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SCET Gravity at NLP?

• Similarities and differences between gauge theory and gravity.

• Recent interest in a systematic construction.
[Beneke, Kirilin 1207.4926; Okui, Yunesi 1710.07685, + Chakraborty 1910.10738]

• So far no rigorous derivation of the subleading Lagrangian.

• Soft gravity is similar to gauge theory: Soft theorem, LBK

• Collinear gravity is different: collinear divergences are absent
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Kinematics

p⃗i

p⃗j

Hard scattering ∼ Q

energetic particles
nj+pj ∼ Q, p2j ∼ λ2Q

soft radiation
kµ ∼ λ2Q, k2 ∼ λ4Q
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How to construct SCET

• Introduce the mode split, implement gauge symmetry,

Aµ = Acµ +Asµ , ϕ = ϕc +WZ†ϕs

• Control leading building blocks

n+Ac ∼ 1 .

• Multipole-expand the soft fields in soft-collinear products,

As(x) = As(x−) + (x− x−) · ∂As + . . .

• Ensure gauge symmetry respects multipole expansion.

ϕc(x) → Us(x−)ϕc(x) .
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Gauge Transformations

• Collinear fluctuations on top of a soft background field:

collinear: Ac → UcAcU
†
c +

i

g
Uc

[
Ds , U

†
c

]
Φc → UcΦc

As → As Φs → Φs

soft: Ac → UsAcU
†
s Φc → UsΦc

As → UsAsU
†
s +

i

g
Us

[
∂ , U†s

]
Φs → UsΦs

• Soft gluon appears in collinear transformation.

• Soft fields do not transform under collinear gauge symmetry.

• Collinear fields transform as ordinary matter fields under soft gauge.

• Soft fields have standard transformation under soft gauge.
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Large collinear gluon component

• Collinear gluon contains n+Ac ∼ 1.

• To get finite operator basis, this component must be under control.

• Use collinear Wilson line Wc to define Ac satisfying n+Ac = 0:

gAcµ = W †c

[
iD̂cµWc

]
• Ac is manifestly collinear gauge-invariant and can be used in operator basis.

• n+Ac only appears in the collinear Wilson line Wc

Wc(x) = P exp

(
ig

∫ 0

−∞
ds n+Âc(x+ sn+)

)
.
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Multipole Expansion

• Soft fields must be multipole expanded around xµ
− = n+x

nµ
−
2 .

▶ Gauge-symmetry must respect multipole expansion.

▶ Redefinition of collinear fields necessary

Âc → UcÂcU
†
c +

i

g
Uc

[
D̂s, U

†
c

]
,

where D̂µ
s = ∂µ − ig

n
µ
+

2
n−As(x−).

▶ This is equivalent to the soft field As in fixed-line gauge (x−x−)
µAsµ(x) = 0.

• Subleading interactions expressed via field-strength tensor, e.g.

xµ
⊥n

ν
− [∂µAsν ] (x−)n+Jc(x) → xµ

⊥n
ν
−F

s
µνn+Jc(x) .

▶ Compare to non-relativistic theory: nµ
− → δµ0

xµ
⊥Fµ−J+ → xiF i0J0 ∼ x⃗ · E⃗ J0 .

→ Dipole interaction.

Patrick Hager (TU München) SCET 2022 7 / 21



Key Observation

By homogenising the gauge symmetry, we find a theory that is covariant with
respect to the emergent background field n−As(x−). All interactions due to
multipole expansion are expressed via field-strength tensor. This gives a very
transparent structure how gauge symmetry is organised in EFT.

Soft-collinear matter Lagrangian takes the simple structure

L(0) =
1

2
n+Dcϕ̄n−Dϕ+

1

2
Dc⊥ϕ̄Dc⊥ϕ+ h.c.

L(1) =
1

2
xµ
⊥n

ν
−gF

s
µνn+Jc

L(2) = xµ
⊥gF

s
µνJ

ν
c⊥ +

1

4
n−xn

µ
+n

ν
−gF

s
µνn+Jc +

1

4
xµ
⊥x

ρ
⊥n

ν
−g

[
Ds

ρ, F
s
µν

]
n+Jc

with Jµ
c = ϕ̄c

←−
Dµ

c ϕc + ϕ̄c

−→
Dµ

c ϕc.
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QCD vs Gravity

QCD Gravity

Fundamental
Aµ ∼ pµ hµν ∼ pµpν

λ
Degree of Freedom

Field-strength /
Fµν ∼ ∂A Rµ

ναβ ∼ ∂2h
curvature

Gauge Symmetry SU(3) Diff(M)

Coupling Dimensionful? no yes
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Two Sources of Inhomogeneity

• In full theory: gauge charges Pµ and coupling κ are inhomogeneous in λ.

▶ Leads to relations for higher-order terms to form geometric objects.

▶ This is different from QCD – gauge charges have no scaling in λ.

• From multipole expansion: evaluate soft fields at x−.

▶ Conceptually the same as in gauge theory.

▶ Deal with it in similar fashion.
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SCET Gravity Construction

• Minimally-coupled scalar field

L =
1

2

√−ggµν∂µφ∂νφ−√−g
λ4
φ

4!
φ4 .

• Perform κ expansion in collinear sector gµν = gsµν + κhµν .

▶ Collinear graviton hµν in presence of soft dynamical background gsµν .

▶ Duplicate soft and collinear gauge symmetry, not yet homogeneous.

• Field content: hµν , gsµν = ηµν + κsµν , φc, φs.

• Scaling: hµν ∼ pµpν

λ , sµν ∼ λ2.
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Gauge Transformations

• Collinear fluctuations on top of a soft background field:

collinear: hµν →
[
Uc

(
U α
cµ U β

cν (gsαβ + hαβ)
)]

− gsµν φc → [Ucφc]

gsµν → gsµν φs → φs

soft: hµν →
[
Us

(
U α
sµ U β

sν hαβ

)]
, φc → [Usφc]

gsµν →
[
Us

(
U α
sµ U β

sν gsαβ
)]

φs → [Usφs]

▶ U = 1 + εα∇α + . . . translation, U α
µ inverse Jacobian.

• Soft background appears in collinear transformation.

• Soft fields do not transform under collinear gauge symmetry.

• Collinear fields transform as ordinary matter fields under soft gauge.

• Soft fields have standard transformation under soft gauge.
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Power-enhanced component

• Collinear graviton scales h++ ∼ λ−1, h+⊥ ∼ 1.

• Solved like in QCD, using collinear light-cone gauge.
[Beneke, Kirilin 1207.4926; Okui, Yunesi 1710.07685, + Chakraborty 1910.10738]

• Use collinear “Wilson line” to define hµν satisfying hµ+ = 0:

hµν = W α
c µW

β
c ν

[
W−1c (ηαβ + hαβ)

]
− ηµν .

• hµν is manifestly collinear gauge-invariant, hµ+ appears only in Wilson line.

• Similarity at linear level

Acµ = Acµ − ∂µ
n+Ac

n+∂
+ . . .

hµν = hµν − ∂µ

(
hν+

n+∂
− 1

2
∂ν

h++

(n+∂)2

)
− ∂ν

(
hµ+

n+∂
− 1

2
∂µ

h++

(n+∂)2

)
+ . . .
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Soft Multipole-expansion

• Soft fields must be multipole-expanded about x− = n+x
n−
2 .

• Gauge symmetry is already inhomogeneous in λ due to scaling of the charges.

What is the guiding principle?

Recall QCD:

▶ Homogeneous gauge symmetry respects the multipole expansion.

▶ Moves the soft field into fixed-line gauge.

▶ Subleading interactions expressed via field-strength tensor.
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A simpler example

• Consider multipole-expansion about x = 0:

▶ In gauge theory: fixed-point gauge xµAµ(x) = 0 is convenient choice

▶ Gauge field expressed as

Aν(x) =

∫ 1

0

ds sxµFµν(sx) = xµFµν +O(x2)

• Gravitational analogue of fixed-point gauge: Riemann normal coordinates

▶ Metric tensor expressed as

gµν(x) = ηµν − 1

3
xαxβRµανβ +O(x3)

▶ Gauge condition: xαxβΓµ
αβ(x) = 0
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Fixed-line Normal Coordinates

• Generalisation in QCD: (x− x−)
µAµ(x) = 0.

• Construct normal coordinates only in the transverse directions x⊥ and n−x.

• In RNC: Can choose gµν(0) = ηµν . This is not possible in fixed-line case.

• Do the best alternative: gµ⊥ν⊥(x−) = ηµ⊥ν⊥ , g++(x−) = g+⊥(x−) = 0.

• Coordinate transformation:

xµ = x̌µ + (Eµ
α − δµα)(x̌− x̌−)

α︸ ︷︷ ︸
Change g⊥⊥ → η⊥⊥

− 1

2
(x̌− x̌−)

ρ(x̌− x̌−)
σEα

ρE
β
σΓ

µ
αβ︸ ︷︷ ︸

Normal coordinates in transverse x − x− part

+
1

6
(x̌− x̌−)

ρ(x̌− x̌−)
σ(x̌− x̌−)

κEα
ρE

β
σE

ν
κ(2Γ

µ
αλΓ

λ
βν −

[
∂νΓ

µ
αβ

]
)︸ ︷︷ ︸

Subleading normal coordinates in transverse coordinate

+O(x̌4) .

Patrick Hager (TU München) SCET 2022 16 / 21



Impact on metric tensor

• Can identify a residual dynamic soft background metric ĝsµν :

ĝs−+ = e−+ − (x− x−)
α [Ω−]α+

ĝs−µ⊥ = e−µ⊥ − (x− x−)
α [Ω−]αµ⊥

ĝs−− =
(
e α
− − (x− x−)

ρ [Ω−]
α

ρ

)(
e β
− − (x− x−)

σ [Ω−]
β

σ

)
ηαβ

ĝsµ⊥ν⊥ = ηµ⊥ν⊥

• Determined in terms of vierbein e α
− (x−) and spin-connection [Ω−]αβ (x−).

• These fields are independent when viewed from the EFT.

• Can be arranged in a soft-covariant derivative

n−Ds = ĝ−µs ∂µ

• Quadrupole and higher-pole terms: expressed via Riemann tensor
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Main Takeaway

“Homogeneous” symmetry in Gravity consists of local Poincaré transformations.
This implies a covariant derivative that contains the momentum as well as the
angular momentum. All other interaction terms due to multipole-expansion are
expressed via Riemann tensor and its derivative.

Schematically, the scalar-soft graviton Lagrangian takes the form

Lφφs =
1

2
n+∂φn−Dsφ+

1

2
∂⊥φ∂⊥φ− κ

8
xα
⊥x

β
⊥Rα−β−n+φn+φ+O(λ3) ,

where

n−Ds = n−∂ − κ

2
s−α∂

α︸ ︷︷ ︸
from vierbein

− κ

4
(∂αsβ− − ∂βsα−)︸ ︷︷ ︸
from spin-connection

Jαβ +O(s2)

Jαβ = (x− x−)
α∂β − (x− x−)

β∂α

This is the transparent form we wanted, similar to QCD.
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The SCET Gravity Lagrangian

L(0)
Ds

=
1

2
∂+φ̂cD−φ̂c +

1

2
∂α⊥ φ̂c∂

α⊥ φ̂c −
λφ

4!
φ̂4
c

L(1)
Ds

= −1

2
ĥµν∂µφ̂c∂νφ̂c +

1

4
ĥβ⊥

β⊥
(∂+φ̂cD−φ̂c + ∂α⊥ φ̂c∂

α⊥ φ̂c)

− 1

2
ĥα⊥

α⊥

λφ

4!
φ̂4
c

L(2)
Ds

= −1

8
xα
⊥x

β
⊥R

s
α−β−(∂+W

−1
c φ̂c)

2

+
1

2
ĥµαĥν

α∂µφ̂c∂νφ̂c −
1

4
ĥα⊥

α⊥
ĥµν∂µφ̂c∂νφ̂c

+
1

16

(
(ĥα⊥

α⊥
)2 − 2ĥαβĥαβ

)
(∂+φ̂cD−φ̂c + ∂µ⊥ φ̂c∂

µ⊥ φ̂c)

−
(
1

8
(ĥα⊥

α⊥
)2 − 1

4
ĥµν ĥµν

)
λφ

4!
φ̂4
c
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Application: Loop corrections to the soft theorem

[Bern, Davies, Nohle 1405.1015]

• Gravity differs from gauge theory:

▶ Purely collinear: κ-expansion corresponds to λ-expansion

▶ Purely soft: κ-expansion corresponds to λ2-expansion

• Collinear loops:
<latexit sha1_base64="NtVQvIybnRa7CZk33PlPqmBXe9I="></latexit>

pi

pj

k

a c b

<latexit sha1_base64="UB/D9D3m8LxkDtuT4L1Y71MtSWo="></latexit>

pi

pj

k

a b c

<latexit sha1_base64="MCAyUGYPEB11dAOR/S+3I7YOVsA="></latexit>

pi

pj

k

a b
c

▶ Must be attached via subleading collinear Lagrangian

▶ One-loop: at least λ2, two-loop: at least λ4
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• Gravity differs from gauge theory:

▶ Purely collinear: κ-expansion corresponds to λ-expansion

▶ Purely soft: κ-expansion corresponds to λ2-expansion

• Soft loops:
<latexit sha1_base64="3JCP/FCLibAlxBx4lXHrRc+CTgM="></latexit> pj

k

pi

c

b

a

<latexit sha1_base64="5gVMUOzMD+xU6Yn2VE3J6aX6k5E="></latexit> pj

k

pi

b
c

a

<latexit sha1_base64="9v3P/wKBNyyBelRi1t46gD0sjjs="></latexit>

k

pj

pi

b

a

<latexit sha1_base64="Ld8lnhh7R0VbIw/QqSoZuVc1oIY="></latexit>

k

pj

pi

b

a

c

▶ Soft loop vanishes unless soft emission is directly from soft graviton

▶ One loop: at least λ2, two-loop: at least λ4
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Conclusion

• Derived rigorously SCET for Gravity to subleading order.

• Effective theory is covariant with respect to an emergent gauge symmetry

• Leading interactions can be cast into a covariant derivative

▶ In QCD: described by n−As(x−)

▶ In gravity: described by e α
− and Ω−αβ

• Interactions differ in power-counting

▶ Leading-power soft-collinear interactions

▶ Purely-collinear: subleading, enter at O(λ)

▶ Purely-soft: subleading in ks, enter at O(λ2)

• Immediately derived the form of loop corrections of the soft theorem
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QCD Wilson lines

• To control large gluon component: Wc

Wc(x) = P exp

(
ig

∫ 0

−∞
ds n+Âc(x+ sn+)

)
.

• To implement redefinition: R

R(x) = P exp

(
ig

∫ 1

0

ds (x− x−)
µAsµ (x+ s(x− x−))

)
.
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Redefinitions: QCD

ϕc = RW †c ϕ̂c︸ ︷︷ ︸
χ̂c

,

A⊥c = R

(
W †c Âc⊥Wc +

i

g
W †c [∂⊥ ,Wc]︸ ︷︷ ︸

=Â⊥c

)
R† ,

n−Ac = R

(
W †c n−ÂcW +

i

g
W †c [n−Ds(x−) ,Wc]︸ ︷︷ ︸

=n−Âc

)
R† .
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Gravity “Wilson lines”

• To control h+µ: Wc

W−1c = TθLC = 1 + θαLC∂α +O(λ2) ,

θµLC = − 1

(n+∂)2
Γ̂µ
++ +

1

(n+∂)2

(
2Γ̂µ

τ+

1

n+∂
Γ̂τ
++ + ∂ν Γ̂

µ
++

1

(n+∂)2
Γ̂ν
++

)
+ . . .

• To implement multipole expansion: R

R−1 ≡ TθFLNC
= 1 + θαFLNC∂α +O(λ2) .

θµFLNC = (Eµ
ρ − δµρ )(x− x−)

ρ − 1

2
(x− x−)

ρ(x− x−)
σEα

ρE
β
σΓ

µ
αβ + . . .
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Redefinitions: Gravity

φc =
[
RW−1c φ̂c︸ ︷︷ ︸

=χ̂c

]
,

hµν =
[
RR α

µ R β
ν

(
W ρ

αW
σ
β

[
W−1c (ĥρσ + ĝsρσ)

]
− ĝsαβ︸ ︷︷ ︸

=ĥµν

)]
.
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Full Lagrangian

L(0) =
1

2
∂+φ̂c∂−φ̂c +

1

2
∂α⊥ φ̂c∂

α⊥ φ̂c −
κ

8
s−−(∂+φ̂c)

2 − λφ

4!
φ̂4
c

L(1) = −κ

8
[∂αs−− − ∂−sα−]x

α
⊥(∂+φ̂c)

2 − κ

4
sµ⊥−∂

µ⊥ φ̂c∂+φ̂c

− κ

2

(
ĥµ⊥ν⊥∂µ⊥ φ̂c∂ν⊥ φ̂c + ĥµ⊥−∂µ⊥ φ̂c∂+φ̂c +

1

4
ĥ−−(∂+φ̂c)

2

)
+

κ

4
ĥα⊥

α⊥

(
∂+φ̂c∂−φ̂c −

κ

4
s−−(∂+φ̂c)

2 + ∂α⊥ φ̂c∂
α⊥ φ̂c

)
− κ

2
ĥα⊥
α⊥

λφ

4!
φ̂4
c

L(1)
φs

= −λφ

3!
φ̂3
cφs

L(2)
φs

= −λφ

4
φ̂c

2φ2
s −

λφ

3!

κ

2
ĥα⊥
α⊥

φ̂3
cφs
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L(2) = −
κ

16

[
∂[+s−]−

]
n−x(∂+φ̂c)

2 −
κ

4

[
∂[α⊥sµ⊥]−

]
xα
⊥∂µ⊥ φ̂c∂+φ̂c

+
κ2

32
s−−s+−(∂+φ̂c)

2 +
κ2

32
s−α⊥s

α⊥
− (∂+φ̂c)

2 −
1

8
xα
⊥xβ

⊥Rα−β−(∂+φ̂c)
2

+
κ

8
s+−∂α⊥ φ̂c∂

α⊥ φ̂c −
κ

4
s+−

λφ

4!
φ̂4
c

+
κ2

2

(
ĥµ⊥α⊥ ĥ

ν⊥
α⊥∂µ⊥ φ̂c∂ν⊥ φ̂c + ĥµ⊥α⊥ ĥα⊥−∂µ⊥ φ̂c∂+φ̂c +

1

4
ĥ−α⊥ ĥα⊥−(∂+φ̂c)

2

)
−

κ2

4
ĥ
α⊥

α⊥

(
ĥµ⊥ν⊥∂µ⊥ φ̂c∂ν⊥ φ̂c + ĥµ⊥−∂µ⊥ φ̂c∂ + φ̂c +

1

4
ĥ−−∂+φ̂c∂+φ̂c

)
+

κ2

16

(
(ĥ

α⊥
α⊥ )2 − 2ĥα⊥β⊥ ĥα⊥β⊥

)(
∂+φ̂c∂−φ̂c −

κ

4
s−−(∂+φ̂c)

2 + ∂µ⊥ φ̂c∂
µ⊥ φ̂c

)
+

κ2

4
ĥµ⊥α⊥sα⊥−∂+φ̂c∂µ⊥ φ̂c +

κ2

8
ĥ−α⊥sα⊥−(∂+φ̂c)

2

−
κ2

8
ĥ
α⊥
α⊥sµ⊥−∂+φ̂c∂

µ⊥ φ̂c −
κ2

16
ĥ
α⊥
α⊥

[
∂[µ⊥s−]−

]
xµ
⊥(∂+φ̂c)

2

− κ2 λφ

4!
φ̂c

4

(
(ĥ

α⊥
α⊥ )2 −

1

4
ĥα⊥β⊥ ĥα⊥β⊥

)

Patrick Hager (TU München) SCET 2022 7 / 9



L(0)
EH =

1

2
∂µĥα⊥β⊥∂µĥα⊥β⊥ − 1

2
∂µĥ∂

µĥ

+

(
∂α⊥ ĥα⊥β⊥∂β⊥ ĥ+

1

2
∂α⊥ ĥα⊥−∂+ĥ+

1

2
∂+ĥ

−β⊥∂β⊥ ĥ+
1

4
∂+ĥ−−∂+ĥ

)
−

(
∂α⊥ ĥα⊥µ⊥∂β⊥ ĥβ⊥µ⊥ + ∂+ĥ

−µ⊥∂β⊥ ĥβ⊥µ⊥ +
1

4
∂+ĥ

−µ⊥∂+ĥ−µ⊥

)
− κ

8
s−−∂+ĥαβ∂+ĥ

αβ +
κ

8
s−−∂+ĥ∂+ĥ
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L(1)
EH =

κ

4
ĥαβ(−2∂µĥ

µ
α∂β ĥ+ 4∂µĥαν∂β ĥ

µν + 2∂ν ĥ
µν∂µĥαβ − 2∂αĥ

µ
β∂µĥ

+ ∂µĥαν∂
ν ĥβµ − 2∂µĥβν∂µĥαν)

+
κ

8
∂α(ĥ

2)∂αĥ+
κ

4
∂α(ĥ

µν ĥµν)∂
αĥ−

κ

8
∂α(ĥ

2)∂β ĥ
αβ −

3κ

4
∂α(ĥ

µν ĥµν)∂β ĥ
αβ

+
κ

2
∂α(ĥ

µρĥν
ρ)∂

αĥµν − ∂α(ĥ
µρĥν

ρ)∂µĥ
α
ν +

κ

2
∂µ(ĥ

µρĥν
ρ)∂ν ĥ−

κ

8
ĥ∂αĥ∂

αĥ

−
κ

8
ĥ∂αĥµν∂

αĥµν +
κ

4
ĥ∂µĥαβ∂

αĥµβ −
κ

4
s−µ⊥∂µ⊥ ĥαβ∂+ĥαβ +

κ

4
s−µ⊥∂µ⊥ ĥ∂+ĥ

−
κ

8
[∂αs−− − ∂−sα−]xα

⊥∂+ĥµν∂+ĥµν +
κ

8
[∂αs−− − ∂−sα−]xα

⊥∂+ĥ∂+ĥ

−
κ2

64
s−−∂+(ĥ2)∂+ĥ−

κ2

32
s−−∂+(ĥµν ĥµν)∂+ĥ−

κ2

16
s−−∂+(ĥµρĥν

ρ)∂+ĥµν

+
κ2

64
s−−ĥ∂+ĥ∂+ĥ+

κ2

64
s−−ĥ∂+ĥµν∂+ĥµν
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