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Factorizing DY, SIDIS, SIA transverse 
momentum differential cross sections

The factorization of cross section and the evolution of TMD are milestones of recent years

Similar paradigm for spin dependent processes with hadronic initial and final states in DY, SIDIS, 
SIA

 How precisely have we tested this formula? (Fits, predictions…not in this talk)

 How can we estimate the corrections to this formula? (From LP to NLP,..)

δ =
qT

Q
≪ 1, fixed-qT

2

LP!



From leading to next-to-leading power expansion  of the 
cross section

<latexit sha1_base64="nEk17H9E0MWfMyTItCs0CDcQ+7o="></latexit>

qT (GeV)

NL
P?
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NLP part is 
especially 

important at low 
energy

Q2 ≫ Λ2, Q2 ≫ q2
T = fixed

The limit we are looking is

The resummation 
evolution 


kernel is universal and 

It has a non-
perturbative


 contribution



The DY cross section

h1(P1) + h2(P2) → l(l) + l′￼(l′￼) + X

dσ =
2α2em

s
d3l
2E

d3l′￼

2E′￼
∑
GG′￼

LGG′￼

μν Wμν
GG′￼

ΔG(q)Δ*G′￼
(q)

ΔG(q) =
1

q2 + i0
δGγ +

1
q2 − M2

Z + iΓZMz
δGZ

LGG′￼

μν = e−2⟨0 |JG
μ (0) | l, l′￼⟩⟨l, l′￼|JG′￼†

ν (0) |0⟩

Wμν = e−2 ∫
d4x

(2π)4
e−i(x⋅q) ∑

X

⟨P1, P2 |JG†
μ (x) |X⟩⟨X |JG′￼

ν (0) |P1, P2⟩

The process

The cross section

The tensors



The hadronic tensor
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Jμ(y) = q̄γμq(y)

Q2 = q2 = 2q+q− − q2
T

Wμν
SIDIS = ∫

d4y
(2π)4

ei(yq) ∑
X

⟨p1 |Jμ†(y) |p2, X⟩⟨p2, X |Jν(0) |p1⟩

WSIA = ∫
d4y

(2π)4
ei(yq) ∑

X

⟨0 |Jμ†(y) |p1, p2, X⟩⟨p1, p2, X |Jν(0) |0⟩

Wμν
DY = ∫

d4y
(2π)4

e−i(yq) ∑
X

⟨p1, p2 |Jμ†(y) |X⟩⟨X |Jν(0) |p1, p2⟩

qμWμν = 0
The EM gauge invariance condition mixes powers:

It is true only order per order in power expansion



A systematic expansion of cross sections
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There is a systematic way to make a power expansion of  DY/SIDIS/SIA cross sections at operator 
level:

 
background field method

 kinematic power corrections
 genuine power corrections: new operators  new TMD distributions.

∼ ∂OLP

→



Background field method in history

Nucl. Phys. B 185 (1981) 189
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Modes
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q(±)(x) = ψ(±)(x) + q(±)
n (x) + q(±)

n̄ (x)

A(±)
μ (x) = B(±)

μ (x) + A(±)
n μ (x) + A(±)

n̄ μ (x)

Dynamical field

Dynamical field

{∂+, ∂−, ∂T} qn̄ ≲ Q{1, λ2, λ} qn̄,
{∂+, ∂−, ∂T} Aμ

n̄ ≲ Q{1, λ2, λ} Aμ
n̄

There is a momentum scaling of the fields…

…and we can introduce dynamical and background fields…



Initial step of the expansion

The hadronic tensors that we consider have two causally-independent sectors which
exchange real emissions. In this case, the functional integral can be written using Keldysh’s
method .

Wμν
DY = ∫

d4y
(2π)4

e−i(yq) ∫ [Dq̄(+)Dq(+)DA(+)]∫ [Dq̄(−)Dq(−)DA(−)] × Ψ*(−)
p1

Ψ*(−)
p2

eiS(+)
QCD−iS(−)

QCD J†(−)
μ (y)J(+)

ν (0) Ψ(+)
p1

Ψ(+)
p2

For each fermion field we have two copies of QCD fields, causal (+, also negative frequency)  and 
anticausal (-, also positive frequency)
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Ψp1
= Ψp1

[q̄n̄, qn̄, An̄], Ψp2
= Ψp2

[q̄n, qn, An]
Hadrons are made only 

Out of collinear fields



Modes: expansions

Each collinear field  has “good” and “bad”  components selected 
using standard projectors

qn̄(x) = ξn̄(x) + ηn̄(x) ξn̄(x) =
γ−γ+

2
qn̄(x), ηn̄(x) =

γ+γ−

2
qn̄(x)
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γ+D−[An̄]ξn̄ = − /DT[An̄]ηn̄

γ−D+[An̄]ηn̄ = − /DT[An̄]ξn̄

A+
n̄ ∼ 1, AμT

n̄ ∼ λ, A−
n̄ ∼ λ2,

ξn̄/n ∼ λ, ηn̄/n ∼ λ2

A+
n ∼ λ2, AμT

n ∼ λ, A−
n ∼ 1

ηn̄/n ∼ λ ξn̄/n

Finally..

[∂μδAC + gfABC(A(±)B
n̄ μ + A(±)B

n μ )]B(±)μ C = 0

Background Gauge fixation



Un-subtracted hadronic tensor

Wμν
DY(unsub.)

= ∫
d4y

(2π)4
e−i(yq)

× ∫ [Dq̄(+)
n̄ Dq(+)

n̄ DA(+)
n̄ ][Dq̄(−)

n̄ Dq(−)
n̄ DA(−)

n̄ ]eiS(+)
QCD[q̄n̄,qn̄,An̄]−iS(−)

QCD[q̄n̄,qn̄,An̄]

× ∫ [Dq̄(+)
n Dq(+)

n DA(+)
n ][Dq̄(−)

n Dq(−)
n DA(−)

n ]eiS(+)
QCD[q̄n,qn,An]−iS(−)

QCD[q̄n,qn,An]

× Ψ*(−)
p1

[q̄n̄, qn̄, An̄]Ψ*(−)
p2

[q̄n, qn, An] 𝒥μν
eff[q̄n̄, q̄n, . . . ](y) Ψ(+)

p1
[q̄n̄, qn̄, An̄]Ψ(+)

p2
[q̄n, qn, An]

Formal result



Formal result

𝒥μν
eff[q̄n̄, q̄n, . . . ](y) = ∫ [Dψ̄(+)Dψ(+)DB(+)][Dψ̄(−)Dψ(−)DB(−)]J†(−)

μ [ψ̄ + q̄n̄ + q̄n, . . . ](y)J(+)
ν [ψ̄ + q̄n̄ + q̄n, . . . ](0)eiS(+)

QCD[ψ̄,ψ,B]−iS(−)
QCD[ψ̄,ψ,B]eiS(+)

int −iS(−)
int

𝒥μν
eff[q̄n̄, q̄n, . . . ](y) =

∞

∑
N=0

∑
k

𝒥μν
N,k[q̄n̄, q̄n, . . . ](y)

The dynamical (hard) degrees of freedom are integrated obtaining

And we want to expand in a series of operators

With N is the power counting and k lists the operators
𝒥μν

N,k ∼ λN+4

𝒥μν
N,(a,b)[q̄n̄, q̄n, . . . ](y) = Cμν

N,(a+b)(y) ⊗ 𝒪a[q̄n̄, qn̄, An̄] ⊗ 𝒪b[q̄n, qn, An]
12



TMD Operator Expansion

 Expansion of  into monomials of collinear fields

Multipole expansion of collinear and anti-collinear fields, 

Rewriting of fields in terms of ``good'' and ``bad'' components.
Evaluation of necessary (loop-)integrals.
Reduction of operators to a given basis, using algebra and EOMs.
Renormalization/Recombination of divergences.
Fierz transformation into TMD operators.

𝒥μν
eff[q̄n̄, q̄n, . . . ](y) =

∞

∑
N=0

∑
k

𝒥μν
N,k[q̄n̄, q̄n, . . . ](y)

{y+, y−, yT} ∼ Q−1{1,1,λ−1}
{∂+, ∂−, ∂T} qn̄ ≲ Q{1, λ2, λ} qn̄, {∂+, ∂−, ∂T} Aμ

n̄ ≲ Q{1, λ2, λ} Aμ
n̄



TMD Operator Expansion

The operator basis is written in terms of twist units (twist=dimension - spin) with corresponding 
semi-compact Wilson lines (Gauge invariance)

ξ ∼ ξ̄ ∼ Fμ+ ∼ twist-1

U1,n̄(z, b) = [Ln + b, zn + b]ξn̄(zn + b)
Uμ

2,n̄({z1, z2}, b) = g[Ln + b, z1n + b]Fμ+
n̄ [z1n + b, z2n + b]ξn̄(z2n + b) ⟹ U2,n̄({z1, z2}, b) = γTμUμ

2,n̄({z1, z2}, b)

U1,n̄(z, b) = ξ̄n̄(zn + b)[zn + b, Ln + b]

Uμ
2,n̄({z1, z2}, b) = g ξ̄n̄(z1n + b)[z1n + b, z2n + b]Fμ+

n̄ [z2n + b, Ln + b] ⟹ U2,n̄({z1, z2}, b) = Uμ
2,n̄({z1, z2}, b)γTμ



TMD Operator Expansion

𝒪11,n̄({z1, z2}, b) = U(−)
1,n̄(z1, b)U(+)

1,n̄ (z2,0)

𝒪11,n̄({z1, z2}, b) = U(−)
1,n̄ (z1, b)U(+)

1,n̄(z2,0)
LP operators of twist 1+1

NLP operators of twist 1+2, 2+1

𝒪21,n̄({z1, z2, z3}, b) = U(−)
2,n̄({z1, z2}, b)U(+)

1,n̄ (z3,0)

𝒪12,n̄({z1, z2, z3}, b) = U(−)
1,n̄(z1, b)U(+)

2,n̄ ({z2, z3},0)

𝒪21,n̄({z1, z2, z3}, b) = U(−)
2,n̄ ({z2, z1}, b)U(+)

1,n̄(z3,0)

𝒪12,n̄({z1, z2, z3}, b) = U(−)
1,n̄ (z1, b)U(+)

2,n̄({z3, z2},0)



Leading power

Jμ[ψ̄ + q̄n̄ + q̄n, . . . ] = q̄n̄γμqn + q̄nγμqn̄ + …

q̄n̄γμqn(y) + q̄nγμqn̄(y) = q̄n̄(y−n + yT)γμqn(y+n̄ + yT)
+q̄n(y+n̄ + yT)γμqn̄(y−n + yT) + 𝒪(λ4)

EM current

Multiple expan.

q̄n̄γμqn + q̄nγμqn̄ = ξ̄n̄γ
μ
Tξn + ξ̄nγ

μ
Tξn̄ + …“Good” components
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Leading power

𝒥μν
LP(y) = [ξ̄(−)

n̄ (y−n + yT)γμ
Tξ(−)

n (y+n̄ + yT) + ξ̄(−)
n (y+n̄ + yT)γμ

Tξ(−)
n̄ (y−n + yT)][ξ̄(+)

n̄ (0)γν
Tξ(+)

n (0) + ξ̄(+)
n (0)γν

Tξ(+)
n̄ (0)]

Hadronic tensor

𝒥μν
LP(y) =

γμ
T,ijγν

T,kl

Nc
(𝒪li

11,n̄ 𝒪jk
11,n + 𝒪jk

11,n̄ 𝒪li
11,n)

And excluding double production/annihilation of the same  light cone direction

𝒪ji
11,n̄({y−,0}, yT) = ξ̄(−)

n̄,i (y−n + yT) ξ(+)
n̄,j (0),

𝒪ji
11,n̄({y−,0}, yT) = ξ(−)

n̄,j (y−n + yT) ξ̄(+)
n̄,i (0) .

𝒪ji
11,n({y+,0}, yT) = ξ̄(−)

n,i (y+n̄ + yT) ξ(+)
n,j (0),

𝒪ji
11,n({y+,0}, yT) = ξ(−)

n,j (y+n̄ + yT) ξ̄(+)
n,i (0) .
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Next-to-leading power at LO

⌘̄n̄

⇠n A

⇠̄n̄

⌘n
B

⇠̄n̄

⇠n

An̄

C

⇠̄n̄

⇠n

An

D

An̄

⇠n

⇠̄n

E

⇠̄n̄

An̄

⇠n

F

“Bad” component
Contributions

“Bad” component
Contributions (Hard) background contributions



Next-to-leading power at NLO

“Bad” component
Contributions Hard background contributions

⇠̄n̄

⇠n 1

⌘̄n̄

⇠n 2

⇠̄n̄

⌘n 3

⇠̄n̄

⇠n

An̄

4

⇠̄n̄

⇠n An̄
5

⇠̄n̄

⇠n

An̄

6

⇠̄n̄

⇠n

An̄

7

⇠̄n̄

⇠n

An̄

8

⇠̄n̄

⇠n

An̄

9

⇠̄n̄

⇠n

An̄

10

LP NLP
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Final outcome

𝒥μν
eff(q) = ∫

d2b
(2π)2

e−i(qb){∫ dxdx̃δ (x −
q+

p+
1 ) δ (x̃ −

q−

p−
2 ) |C1 |2 𝒥μν

1111(x, x̃, b)

+∫ [dx]dx̃δ (x̃ −
q−

p−
2 ) δ (x1 −

q+
1

p+
1 ) C*1 C2(x3,2)𝒥μν

1211(x, x̃, b) + δ (x3 +
q+

1

p+
1 ) C*2 (x1,2)C1𝒥μν

2111(x, x̃, b)

+∫ dx[dx̃]δ (x −
q+

p+
1 ) (C*1 C2(x̃3,2)δ (x̃1 −

q−

p−
2 ) 𝒥μν

1112(x, x̃, b)+C*2 (x̃1,2)C1δ (x̃3 +
q−

p−
2 ) 𝒥μν

1121(x, x̃, b))
+c . c . }

 Wilson coefficients at NLO (explicit expression inside article)Ci 20



Final outcome
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𝒥μν
1111(x, x̃, b) =

γμ
T,ijγν

T,kl

Nc
(𝒪li

11,n̄(x, b)𝒪jk
11,n(x̃, b) + 𝒪jk

11,n̄(x, b)𝒪li
11,n(x̃, b))

+i
nμγρ

T,ijγν
T,kl + nνγμ

T,ijγ
ρ
T,kl

q+ Nc
(∂ρ𝒪li

11,n̄(x, b)𝒪jk
11,n(x̃, b) + ∂ρ𝒪jk

11,n̄(x, b)𝒪li
11,n(x̃, b))

+i
n̄μγρ

T,ijγν
T,kl + n̄νγμ

T,ijγ
ρ
T,kl

q− Nc
(𝒪li

11,n̄(x, b)∂ρ𝒪jk
11,n(x̃, b) + 𝒪jk

11,n̄(x, b)∂ρ𝒪li
11,n(x̃, b))

LP

NLP



Final outcome
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𝒥μν
1211(x, x̃, b) =

ig
x2 ( n̄ν

q−
−

nν

q+ ) γμ
T,ijδkl

Nc
(𝒪li

12,n̄(x, b)𝒪jk
11,n(x̃, b) − 𝒪jk

12,n̄(x, b)𝒪li
11,n(x̃, b))

𝒪12,n̄({x1, x2, x3}, b) = U(−)
1,n̄(x1, b)U(+)

2,n̄ ({x2, x3},0)

U1,n̄(x1, b) = ξ̄n̄(x1n + b)[x1n + b, Ln + b]
Uμ

2,n̄({x2, x3}, b) = g[Ln + b, x2n + b]Fμ+
n̄ [x2n + b, x3n + b]ξn̄(x3n + b)

The new operators are of higher twist and can be written as product of specific twist product of fields



Rapidity divergences

We have an 
overlapping region for 

collinear and anti 
collinear fields:


The cancellation of 
rapidity divergences 
needs an extra (soft) 

factor
{∂+, ∂−, ∂T}qs ≲ Q{λ2, λ2, λ}qs

{∂+, ∂−, ∂T}Aμ
s ≲ Q{λ2, λ2, λ}Aμ

s

Scaling in the soft region
qn̄(x) → qn̄(x) + qs(x)
qn(x) → qn(x) + qs(x)

Aμ
n̄(x) → Aμ

n̄(x) + Aμ
s (x)

See Alexey’s talk
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Renormalization

𝒪ij
11,n̄ = R (b2,

δ+

ν+ ) Z*U1 ( δ+

q+ ) ZU1 ( δ+

q+ ) 𝒪ij
11,n̄(ν

+, μ)

𝒪ij
21,n̄ = R (b2,

δ+

ν+ ) Z*U2 ( δ+

q+ ) ZU1 ( δ+

q+ ) ⊗ 𝒪ij
21,n̄(ν

+, μ)

⇠n̄ u1 ⇠n̄ u2 ⇠n̄ An̄ u3 ⇠n̄ An̄ u4 ⇠n̄ An̄ u5

⇠n̄ An̄ u6 ⇠n̄ An̄ u7 ⇠n̄ An̄ u8 ⇠n̄ An̄ u9 ⇠n̄An̄ u10
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The rest of renormalization factors 

Is calculated at 1-loop

See Alexey’s talk



Conclusion
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In order to completely address the phenomenology an estimate of power corrections to LP TMD 
factorization theorem is necessary, especially for EIC.

We have shown NLP . For the unpolarized case, NNLP the work is in progress 

We have developed a systematic method to compute power expansions going back to background 

field method (already used in many  works) extendable to other physical problem 
NNLP in progress (with Oscar del Rio)

Many issues still to be discovered…


𝒪(λ3) 𝒪(λ4)

Related works: 
I. Balitsky, JHEP 05 (2021) 046, JHEP 09 (2021) 022,
M. Ebert, A. Gao, I. Stewart, 2112.07680, 
S. Rodini, A. Vladimirov 2204.03856.



Back(ground) slides



The SIDIS cross section

<latexit sha1_base64="0oBwzEZUAD4ozeBeCKz2DwlNg8E="></latexit>

`(l) +H(P ) ! `(l0) + h(ph) +X

<latexit sha1_base64="Zbk7kQ2NjWgkoPbG81834pW1/Z0="></latexit>

P 2 = M2, p2h = m2, l2 = l02 = m2
l ' 0.

<latexit sha1_base64="VBeS3mipYomye8ruftid+uBmkHU="></latexit>

d� =
2

s�M2

↵2
em

(q2)2
Lµ⌫W

µ⌫ d
3l0

2E0
d3ph
2Eh

<latexit sha1_base64="3jHbkZ663FvNszDko/AVg/DLHMI="></latexit>

Lµ⌫ = e�2hl0|Jµ(0)|lihl|J†
⌫(0)|l0i,

Wµ⌫ = e�2

Z
d4x

(2⇡)4
e�i(x·q)

X

X

hP |J†
µ(x)|ph, Xihph, X|J⌫(0)|P i,

Basic Definitions

3

The process

The cross section

The tensors



Background field method in history

The generator of connected graphs is:  W[J] = − i ln[Z[J]] ⟶ W̃[J, ϕ] = − i ln[Z̃[J, ϕ]]

The classical fields  are:  Q =
δW[J]

δJ
⟶ Q̃ =

δW̃[J, ϕ]
δJ

The effective action (or 1PI generator) is:   Γ[Q] = W[J] − J ⋅ Q ⟶ Γ̃[Q̃, ϕ] = W̃[J, ϕ] − J ⋅ Q̃

28



Background field method in history

Z̃[J, ϕ] = Z[J]e−iJ⋅ϕ

We now re-write previous definitions

W̃[J, ϕ] = W[J] − J ⋅ ϕ

Q̃ = Q − ϕ

Γ̃[Q̃, ϕ] = (W[J] − J ⋅ ϕ) − J ⋅ (Q − ϕ)
= Γ[Q] = Γ[Q̃ + ϕ]

Γ[ϕ] = Γ̃[0,ϕ]
The effective action expressed in terms of  background field is the same of the effective action of 

dynamical and background field where the dynamical field can only be virtual
29




