divergence in                                    :  enhanced term as an example
<latexit sha1_base64="WYhBGX0YIV0gOo/LFDesNksYLTk=">AAACUHicbVHLSgMxFL1T3/VVdekmWAQ3lhnxtRTddGcFq8LMUDLpbRtMMkOSEcrQT3Tjzu9w40LR9CFo64GQw7n3cG9OkkxwY33/1SvNzS8sLi2vlFfX1jc2K1vbdybNNcMmS0WqHxJqUHCFTcutwIdMI5WJwPvk8WpYv39CbXiqbm0/w1jSruIdzqh1UqvSDaOeySjD4tCvnUg5CAmpt44Iiaf0OEotl2hm+yNBVVcguXa2SI/5jLtVqfo1fwQyS4IJqcIEjVblJWqnLJeoLBPUmDDwMxsXVFvOBA7KUW7QTXikXQwdVdTtFhejQAZk3ylt0km1O8qSkfrbUVBpTF8mrlNS2zPTtaH4Xy3Mbec8LrjKcouKjQd1ckFsSobpkjbXyKzoO0KZ5m5XwnpUU2bdH5RdCMH0k2fJ3VEtOK0d3xxXLy4ncSzDLuzBAQRwBhdQhwY0gcEzvMEHfHov3rv3VfLGrT837MAflMrfmQGybg==</latexit>

[[H2]]⌦ [[hO2i]]

<latexit sha1_base64="1hzyK0CvilyaKKNCkORjHgeZD3A="></latexit>

[[hO2(z, µh)i]] ◆
Nc↵b

2⇡
hO1(µh)i

4⇡

↵s(µh)

1

�0 � 2CF (@⌘ + 3)

�
ze

�2�E
�⌘ �(1� ⌘)

�(1 + ⌘)

����
⌘=0

In the sense of Taylor expansion

The convolution with LO hard function, which is , is divergent, since we take  
:

1/z
η → 0

<latexit sha1_base64="kIJInLLm9DhG79tCGntTW1o/INI="></latexit>Z 1

0
d z

�
z�1+⌘ + z̄�1+⌘

� ����
⌘=0
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Endpoint divergence in                                    :  enhanced term as an example
<latexit sha1_base64="WYhBGX0YIV0gOo/LFDesNksYLTk=">AAACUHicbVHLSgMxFL1T3/VVdekmWAQ3lhnxtRTddGcFq8LMUDLpbRtMMkOSEcrQT3Tjzu9w40LR9CFo64GQw7n3cG9OkkxwY33/1SvNzS8sLi2vlFfX1jc2K1vbdybNNcMmS0WqHxJqUHCFTcutwIdMI5WJwPvk8WpYv39CbXiqbm0/w1jSruIdzqh1UqvSDaOeySjD4tCvnUg5CAmpt44Iiaf0OEotl2hm+yNBVVcguXa2SI/5jLtVqfo1fwQyS4IJqcIEjVblJWqnLJeoLBPUmDDwMxsXVFvOBA7KUW7QTXikXQwdVdTtFhejQAZk3ylt0km1O8qSkfrbUVBpTF8mrlNS2zPTtaH4Xy3Mbec8LrjKcouKjQd1ckFsSobpkjbXyKzoO0KZ5m5XwnpUU2bdH5RdCMH0k2fJ3VEtOK0d3xxXLy4ncSzDLuzBAQRwBhdQhwY0gcEzvMEHfHov3rv3VfLGrT837MAflMrfmQGybg==</latexit>

[[H2]]⌦ [[hO2i]]

To compare with , we convert the ill-defined integration into 
a summation in by expansion upon Gegenbauer polynomials:

H2 ⊗ ⟨O2⟩

<latexit sha1_base64="JEuYoG23du+06e1pRfPwGHTlMQI="></latexit>

z�1+⌘ + z̄�1+⌘ '
1X

m=0

4(4m+ 3)�(1 + ⌘)�(2m+ 1� ⌘)

�(1� ⌘)�(2m+ 3 + ⌘)
C3/2

2m (2z � 1)

<latexit sha1_base64="xPyaTjDDpEvVMqX9Q8m0jHK984M="></latexit>

2[[H2]]⌦ [[hO2i]] ◆
Nc↵b

2⇡

yb(µh)
p
2

hO1(µh)i
4⇡

↵s(µh)

1

�0 � 2CF (@⌘ + 3)

1X

m=0

e�2�E⌘4(4m+ 3)�(2m+ 1� ⌘)

�(2m+ 3 + ⌘)

����
⌘=0

=
Nc↵b

2⇡

yb(µh)
p
2

hO1(µh)i
4⇡

↵s(µh)

1X

m=0

4(4m+ 3)

(2m+ 1)(2m+ 2)

1

�0 + 2CF (2H2m+1 � 3)


1 +O(m�2)

�

The summed term is the same as the divergent example in  up to . 
Hence, the answer is Yes. The subtraction scheme works as designed after 
non-trivial scale evolutions.

λ2m 1/m3 ln m
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A faster way out?

The subtraction scheme works at the renormalized scale . We can evolve  
          and              slice by slice in scale integration. Since the Lange-Neubert kernel  
captures the limiting behaviour of the Brodsky-Lepage kernel, no divergence develops.

μ
<latexit sha1_base64="WgpmtW80NDrAndbCJUnu1WWnHf4=">AAACIHicbVDLSgMxFM34tr5GXboJFsGNZUZ8rURw484Ktgozw5BJb9vQJDMkGaEM/RQ3/oobF4roTr/GtJ2Fth4IHM45l5t7kowzbTzvy5mZnZtfWFxarqysrq1vuJtbTZ3mikKDpjxV9wnRwJmEhmGGw32mgIiEw13Suxz6dw+gNEvlrelnEAnSkazNKDFWit3TIOzqjFAoDrzasRCDAIecyA4HfB0fhmpMcTSRimK36tW8EfA08UtSRSXqsfsZtlKaC5CGcqJ14HuZiQqiDKMcBpUw12A39EgHAkslEaCjYnTgAO9ZpYXbqbJPGjxSf08URGjdF4lNCmK6etIbiv95QW7aZ1HBZJYbkHS8qJ1zbFI8bAu3mAJqeN8SQhWzf8W0SxShxnZasSX4kydPk+ZhzT+pHd0cVS/OyzqW0A7aRfvIR6foAl2hOmogih7RM3pFb86T8+K8Ox/j6IxTzmyjP3C+fwCv26IO</latexit>

[[hO2i]]
<latexit sha1_base64="FkXtAztfpLkF2XqkIroOEzX71Rg=">AAAB/XicbZDLSsNAFIZP6q3WW7zs3AwWwVVJSlFXUnDjzgr2Ak0Ik+mkHTqZhJmJUEvxVdy4UMSt7+HOt3HaZqGtPwx8/Occzpk/TDlT2nG+rcLK6tr6RnGztLW9s7tn7x+0VJJJQpsk4YnshFhRzgRtaqY57aSS4jjktB0Or6f19gOViiXiXo9S6se4L1jECNbGCuwj5HEs+pyi26DqyTkGdtmpODOhZXBzKEOuRmB/eb2EZDEVmnCsVNd1Uu2PsdSMcDopeZmiKSZD3KddgwLHVPnj2fUTdGqcHooSaZ7QaOb+nhjjWKlRHJrOGOuBWqxNzf9q3UxHl/6YiTTTVJD5oijjSCdoGgXqMUmJ5iMDmEhmbkVkgCUm2gRWMiG4i19ehla14p5Xane1cv0qj6MIx3ACZ+DCBdThBhrQBAKP8Ayv8GY9WS/Wu/Uxby1Y+cwh/JH1+QMcA5Rc</latexit>

hO2i
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Slicing method for T2

<latexit sha1_base64="BAhnIEdf8QT5fowtELyCqNeZ/xg="></latexit>

hO2(z, µi+1)i = hO2(z, µi)i �
µi+1Z

µi

dµ

µ

�
�22(z, z

0)⌦ hO2(z
0
, µi) + �21(z)hO1(µ)i

�
,

[[hO2(z, µi+1)i]] = [[hO2(z, µi)i]]�
µi+1Z

µi

dµ

µ

�
[[�22(z, z

0)]]⌦1 [[hO2(z
0
, µi)]] + [[�21(z)]]hO1(µ)i

�
,

We start from the initial scale , where the two operators are zero at LO. 
Thus, the RG-improved LO result starts from mixings. 
The mixing term is trivially solved by plugging the expressions therein 
and do the subtraction:

μ0 = mb

<latexit sha1_base64="HFbTluHaX2Nos0i25wqG2s9DZ8E="></latexit>

Tmixing
2 =� 4

Z 1

0

d z

z

Z µh

mb

dµ

µ

h
H̄2(z, µh)�21(z)� [[H̄2(z, µh)]][[�21(z)]]

i
hO1(µ)i

=� yb(µh)p
2

Nc↵b

⇡
mb(µh)4⇣3

�0 + r�3CF /�0
�
3CF � �0 � 3CF r

�

3
�
3CF � �0

�
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Slicing method for T2

<latexit sha1_base64="BAhnIEdf8QT5fowtELyCqNeZ/xg="></latexit>

hO2(z, µi+1)i = hO2(z, µi)i �
µi+1Z

µi

dµ

µ

�
�22(z, z

0)⌦ hO2(z
0
, µi) + �21(z)hO1(µ)i

�
,

[[hO2(z, µi+1)i]] = [[hO2(z, µi)i]]�
µi+1Z

µi

dµ

µ

�
[[�22(z, z

0)]]⌦1 [[hO2(z
0
, µi)]] + [[�21(z)]]hO1(µ)i

�
,

The second line can also be solved iteratively. It is due to the fact that  
the functional dependence is always logarithmic.

<latexit sha1_base64="dHJfggKIUYDPExbtk1LEBC4OZVM="></latexit>

[[hO2(z, µi+1)i]] = [[hO2(z, µi)i]] +
1

2�0
ln

↵s(µi+1)

↵s(µi)
[[�(0)

22 (z, z0)]]⌦1 [[hO2(z
0
, µi)]]�mixing(z;µi, µi+1),

<latexit sha1_base64="icqkgebEdcOALsne58gn26ywj88="></latexit>

[[hO2(z, µh)i]] =
Nc↵b

⇡
mb(µh)

⇥
3.47� 1.62i� (0.31� 0.21i) ln z + (0.07� 0.04i) ln2 z + · · ·

⇤
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Slicing method for T2

<latexit sha1_base64="BAhnIEdf8QT5fowtELyCqNeZ/xg="></latexit>

hO2(z, µi+1)i = hO2(z, µi)i �
µi+1Z

µi

dµ

µ

�
�22(z, z

0)⌦ hO2(z
0
, µi) + �21(z)hO1(µ)i

�
,

[[hO2(z, µi+1)i]] = [[hO2(z, µi)i]]�
µi+1Z

µi

dµ

µ

�
[[�22(z, z

0)]]⌦1 [[hO2(z
0
, µi)]] + [[�21(z)]]hO1(µ)i

�
,

The situation is different for  during itetations, since the functional form 
is not uniform. 
 But the contribution from the Brodsky-Lepage kernel has to be convoluted with 
LO hard function , which is always zero by definition. 
In the second line, the convolution between LO hard function and the  plus 
distribution can be re-expressed as:

⟨O2⟩

∝ (z(1 − z))−1

<latexit sha1_base64="yKR+RxDeUBrumgDddeocpgjmzLc="></latexit>Z 1

0

d z

z
[[�non-local

22 (z, z0)]] = �↵sCF

⇡


✓(1� z0)

ln(1� z0)

z0
� ✓(z0 � 1)

ln(1� 1/z0)

z0

�
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Slicing method for T2

<latexit sha1_base64="BAhnIEdf8QT5fowtELyCqNeZ/xg="></latexit>

hO2(z, µi+1)i = hO2(z, µi)i �
µi+1Z

µi

dµ

µ

�
�22(z, z

0)⌦ hO2(z
0
, µi) + �21(z)hO1(µ)i

�
,

[[hO2(z, µi+1)i]] = [[hO2(z, µi)i]]�
µi+1Z

µi

dµ

µ

�
[[�22(z, z

0)]]⌦1 [[hO2(z
0
, µi)]] + [[�21(z)]]hO1(µ)i

�
,

Take a difference between the two lines, 
a "uniform" RGE follows: 

<latexit sha1_base64="FiiR/lYat5CL+NBeyszdcMxKXJQ="></latexit>

�hO2(z, µ)i = hO2(z, µ)ie↵ � [[hO2(z, µ)i]]

<latexit sha1_base64="0JkH8xJanmvzRKknmSuhgs7Bg7I="></latexit>

�hO2(z, µi+1)i = �hO2(z, µi)i �
µi+1Z

µi

dµ

µ

�
�21(z)� [[�21(z)]]

�
hO1(µ)i+ �

local
22 (z, z0)⌦�hO2(z

0
, µi)i

�↵s(µ)

⇡
CF ln(1� z)[[hO2(1/z, µi)i]]

�
.
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Slicing method for T2

<latexit sha1_base64="nsVT+xVU9HK14wYuX2w+RB7xVYw="></latexit>

�hO2(z, µh)i =
Nc↵b

⇡
mb(µh) ln(1� z)

h
� 0.315 + 0.276i+ (0.232� 0.075i) ln z

+(0.0750� 0.0467i) ln(1� z) + · · ·
i

real

imaginary

0.0 0.2 0.4 0.6 0.8 1.0
-6

-4

-2

0

2

4

6

8

z

�O
2�
ef
f
(�
�O

2�
�)

[m
b
(�
h)
N
c
� b

/�
]

<latexit sha1_base64="aqKSpAVGCJ4j/PlJh8Zlgj9QNlg="></latexit>

TRGi

2,LO =
yb(µh)p

2

Nc↵b

⇡
mb

�
1.67� 1.28 i

�
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Full results

<latexit sha1_base64="Rhc7SQwR6vtOlJNoaM8fdMSqpr8="></latexit>

MLO

RGi
= TLO

1,RGi
+ TLO

2,RGi
+ TLO

3,RGi

=
Nc↵b

⇡

yb(µh)p
2

mb (20.57� 22.70 i)

MLO =
Nc↵b

⇡

yb(µh)p
2

mb

�
14.38� 20.51 i

�
,

MNLO =
Nc↵b

⇡

yb(µh)p
2

mb

�
15.29� 18.80 i

�
,

It is not hard to including NLO results at the matching scales in the future to  
compare with NLO results. 

 is trivial, since it is just the running quark mass effect:T1
<latexit sha1_base64="8vfvFC7xX0Tf4qTs3ghpsNDtAwI="></latexit>

TRGi

1,LO =
Nc ↵b

⇡

yb(µh)p
2

mb (�1.40� 0.16 i)
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Summary

We count in the RG exponents and evaluate  in all regions to go beyond 
NLL resummation. 
We show that the subtraction scheme works well after evolving operators  
in  separatively. 
The RGE in  is non-trivial in the presence of operator mixing 
and moments mixing. 
We find that corrections beyond NLL are big.

T3

T2
T2

Thank you!
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Recollections from SCET 2020&2021: Factorization

H1 ·
h

h

h

H3 ·
hc

s

hc

S

J J

c h

c

H2(z)⊗
z

c c

+

+
=

<latexit sha1_base64="cspaxBc5vAN5kRlqXzfaOVgf0/g=">AAACA3icbVDLSsNAFJ34rPUVdaebYBFclaSIuiy6cSNUsA9oQriZTtqhM0mYmQglBNz4K25cKOLWn3Dn3zhps9DWAzMczrmXe+8JEkalsu1vY2l5ZXVtvbJR3dza3tk19/Y7Mk4FJm0cs1j0ApCE0Yi0FVWM9BJBgAeMdIPxdeF3H4iQNI7u1SQhHodhREOKQWnJNw9dDmqEgWW3uZ+5Q+AcZn/umzW7bk9hLRKnJDVUouWbX+4gxiknkcIMpOw7dqK8DISimJG86qaSJIDHMCR9TSPgRHrZ9IbcOtHKwApjoV+krKn6uyMDLuWEB7qy2FjOe4X4n9dPVXjpZTRKUkUiPBsUpsxSsVUEYg2oIFixiSaABdW7WngEArDSsVV1CM78yYuk06g75/XG3VmteVXGUUFH6BidIgddoCa6QS3URhg9omf0it6MJ+PFeDc+ZqVLRtlzgP7A+PwBzwKYRg==</latexit>

M��

<latexit sha1_base64="Oi8y06WTOkJQvsZUPEYZDyVRi6M=">AAACD3icbZDLSsNAFIYnXmu9RV26GSxK3ZSkiLoRim66s4K9QBvDZDpph04mYWYilJA3cOOruHGhiFu37nwbp2kWtfWHgZ/vnMOZ83sRo1JZ1o+xtLyyurZe2Chubm3v7Jp7+y0ZxgKTJg5ZKDoekoRRTpqKKkY6kSAo8Bhpe6ObSb39SISkIb9X44g4ARpw6lOMlEaueXJVdxM7fUjK1mnaY4gPGIG3M0hkyDVLVsXKBBeNnZsSyNVwze9eP8RxQLjCDEnZta1IOQkSimJG0mIvliRCeIQGpKstRwGRTpLdk8JjTfrQD4V+XMGMzk4kKJByHHi6M0BqKOdrE/hfrRsr/9JJKI9iRTieLvJjBlUIJ+HAPhUEKzbWBmFB9V8hHiKBsNIRFnUI9vzJi6ZVrdjnlerdWal2ncdRAIfgCJSBDS5ADdRBAzQBBk/gBbyBd+PZeDU+jM9p65KRzxyAPzK+fgEvZpuE</latexit>

= H(0)
1 hO(0)

1 i

<latexit sha1_base64="Qhol3imvPgV2c6yRp/GTDniai6c="></latexit>

= 2

1Z

0

dzH(0)
2 (z)hO(0)

2 (z)i

• Endpoint divergences occur when  and . 
• Some are regularized by DR, while others are rapidity divergences. 
• Rapidity divergences are cancelled additively, not like LP!

z → 0,1 ℓ± → ∞

[Becher, Neubert, '10]  
[Chiu, Jain, Neil, Rothstein, '11]

Cancellation of rapidity divergences indicates close 
relation between the two integrands in the endpoint region (next slide)

<latexit sha1_base64="MuyWzFaEuIQmnBuV7oRW/vcswOM="></latexit>✓
H

(0)
2 (z) =

H̄2(z)

z(1� z)

◆

[Liu, Neubert, 1912.08818]

•             means that one retains only the leading terms of the function  . 
• Cutoffs are emergent after adding back the subtraction and double counting is removed, which is . 
• Rapidity regulator is no longer needed due to plus-type subtraction, but cutoffs are non-trivial when renormalizing.

f(z)
ΔH(0)

1

<latexit sha1_base64="JLBP8JZDcy/6e9hvJG12MI09/TQ="></latexit>

= H3hO(0)
3 i = H(0)

3

1Z

0

d`+
`+

1Z

0

d`�
`�

J (0) (�Mh`+) J
(0) (Mh`�)S

(0) (`+`�)

<latexit sha1_base64="4+wgCrNmb5JpVfe2G1KoPvGwd/s=">AAACEXicbVC7TsMwFHXKq5RXgJHFokIqA1FS8RorWBiLRB9SGlWO67RWbSeyHaQS9RdY+BUWBhBiZWPjb3DbDNBypCsdnXOv7r0nTBhV2nW/rcLS8srqWnG9tLG5tb1j7+41VZxKTBo4ZrFsh0gRRgVpaKoZaSeSIB4y0gqH1xO/dU+korG406OEBBz1BY0oRtpIXbvidwYqQZhkJ65zxvnYjyoPxxAGc3LQtcuu404BF4mXkzLIUe/aX51ejFNOhMYMKeV7bqKDDElNMSPjUidVxGwYoj7xDRWIExVk04/G8MgoPRjF0pTQcKr+nsgQV2rEQ9PJkR6oeW8i/uf5qY4ug4yKJNVE4NmiKGVQx3ASD+xRSbBmI0MQltTcCvEASYS1CbFkQvDmX14kzarjnTvV29Ny7SqPowgOwCGoAA9cgBq4AXXQABg8gmfwCt6sJ+vFerc+Zq0FK5/ZB39gff4ADtyb5w==</latexit>

[[f(z)]]

infinity bin

"plus-type" subtraction
infinity bin<latexit sha1_base64="Xch7CYAND4FZLrON4ninHXn40eA="></latexit>
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⌘
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�mHZ

0
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����
leading power
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NLL

<latexit sha1_base64="p9nYUFN/BOPCqWsmuTK7nwZcxo0="></latexit>
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<latexit sha1_base64="nMxE49aEd0EioDrVEnm5A97iP6c="></latexit>

⇢� =
CF↵s(µh)L2

2⇡

⇢g =
(CF � CA)↵s(µh)L2
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iterations

<latexit sha1_base64="6QwPf56c6Z1LoqLDoAs+FcMUDNc="></latexit>Z 1

0
dz

0
z


✓(z � z

0)

z(z � z0)
+

✓(z0 � z)

z0(z0 � z)

�

+

z
0a = �(Ha +H�a)z

a

<latexit sha1_base64="s3TIXN3hudq+wNiM4ENGOpbw850="></latexit>Z 1

0
dz0z(1� z)


1

z0(1� z)

✓(z0 � z)

z0 � z
+

1

z(1� z0)

✓(z � z0)

z � z0

�

+

�21(z
0) ◆ Li2(z)

<latexit sha1_base64="s1mGRE8Jgfh7fJxd/DpAasUY+4w="></latexit>Z 1

0

dz

z(1� z)

Z 1

0
dz0z(1� z)


1

z0(1� z)

✓(z0 � z)

z0 � z
+

1

z(1� z0)

✓(z � z0)

z � z0

�

+

f(z0) =0


