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Abstract

The standard model (SM) of particle physics is around for about 50 years and is highly 
successful with families of leptons and quark coming in multiplets of at first sight ad-hoc 
electroweak and strong symmetry groups with an intriguing discrete chirality and triality 
structure. These play a role both for space-time symmetries and internal symmetries with 
chirality maximally broken in the electroweak sector and chiral symmetry restoration in the 
strong sector linked to the confining triality structure. 
The chiral structure in a context of a tripartite qubit Hilbert space as basis for SM allows for 
different classes of maximally entangled quantum states identified as leptons and quarks as 
basis for electroweak and strong sectors, emerging with a different symmetry structure. 
Chiral entanglement could be an emerging principle in the SM that can provide guidance for 
its  extension but that also can help in understanding features within the standard model such 
as mass patterns, universality breaking, partonic structure with distribution and fragmentation 
phenomena for confined systems or the role of gluonic Wilson lines for non-collinearity. 
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SM SYMMETRIES, ACCIDENTAL OR UNAVOIDABLE?

SM works!

… our gospel

… even if there are open ends
dark matter
neutrino masses
….
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SM SYMMETRIES, ACCIDENTAL OR UNAVOIDABLE?

Are SM symmetries accidental or unavoidable?
… or emergent

My focus is on chirality and triality

An S(U(2) x U(3)) tripartite embedding where 
U(1)Q is a relative phase between U(2) and U(3)
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Q� = 1
2YW + I3

<latexit sha1_base64="y58eD5Z+GjoCC1WfFX6bZ5fVJpE=">AAACCXicbVDLSsNAFJ34rPUVdelmsAiCUJJa0Y1QcKO7FuxDmhAm00k7dGYSZiZCCd268VfcuFDErX/gzr9x2mahrQcuHM65l3vvCRNGlXacb2tpeWV1bb2wUdzc2t7Ztff2WypOJSZNHLNYdkKkCKOCNDXVjHQSSRAPGWmHw+uJ334gUtFY3OlRQnyO+oJGFCNtpMCGjcDrI84RvIKejiTCmTvOKuP7oA1P4W1wFtglp+xMAReJm5MSyFEP7C+vF+OUE6ExQ0p1XSfRfoakppiRcdFLFUkQHqI+6RoqECfKz6afjOGxUXowiqUpoeFU/T2RIa7UiIemkyM9UPPeRPzP66Y6uvQzKpJUE4Fni6KUQR3DSSywRyXBmo0MQVhScyvEA2Ti0Ca8ognBnX95kbQqZbdaPm9USzUnj6MADsEROAEuuAA1cAPqoAkweATP4BW8WU/Wi/Vufcxal6x85gD8gfX5A+vRmIE=</latexit>

Q±
W = I1 ± iI2
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Charges: SU(3)C x SU(2)I x U(1)Y

color

electroweak

Qa = 1
2�a
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QZ = I3 � 2 sin2 ✓W Q�

S(U(2) x U(3))

ArXiv 1601.00300
ArXiv 1801.03664: Few Body Syst. 59 (2018) no.2, 10 
ArXiv 1806.09797: Phys. Lett. B787 (2018) 193-197

Fabian Springer, Jelmer Doornenbal, Amina Sisic, Haralds Baumanis

Baez & Huerta 2010

I3 – Y pattern
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⇠ cos ✓W
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⇠ sin ✓W

Q� = 1
2YW + I3
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QZ = I3 � 2 sin2 ✓W Q�

U(3) embedding of electroweak sector works well, in contrast to U(5) embedding

<latexit sha1_base64="N4Ufn+EqMBB5vDTbDuJE7DR9XfM="></latexit>

SU(5) ) g0 = g
p
3/5 or sin2 ✓W = 3/8

<latexit sha1_base64="VEmeaIbJmenPTbxL+qc2Pq6v0e0="></latexit>

SU(3) ) g0 = g
p

1/3 or sin2 ✓W = 1/4 (exp. 0.231)
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MULTIPARTITE STRUCTURE OF THE HILBERT SPACE 8

(a) (b)

Fig. 1: The root diagram (I3, Y ) for one generation of fermions in the Standard Model writing e0
L/R

for

neutrinos. On the left (a) is the usual SU(2)⇥U(1) representation and on the right (b) a represen-
tation in an S(U(2)⇥U(3)) setting where we make use of the cyclic Z3 center symmetry of SU(3)C

and the threefold embedding of U(2)oU(3) ⇢ U(3) with Z3 as the factor group SU(3)/SU(2) ⇠= Z3,
corresponding to the well-known I-, U-, V-subalgebras of SU(3). The representation in (b) will be
the natural one in a tripartite setting to be discussed later.

product spaces of two or three replicas of the 1D space. Even if these are just replicas of the same space,
the discrete bipartite or tripartite structure lead to spectra with particular degeneracies that can be
understood using symmetries beyond products of U(1) symmetries. For this we consider the hermitean
operators {P 1, . . . , PD

} as a real basis for the T (D) ⇠= U(1)⌦D ⇠= RD ray spaces or including the
hamiltonian T (1, D) ⇠= R1,D. The bipartite and tripartite real basis states allow orthogonal SO(2) and
SO(3) symmetries or SO(1,2) and SO(1,3) symmetries showing up in the example of the HO as orbital
states in the spectrum. In that example the degeneracies are even better seen from the larger SU(2)
or SU(3) symmetries and their respective unitary multiplet structure [8]. Which of these descriptions
(continuous, discrete or multipartite) is most appropriate in the choice of basis will be dictated by the
Hamiltonian, possibly including external circumstances. Actually the presence of a harmonic potential
itself is such an external circumstance that prefers the discrete number operator eigenstates over for
instance plane waves, for which a tripartite setting would also be very natural. A nice example illustrating
the di↵erence made by the presence or absence of a harmonic potential, are Landau levels for the motion
of electrons in a plane depending on the presence or absence of a perpendicular magnetic field (see
Appendix).

In these lecture notes, we proceed with a step-by-step construction of bipartite and tripartite qubit
spaces, in which all of the symmetries of the SM naturally emerge including chirality and family structure.
The qubit symmetry is identified as the left-right chiral structure while the threefold symmetry realized in
tripartite space leads to a T(1,3) space-time structure, the Lorentz transformations of Minkowski space,
as well as the internal U(2) and U(3) symmetries of the SM. By considering possible entanglement classes
one can distinguish di↵erent sets of basis states. In particular for SM fermions, quarks and leptons appear
as basis states belonging to di↵erent entanglement classes in tripartite Hilbert space, avoiding for instance
the need of symmetries beyond SU(3), such as SU(5), and discarding of leptoquarks.

S(U(2) x U(3)) structure
EW root diagram (I3, Y)

Z3 = {T | T3 = 1} center symmetry of SU(3)C
U(2) normal subgroup with I-U-V-embedding

or <latexit sha1_base64="msBcHUond3KBP4jY3fx48WJa3g8=">AAACEXicbVDLTgIxFO3gC/GFunTTSExgQ2aAqEsSNy4xOkBkJpNOKdDQdiZtx4RM+AU3/oobFxrj1p07/8YysFDwJE1OzrmP3hPGjCpt299Wbm19Y3Mrv13Y2d3bPygeHrVVlEhMXByxSHZDpAijgriaaka6sSSIh4x0wvHVzO88EKloJO70JCY+R0NBBxQjbaSgWE49yeGtOy3XK9DDkRjCTDFCrWKYppyo6X1QD4olu2pngKvEWZASWKAVFL+8foQTToTGDCnVc+xY+ykyIzEj04KXKBIjPEZD0jNUILPIT7OLpvDMKH04iKR5QsNM/d2RIq7UhIemkiM9UsveTPzP6yV6cOmnVMSJJgLPFw0SBnUEZ/HAPpUEazYxBGFJzV8hHiGJsDYhFkwIzvLJq6Rdqzrn1cZNo9S0F3HkwQk4BWXggAvQBNegBVyAwSN4Bq/gzXqyXqx362NemrMWPcfgD6zPHyxlm/M=</latexit>

SU(3) ⇠= U(2)oZ3
<latexit sha1_base64="DypfIGaXUc7YTLG/KCtDnEjlBlY=">AAACCXicbZC7TsMwFIYdrqXcAowsFhVSu5SkrYCxEgtjEfQimihyXKe16jiR7SBVUVcWXoWFAYRYeQM23gY3zQAtv2Tp03/O0fH5/ZhRqSzr21hZXVvf2CxsFbd3dvf2zYPDjowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98dWs3n0gQtKI36lJTNwQDTkNKEZKW54JU0eE8LY9LdcrZxlrrFWggyM+hPde3TNLVtXKBJfBzqEEcrU888sZRDgJCVeYISn7thUrN0VCUczItOgkksQIj9GQ9DVyFBLpptklU3iqnQEMIqEfVzBzf0+kKJRyEvq6M0RqJBdrM/O/Wj9RwaWbUh4ninA8XxQkDKoIzmKBAyoIVmyiAWFB9V8hHiGBsNLhFXUI9uLJy9CpVe3zauOmUWpaeRwFcAxOQBnY4AI0wTVogTbA4BE8g1fwZjwZL8a78TFvXTHymSPwR8bnD/iCl+o=</latexit>

SU(3)/U(2) ⇠= Z3



CHIRAL ENTANGLEMENT

U(2) x U(3) structure becomes natural for tripartite Hilbert space
I want to see chiral entanglement in tripartite Hilbert space as a principle governing the 
emergence of symmetries in the SM and in particular focus on the difference between 
electroweak and strong sectors
Entanglement requires multipartite structure of Hilbert space with self-consistent structure 
H =H x H x … x H 

Further motivation for me is that entanglement of hadrons as well as quarks is actually 
quite natural in hard processes where we need PDFs x FFs

nucleon is pure state à ensemble of partons (good light-front states)
hard scattering process: partons à partons (local interaction)
emerging partons are pure state(s) à ensemble of hadrons
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CHIRAL ENTANGLEMENT
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q Qubit space
q pure states with simple density matrix being projector r satisfying r2 = r

q In general ensemble

q with entropy 

<latexit sha1_base64="Q7dOAMjnS5RbgHZ+Z/l/KOrgL8s="></latexit>

⇢ = | ih | =


cL
cR

� ⇥
cL cR

⇤
=


c2L cLcR

cRcL c2R

�
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⇢ =
X

↵

|↵ip↵h↵|
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Tr ⇢ =
X

↵

p↵ = 1
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Tr ⇢2 =
X

↵

p2↵  1
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S(⇢) = � 1
2Tr(⇢ ln ⇢

2) = �
X

n

pn ln pn

q entangled (pure) states live in multipartite
product space, e.g.  

q Measuring in subspace helps as it leads either
to a pure state or an ensemble:

q Trace can be extended with entanglement
witness W (positive definite hermitean op.)                SEPARABLE             ENTANGLED 
with for any separable state 
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H = {LL,LR,RL,RR}
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<latexit sha1_base64="G+9vqt20uYMZV4Ty64Gs92jO2gA=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCCylJKepGqLhxWaEvaGKYTCft0JlMmJkIJXbhr7hxoYhbf8Odf+O0zUJbD1w4nHMv994TJowq7Tjf1tLyyuraemGjuLm1vbNr7+23lEglJk0smJCdECnCaEyammpGOokkiIeMtMPhzcRvPxCpqIgbepQQn6N+TCOKkTZSYB9mnuSwIcfemScHIri+r8Ar6AZ2ySk7U8BF4uakBHLUA/vL6wmcchJrzJBSXddJtJ8hqSlmZFz0UkUShIeoT7qGxogT5WfT+8fwxCg9GAlpKtZwqv6eyBBXasRD08mRHqh5byL+53VTHV36GY2TVJMYzxZFKYNawEkYsEclwZqNDEFYUnMrxAMkEdYmsqIJwZ1/eZG0KmX3vFy9q5ZqTh5HARyBY3AKXHABauAW1EETYPAInsEreLOerBfr3fqYtS5Z+cwB+APr8wfWa5Si</latexit>

Tr ⇢2A = 1
<latexit sha1_base64="TYWoO+AUg1jm6gvKSCqgHyhsj0o=">AAACCnicbVDLSsNAFJ34rPUVdelmtAgupCSlqBuh4sZlhb6giWEynbRDJzNhZiKUkLUbf8WNC0Xc+gXu/Bunj4W2HrhwOOde7r0nTBhV2nG+raXlldW19cJGcXNre2fX3ttvKZFKTJpYMCE7IVKEUU6ammpGOokkKA4ZaYfDm7HffiBSUcEbepQQP0Z9TiOKkTZSYB9lnoxhQ+bemScHIri+r8Ar6OlIIpy5eVbJA7vklJ0J4CJxZ6QEZqgH9pfXEziNCdeYIaW6rpNoP0NSU8xIXvRSRRKEh6hPuoZyFBPlZ5NXcnhilB6MhDTFNZyovycyFCs1ikPTGSM9UPPeWPzP66Y6uvQzypNUE46ni6KUQS3gOBfYo5JgzUaGICypuRXiATIpaJNe0YTgzr+8SFqVsntert5VSzVnFkcBHIJjcApccAFq4BbUQRNg8AiewSt4s56sF+vd+pi2LlmzmQPwB9bnD75dmZ4=</latexit>

Tr ⇢2A = 1
2

<latexit sha1_base64="guALTNm4RwCxt5AVHOtmDlzN3DA=">AAAB9HicbVBNSwMxEJ31s9avqkcvwSLUS9mVol6EihePFe0HtEvJptk2NJusSbZQlv4OLx4U8eqP8ea/MW33oK0PBh7vzTAzL4g508Z1v52V1bX1jc3cVn57Z3dvv3Bw2NAyUYTWieRStQKsKWeC1g0znLZiRXEUcNoMhrdTvzmiSjMpHs04pn6E+4KFjGBjJf+h1FED2b05Q9fI7RaKbtmdAS0TLyNFyFDrFr46PUmSiApDONa67bmx8VOsDCOcTvKdRNMYkyHu07alAkdU++ns6Ak6tUoPhVLZEgbN1N8TKY60HkeB7YywGehFbyr+57UTE175KRNxYqgg80VhwpGRaJoA6jFFieFjSzBRzN6KyAArTIzNKW9D8BZfXiaN87J3Ua7cV4pVN4sjB8dwAiXw4BKqcAc1qAOBJ3iGV3hzRs6L8+58zFtXnGzmCP7A+fwBcW6QiQ==</latexit>

S(⇢A) = 0
<latexit sha1_base64="fphprLiB7ctlFkql0pa1IcYtdO0=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiSlqBuh4sZlRfuAJoTJdNIOncyEmYlSYj/FjQtF3Pol7vwbp20W2nrgwuGce7n3njBhVGnH+bZWVtfWNzYLW8Xtnd29fbt00FYilZi0sGBCdkOkCKOctDTVjHQTSVAcMtIJR9dTv/NApKKC3+txQvwYDTiNKEbaSIFduqt4ciiCq1N4CT3GYS2wy07VmQEuEzcnZZCjGdhfXl/gNCZcY4aU6rlOov0MSU0xI5OilyqSIDxCA9IzlKOYKD+bnT6BJ0bpw0hIU1zDmfp7IkOxUuM4NJ0x0kO16E3F/7xeqqMLP6M8STXheL4oShnUAk5zgH0qCdZsbAjCkppbIR4iibA2aRVNCO7iy8ukXau6Z9X6bb3ccPI4CuAIHIMKcME5aIAb0AQtgMEjeAav4M16sl6sd+tj3rpi5TOH4A+szx+YMpI6</latexit>

S(⇢A) = ln 2

<latexit sha1_base64="KNyz0hm6PaDYBziHMLCXIQyX45k=">AAACE3icbVC7SgNBFJ2NrxhfUUubwSCISNiVoDZCgo2FRYS8IBuW2cns7pDZmWVmVglL/sHGX7GxUMTWxs6/cfIoNPHAhcM593LvPX7CqNK2/W3llpZXVtfy64WNza3tneLuXkuJVGLSxIIJ2fGRIoxy0tRUM9JJJEGxz0jbH1yP/fY9kYoK3tDDhPRiFHIaUIy0kbziiSsj4dXgFcxcGcOGHHk193QsutC9FTyUNIw0klI8eMWSXbYngIvEmZESmKHuFb/cvsBpTLjGDCnVdexE9zIkNcWMjApuqkiC8ACFpGsoRzFRvWzy0wgeGaUPAyFNcQ0n6u+JDMVKDWPfdMZIR2reG4v/ed1UB5e9jPIk1YTj6aIgZVALOA4I9qkkWLOhIQhLam6FOEISYW1iLJgQnPmXF0nrrOyclyt3lVLVnsWRBwfgEBwDB1yAKrgBddAEGDyCZ/AK3qwn68V6tz6mrTlrNrMP/sD6/AEHOZ2f</latexit>

⇢A = TrA ⇢ =)

<latexit sha1_base64="UCO9VghoE3VShA+ZhT+vL8xmcI8=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkUtRlwY3LCn1BE8pkOmmHziPMTIQSu/BX3LhQxK2/4c6/cdpmoa0HLhzOuZd774kSRrXxvG+nsLa+sblV3C7t7O7tH7iHR20tU4VJC0smVTdCmjAqSMtQw0g3UQTxiJFONL6d+Z0HojSVomkmCQk5GgoaU4yMlfruSRYoDptqWgnUSMLOBQyGBHp9t+xVvTngKvFzUgY5Gn33KxhInHIiDGZI657vJSbMkDIUMzItBakmCcJjNCQ9SwXiRIfZ/P4pPLfKAMZS2RIGztXfExniWk94ZDs5MiO97M3E/7xeauKbMKMiSQ0ReLEoThk0Es7CgAOqCDZsYgnCitpbIR4hhbCxkZVsCP7yy6ukfVn1r6q1+1q57uVxFMEpOAMV4INrUAd3oAFaAINH8AxewZvz5Lw4787HorXg5DPH4A+czx/LE5Sc</latexit>

Tr(⇢W ) � 0

<latexit sha1_base64="s4CfoJFayfpwlgG4U5V1UA10Y8s="></latexit>

1p
2

�
LL+ ei�RL

� <latexit sha1_base64="Rt0FOHhpgxZViOuZNAlz0LdLWxo="></latexit>

1p
2

�
LR+ ei�RL

�

<latexit sha1_base64="edmhv0PQV6uHjakCftZN/h7h8Mw="></latexit>

⇢ = 1
2

2

664

1 0 e�i� 0
0 0 0 0
ei� 0 1 0
0 0 0 0

3

775

<latexit sha1_base64="9CRZcKM2NISyzSxpYl+fzxbp4F8="></latexit>

⇢2A = ⇢A = 1
2


1 e�i�

ei� 1

�

<latexit sha1_base64="zVuk7yNDhQ3u3FTJkdP2j1VUL28=">AAACEnicbVC7SgNBFJ2Nrxhfq5Y2g0FIUMJuCGoZsLFIEcU8IBvD7GQ2GTL7cOauEJb9Bht/xcZCEVsrO//GyaPQ6IELh3Punbn3uJHgCizry8gsLa+srmXXcxubW9s75u5eU4WxpKxBQxHKtksUEzxgDeAgWDuSjPiuYC13dDHxW/dMKh4GNzCOWNcng4B7nBLQUs8sOuBJQhM7TRx1JyEpp2mhho8xu024I/RDfZI6J9fFWs/MWyVrCvyX2HOSR3PUe+an0w9p7LMAqCBKdWwrgm5CJHAqWJpzYsUiQkdkwDqaBsRnqptMT0rxkVb62AulrgDwVP05kRBfqbHv6k6fwFAtehPxP68Tg3feTXgQxcACOvvIiwWGEE/ywX0uGQUx1oRQyfWumA6Jjgh0ijkdgr148l/SLJfs01LlqpKvWvM4sugAHaICstEZqqJLVEcNRNEDekIv6NV4NJ6NN+N91pox5jP76BeMj29LAJ0o</latexit>

1p
2
(L+ ei� R)L

<latexit sha1_base64="UGrI6j5t5oROe8euvswgKud/uFc="></latexit>

⇢ = 1
2

2

664

0 0 0 0
0 1 e�i� 0
0 ei� 1 0
0 0 0 0

3

775

<latexit sha1_base64="VL+j5P3TD+TFym18Qw2DleZWfG0="></latexit>

H = {|Li, |Ri} =) {|M,pi = cL(p)|Li+ cR(p)|Ri}



CHIRAL ENTANGLEMENT / BIPARTITE
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q Example: bipartite space has just a single entanglement class 
q Maximally entangled states are Bell states:

q Measurement shows and destroys entanglement

SYMMETRIES AND ENTANGLEMENT IN THE TRIPARTITE SM 19

They are pure states with a density matrix of rank 1. The symmetric or antisymmetric states like
|RL ± LRi are MaxEnt states, known as Bell states. They are entangled, which is signalled by looking
at the reduced density matrix. This reduced density matrix has rank 2, i.e. rank larger than 1. They
are MaxEnt, as the reduced rank 2 density matrix is proportional to the unit matrix, corresponding to a
mixed ensemble with maximal von Neumann entropy (see Appendix H). Using a unitary transformation,
e.g. R-L interchange in one of the spaces, shows that the states |RRi ± |LLi, and also combinations with
phase factors are equivalent sets of entangled states.

In general, there can be di↵erent classes of MaxEnt states. The physical way to establish if a pure
quantum states in multipartite space is entangled requires local operations, for instance measurements.
In this context local refers to one of the subspaces. Constructing the reduced density matrix is such a
local operation that through its rank or the corresponding von Neumann entropy determines the degree of
entanglement. The entanglement classes are simple in a bipartite setting. For two qubit spaces MaxEnt
states are known as Bell states,

|Belli = 1p
2

(|RLi ± |LRi) or 1p
2

(|RRi ± |LLi)

with Tr1 (|BellihBell|) = 1
2 (|RihR| + |LihL|) , (79)

where the trace in the last step, leading to the reduced density matrix, can be taken in any one of the
(two) subspaces. All Bell-states belong to a single class of MaxEnt states, where classes imply equivalence

under stochastic local operations and classical communication (SLOCC). For our purposes, local unitary
(LU), which means the existence of unitary transformations U1 ⌦ U2 ⌦ . . . among states in multipartite
space, is a su�cient criterium for SLOCC equivalence.

For tripartite qubit states, living in H⌦H⌦H, there are two inequivalent classes [7] of MaxEnt states,
known as the Greenberger-Horne-Zeilinger (GHZ) states and an inequivalent class of W states, with as
representatives

|GHZi = 1p
2

(|RRRi + |LLLi)

with Tr1 (|GHZihGHZ|) = 1
2 (|RRihRR| + |LLihLL|) , (80)

|Wi = 1p
3

(|LRRi + |RLRi + |RRLi)

with Tr1 (|WihW|) = 2
3 |BellihBell| + 1

3 |RRihRR|, (81)

where the trace can be taken on any one of the subspaces. We have 8 pure product states, |RRRi,
|RLLi, |LRLi, |LLRi, |RRLi, |RLRi, |LRRi, |LLLi. They have density matrices of rank 1 and are
not entangled. The product states are represented as the corners of squares or cubes as in Fig. 4.

LR

RLLL

RR

Bell

(a)

LLR

RLL

RRL

LRR

RLR

LRL

RRR

LLL

GHZ

(b)

LLR

RLL

RRL

LRR

RRR

LLL

W

RLR

LRL

W

(c)

Fig. 4: A square with product states at the corners where lines illustrate bipartite entanglement for Bell
states (a) and cubes where lines and polytopes illustrate tri-partite entanglement for GHZ states
(b) and W-states (c).

|Belli = 1p
2
(|RRi± |LLi) or 1p

2
(|RLi± |LRi)

<latexit sha1_base64="jGXy1WvmKf6k7ePu4zdcXUzWe64="></latexit>

<latexit sha1_base64="dXIscdnziemiBK2Uu0L5mesMUco="></latexit>

TrA |BellihBell| =) 1
2 (|RihR|+ |LihL|)

q Transformations                    in multi-partite space                               do not affect  
entanglement. This is referred to as local unitarity where local refers to subspaces.   
It leads to classes of entangled states
q This equivalence is known in quantum information as Stochastic Local Operations 

and Classical Communication (SLOCC)   
q Within classes one can define a basis of maximally entangled (MaxEnt) states                        

<latexit sha1_base64="Wfwb9DL+DNVb61S9RkOiihaSABQ=">AAACJ3icbVDLSgMxFM3UV62vqks3wSK4KjOi6EYpuOlKKtgHdMaSyaRtaGYyJHeEMvRv3PgrbgQV0aV/YtpOQVsPhJyccy839/ix4Bps+8vKLS2vrK7l1wsbm1vbO8XdvYaWiaKsTqWQquUTzQSPWB04CNaKFSOhL1jTH1yP/eYDU5rL6A6GMfNC0ot4l1MCRuoUr1KXEoGro/vUlcBDpvHNCF/imTwTXRFIMFf2nNmdYsku2xPgReJkpIQy1DrFVzeQNAlZBFQQrduOHYOXEgWcCjYquIlmMaED0mNtQyNipnnpZM8RPjJKgLtSmRMBnqi/O1ISaj0MfVMZEujreW8s/ue1E+heeCmP4gRYRKeDuonAIPE4NBxwxSiIoSGEKm7+immfKELBRFswITjzKy+SxknZOSvbt6elip3FkUcH6BAdIwedowqqohqqI4oe0TN6Q+/Wk/VifVif09KclfXsoz+wvn8AmPiltw==</latexit>

H
⌦N = H⌦ . . .⌦H

q Entanglement classes and maximizing entanglement in combination with symmetries can 
identify elementary SM modes
q Symmetries maximizing R/L entanglement [Cervera-Lierta, Latorre, Rojo, Rottoli 2017]
q Corrollary: S-matrix enhances entanglement entropy [PJM 1801.03664]
q Understanding gluon distribution [Kharzeev, Levin 2017]

<latexit sha1_base64="D+nqPdFtDPyMTub7pV0QJ4hZI9g=">AAACBXicbZDNSsNAFIUn9a/Wv6hLXQwWwVVJpKjLqhuXFUxbaEuYTCft0EkmzNwIJXTjxldx40IRt76DO9/GaRtBWw8MfJx7L3fuCRLBNTjOl1VYWl5ZXSuulzY2t7Z37N29hpaposyjUkjVCohmgsfMAw6CtRLFSBQI1gyG15N6854pzWV8B6OEdSPSj3nIKQFj+fah5192JPCIaez5Vz/YET0J2rfLTsWZCi+Cm0MZ5ar79menJ2kasRioIFq3XSeBbkYUcCrYuNRJNUsIHZI+axuMidnVzaZXjPGxcXo4lMq8GPDU/T2RkUjrURSYzojAQM/XJuZ/tXYK4UU343GSAovpbFGYCgwSTyLBPa4YBTEyQKji5q+YDogiFExwJROCO3/yIjROK+5ZpXpbLdecPI4iOkBH6AS56BzV0A2qIw9R9ICe0At6tR6tZ+vNep+1Fqx8Zh/9kfXxDQ5ymEE=</latexit>

UA ⌦ UB ⌦ . . .

entanglement polytope



q Tripartite entanglement allows two MaxEnt classes [Dur, Vidal & Cirac 2000]
q Fragile GHZ states 

Local operation shows and destroys entanglement 

q Robust class of W states

After local operation entanglement remains 

q W-class      GHZ-class      …       product states 
q Note that within each particular class of entangled states

a full basis exists with its own symmeries

|GHZi = 1p
2
(|RRRi+ |LLLi)

<latexit sha1_base64="UyZwRUaflW6W+hh9RAnDZaEipPg="></latexit>

|Wi = 1p
3
(|LRRi+ |RLRi+ |RRLi)

<latexit sha1_base64="v3ikELdnbFAAjaNQOQiyAb1pY2s="></latexit>

<latexit sha1_base64="DTbcYNKZdlevYP6kQnHF02SuyJA="></latexit>

|Wi = 1p
3
(|RLLi+ |LRLi+ |LLRi)

<latexit sha1_base64="rWdLrGJ7fm3mY0sm4nkIs2I0xsI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbOdtEs3m7A7EUroj/DiQRGv/h5v/hu3bQ7a+mDg8d4MM/PCVApDnvftrK1vbG5tl3bKu3v7B4eVo+OWSTLNsckTmehOyAxKobBJgiR2Uo0sDiW2w/HdzG8/oTYiUY80STGI2VCJSHBGVmr3TBYapH6l6tW8OdxV4hekCgUa/cpXb5DwLEZFXDJjur6XUpAzTYJLnJZ7mcGU8TEbYtdSxWI0QT4/d+qeW2XgRom2pcidq78nchYbM4lD2xkzGpllbyb+53Uzim6DXKg0I1R8sSjKpEuJO/vdHQiNnOTEEsa1sLe6fMQ042QTKtsQ/OWXV0nrsuZf17yHq2rdK+IowSmcwQX4cAN1uIcGNIHDGJ7hFd6c1Hlx3p2PReuaU8ycwB84nz+Jdo+k</latexit>⇢<latexit sha1_base64="rWdLrGJ7fm3mY0sm4nkIs2I0xsI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbOdtEs3m7A7EUroj/DiQRGv/h5v/hu3bQ7a+mDg8d4MM/PCVApDnvftrK1vbG5tl3bKu3v7B4eVo+OWSTLNsckTmehOyAxKobBJgiR2Uo0sDiW2w/HdzG8/oTYiUY80STGI2VCJSHBGVmr3TBYapH6l6tW8OdxV4hekCgUa/cpXb5DwLEZFXDJjur6XUpAzTYJLnJZ7mcGU8TEbYtdSxWI0QT4/d+qeW2XgRom2pcidq78nchYbM4lD2xkzGpllbyb+53Uzim6DXKg0I1R8sSjKpEuJO/vdHQiNnOTEEsa1sLe6fMQ042QTKtsQ/OWXV0nrsuZf17yHq2rdK+IowSmcwQX4cAN1uIcGNIHDGJ7hFd6c1Hlx3p2PReuaU8ycwB84nz+Jdo+k</latexit>⇢
LLR

RLL

RRL

LRR

RLR

LRL

RRR

LLL

WL

WR

LLR

RLL

RRL

LRR

RLR

LRL

RRR

LLL

GHZ
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CHIRAL ENTANGLEMENT / TRIPARTITE

<latexit sha1_base64="m2qUo/xk/JI37OKzVFmJfbv3MP8="></latexit>

TrA |WihW| =) 2
3 |BellihBell|+

1
3 |RRihRR|

<latexit sha1_base64="AAK4HaIxqIPyBuBjiGAy2m7rCbo="></latexit>

TrA |GHZihGHZ| =) 1
2 (|RRihRR|+ |LLihLL|)

entanglement polytopes

<latexit sha1_base64="rWdLrGJ7fm3mY0sm4nkIs2I0xsI=">AAAB7nicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa8eKxgP6ANZbOdtEs3m7A7EUroj/DiQRGv/h5v/hu3bQ7a+mDg8d4MM/PCVApDnvftrK1vbG5tl3bKu3v7B4eVo+OWSTLNsckTmehOyAxKobBJgiR2Uo0sDiW2w/HdzG8/oTYiUY80STGI2VCJSHBGVmr3TBYapH6l6tW8OdxV4hekCgUa/cpXb5DwLEZFXDJjur6XUpAzTYJLnJZ7mcGU8TEbYtdSxWI0QT4/d+qeW2XgRom2pcidq78nchYbM4lD2xkzGpllbyb+53Uzim6DXKg0I1R8sSjKpEuJO/vdHQiNnOTEEsa1sLe6fMQ042QTKtsQ/OWXV0nrsuZf17yHq2rdK+IowSmcwQX4cAN1uIcGNIHDGJ7hFd6c1Hlx3p2PReuaU8ycwB84nz+Jdo+k</latexit>⇢

GHZ
ABC

A-B-C

W
ABC

B-AC C-ABA-BC

tripartite entangled

bipartite entangled

product states



THE BASIC HILBERT SPACE

The principle behind symmetries are indistinguishable basic state(s) in (complex) Hilbert 
space: ket | >, bra < |, albeit with phases in rays eil | >; a real norm < | >; and charge 
conjugation as part of the game: | >c ~ < | 
Hamiltonian defines spectrum and generates U(1) invariance

with time as gauge parameter

generalized into time-ordered evolution via U(t)

Discrete (anti-unitary) time reversal and corresponding charge conjugation symmetries   
In Hilbert space T is matched by C (or CP, …), but both may be broken
Including SUSY, bosonic excitations in H =H x H x … x H are symmetrized over 
subspaces and a fermion can live in just one of the subspaces
0D quantum fields with vev and including C

supercharges
boson à fermion à boson’

11

<latexit sha1_base64="KRXuahDC1EdXsS7kxDtIwLyFQOU="></latexit>

U(t, 0) = T exp

✓
�i

Z t

0
dsH(s)

◆

Heisenberg replicas
<latexit sha1_base64="PvfDCTkCA4wqZsmyJmMfpDnFW2k=">AAACDXicbVDLSgMxFM3UV62vUZduglVwVWakqBuh4KbLCvYBnWHIZDJtaCYZkoxQhv6AG3/FjQtF3Lp359+YtiNo64ELJ+fcS+49Ycqo0o7zZZVWVtfWN8qbla3tnd09e/+go0QmMWljwYTshUgRRjlpa6oZ6aWSoCRkpBuObqZ+955IRQW/0+OU+AkacBpTjLSRAvsk9zBisDmB19BLpYgCT6MM/qjzV2BXnZozA1wmbkGqoEArsD+9SOAsIVxjhpTqu06q/RxJTTEjk4qXKZIiPEID0jeUo4QoP59dM4GnRolgLKQpruFM/T2Ro0SpcRKazgTpoVr0puJ/Xj/T8ZWfU55mmnA8/yjOGNQCTqOBEZUEazY2BGFJza4QD5FEWJsAKyYEd/HkZdI5r7kXtfptvdpwijjK4AgcgzPggkvQAE3QAm2AwQN4Ai/g1Xq0nq03633eWrKKmUPwB9bHN9Dhmro=</latexit>

H =
Y

⌧

H⌧<latexit sha1_base64="nYIOYabEE9x/DsoSUb40AFX6Eu8=">AAAB+HicbVBNT8JAEN3iF+IHVY9eNhITPEhaQ9SLCYkXjphYIIFKtssCG7bbZndqgg2/xIsHjfHqT/Hmv3GBHhR8ySQv781kZl4QC67Bcb6t3Nr6xuZWfruws7u3X7QPDps6ShRlHo1EpNoB0UxwyTzgIFg7VoyEgWCtYHw781uPTGkeyXuYxMwPyVDyAacEjNSzi14ZzvANZg/pOYf6tGeXnIozB14lbkZKKEOjZ391+xFNQiaBCqJ1x3Vi8FOigFPBpoVuollM6JgMWcdQSUKm/XR++BSfGqWPB5EyJQHP1d8TKQm1noSB6QwJjPSyNxP/8zoJDK79lMs4ASbpYtEgERgiPEsB97liFMTEEEIVN7diOiKKUDBZFUwI7vLLq6R5UXEvK9W7aqnmZHHk0TE6QWXkoitUQ3XUQB6iKEHP6BW9WU/Wi/VufSxac1Y2c4T+wPr8AdCakdw=</latexit>

U(t) = e�itH

<latexit sha1_base64="wO3M5XSYeRHUJ5UNVFK3tJKXh0Q="></latexit>

� = v + 1p
2!

�
a+ ac†

�
<latexit sha1_base64="B7M7WXHvkGEpjo3sXkquA0SeCWk=">AAACIHicbVDLSgNBEJz1bXxFPXoZDEJECLtR1IsgePGoYGIgG8PspHczZPbhTK8Ylv0UL/6KFw+K6E2/xsnjoNGChqKqm+4uL5FCo21/WlPTM7Nz8wuLhaXlldW14vpGXcep4lDjsYxVw2MapIighgIlNBIFLPQkXHu9s4F/fQdKizi6wn4CrZAFkfAFZ2ikdvHIvRf0hLroK8YzJ89cfaswq+a5 K8HHMvXoHvVuMu52WBCAyl0lgi7utoslu2IPQf8SZ0xKZIyLdvHD7cQ8DSFCLpnWTcdOsJUxhYJLyAtuqiFhvMcCaBoasRB0Kxs+mNMdo3SoHytTEdKh+nMiY6HW/dAznSHDrp70BuJ/XjNF/7iViShJESI+WuSnkmJMB2nRjlDAUfYNYVwJcyvlXWaiQpNpwYTgTL78l9SrFeewsn95UDqtjuNYIFtkm5SJQ47IKTknF6RGOHkgT+SFvFqP1rP1Zr2PWqes8cwm+QXr6xtCBaMA</latexit>

⇠ = 1p
2

�
b+ bc†

� <latexit sha1_base64="wzpA1V82GssI9BjP08SDzzzUofI="></latexit>

Q =
q

!
2

�
ba† � bc†ac

�

<latexit sha1_base64="tVRytBx7AFyKRZ1YTmZJ/9Oxt1I="></latexit>

H = 1
2{Q

†
, Q}

= !
2

�
{a†, a}+ [b†, b]

�<latexit sha1_base64="cZPPE2da9Q9kmUTbRQiEiScLx9M=">AAACDnicbZDLSsNAFIYn9VbrLerSzWApuCglqaJuhIIuumzBXqCJZTKZpEMnF2YmYgl9Aje+ihsXirh17c63cdJmoa0/DHz85xzOnN+JGRXSML61wsrq2vpGcbO0tb2zu6fvH3RFlHBMOjhiEe87SBBGQ9KRVDLSjzlBgcNIzxlfZ/XePeGCRuGtnMTEDpAfUo9iJJU11CtWaj3QavvOcpHvE25N4RUcWPGIVpu2QnqT8VAvGzVjJrgMZg5lkKs11L8sN8JJQEKJGRJiYBqxtFPEJcWMTEtWIkiM8Bj5ZKAwRAERdjo7ZworynGhF3H1Qgln7u+JFAVCTAJHdQZIjsRiLTP/qw0S6V3aKQ3jRJIQzxd5CYMyglk20KWcYMkmChDmVP0V4hHiCEuVYEmFYC6evAzdes08r522z8qNeh5HERyBY3ACTHABGqAJWqADMHgEz+AVvGlP2ov2rn3MWwtaPnMI/kj7/AHlV5qw</latexit>

{⇠, Q†} = [�, H] = iD�
<latexit sha1_base64="i4hfxfNr1I7aG9N2y9ivg3Ot36E=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUS9CwYvHFuwHJLFstpt26WYTdjdqCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmXpBwprRtf1tLyyura+uFjeLm1vbObmlvv6XiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHgz8dsPVCoWizs9Sqgf4b5gISNYG+ne9ZIBO2346Bp5T6xbKtsVewq0SJyclCFHvVv68noxSSMqNOFYKdexE+1nWGpGOB0XvVTRBJMh7lPXUIEjqvxsevUYHRulh8JYmhIaTdXfExmOlBpFgemMsB6oeW8i/ue5qQ6v/IyJJNVUkNmiMOVIx2gSAeoxSYnmI0MwkczcisgAS0y0CapoQnDmX14krWrFuaicNc7LtWoeRwEO4QhOwIFLqMEt1KEJBCQ8wyu8WY/Wi/Vufcxal6x85gD+wPr8ARF1kYo=</latexit>

[�, Q] = ⇠

<latexit sha1_base64="T1SQTc8LEk/1gf40A5fl5jtJdNs=">AAACHnicbZBLS8NAEMc3Pmt9VT16WSxChVoSqY+LUPDisYJpC00tm822Xbp5sDtRSugn8eJX8eJBEcGTfhs3bQ7aOrDwn9/MMDt/NxJcgWl+GwuLS8srq7m1/PrG5tZ2YWe3ocJYUmbTUISy5RLFBA+YDRwEa0WSEd8VrOkOr9J6855JxcPgFkYR6/ikH/AepwQ06hZOnWjAS3CEL7HzwD02IIDtNE+5hql2ymnilLF9lxxbY026haJZMSeB54WViSLKot4tfDpeSGOfBUAFUaptmRF0EiKBU8HGeSdWLCJ0SPqsrWVAfKY6yeS8MT7UxMO9UOoXAJ7Q3xMJ8ZUa+a7u9AkM1Gwthf/V2jH0LjoJD6IYWECni3qxwBDi1CvscckoiJEWhEqu/4rpgEhCQTua1yZYsyfPi8ZJxTqrVG+qxZqZ2ZFD++gAlZCFzlENXaM6shFFj+gZvaI348l4Md6Nj2nrgpHN7KE/YXz9AJTsnv4=</latexit>

�(t) = bU(t)� = U(t)�U�1(t)



CHIRALITY AS BASIC QUBIT SYMMETRY

Combination of two identical Hamiltonians {HR} x {HL} ~ {P+, P-} can be considered as 
multipartite space of right- and left-movers defining continuous set of momentum states

Reordered into time-like and space-like momenta, {P+, P-} ~ {H, P} 
generating translations T(1,1) with Minkowski R1,1 parameters
boost transformation O(1,1) with                           and invariant
{H, P, K} complete Poincaré transformations IO(1,1), mass coupling right- and left-movers

Discrete symmetry V4 = {1, P, T, PT} and CPT

Corresponding extension of fields 
chiral representation for fermions

complex extension of bosons

Emergence of complexity similar as non-abelian and non-associative behavior of division 
algebras (and their emergence): real à complex à quaternions à octonions

How far can we go?  [cf octonions of C. Furey 2016]
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<latexit sha1_base64="jFU3IjpruSZSQB5kwu76hNDB9Ys="></latexit>

�
p
2 = e+i⇡/4�R + e�i⇡/4�L

= �S + i�P = ei✓�

space-time replicas
<latexit sha1_base64="bivO08evr4P6xvGnKHf/IxK1BVo=">AAACL3icbVDLSgMxFM34tr6qLt0Ei+CqzIioG6EgiAsXFWwVOqXcSdM2mEmG5I5ahv6RG3/FjYgibv0L03bE54HAyTnnktwTJVJY9P0nb2Jyanpmdm6+sLC4tLxSXF2rW50axmtMS20uI7BcCsVrKFDyy8RwiCPJL6Kro6F/cc2NFVqdYz/hzRi6SnQEA3RSq3ichQwkPRnQQxomRrdbIUJKP9XxLTzVqmtEt4dgjL7Jg7dfqdtWseSX/RHoXxLkpERyVFvFh7CtWRpzhUyCtY3AT7CZgUHBJB8UwtTyBNgVdHnDUQUxt81stO+AbjmlTTvauKOQjtTvExnE1vbjyCVjwJ797Q3F/7xGip2DZiZUkiJXbPxQJ5UUNR2WR9vCcIay7wgwI9xfKeuBAYau4oIrIfi98l9S3ykHe+Xds91Sxc/rmCMbZJNsk4Dskwo5IVVSI4zckQfyTF68e+/Re/XextEJL59ZJz/gvX8AO0OpLg==</latexit>

H =
Y

⌧

H⌧ =)
Y

x

Hx

<latexit sha1_base64="XRka0Pz8jsIQ4j3DrYPGJ6RMc9g="></latexit>

U(t, x) = e�ix
�
P

+

e�ix
+
P

�
= e�itH eixP = e�i⌘K e�i⌧M

<latexit sha1_base64="Dteawnei7mo1jTvLhoiKsiofGi0="></latexit>

⇠
p
2 = ei⇡/4⇠R + e�i⇡/4⇠L =


e+i⇡/4⇠R
e�i⇡/4⇠L

�

<latexit sha1_base64="Bo7ZcN2IZR1px2xczmIsKUqnZrE=">AAACB3icbZDLSgMxFIYz9VbrbdSlIMEiCNIyU0VdFtx0I4xgL9BOSyZN29AkMyQZoQzdufFV3LhQxK2v4M63MW1H0NYfAl/+cw7J+YOIUaUd58vKLC2vrK5l13Mbm1vbO/buXk2FscSkikMWykaAFGFUkKqmmpFGJAniASP1YHg9qdfviVQ0FHd6FBGfo76gPYqRNlbHPrxpl2BLUQ4rBgrQ+7l67VOvXejYeafoTAUXwU0hD1J5Hfuz1Q1xzInQmCGlmq4TaT9BUlPMyDjXihWJEB6iPmkaFIgT5SfTPcbw2Dhd2AulOULDqft7IkFcqREPTCdHeqDmaxPzv1oz1r0rP6EiijURePZQL2ZQh3ASCuxSSbBmIwMIS2r+CvEASYS1iS5nQnDnV16EWqnoXhTPbs/z5VIaRxYcgCNwAlxwCcqgAjxQBRg8gCfwAl6tR+vZerPeZ60ZK53ZB39kfXwDN2qWTw==</latexit>

M
2 ⇠ H

2 � P
2 ⇠ P

+
P

�
<latexit sha1_base64="2TVexv/++XlNwbLc0fzSVmHorTM=">AAACAXicbVDLSgMxFM3UV62vUTeCm2ARXEiZKUXdCAU3gpsK9gEzY8mkmTY0yQxJRihD3fgrblwo4ta/cOffmLaz0NYDISfn3MvNPWHCqNKO820VlpZXVteK66WNza3tHXt3r6XiVGLSxDGLZSdEijAqSFNTzUgnkQTxkJF2OLya+O0HIhWNxZ0eJSTgqC9oRDHSRuraB97NaePeT3gAL6G5IPVn765ddirOFHCRuDkpgxyNrv3l92KcciI0Zkgpz3USHWRIaooZGZf8VJEE4SHqE89QgThRQTbdYAyPjdKDUSzNERpO1d8dGeJKjXhoKjnSAzXvTcT/PC/V0UWQUZGkmgg8GxSlDOoYTuKAPSoJ1mxkCMKSmr9CPEASYW1CK5kQ3PmVF0mrWnHPKrXbWrlezeMogkNwBE6AC85BHVyDBmgCDB7BM3gFb9aT9WK9Wx+z0oKV9+yDP7A+fwAWQJVY</latexit>

[K,P±] = ±i P±



CHIRALITY AS BASIC QUBIT SYMMETRY

Extension to more supercharges
wandering through Hilbert space (boson à fermion à boson’), generating symmetries 

with stepping operators                        and
These stepping operators generate orthogonal O(N) and unitary U(N) symmetries

Unitary evolution for space-time and internal symmetries
path ordering and decoupling (Coleman-Mandula) 
or subtle interplay (fermions & symmetry embedding)
accounts for internal symmetries via Wilson line W(x) 
nonzero loops W[C] indicate physical gauge fields

Everything can be accommodated in a 1+1 dimensional Wess Zumino action.
13

<latexit sha1_base64="0C6Jz05FmHR+HXi/p3YoUjj8QM0="></latexit>

[Q†
ik, Qjl] = �ijR

B
lk + �lkR

F
ij

<latexit sha1_base64="WGYiyrgj/vxoGMydzwbT1kUIu9g=">AAACE3icbVDJSgNBEO2JW4zbqEcvjUEQkTATgnoRgl48RjELZJKhptOTNOlZ6O4RwjD/4MVf8eJBEa9evPk3dpaDJj4oeLxXRVU9L+ZMKsv6NnJLyyura/n1wsbm1vaOubvXkFEiCK2TiEei5YGknIW0rpjitBULCoHHadMbXo/95gMVkkXhvRrFtBNAP2Q+I6C05Jond27Kh1n3Cl9iR/kCSGpnaTlzUnB51+lBv0/FKbhDJ3PNolWyJsCLxJ6RIpqh5ppfTi8iSUBDRThI2batWHVSEIoRTrOCk0gaAxlCn7Y1DSGgspNOfsrwkVZ62I+ErlDhifp7IoVAylHg6c4A1EDOe2PxP6+dKP+ik7IwThQNyXSRn3CsIjwOCPeYoETxkSZABNO3YjIAHYzSMRZ0CPb8y4ukUS7ZZ6XKbaVYtWZx5NEBOkTHyEbnqIpuUA3VEUGP6Bm9ojfjyXgx3o2PaWvOmM3soz8wPn8AoMed+Q==</latexit>

RB
lk = 1

2{a
†
l , ak}

<latexit sha1_base64="eVjRYmRwwummJClDSsx7oOt1B94=">AAACEXicbVDLSsNAFJ3UV62vqks3g0XoQkpSiroRCoK4rGIfkKRhMpmk004ezEyEEvILbvwVNy4UcevOnX/j9LHQ1gMXDufcy733uAmjQur6t1ZYWV1b3yhulra2d3b3yvsHHRGnHJM2jlnMey4ShNGItCWVjPQSTlDoMtJ1R1cTv/tAuKBxdC/HCbFDFETUpxhJJTnl6p2T0WHev4aX0JI+Rzgz8qyem65D+5aHgoDwU9cZ2k65otf0KeAyMeakAuZoOeUvy4txGpJIYoaEMA09kXaGuKSYkbxkpYIkCI9QQExFIxQSYWfTj3J4ohQP+jFXFUk4VX9PZCgUYhy6qjNEciAWvYn4n2em0r+wMxolqSQRni3yUwZlDCfxQI9ygiUbK4Iwp+pWiAdIxSJViCUVgrH48jLp1GvGWa1x26g09XkcRXAEjkEVGOAcNMENaIE2wOARPINX8KY9aS/au/Yxay1o85lD8Afa5w+7Spzr</latexit>

RF
ij =

1
2 [b

†
i , bj ]

<latexit sha1_base64="KF90vKfqJD/yazBVhRqY5SBzwFI="></latexit>

Qik = bia
†
k and Q†

jl = b†jal

<latexit sha1_base64="Vxy8Isk7DnGVVqlezvkIBHBDtaI="></latexit>

U(x) = P exp

✓
�i

Z x

0
ds·D(s)

◆

<latexit sha1_base64="98FOUCDD5TtPcxwP7/YmOKZr2Ys=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARCkJJpKgboaILlxXsBZoQJtNJOnQyCTMToYS+ghtfxY0LRdy6c+fbOGkjaOsPAx//OYcz5/cTRqWyrC+jtLS8srpWXq9sbG5t75i7ex0ZpwKTNo5ZLHo+koRRTtqKKkZ6iSAo8hnp+qOrvN69J0LSmN+pcULcCIWcBhQjpS3PrNFrz5E0jBC8gNRJkFAUsR/rGIaXBXtm1apbU8FFsAuogkItz/x0BjFOI8IVZkjKvm0lys3yBZiRScVJJUkQHqGQ9DVyFBHpZtOLJvBIOwMYxEI/ruDU/T2RoUjKceTrzgipoZyv5eZ/tX6qgnM3ozxJFeF4tihIGVQxzOOBAyoIVmysAWFB9V8hHiKBsNIhVnQI9vzJi9A5qdun9cZto9q0ijjK4AAcghqwwRloghvQAm2AwQN4Ai/g1Xg0no03433WWjKKmX3wR8bHNxwFnIU=</latexit>

iD� = i@� + gA�

<latexit sha1_base64="8nbljuSDExMoDlu38xJHkK70suU="></latexit>

W (x) = P exp

✓
�ig

Z x

0
ds·A(s)

◆

q Symmetries among quantum fields via 

q or explicitly

<latexit sha1_base64="i4hfxfNr1I7aG9N2y9ivg3Ot36E=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4kJJUUS9CwYvHFuwHJLFstpt26WYTdjdqCf0fXjwo4tX/4s1/47bNQVsfDDzem2FmXpBwprRtf1tLyyura+uFjeLm1vbObmlvv6XiVBLaJDGPZSfAinImaFMzzWknkRRHAaftYHgz8dsPVCoWizs9Sqgf4b5gISNYG+ne9ZIBO2346Bp5T6xbKtsVewq0SJyclCFHvVv68noxSSMqNOFYKdexE+1nWGpGOB0XvVTRBJMh7lPXUIEjqvxsevUYHRulh8JYmhIaTdXfExmOlBpFgemMsB6oeW8i/ue5qQ6v/IyJJNVUkNmiMOVIx2gSAeoxSYnmI0MwkczcisgAS0y0CapoQnDmX14krWrFuaicNc7LtWoeRwEO4QhOwIFLqMEt1KEJBCQ8wyu8WY/Wi/Vufcxal6x85gD+wPr8ARF1kYo=</latexit>

[�, Q] = ⇠
<latexit sha1_base64="aBMLZZ5+84c18Vz/LL0yrC9JNNA="></latexit>

{⇠, Q†} =
⇥
�, 1

2{Q
†, Q}

⇤
= iD� = i@�+ gA�

<latexit sha1_base64="6yFu4aqoZxMjU2HFDJcXS+zX+So=">AAACJXicbVDLSgMxFM34rPU16tJNsAiCUmaqqAuFghuXFewDOmO5k0nb0MyDJCOUoT/jxl9x48Iigit/xbQdqbYeCBzOOZebe7yYM6ks69NYWFxaXlnNreXXNza3ts2d3ZqMEkFolUQ8Eg0PJOUspFXFFKeNWFAIPE7rXu9m5NcfqZAsCu9VP6ZuAJ2QtRkBpaWWeeWkHjw4PnQ6VJx4PwyDM8DX2Emn3kg5xk1vGnZbZsEqWmPgeWJnpIAyVFrm0PEjkgQ0VISDlE3bipWbglCMcDrIO4mkMZAedGhT0xACKt10fOUAH2rFx+1I6BcqPFZ/T6QQSNkPPJ0MQHXlrDcS//OaiWpfuikL40TRkEwWtROOVYRHlWGfCUoU72sCRDD9V0y6IIAoXWxel2DPnjxPaqWifV48vTsrlEtZHTm0jw7QEbLRBSqjW1RBVUTQE3pBb2hoPBuvxrvxMYkuGNnMHvoD4+sb8LmkOw==</latexit>

{ba†, b†a} = {a†, a}+ [b†, b]
H on diagonal
+ off-diagonal symmetry generators

<latexit sha1_base64="zHLY4Fft67CRMliKCR7N2suPgVE=">AAACDnicbVA9SwNBEN3zM8avU0ubxSBYhHCnojZCxMYyQr4gd4a5zSZZsvfB7pwQQn6BjX/FxkIRW2s7/417SQqNPhh4vDfDzLwgkUKj43xZC4tLyyurubX8+sbm1ra9s1vXcaoYr7FYxqoZgOZSRLyGAiVvJopDGEjeCAbXmd+450qLOKriMOF+CL1IdAUDNFLbPuxdeUlf0EvqJaBQgPSwzxHuwCu2qm0oZq7ftgtOyZmA/iXujBTIDJW2/el1YpaGPEImQeuW6yToj7INTPJx3ks1T4ANoMdbhkYQcu2PJu+M6aFROrQbK1MR0on6c2IEodbDMDCdIWBfz3uZ+J/XSrF74Y9ElKTIIzZd1E0lxZhm2dCOUJyhHBoCTAlzK2V9UMDQJJg3IbjzL/8l9eOSe1Y6uT0tlI9nceTIPjkgR8Ql56RMbkiF1AgjD+SJvJBX69F6tt6s92nrgjWb2SO/YH18AwfHm24=</latexit>

gA� = @✓a [Ta,�]
<latexit sha1_base64="cDON668qp5TI/PnbrRgkkxgQOfg="></latexit>

iD ei✓ ⌘ ei✓i@ =) gA = �ei✓i@e�i✓

<latexit sha1_base64="E0o3dZFRNdWyYMi8EGfFPy7BdcA="></latexit>

� = ei✓� with h�i = 1 and phases i✓ = �i✓aTa



CHIRALITY AS BASIC QUBIT SYMMETRY

Most general 1+1 dimensional starting point is Wess-Zumino lagrangian

with two majorana fermions and two bosons
or a fermion, scalar and pseudoscalar (gauge) boson (Mf = Mc = MA)
Parameters M and coupling g0 related to vev v0=M/2g0=1

Template for SM

Bosonic potential

expanded around scalar vev

14

<latexit sha1_base64="516zmHqI9LrJhOiPZHRxX3GooEM="></latexit>

L(�R,�L, ⇠R, ⇠L) $ L(�S ,�P , ⇠S , ⇠P ) $ L(�, A�, )
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�S

�P V (�S , �P )

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4

0.5

1.0

1.5

2.0

V (�, ✓)
✓ = ⇡/3

✓ = ⇡/4

✓ = 0

✓ = ⇡/6

✓ = ⇡/2

�

Fig. 3: The potential V (�, ✓) ⇠ (e2i✓
�

2
�1)(e�2i✓

�
2
�1) taken as the bosonic part of the supersymmetric

Wess-Zumino interaction and shown in profile representation as function of boson fields �S =
� cos ✓ and �P = � sin ✓ (left) and as a function of � for fixed phase angles ✓ (right),

consistent with constraints in Eqs 52 and with Eq. 43. The action A =
R

d
2
x L (x) can be written as a

1D WZ lagrangian with a shape depending on the choice of gauge, for instance in terms of two identical
real boson fields combined in the field �

p
2 and two Majoranas combined in the field ⇠

p
2 or in a complex

spinor  with conditons  c

L
=  R and  

c

R
=  L. Taking v0 = 1, this is the usual WZ lagrangian, of

course in 1+1 dimension, with equal fermion and boson masses M and a coupling g0 = M/2 of the scalar
fields to the Majoranas.

Equivalently, the lagrangian can be expressed in terms of a scalar field � and a gauge field A
�. As for

the bosonic potential, also for the fermionic parts the terms containing phases ✓ end up in gauge terms,
in this case in particular i /D . The resulting lagrangian density is

L = �
g
2

4 v
2
0 F

⇢�
F⇢� + 1

2v
2
0 D

�
�

†
D��+ 1

2 

✓
i

$
/D �M

⇤
�� �

†
M

◆
 

�
1
8M

2
v
2
0(�†

�� 1)2 �
1
2�Mv0(�

†
�� 1). (59)

Here the vev h�i = 1 breaks the U(1) gauge symmetry and makes the gauge boson massive with M
2
G

=
M

2
v
2
0 . Allowing a possible overall phase or in later applications di↵erent phases for the vev in replica

spaces can be incorporated by treating � as a hermitean field and taking into account the Majorana
character of the interactions with fermions (see Eq. 53) for M a complex symmetric mass (MT = M and
M

† = M
⇤). Substituting H = v(�� 1), the Higgs potential is the usual

V (H) =
1

2
M

2
H

H
2 +

M
2
H

2v
H

3 +
M

2
H

8v2
H

4 =
M

2
H

H
2

8

✓
2 +

H

v

◆2

=
M

2
H

v
2

8

 ✓
1 +

H

v

◆2

� 1

!2

(60)

with MHv = M v0. In the simplest case we have v = v0 = 1 and g = g0 = M/2, while all masses are
equal, MH = MG = Mfermion = M . It is a world with a CP-pair of massive fermions (such as a massive
chiral neutrino pair) coupling to a U(1)Y gauge boson B

0 that becomes massive after U(1) symmetry
breaking of a complex Higgs (CP-pair) with a scalar real Higgs field, where in this case both bosons have
the same mass.

This scenario will be somewhat modified when we have replica spaces for fermions and bosons be-
longing to the fundamental N -dimensional representation of SU(N), with gauge bosons belonging to the
adjoint representation. One has gA ⇠ gA

a
Ta, with usual N -dimensional representation matrices Ta,

<latexit sha1_base64="6nmA6mSev08nd4+nm3DUKYQj9Es=">AAACCHicbZDLSgMxFIbP1Futt1GXLgwWQRDKjBR1IxTcdFnBXqAzlkyaaUMzF5JMoQyzdOOruHGhiFsfwZ1vY6btQlsPhHz8/zkk5/dizqSyrG+jsLK6tr5R3Cxtbe/s7pn7By0ZJYLQJol4JDoelpSzkDYVU5x2YkFx4HHa9ka3ud8eUyFZFN6rSUzdAA9C5jOClZZ65rFDhgzdoPx6IBpsdI4cX2CS1rN0nPXMslWxpoWWwZ5DGebV6JlfTj8iSUBDRTiWsmtbsXJTLBQjnGYlJ5E0xmSEB7SrMcQBlW46XSRDp1rpIz8S+oQKTdXfEykOpJwEnu4MsBrKRS8X//O6ifKv3ZSFcaJoSGYP+QlHKkJ5KqjPBCWKTzRgIpj+KyJDrFNQOruSDsFeXHkZWhcV+7JSvauWa9Y8jiIcwQmcgQ1XUIM6NKAJBB7hGV7hzXgyXox342PWWjDmM4fwp4zPH+B8l/U=</latexit>

� = �
c = 1 +

H

v
V(H ) = M2

H

2 H2 + M2
H

2v
H3 + M2

H

8v2 H4

<latexit sha1_base64="ScYpMI4R5Y/RlfEQtNwANt7aF1M="></latexit>

V (�, ✓) = 1
8M

2v20
�
e2i✓�2 � 1

� �
e�2i✓�2 � 1

�

✓=0
=) 1

8M
2v20

�
�2 � 1

� �
�c2 � 1

�



TRIALITY AS BASIC MULTIPARTITE SYMMETRY

Combining two 1D spaces requires tripartite embedding {H, P1, P2, P3} ~ {H, P}               
and R1,3 parameter space (t,x). 
Two space-like momenta generate translations T(2) allowing rotation J = J3, together          
{P1, P2, J} generating IO(2). 

H J = W + KT x PT includes spin W/M coupled to statistics commuting with momenta
acts as the little group (embedding momentum x transverse plane)

Closure of symmetry gives IO(1,3) Poincaré symmetry with W à helicities connected to 
chiralities

Symmetry closure via commutator algebra G = [G1,G2] 
(with simple [G1,G1] = G1 and [G2,G2] = G2)

15

<latexit sha1_base64="UGJvXQNpvbzUtavPqRKxN5CTmKY=">AAACKXicbZBdSwJBFIZn7cvsy+qymyEJXBDZValuAqGbusooP0AXmR1ndXBmd5mZDWTx73TTX+mmoKhu+yONuoRpBwZenvcczpzXDRmVyrI+jdTK6tr6Rnozs7W9s7uX3T9oyCASmNRxwALRcpEkjPqkrqhipBUKgrjLSNMdXk785gMRkgb+vRqFxOGo71OPYqQ06marcUdweH0zztuFsgkvYHsK7jQomwU459pm3AkU5USOf2nJdLrZnFW0pgWXhZ2IHEiq1s2+dnoBjjjxFWZIyrZthcqJkVAUMzLOdCJJQoSHqE/aWvpIb3Ti6aVjeKJJD3qB0M9XcErnJ2LEpRxxV3dypAZy0ZvA/7x2pLxzJ6Z+GCni49kiL2JQBXASG+xRQbBiIy0QFlT/FeIBEggrHW5Gh2AvnrwsGqWifVqs3FZyVSuJIw2OwDHIAxucgSq4AjVQBxg8gmfwBt6NJ+PF+DC+Zq0pI5k5BH/K+P4BVj6jBQ==</latexit>

IO(1, 3) = [SO(3), IO(1, 1)⌦IO(2)]

<latexit sha1_base64="iBBhMvedwyUYaACqRZMd5ERgRNk=">AAACFnicbVDLSgNBEJz1bXxFPXoZDIIQDbshqBfBxItHBZMI2U2YnfTqkNkHM71CWPYrvPgrXjwo4lW8+TdOYg6+ChqKqm66u/xECo22/WFNTc/Mzs0vLBaWlldW14rrGy0dp4pDk8cyVlc+0yBFBE0UKOEqUcBCX0LbH5yO/PYtKC3i6BKHCXghu45EIDhDI/WK+9Ctu3vQbdBjCt2sXm6UXQwU45mTZ9W8U99reLRMXdmPUee9Ysmu2GPQv8SZkBKZ4LxXfHf7MU9DiJBLpnXHsRP0MqZQcAl5wU01JIwP2DV0DI1YCNrLxm/ldMcofRrEylSEdKx+n8hYqPUw9E1nyPBG//ZG4n9eJ8XgyMtElKQIEf9aFKSSYkxHGdG+UMBRDg1hXAlzK+U3zISCJsmCCcH5/fJf0qpWnINK7aJWOrEncSyQLbJNdolDDskJOSPnpEk4uSMP5Ik8W/fWo/VivX61TlmTmU3yA9bbJ4tjnRk=</latexit>

eA eB = eA+B+
1
2 [A,B]+...

<latexit sha1_base64="layGXmOBOi4XFJYnYG7G4jadYsE=">AAACCnicbVDLSgMxFM34rPU16tJNtAgtSJkpRV0W3OjKCvYBnaFk0kwbmkyGJCOUoWs3/oobF4q49Qvc+Tem7SDaeuDC4Zx7ufeeIGZUacf5spaWV1bX1nMb+c2t7Z1de2+/qUQiMWlgwYRsB0gRRiPS0FQz0o4lQTxgpBUMLyd+655IRUV0p0cx8TnqRzSkGGkjde2j1JMcXt+Mi+6pW4Ke0JQTBX/USqlrF5yyMwVcJG5GCiBDvWt/ej2BE04ijRlSquM6sfZTJDXFjIzzXqJIjPAQ9UnH0AiZhX46fWUMT4zSg6GQpiINp+rviRRxpUY8MJ0c6YGa9ybif14n0eGFn9IoTjSJ8GxRmDCoBZzkAntUEqzZyBCEJTW3QjxAEmFt0subENz5lxdJs1J2z8rV22qh5mRx5MAhOAZF4IJzUANXoA4aAIMH8ARewKv1aD1bb9b7rHXJymYOwB9YH9+0rphR</latexit>

IO(1, 1)⌦ IO(2)



TRIALITY AS BASIC MULTIPARTITE SYMMETRY
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IO(2) and IO(1,2)IO(1,1) T(1,3)IO(1,3)

<latexit sha1_base64="UGJvXQNpvbzUtavPqRKxN5CTmKY=">AAACKXicbZBdSwJBFIZn7cvsy+qymyEJXBDZValuAqGbusooP0AXmR1ndXBmd5mZDWTx73TTX+mmoKhu+yONuoRpBwZenvcczpzXDRmVyrI+jdTK6tr6Rnozs7W9s7uX3T9oyCASmNRxwALRcpEkjPqkrqhipBUKgrjLSNMdXk785gMRkgb+vRqFxOGo71OPYqQ06marcUdweH0zztuFsgkvYHsK7jQomwU459pm3AkU5USOf2nJdLrZnFW0pgWXhZ2IHEiq1s2+dnoBjjjxFWZIyrZthcqJkVAUMzLOdCJJQoSHqE/aWvpIb3Ti6aVjeKJJD3qB0M9XcErnJ2LEpRxxV3dypAZy0ZvA/7x2pLxzJ6Z+GCni49kiL2JQBXASG+xRQbBiIy0QFlT/FeIBEggrHW5Gh2AvnrwsGqWifVqs3FZyVSuJIw2OwDHIAxucgSq4AjVQBxg8gmfwBt6NJ+PF+DC+Zq0pI5k5BH/K+P4BVj6jBQ==</latexit>

IO(1, 3) = [SO(3), IO(1, 1)⌦IO(2)]

APPENDICES 47

[ , ] J1 J2 K3 P 3 P 0 P 1 P 2 J3 K1 K2

J1 0 +iJ3
�iK2

�iP 2 0 0 +iP 3
�iJ2 0 +iK3

J2
�iJ3 0 +iK1 iP 1 0 �iP 3 0 +iJ1

�iK3 0

K3 +iK2
�iK1 0 +iP 0 +iP 3 0 0 0 �iJ2 +iJ1

P 3 +iP 2
�iP 1

�iP 0 0 0 0 0 0 0 0

P 0 0 0 �iP 3 0 0 0 0 0 �iP 1
�iP 2

P 1 0 +iP 3 0 0 0 0 0 �iP 2
�iP 0 0

P 2
�iP 3 0 0 0 0 0 0 +iP 1 0 �iP 0

J3 +iJ2
�iJ1 0 0 0 +iP 2

�iP 1 0 +iK2
�iK1

K1 0 +iK3 +iJ2 0 +iP 1 +iP 0 0 �iK2 0 �iJ3

K2
�iK3 0 �iJ1 0 +iP 2 0 +iP 0 +iK1 +iJ3 0

Tab. 8: The generators and CRs of the Poincaré algebra ISO+(1, 3) with the generators ordered in such

a way that the first and last three are the ones belonging to the ISO+(1, 1)� ISO(2) subalgebras.

combinations �µ = (1,�) and �̄µ = (1, ��) are connected by ✏ = i�2 via �̄µ⇤ = �✏�µ✏.
The explicit representations in 1D and 3D in chiral representation (�5 diagonal) are

1D chiral representation

�µ =

8
>>: 0 n̄µ

nµ 0

9
>>;

�5 = �0�3 =

8
>>: 1 0

0 �1

9
>>;

C = ��3 =

8
>>: 0 1

�1 0

9
>>;

C�0 = �5 =

8
>>: 1 0

0 �1

9
>>;

iK3 = �
1
2�3�0 = 1

2

8
>>: 1 0

0 �1

9
>>;

3D chiral representation

�µ =

8
>>: 0 �̄µ

�µ 0

9
>>;

�5 = i�0�1�2�3 =

8
>>: 1 0

0 �1

9
>>;

C = �i�2�0 =

8
>>: ✏ 0

0 �✏

9
>>;

C�0 =

8
>>: 0 ✏

�✏ 0

9
>>;

iKj = �
1
2�j�0 = 1

2

8
>>: �j 0

0 ��j

9
>>;

Properties valid in 1D and 3D

(�0)2 = (�5)
2 = (C�0)2 = 1 C2 = �1

{C, �0
} = {C, �5} = {�0, �5} = 0

1D Properties

C�0 = �5 C = �5�
0

�3 = �0�5 iK3 = 1
2�5

3D Properties

C�0 = �5�
0✏ C = �5✏ ✏�✏ = �⇤

� = �0�5� iK = 1
2�5�

The full boost H(p) = exp (i⌘·K) is given by

H1+1
CR

(p) =
1p

2M(E + M)

✓
E + M + p 0

0 E + M � p

◆
=

✓ p
�(1 + �) 0

0
p

�(1 � �)

◆
,(172)

H1+3
CR

(p) =
1p

2M(E + M)

✓
E + M + �·p 0

0 E + M � �·p

◆
. (173)

with E = M� and p = M��. One can introduce the coe�cients cR and cL depending on momentum p

Commutators of the Poincaré algebra



q Discrete symmetries for tripartite embedding 
<latexit sha1_base64="qTbNWq61mQZCBEFC6RJS7uzKd1E="></latexit>

T =

2

664

�1 0 0 0
0 +1 0 0
0 0 +1 0
0 0 0 +1

3

775

<latexit sha1_base64="u+mls0duhoA2bqN6dtudVcOTaFw="></latexit>

S =

2

664

+1 0 0 0
0 �1 0 0
0 0 �1 0
0 0 0 +1

3

775

<latexit sha1_base64="sQYXClRVQXfusD43GbwYnyLpU38="></latexit>

T =

2

664

+1 0 0 0
0 0 0 +1
0 +1 0 0
0 0 +1 0

3

775

generate V4

generate A4
<latexit sha1_base64="I9K/vRxWvLYb9m71wLozPa+QeYQ=">AAACD3icbVBLSwMxGMz6rPW16tFLsCgVStltRb0IBS8eK90+oLst2TTbhmYfJFmhLP0HXvwrXjwo4tWrN/+N6XYP2jqQMMzMR/KNGzEqpGF8ayura+sbm7mt/PbO7t6+fnDYEmHMMWnikIW84yJBGA1IU1LJSCfiBPkuI213fDvz2w+ECxoGlpxExPHRMKAexUgqqa+f2UmjZNklW4WkXWr0KvAGWr2quosN6zwlpj3t6wWjbKSAy8TMSAFkqPf1L3sQ4tgngcQMCdE1jUg6CeKSYkameTsWJEJ4jIakq2iAfCKcJN1nCk+VMoBeyNUJJEzV3xMJ8oWY+K5K+kiOxKI3E//zurH0rp2EBlEsSYDnD3kxgzKEs3LggHKCJZsogjCn6q8QjxBHWKoK86oEc3HlZdKqlM3LcvX+olCrZHXkwDE4AUVggitQA3egDpoAg0fwDF7Bm/akvWjv2sc8uqJlM0fgD7TPHwExmMg=</latexit>

{S, T |S2 = T 3 = (ST )3 = 1}

connects parity (3D) and 
mirror (1D) operations

Ø 12 elements
Ø Symmetry group of tetraeder
Ø normal V4 = {I,S,TST2,T2ST}
Ø A4 has 3 triplet and 3 singlet 

representations (the basis for 
family structure) [Ma; Altarelli, 2006]

<latexit sha1_base64="VsEVQROZi1Ud/yETiaELF8I+z2Q=">AAACMnicbVDLSgMxFM34rPU16tJNsAgVSpmpom6EghvdVegLmrFk0rQNzTxIMkIZ5pvc+CWCC10o4taPMJ1OQVsvBM495x5u7nFDzqSyrFdjaXlldW09t5Hf3Nre2TX39psyiAShDRLwQLRdLClnPm0opjhth4Jiz+W05Y6uJ3rrgQrJAr+uxiF1PDzwWZ8RrDTVNW9RHCOCOawnpSmoJaiEtEWh0ky5r8ArOFPTpph19eQk7W2UdM2CVbbSgovAzkABZFXrms+oF5DIo74iHEvZsa1QOTEWihFOkzyKJA0xGeEB7WjoY49KJ05PTuCxZnqwHwj9fAVT9rcjxp6UY8/Vkx5WQzmvTcj/tE6k+pdOzPwwUtQn00X9iEMVwEl+sMcEJYqPNcBEMP1XSIZYYKJ0ynkdgj1/8iJoVsr2efn07qxQrWRx5MAhOAJFYIMLUAU3oAYagIBH8ALewYfxZLwZn8bXdHTJyDwH4E8Z3z/LOKdP</latexit>

{T ,P | T 2 = P2 = (PT )2 = 1}

<latexit sha1_base64="eLNZcLk5x0c434aSUR9QLkVza4I="></latexit>

P =

2

664

+1 0 0 0
0 ±1 0 0
0 0 ±1 0
0 0 0 �1

3

775

cyclic permutation (Z3) 
of space directions

1

0

2
3

TRIALITY AS BASIC MULTIPARTITE SYMMETRY

Role of discrete symmetries
Usual discrete symmetries V4 = {1, P, T, PT}
tripartite extension brings in
triality symmetry Z3 = {T | T3 = 1} = {1, T, T2}
A4 symmetry for embedding of R1,1 x R2 in R1,3

(governs oriented embedding of space)
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<latexit sha1_base64="Bown98BwfBMvMiyjiGWLJT5nrdg=">AAACFXicbVDLSgMxFM3UV62vUZdugkWoWMqMFnUjFNzoqhXtAzrjkEnTNjTzIMkIZZifcOOvuHGhiFvBnX9j2pmFth4InJxzb27ucUNGhTSMby23sLi0vJJfLaytb2xu6ds7LRFEHJMmDljAOy4ShFGfNCWVjHRCTpDnMtJ2R5cTv/1AuKCBfyfHIbE9NPBpn2IkleTo5djiHryuJyWzfHIIL2B6v60n90epZHFJPSJgy6k6etGoGFPAeWJmpAgyNBz9y+oFOPKILzFDQnRNI5R2jNSTmJGkYEWChAiP0IB0FfWRGmTH060SeKCUHuwHXB1fwqn6uyNGnhBjz1WVHpJDMetNxP+8biT753ZM/TCSxMfpoH7EoAzgJCLYo5xgycaKIMyp+ivEQ8QRlirIggrBnF15nrSOK+ZppXpTLdaMLI482AP7oARMcAZq4Ao0QBNg8AiewSt40560F+1d+0hLc1rWswv+QPv8Ab4dm2Q=</latexit>

IO(1, 3) = ISO
+
(1, 3)o V4

<latexit sha1_base64="l87df0JELZGV2wkwdbbBBezUbYM=">AAACFXicbVDLSgMxFM34rPU16tJNsAgVS5mRom6EghtdtaJ9QGccMmmmDc08SDJCGeYn3Pgrblwo4lZw59+YdmahrQcCJ+fcm5t73IhRIQ3jW1tYXFpeWS2sFdc3Nre29Z3dtghjjkkLhyzkXRcJwmhAWpJKRroRJ8h3Gem4o8uJ33kgXNAwuJPjiNg+GgTUoxhJJTl6JbG4D68badmsmEfwAmb320Z6f5xJFpfUJwK2nZqjl4yqMQWcJ2ZOSiBH09G/rH6IY58EEjMkRM80ImknSD2JGUmLVixIhPAIDUhP0QCpQXYy3SqFh0rpQy/k6gQSTtXfHQnyhRj7rqr0kRyKWW8i/uf1Yumd2wkNoliSAGeDvJhBGcJJRLBPOcGSjRVBmFP1V4iHiCMsVZBFFYI5u/I8aZ9UzdNq7aZWqht5HAWwDw5AGZjgDNTBFWiCFsDgETyDV/CmPWkv2rv2kZUuaHnPHvgD7fMHt7ObYA==</latexit>

IO(1, 1) = ISO
+
(1, 1)o V4

<latexit sha1_base64="DnOsQnw//v63XWbbApnFcpxyIkk="></latexit>

ISO
+
(1, 3) = (ISO

+
(1, 1)⌦ISO(2))oZ3

<latexit sha1_base64="Onpdgw6rOZt3Q1yYLyq1u/6tcsw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkqiQd0IFTcuK9gHtiFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhbYeGDicc19zwpQzpR3n2yosLa+srhXXSxubW9s79u5eQyWZJLROEp7IVogV5UzQumaa01YqKY5DTpvh4GbsNx+pVCwR93qYUj/GPcEiRrA2UmAfXAceukKNwMs7UrOYqtFDcBbYZafiTIAWiTsjZZihFthfnW5CspgKTThWqu06qfZzbEYSTkelTqZoiskA92jbUIHNIj+fnD9Cx0bpoiiR5gmNJurvjhzHSg3j0FTGWPfVvDcW//PamY4u/ZyJNNNUkOmiKONIJ2icBeoySYnmQ0MwkczcikgfS0y0SaxkQnDnv7xIGqcV97zi3XnlqjOLowiHcAQn4MIFVOEWalAHAjk8wyu8WU/Wi/VufUxLC9asZx/+wPr8AXtxlII=</latexit>

A4 = V4oZ3

<latexit sha1_base64="FX3s3ldmJhzm+CoAma55nj0SRlo=">AAACKHicbZDLSsNAFIYnXmu9RV26GSxCC1KSWtSNWHGjKyvYCzQhTKaTdujkwsxEKCGP48ZXcSOiSLc+idM2SG09MPDznduc340YFdIwRtrS8srq2npuI7+5tb2zq+/tN0UYc0waOGQhb7tIEEYD0pBUMtKOOEG+y0jLHdyM860nwgUNg0c5jIjto15APYqRVMjRrxKL+/DuPi2aJ6cleAmLM8AsJVYoqU9E+ksrJQX5FF47VUcvGGVjEnBRmJkogCzqjv5udUMc+ySQmCEhOqYRSTtBaiRmJM1bsSARwgPUIx0lA6QW2cnk0BQeK9KFXsjVCySc0NmOBPlCDH1XVfpI9sV8bgz/y3Vi6V3YCQ2iWJIATxd5MYMyhGPXYJdygiUbKoEwp+qvEPcRR1gqb/PKBHP+5EXRrJTNs3L1oVqoGZkdOXAIjkARmOAc1MAtqIMGwOAZvIIP8Km9aG/alzaali5pWc8B+BPa9w8FI6OL</latexit>

IO(1, 3) = (IO(1, 1)⌦IO(2))oA4



q tri-bipartite structure for space-time
q tri-bipartite structure for discrete symmetries
q tri-bipartite structure for internal symmetry

q SO(3) is possible symmetry in replica space,
commutator group important for compliance 
with Coleman-Mandula U(x) = Uspacetime Wgauge 

q SU(3) is maximal symmetry

THE TRIPARTITE SM
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O(N) symmetry

U(
N)

 s
ym

m
et

ry

replicas

Matc
hin

g

<latexit sha1_base64="evEiLNp6p4gU4x6Vh8FZGewk4YE=">AAACJXicbVBdSwJBFJ21L7OvrR57GZJAQWRXpXooEHrpLaM0wV1kdhx1cGZ3mZkNZPHP9NJf6aWHJIKe+iuN6xKlHRg495x7uXOPFzIqlWV9GpmV1bX1jexmbmt7Z3fP3D9oySASmDRxwALR9pAkjPqkqahipB0KgrjHyIM3upr5D49ESBr492ocEpejgU/7FCOlpa550YkdweHdzaRQLTqlklOa181JoVJ0FOVEwkTRgl104SX88avFrpm3ylYCuEzslORBikbXnDq9AEec+AozJGXHtkLlxkgoihmZ5JxIkhDhERqQjqY+0uvdOLlyAk+00oP9QOjnK5iovydixKUcc093cqSGctGbif95nUj1z92Y+mGkiI/ni/oRgyqAs8hgjwqCFRtrgrCg+q8QD5FAWOlgczoEe/HkZdKqlO3Tcu22lq9baRxZcASOQQHY4AzUwTVogCbA4Am8gDcwNZ6NV+Pd+Ji3Zox05hD8gfH1DcF7oak=</latexit>

[SO(3) , SU(2)⇥U(1)] = SU(3)

<latexit sha1_base64="WZ4mj7zdZkjeilfgMNlh2zHxjn0="></latexit>

[SO(3) , ISO+
(1, 1)⌦ ISO(2)] = ISO

+
(1, 3)

<latexit sha1_base64="DnOsQnw//v63XWbbApnFcpxyIkk="></latexit>

ISO
+
(1, 3) = (ISO

+
(1, 1)⌦ISO(2))oZ3

<latexit sha1_base64="L9N+QgaMx2d3J2gj0n3ss33TgZ0=">AAACInicbZDLSsNAFIYnXmu9RV26GSxCuylJW7wshIIblxVNW2xCmEwn7dDJhZmJUEKfxY2v4saFoq4EH8ZpGkRbDwz8851z5sz5vZhRIQ3jU1taXlldWy9sFDe3tnd29b39togSjomFIxbxrocEYTQklqSSkW7MCQo8Rjre6HKa79wTLmgU3spxTJwADULqU4ykQq5+nto8gDfWpFyvwAtY/rnWKqktaUDEJEOKmBWF+IzduXVXLxlVIwu4KMxclEAeLVd/t/sRTgISSsyQED3TiKWTIvUkZmRStBNBYoRHaEB6SoZIDXLSbMUJPFakD/2IqxNKmNHfHSkKhBgHnqoMkByK+dwU/pfrJdI/c1IaxokkIZ4N8hMGZQSnfsE+5QRLNlYCYU7VXyEeIo6wVK4WlQnm/MqLol2rmifVxnWj1DRyOwrgEByBMjDBKWiCK9ACFsDgATyBF/CqPWrP2pv2MStd0vKeA/AntK9v+5uiGw==</latexit>

SU(3) = (SU(2)⇥U(1))oZ3

<latexit sha1_base64="Onpdgw6rOZt3Q1yYLyq1u/6tcsw=">AAAB/nicbVDLSsNAFL2pr1pfUXHlZrAIrkqiQd0IFTcuK9gHtiFMppN26GQSZiZCCQV/xY0LRdz6He78G6ePhbYeGDicc19zwpQzpR3n2yosLa+srhXXSxubW9s79u5eQyWZJLROEp7IVogV5UzQumaa01YqKY5DTpvh4GbsNx+pVCwR93qYUj/GPcEiRrA2UmAfXAceukKNwMs7UrOYqtFDcBbYZafiTIAWiTsjZZihFthfnW5CspgKTThWqu06qfZzbEYSTkelTqZoiskA92jbUIHNIj+fnD9Cx0bpoiiR5gmNJurvjhzHSg3j0FTGWPfVvDcW//PamY4u/ZyJNNNUkOmiKONIJ2icBeoySYnmQ0MwkczcikgfS0y0SaxkQnDnv7xIGqcV97zi3XnlqjOLowiHcAQn4MIFVOEWalAHAjk8wyu8WU/Wi/VufUxLC9asZx/+wPr8AXtxlII=</latexit>

A4 = V4oZ3

<latexit sha1_base64="S+C4d3QecK/ml8Xq10ZX059XLHs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiStqMuCGxcuqtgHNCFMppN26GQmzEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMmjCrtON9WaW19Y3OrvF3Z2d3bP7APj7pKpBKTDhZMyH6IFGGUk46mmpF+IgmKQ0Z64eR65vceiVRU8AedJcSP0YjTiGKkjRTY1WZwDz2RsFRBL0QSNoPbwK45dWcOuErcgtRAgXZgf3lDgdOYcI0ZUmrgOon2cyQ1xYxMK16qSILwBI3IwFCOYqL8fH78FJ4aZQgjIU1xDefq74kcxUplcWg6Y6THatmbif95g1RHV35OeZJqwvFiUZQyqAWcJQGHVBKsWWYIwpKaWyEeI4mwNnlVTAju8surpNuouxf15t15rdUo4iiDY3ACzoALLkEL3IA26AAMMvAMXsGb9WS9WO/Wx6K1ZBUzVfAH1ucP9P+Tow==</latexit>

3R � 3̄LFermion basis
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q See H. Georgi, Lie algebras in particle physics, Ch. 14

q 3D Harmonic oscillator is an example of a tripartite Hilbert space with rotational 
SO(3) invariance, but where the Hilbert space also has a (larger) unitary SU(3) 
invariance and HO states can be labeled as |nxnynz> or |nrlm> or |n>

q Works for bosons and fermions!

<latexit sha1_base64="qsgcZ26EA6kZ3T8C0634V1HDv9I="></latexit>

level degeneracy (nx, ny, nz) SO(3) (`) SU(3) (n)
0 1 (0,0,0) 0 1

1 3 (1,0,0), (0,1,0), (0,0,1) 1 3

2 6 (1,1,0), (2,0,0), . . . 0 � 2 6

3 10 (1,1,1), (2,1,0), (3,0,0), . . . 1 � 3 10

4 15 . . . 0 � 2 � 4 15s

3*

E

-1/2

-3/2

+3/
2+1/2

+5/2

1

3
1

-1/2
-3/2

+3/2

+1/2

+5/2

E

-1/2

-3/2

+3/2

+1/2

+7/2
+5/2 3

1

6
10

-1/2
-3/2

+3/2

+1/2

+7/2

+5/2



<latexit sha1_base64="DgN8lJeMS3VpsrMu24jyTfeHASs=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5c1ksv0IYymU7aoZNJmJkIJfQR3LhQxK1P5M63cZqWoqI/DBy+/xzmnN+POVPacT6t3Mrq2vpGfrOwtb2zu1fcP2ipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9fzfz2A5WKReJeT2LqhXgoWMAI1gbdJf3bfrHk2LVarVqtINd2MqE5KTtLUoKFGv3iR28QkSSkQhOOleq6Tqy9FEvNCKfTQi9RNMZkjIe0a0qBQ6q8NFt1ik4MGaAgkuYJjTL6fSLFoVKT0DedIdYj9dubwb+8bqKDqpcyESeaCjL/KEg40hGa3Y0GTFKi+cQUmEhmdkVkhCUm2qRTMCEsb/+/aJ3ZbsU+vymX6heLOPJwBMdwCi5cQh2uoQFNIDCER3iGF4tbT9ar9TZvzVmLmUP4Iev9C7kqjhI=</latexit>uR

<latexit sha1_base64="DgN8lJeMS3VpsrMu24jyTfeHASs=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5c1ksv0IYymU7aoZNJmJkIJfQR3LhQxK1P5M63cZqWoqI/DBy+/xzmnN+POVPacT6t3Mrq2vpGfrOwtb2zu1fcP2ipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9fzfz2A5WKReJeT2LqhXgoWMAI1gbdJf3bfrHk2LVarVqtINd2MqE5KTtLUoKFGv3iR28QkSSkQhOOleq6Tqy9FEvNCKfTQi9RNMZkjIe0a0qBQ6q8NFt1ik4MGaAgkuYJjTL6fSLFoVKT0DedIdYj9dubwb+8bqKDqpcyESeaCjL/KEg40hGa3Y0GTFKi+cQUmEhmdkVkhCUm2qRTMCEsb/+/aJ3ZbsU+vymX6heLOPJwBMdwCi5cQh2uoQFNIDCER3iGF4tbT9ar9TZvzVmLmUP4Iev9C7kqjhI=</latexit>uR

<latexit sha1_base64="hO/8Wl0rNyOK+Dt7odRXfCdoL+w=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhoL9CGMplO2qGTSZiZCCX0Edy4UMStT+TOt3GalqKiPwwcvv8c5pzfjzlT2nE+rdzK6tr6Rn6zsLW9s7tX3D9oqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfX8389gOVikXiXk9i6oV4KFjACNYG3SX9m36x5Ni1Wq1arSDXdjKhOSk7S1KChRr94kdvEJEkpEITjpXquk6svRRLzQin00IvUTTGZIyHtGtKgUOqvDRbdYpODBmgIJLmCY0y+n0ixaFSk9A3nSHWI/Xbm8G/vG6ig6qXMhEnmgoy/yhIONIRmt2NBkxSovnEFJhIZnZFZIQlJtqkUzAhLG//v2id2W7FPr8tl+oXizjycATHcAouXEIdrqEBTSAwhEd4hheLW0/Wq/U2b81Zi5lD+CHr/QuwEo4M</latexit>uL

<latexit sha1_base64="tvrCDET4B1963Rw8wPipGk91RRU=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhoL9CGMplM2qGTSZiZCCX0Edy4UMStT+TOt3F6oajoDwOH7z+HOef3E86UdpxPK7eyura+kd8sbG3v7O4V9w9aKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHV1O//UClYrG41+OEehEeCBYygrVBd0H/pl8sOXatVqtWK8i1nZnQnJSdJSnBQo1+8aMXxCSNqNCEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZpS4IgqL5utOkEnhgQojKV5QqMZ/T6R4UipceSbzgjrofrtTeFfXjfVYdXLmEhSTQWZfxSmHOkYTe9GAZOUaD42BSaSmV0RGWKJiTbpFEwIy9v/L1pntluxz2/LpfrFIo48HMExnIILl1CHa2hAEwgM4BGe4cXi1pP1ar3NW3PWYuYQfsh6/wKWLI37</latexit>

dL

<latexit sha1_base64="pV/R6d0Uo5U5NbfM22A23cphRb4=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5c1ksv0IYymUzaoZNJmJkIJfQR3LhQxK1P5M63cXqhqOgPA4fvP4c55/cTzpR2nE8rt7K6tr6R3yxsbe/s7hX3D1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kdXU7/9QKVisbjX44R6ER4IFjKCtUF3Qf+2Xyw5dq1Wq1YryLWdmdCclJ0lKcFCjX7xoxfEJI2o0IRjpbquk2gvw1Izwumk0EsVTTAZ4QHtmlLgiCovm606QSeGBCiMpXlCoxn9PpHhSKlx5JvOCOuh+u1N4V9eN9Vh1cuYSFJNBZl/FKYc6RhN70YBk5RoPjYFJpKZXREZYomJNukUTAjL2/8vWme2W7HPb8ql+sUijjwcwTGcgguXUIdraEATCAzgEZ7hxeLWk/Vqvc1bc9Zi5hB+yHr/Ap9EjgE=</latexit>

dR

<latexit sha1_base64="DgN8lJeMS3VpsrMu24jyTfeHASs=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5c1ksv0IYymU7aoZNJmJkIJfQR3LhQxK1P5M63cZqWoqI/DBy+/xzmnN+POVPacT6t3Mrq2vpGfrOwtb2zu1fcP2ipKJGENknEI9nxsaKcCdrUTHPaiSXFoc9p2x9fzfz2A5WKReJeT2LqhXgoWMAI1gbdJf3bfrHk2LVarVqtINd2MqE5KTtLUoKFGv3iR28QkSSkQhOOleq6Tqy9FEvNCKfTQi9RNMZkjIe0a0qBQ6q8NFt1ik4MGaAgkuYJjTL6fSLFoVKT0DedIdYj9dubwb+8bqKDqpcyESeaCjL/KEg40hGa3Y0GTFKi+cQUmEhmdkVkhCUm2qRTMCEsb/+/aJ3ZbsU+vymX6heLOPJwBMdwCi5cQh2uoQFNIDCER3iGF4tbT9ar9TZvzVmLmUP4Iev9C7kqjhI=</latexit>uR

<latexit sha1_base64="hO/8Wl0rNyOK+Dt7odRXfCdoL+w=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhoL9CGMplO2qGTSZiZCCX0Edy4UMStT+TOt3GalqKiPwwcvv8c5pzfjzlT2nE+rdzK6tr6Rn6zsLW9s7tX3D9oqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfX8389gOVikXiXk9i6oV4KFjACNYG3SX9m36x5Ni1Wq1arSDXdjKhOSk7S1KChRr94kdvEJEkpEITjpXquk6svRRLzQin00IvUTTGZIyHtGtKgUOqvDRbdYpODBmgIJLmCY0y+n0ixaFSk9A3nSHWI/Xbm8G/vG6ig6qXMhEnmgoy/yhIONIRmt2NBkxSovnEFJhIZnZFZIQlJtqkUzAhLG//v2id2W7FPr8tl+oXizjycATHcAouXEIdrqEBTSAwhEd4hheLW0/Wq/U2b81Zi5lD+CHr/QuwEo4M</latexit>uL

<latexit sha1_base64="tvrCDET4B1963Rw8wPipGk91RRU=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhoL9CGMplM2qGTSZiZCCX0Edy4UMStT+TOt3F6oajoDwOH7z+HOef3E86UdpxPK7eyura+kd8sbG3v7O4V9w9aKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHV1O//UClYrG41+OEehEeCBYygrVBd0H/pl8sOXatVqtWK8i1nZnQnJSdJSnBQo1+8aMXxCSNqNCEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZpS4IgqL5utOkEnhgQojKV5QqMZ/T6R4UipceSbzgjrofrtTeFfXjfVYdXLmEhSTQWZfxSmHOkYTe9GAZOUaD42BSaSmV0RGWKJiTbpFEwIy9v/L1pntluxz2/LpfrFIo48HMExnIILl1CHa2hAEwgM4BGe4cXi1pP1ar3NW3PWYuYQfsh6/wKWLI37</latexit>

dL

<latexit sha1_base64="pV/R6d0Uo5U5NbfM22A23cphRb4=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5c1ksv0IYymUzaoZNJmJkIJfQR3LhQxK1P5M63cXqhqOgPA4fvP4c55/cTzpR2nE8rt7K6tr6R3yxsbe/s7hX3D1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kdXU7/9QKVisbjX44R6ER4IFjKCtUF3Qf+2Xyw5dq1Wq1YryLWdmdCclJ0lKcFCjX7xoxfEJI2o0IRjpbquk2gvw1Izwumk0EsVTTAZ4QHtmlLgiCovm606QSeGBCiMpXlCoxn9PpHhSKlx5JvOCOuh+u1N4V9eN9Vh1cuYSFJNBZl/FKYc6RhN70YBk5RoPjYFJpKZXREZYomJNukUTAjL2/8vWme2W7HPb8ql+sUijjwcwTGcgguXUIdraEATCAzgEZ7hxeLWk/Vqvc1bc9Zi5hB+yHr/Ap9EjgE=</latexit>

dR
<latexit sha1_base64="hO/8Wl0rNyOK+Dt7odRXfCdoL+w=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhoL9CGMplO2qGTSZiZCCX0Edy4UMStT+TOt3GalqKiPwwcvv8c5pzfjzlT2nE+rdzK6tr6Rn6zsLW9s7tX3D9oqSiRhDZJxCPZ8bGinAna1Exz2oklxaHPadsfX8389gOVikXiXk9i6oV4KFjACNYG3SX9m36x5Ni1Wq1arSDXdjKhOSk7S1KChRr94kdvEJEkpEITjpXquk6svRRLzQin00IvUTTGZIyHtGtKgUOqvDRbdYpODBmgIJLmCY0y+n0ixaFSk9A3nSHWI/Xbm8G/vG6ig6qXMhEnmgoy/yhIONIRmt2NBkxSovnEFJhIZnZFZIQlJtqkUzAhLG//v2id2W7FPr8tl+oXizjycATHcAouXEIdrqEBTSAwhEd4hheLW0/Wq/U2b81Zi5lD+CHr/QuwEo4M</latexit>uL

<latexit sha1_base64="tvrCDET4B1963Rw8wPipGk91RRU=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhoL9CGMplM2qGTSZiZCCX0Edy4UMStT+TOt3F6oajoDwOH7z+HOef3E86UdpxPK7eyura+kd8sbG3v7O4V9w9aKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHV1O//UClYrG41+OEehEeCBYygrVBd0H/pl8sOXatVqtWK8i1nZnQnJSdJSnBQo1+8aMXxCSNqNCEY6W6rpNoL8NSM8LppNBLFU0wGeEB7ZpS4IgqL5utOkEnhgQojKV5QqMZ/T6R4UipceSbzgjrofrtTeFfXjfVYdXLmEhSTQWZfxSmHOkYTe9GAZOUaD42BSaSmV0RGWKJiTbpFEwIy9v/L1pntluxz2/LpfrFIo48HMExnIILl1CHa2hAEwgM4BGe4cXi1pP1ar3NW3PWYuYQfsh6/wKWLI37</latexit>

dL

<latexit sha1_base64="pV/R6d0Uo5U5NbfM22A23cphRb4=">AAAB6nicdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5c1ksv0IYymUzaoZNJmJkIJfQR3LhQxK1P5M63cXqhqOgPA4fvP4c55/cTzpR2nE8rt7K6tr6R3yxsbe/s7hX3D1oqTiWhTRLzWHZ8rChngjY105x2Eklx5HPa9kdXU7/9QKVisbjX44R6ER4IFjKCtUF3Qf+2Xyw5dq1Wq1YryLWdmdCclJ0lKcFCjX7xoxfEJI2o0IRjpbquk2gvw1Izwumk0EsVTTAZ4QHtmlLgiCovm606QSeGBCiMpXlCoxn9PpHhSKlx5JvOCOuh+u1N4V9eN9Vh1cuYSFJNBZl/FKYc6RhN70YBk5RoPjYFJpKZXREZYomJNukUTAjL2/8vWme2W7HPb8ql+sUijjwcwTGcgguXUIdraEATCAzgEZ7hxeLWk/Vqvc1bc9Zi5hB+yHr/Ap9EjgE=</latexit>

dR

<latexit sha1_base64="dtFfFp1KQOdHa2aHJIQcWrhsKIE=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cVrEXaEOZTCft0MkkzkyEEvoSblwo4tbXcefbOGlLUdEfBg7ffw5zzu/HnCntOJ9WbmV1bX0jv1nY2t7Z3SvuH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vMr/9QKVikbjTk5h6IR4KFjCCtUGdno8lSvq3/WLJsWu1WrVaQa7tzITmpOwsSQkWavSLH71BRJKQCk04VqrrOrH2Uiw1I5xOC71E0RiTMR7SrikFDqny0tm+U3RiyAAFkTRPaDSj3ydSHCo1CX3TGWI9Ur+9DP7ldRMdVL2UiTjRVJD5R0HCkY5QdjwaMEmJ5hNTYCKZ2RWREZaYaBNRwYSwvP3/onVmuxX7/KZcql8s4sjDERzDKbhwCXW4hgY0gQCHR3iGF+veerJerbd5a85azBzCD1nvXwsjj/U=</latexit>

ūR

<latexit sha1_base64="ghr3KcrY0PRsGx1HEFT5aHky40g=">AAAB73icdZDLSsNAFIZP6q3WW9Slm8EiuAqJ1truCm5cuKhgL9CGMplO2qGTSZyZCCX0Jdy4UMStr+POt3F6oajoDwOH7z+HOecPEs6Udt1PK7eyura+kd8sbG3v7O7Z+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWjq6nfeqBSsVjc6XFC/QgPBAsZwdqgdjfAEqW9m55ddJ1qtVqplJHnuDOhOSm5S1KEheo9+6Pbj0kaUaEJx0p1PDfRfoalZoTTSaGbKppgMsID2jGlwBFVfjbbd4JODOmjMJbmCY1m9PtEhiOlxlFgOiOsh+q3N4V/eZ1UhxU/YyJJNRVk/lGYcqRjND0e9ZmkRPOxKTCRzOyKyBBLTLSJqGBCWN7+f9E8c7yyc35bKtYuFnHk4QiO4RQ8uIQaXEMdGkCAwyM8w4t1bz1Zr9bbvDVnLWYO4Yes9y8CC4/v</latexit>

ūL

<latexit sha1_base64="IbyVSzxachZfOlFWZPZwaFCdD70=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhgL9CGMplM2qGTSZyZCCX0Jdy4UMStr+POt3F6oajoDwOH7z+HOef3E86UdpxPK7eyura+kd8sbG3v7O4V9w9aKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHV1O//UClYrG40+OEehEeCBYygrVBnZ6PJQr6N/1iybFrtVq1WkGu7cyE5qTsLEkJFmr0ix+9ICZpRIUmHCvVdZ1EexmWmhFOJ4VeqmiCyQgPaNeUAkdUedls3wk6MSRAYSzNExrN6PeJDEdKjSPfdEZYD9Vvbwr/8rqpDqtexkSSairI/KMw5UjHaHo8CpikRPOxKTCRzOyKyBBLTLSJqGBCWN7+f9E6s92KfX5bLtUvFnHk4QiO4RRcuIQ6XEMDmkCAwyM8w4t1bz1Zr9bbvDVnLWYO4Yes9y/oFo/e</latexit>

d̄L

<latexit sha1_base64="W+9/WXBiPu2M+8OTxEh1XURKsPo=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cVrEXaEOZTCbt0MkkzkyEEvoSblwo4tbXcefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0Vp5LQJol5LDs+VpQzQZuaaU47iaQ48jlt+6Orqd9+oFKxWNzpcUK9CA8ECxnB2qBOz8cSBf3bfrHk2LVarVqtINd2ZkJzUnaWpAQLNfrFj14QkzSiQhOOleq6TqK9DEvNCKeTQi9VNMFkhAe0a0qBI6q8bLbvBJ0YEqAwluYJjWb0+0SGI6XGkW86I6yH6rc3hX953VSHVS9jIkk1FWT+UZhypGM0PR4FTFKi+dgUmEhmdkVkiCUm2kRUMCEsb/+/aJ3ZbsU+vymX6heLOPJwBMdwCi5cQh2uoQFNIMDhEZ7hxbq3nqxX623emrMWM4fwQ9b7F/Euj+Q=</latexit>

d̄R

<latexit sha1_base64="dtFfFp1KQOdHa2aHJIQcWrhsKIE=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cVrEXaEOZTCft0MkkzkyEEvoSblwo4tbXcefbOGlLUdEfBg7ffw5zzu/HnCntOJ9WbmV1bX0jv1nY2t7Z3SvuH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vMr/9QKVikbjTk5h6IR4KFjCCtUGdno8lSvq3/WLJsWu1WrVaQa7tzITmpOwsSQkWavSLH71BRJKQCk04VqrrOrH2Uiw1I5xOC71E0RiTMR7SrikFDqny0tm+U3RiyAAFkTRPaDSj3ydSHCo1CX3TGWI9Ur+9DP7ldRMdVL2UiTjRVJD5R0HCkY5QdjwaMEmJ5hNTYCKZ2RWREZaYaBNRwYSwvP3/onVmuxX7/KZcql8s4sjDERzDKbhwCXW4hgY0gQCHR3iGF+veerJerbd5a85azBzCD1nvXwsjj/U=</latexit>

ūR

<latexit sha1_base64="ghr3KcrY0PRsGx1HEFT5aHky40g=">AAAB73icdZDLSsNAFIZP6q3WW9Slm8EiuAqJ1truCm5cuKhgL9CGMplO2qGTSZyZCCX0Jdy4UMStr+POt3F6oajoDwOH7z+HOecPEs6Udt1PK7eyura+kd8sbG3v7O7Z+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWjq6nfeqBSsVjc6XFC/QgPBAsZwdqgdjfAEqW9m55ddJ1qtVqplJHnuDOhOSm5S1KEheo9+6Pbj0kaUaEJx0p1PDfRfoalZoTTSaGbKppgMsID2jGlwBFVfjbbd4JODOmjMJbmCY1m9PtEhiOlxlFgOiOsh+q3N4V/eZ1UhxU/YyJJNRVk/lGYcqRjND0e9ZmkRPOxKTCRzOyKyBBLTLSJqGBCWN7+f9E8c7yyc35bKtYuFnHk4QiO4RQ8uIQaXEMdGkCAwyM8w4t1bz1Zr9bbvDVnLWYO4Yes9y8CC4/v</latexit>

ūL

<latexit sha1_base64="IbyVSzxachZfOlFWZPZwaFCdD70=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhgL9CGMplM2qGTSZyZCCX0Jdy4UMStr+POt3F6oajoDwOH7z+HOef3E86UdpxPK7eyura+kd8sbG3v7O4V9w9aKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHV1O//UClYrG40+OEehEeCBYygrVBnZ6PJQr6N/1iybFrtVq1WkGu7cyE5qTsLEkJFmr0ix+9ICZpRIUmHCvVdZ1EexmWmhFOJ4VeqmiCyQgPaNeUAkdUedls3wk6MSRAYSzNExrN6PeJDEdKjSPfdEZYD9Vvbwr/8rqpDqtexkSSairI/KMw5UjHaHo8CpikRPOxKTCRzOyKyBBLTLSJqGBCWN7+f9E6s92KfX5bLtUvFnHk4QiO4RRcuIQ6XEMDmkCAwyM8w4t1bz1Zr9bbvDVnLWYO4Yes9y/oFo/e</latexit>

d̄L

<latexit sha1_base64="W+9/WXBiPu2M+8OTxEh1XURKsPo=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cVrEXaEOZTCbt0MkkzkyEEvoSblwo4tbXcefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0Vp5LQJol5LDs+VpQzQZuaaU47iaQ48jlt+6Orqd9+oFKxWNzpcUK9CA8ECxnB2qBOz8cSBf3bfrHk2LVarVqtINd2ZkJzUnaWpAQLNfrFj14QkzSiQhOOleq6TqK9DEvNCKeTQi9VNMFkhAe0a0qBI6q8bLbvBJ0YEqAwluYJjWb0+0SGI6XGkW86I6yH6rc3hX953VSHVS9jIkk1FWT+UZhypGM0PR4FTFKi+dgUmEhmdkVkiCUm2kRUMCEsb/+/aJ3ZbsU+vymX6heLOPJwBMdwCi5cQh2uoQFNIMDhEZ7hxbq3nqxX623emrMWM4fwQ9b7F/Euj+Q=</latexit>

d̄R
<latexit sha1_base64="dtFfFp1KQOdHa2aHJIQcWrhsKIE=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cVrEXaEOZTCft0MkkzkyEEvoSblwo4tbXcefbOGlLUdEfBg7ffw5zzu/HnCntOJ9WbmV1bX0jv1nY2t7Z3SvuH7RUlEhCmyTikez4WFHOBG1qpjntxJLi0Oe07Y+vMr/9QKVikbjTk5h6IR4KFjCCtUGdno8lSvq3/WLJsWu1WrVaQa7tzITmpOwsSQkWavSLH71BRJKQCk04VqrrOrH2Uiw1I5xOC71E0RiTMR7SrikFDqny0tm+U3RiyAAFkTRPaDSj3ydSHCo1CX3TGWI9Ur+9DP7ldRMdVL2UiTjRVJD5R0HCkY5QdjwaMEmJ5hNTYCKZ2RWREZaYaBNRwYSwvP3/onVmuxX7/KZcql8s4sjDERzDKbhwCXW4hgY0gQCHR3iGF+veerJerbd5a85azBzCD1nvXwsjj/U=</latexit>

ūR

<latexit sha1_base64="ghr3KcrY0PRsGx1HEFT5aHky40g=">AAAB73icdZDLSsNAFIZP6q3WW9Slm8EiuAqJ1truCm5cuKhgL9CGMplO2qGTSZyZCCX0Jdy4UMStr+POt3F6oajoDwOH7z+HOecPEs6Udt1PK7eyura+kd8sbG3v7O7Z+wdNFaeS0AaJeSzbAVaUM0EbmmlO24mkOAo4bQWjq6nfeqBSsVjc6XFC/QgPBAsZwdqgdjfAEqW9m55ddJ1qtVqplJHnuDOhOSm5S1KEheo9+6Pbj0kaUaEJx0p1PDfRfoalZoTTSaGbKppgMsID2jGlwBFVfjbbd4JODOmjMJbmCY1m9PtEhiOlxlFgOiOsh+q3N4V/eZ1UhxU/YyJJNRVk/lGYcqRjND0e9ZmkRPOxKTCRzOyKyBBLTLSJqGBCWN7+f9E8c7yyc35bKtYuFnHk4QiO4RQ8uIQaXEMdGkCAwyM8w4t1bz1Zr9bbvDVnLWYO4Yes9y8CC4/v</latexit>

ūL

<latexit sha1_base64="IbyVSzxachZfOlFWZPZwaFCdD70=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cuKhgL9CGMplM2qGTSZyZCCX0Jdy4UMStr+POt3F6oajoDwOH7z+HOef3E86UdpxPK7eyura+kd8sbG3v7O4V9w9aKk4loU0S81h2fKwoZ4I2NdOcdhJJceRz2vZHV1O//UClYrG40+OEehEeCBYygrVBnZ6PJQr6N/1iybFrtVq1WkGu7cyE5qTsLEkJFmr0ix+9ICZpRIUmHCvVdZ1EexmWmhFOJ4VeqmiCyQgPaNeUAkdUedls3wk6MSRAYSzNExrN6PeJDEdKjSPfdEZYD9Vvbwr/8rqpDqtexkSSairI/KMw5UjHaHo8CpikRPOxKTCRzOyKyBBLTLSJqGBCWN7+f9E6s92KfX5bLtUvFnHk4QiO4RRcuIQ6XEMDmkCAwyM8w4t1bz1Zr9bbvDVnLWYO4Yes9y/oFo/e</latexit>

d̄L

<latexit sha1_base64="W+9/WXBiPu2M+8OTxEh1XURKsPo=">AAAB73icdZDLSsNAFIZP6q3WW9Wlm8EiuAqJ1truCm5cVrEXaEOZTCbt0MkkzkyEEvoSblwo4tbXcefbOL1QVPSHgcP3n8Oc8/sJZ0o7zqeVW1ldW9/Ibxa2tnd294r7By0Vp5LQJol5LDs+VpQzQZuaaU47iaQ48jlt+6Orqd9+oFKxWNzpcUK9CA8ECxnB2qBOz8cSBf3bfrHk2LVarVqtINd2ZkJzUnaWpAQLNfrFj14QkzSiQhOOleq6TqK9DEvNCKeTQi9VNMFkhAe0a0qBI6q8bLbvBJ0YEqAwluYJjWb0+0SGI6XGkW86I6yH6rc3hX953VSHVS9jIkk1FWT+UZhypGM0PR4FTFKi+dgUmEhmdkVkiCUm2kRUMCEsb/+/aJ3ZbsU+vymX6heLOPJwBMdwCi5cQh2uoQFNIMDhEZ7hxbq3nqxX623emrMWM4fwQ9b7F/Euj+Q=</latexit>

d̄R

I3red
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THE TRIPARTITE SM

20

important for both 
quarks & leptons 
A4 allows 3 families
Z3 allows CP violation
[Cabbibbo 1973]

QUARKS (W class)
[I or U or V allowed]

LEPTONS (GHZ class)
[I and U and V allowed]

<latexit sha1_base64="3tF+UN93UwOHNPkVoNJ6cdgVlRQ=">AAACAnicbVDLSsNAFL2pr1pfUVfiZrAIrkqiRV1W3LisYB/YhjCZTtqhk0mYmQglFDf+ihsXirj1K9z5N07aLrT1wMDhnPuYe4KEM6Ud59sqLC2vrK4V10sbm1vbO/buXlPFqSS0QWIey3aAFeVM0IZmmtN2IimOAk5bwfA691sPVCoWizs9SqgX4b5gISNYG8m3D678KuqSWPRRM2dSs4gqdO+f+XbZqTgToEXizkgZZqj79le3F5M0okITjpXquE6ivQybkYTTcambKppgMsR92jFUYLPIyyYnjNGxUXoojKV5QqOJ+rsjw5FSoygwlRHWAzXv5eJ/XifV4aWXMZGkmgoyXRSmHOkY5XmgHpOUaD4yBBPJzF8RGWCJiTaplUwI7vzJi6R5WnHPK9XbarnmzOIowiEcwQm4cAE1uIE6NIDAIzzDK7xZT9aL9W59TEsL1qxnH/7A+vwByJSVuA==</latexit>

A4
⇠= V4 o Z3

<latexit sha1_base64="S+C4d3QecK/ml8Xq10ZX059XLHs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgqiStqMuCGxcuqtgHNCFMppN26GQmzEyEEOqvuHGhiFs/xJ1/47TNQlsPXDiccy/33hMmjCrtON9WaW19Y3OrvF3Z2d3bP7APj7pKpBKTDhZMyH6IFGGUk46mmpF+IgmKQ0Z64eR65vceiVRU8AedJcSP0YjTiGKkjRTY1WZwDz2RsFRBL0QSNoPbwK45dWcOuErcgtRAgXZgf3lDgdOYcI0ZUmrgOon2cyQ1xYxMK16qSILwBI3IwFCOYqL8fH78FJ4aZQgjIU1xDefq74kcxUplcWg6Y6THatmbif95g1RHV35OeZJqwvFiUZQyqAWcJQGHVBKsWWYIwpKaWyEeI4mwNnlVTAju8surpNuouxf15t15rdUo4iiDY3ACzoALLkEL3IA26AAMMvAMXsGb9WS9WO/Wx6K1ZBUzVfAH1ucP9P+Tow==</latexit>

3R � 3̄L

construction has some remote 
resemblance with rishon model, 
Shupe 1979; Harari & Seiberg 1982

Fermion basis



A-B-C
<latexit sha1_base64="DaTT3rqj7uXCFJ/PgTSSGj12jAQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgpSUpgh6rvXisYGuhCWWz3bRL9yPsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8KGFUG8/7dgpr6xubW8Xt0s7u3v5B+fCoo2WqMGljyaTqRkgTRgVpG2oY6SaKIB4x8hCNmzP/4ZEoTaW4N5OEhBwNBY0pRsZKQcAj+ZRdV2+qzWm/XPFq3hzuKvFzUoEcrX75KxhInHIiDGZI657vJSbMkDIUMzItBakmCcJjNCQ9SwXiRIfZ/Oape2aVgRtLZUsYd67+nsgQ13rCI9vJkRnpZW8m/uf1UhNfhRkVSWqIwItFccpcI91ZAO6AKoINm1iCsKL2VhePkELY2JhKNgR/+eVV0qnXfK/m311UGvU8jiKcwCmcgw+X0IBbaEEbMCTwDK/w5qTOi/PufCxaC04+cwx/4Hz+ACqJkQw=</latexit><latexit sha1_base64="DaTT3rqj7uXCFJ/PgTSSGj12jAQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgpSUpgh6rvXisYGuhCWWz3bRL9yPsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8KGFUG8/7dgpr6xubW8Xt0s7u3v5B+fCoo2WqMGljyaTqRkgTRgVpG2oY6SaKIB4x8hCNmzP/4ZEoTaW4N5OEhBwNBY0pRsZKQcAj+ZRdV2+qzWm/XPFq3hzuKvFzUoEcrX75KxhInHIiDGZI657vJSbMkDIUMzItBakmCcJjNCQ9SwXiRIfZ/Oape2aVgRtLZUsYd67+nsgQ13rCI9vJkRnpZW8m/uf1UhNfhRkVSWqIwItFccpcI91ZAO6AKoINm1iCsKL2VhePkELY2JhKNgR/+eVV0qnXfK/m311UGvU8jiKcwCmcgw+X0IBbaEEbMCTwDK/w5qTOi/PufCxaC04+cwx/4Hz+ACqJkQw=</latexit><latexit sha1_base64="DaTT3rqj7uXCFJ/PgTSSGj12jAQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgpSUpgh6rvXisYGuhCWWz3bRL9yPsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8KGFUG8/7dgpr6xubW8Xt0s7u3v5B+fCoo2WqMGljyaTqRkgTRgVpG2oY6SaKIB4x8hCNmzP/4ZEoTaW4N5OEhBwNBY0pRsZKQcAj+ZRdV2+qzWm/XPFq3hzuKvFzUoEcrX75KxhInHIiDGZI657vJSbMkDIUMzItBakmCcJjNCQ9SwXiRIfZ/Oape2aVgRtLZUsYd67+nsgQ13rCI9vJkRnpZW8m/uf1UhNfhRkVSWqIwItFccpcI91ZAO6AKoINm1iCsKL2VhePkELY2JhKNgR/+eVV0qnXfK/m311UGvU8jiKcwCmcgw+X0IBbaEEbMCTwDK/w5qTOi/PufCxaC04+cwx/4Hz+ACqJkQw=</latexit><latexit sha1_base64="DaTT3rqj7uXCFJ/PgTSSGj12jAQ=">AAAB83icbVBNS8NAEJ3Ur1q/qh69BIvgpSUpgh6rvXisYGuhCWWz3bRL9yPsbsQS+je8eFDEq3/Gm//GbZuDtj4YeLw3w8y8KGFUG8/7dgpr6xubW8Xt0s7u3v5B+fCoo2WqMGljyaTqRkgTRgVpG2oY6SaKIB4x8hCNmzP/4ZEoTaW4N5OEhBwNBY0pRsZKQcAj+ZRdV2+qzWm/XPFq3hzuKvFzUoEcrX75KxhInHIiDGZI657vJSbMkDIUMzItBakmCcJjNCQ9SwXiRIfZ/Oape2aVgRtLZUsYd67+nsgQ13rCI9vJkRnpZW8m/uf1UhNfhRkVSWqIwItFccpcI91ZAO6AKoINm1iCsKL2VhePkELY2JhKNgR/+eVV0qnXfK/m311UGvU8jiKcwCmcgw+X0IBbaEEbMCTwDK/w5qTOi/PufCxaC04+cwx/4Hz+ACqJkQw=</latexit>

AC-B
<latexit sha1_base64="610AWGTziUX8AA/wWwjFM9JI6Ao=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym8bF7bRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvc6Q1Q==</latexit><latexit sha1_base64="610AWGTziUX8AA/wWwjFM9JI6Ao=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym8bF7bRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvc6Q1Q==</latexit><latexit sha1_base64="610AWGTziUX8AA/wWwjFM9JI6Ao=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym8bF7bRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvc6Q1Q==</latexit><latexit sha1_base64="610AWGTziUX8AA/wWwjFM9JI6Ao=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym8bF7bRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvc6Q1Q==</latexit>

AB-C
<latexit sha1_base64="T7Xpd5uPt9WHAIDjKAuS3uo4Ft4=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym9uLxrRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvcyQ1Q==</latexit><latexit sha1_base64="T7Xpd5uPt9WHAIDjKAuS3uo4Ft4=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym9uLxrRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvcyQ1Q==</latexit><latexit sha1_base64="T7Xpd5uPt9WHAIDjKAuS3uo4Ft4=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym9uLxrRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvcyQ1Q==</latexit><latexit sha1_base64="T7Xpd5uPt9WHAIDjKAuS3uo4Ft4=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+ym9uLxrRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvcyQ1Q==</latexit>

BC-A
<latexit sha1_base64="VyPGBtfHY1jWBIW8BmDnFG2IYOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+y28bFzbRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvdGQ1Q==</latexit><latexit sha1_base64="VyPGBtfHY1jWBIW8BmDnFG2IYOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+y28bFzbRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvdGQ1Q==</latexit><latexit sha1_base64="VyPGBtfHY1jWBIW8BmDnFG2IYOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+y28bFzbRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvdGQ1Q==</latexit><latexit sha1_base64="VyPGBtfHY1jWBIW8BmDnFG2IYOE=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRbBi2W3CHqs9uKxgv2A7VKyabYNTTZLkhXL0p/hxYMiXv013vw3pu0etPXBwOO9GWbmhQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8SachbTlmGG026iKBYhp51w3Jj5nUeqNJPxg5kkNBB4GLOIEWys5PdEKJ+y28bFzbRfrrhVdw60SrycVCBHs1/+6g0kSQWNDeFYa99zExNkWBlGOJ2WeqmmCSZjPKS+pTEWVAfZ/OQpOrPKAEVS2YoNmqu/JzIstJ6I0HYKbEZ62ZuJ/3l+aqLrIGNxkhoak8WiKOXISDT7Hw2YosTwiSWYKGZvRWSEFSbGplSyIXjLL6+Sdq3quVXv/rJSr+VxFOEETuEcPLiCOtxBE1pAQMIzvMKbY5wX5935WLQWnHzmGP7A+fwBvdGQ1Q==</latexit>

GHZ
<latexit sha1_base64="u+2PnC3+v9l0zJZIZIFCrRvoTSQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BD+YYwTxIsoTZySQZMo9lZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprsrijkz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGpVoQhtEcaXbETaUM0kblllO27GmWESctqLJ7dxvPVJtmJIPdhrTUOCRZENGsHVSpyci9ZTe1TqzfrHkl/0F0DoJMlKCDPV+8as3UCQRVFrCsTHdwI9tmGJtGeF0VuglhsaYTPCIdh2VWFATpouLZ+jCKQM0VNqVtGih/p5IsTBmKiLXKbAdm1VvLv7ndRM7vAlTJuPEUkmWi4YJR1ah+ftowDQllk8dwUQzdysiY6wxsS6kggshWH15nTQr5cAvB/dXpWoliyMPZ3AOlxDANVShBnVoAAEJz/AKb57xXrx372PZmvOymVP4A+/zB4Z5kME=</latexit><latexit sha1_base64="u+2PnC3+v9l0zJZIZIFCrRvoTSQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BD+YYwTxIsoTZySQZMo9lZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprsrijkz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGpVoQhtEcaXbETaUM0kblllO27GmWESctqLJ7dxvPVJtmJIPdhrTUOCRZENGsHVSpyci9ZTe1TqzfrHkl/0F0DoJMlKCDPV+8as3UCQRVFrCsTHdwI9tmGJtGeF0VuglhsaYTPCIdh2VWFATpouLZ+jCKQM0VNqVtGih/p5IsTBmKiLXKbAdm1VvLv7ndRM7vAlTJuPEUkmWi4YJR1ah+ftowDQllk8dwUQzdysiY6wxsS6kggshWH15nTQr5cAvB/dXpWoliyMPZ3AOlxDANVShBnVoAAEJz/AKb57xXrx372PZmvOymVP4A+/zB4Z5kME=</latexit><latexit sha1_base64="u+2PnC3+v9l0zJZIZIFCrRvoTSQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BD+YYwTxIsoTZySQZMo9lZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprsrijkz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGpVoQhtEcaXbETaUM0kblllO27GmWESctqLJ7dxvPVJtmJIPdhrTUOCRZENGsHVSpyci9ZTe1TqzfrHkl/0F0DoJMlKCDPV+8as3UCQRVFrCsTHdwI9tmGJtGeF0VuglhsaYTPCIdh2VWFATpouLZ+jCKQM0VNqVtGih/p5IsTBmKiLXKbAdm1VvLv7ndRM7vAlTJuPEUkmWi4YJR1ah+ftowDQllk8dwUQzdysiY6wxsS6kggshWH15nTQr5cAvB/dXpWoliyMPZ3AOlxDANVShBnVoAAEJz/AKb57xXrx372PZmvOymVP4A+/zB4Z5kME=</latexit><latexit sha1_base64="u+2PnC3+v9l0zJZIZIFCrRvoTSQ=">AAAB8XicbVDLSgNBEOyNrxhfUY9eBoPgKewGQY8BD+YYwTxIsoTZySQZMo9lZlYMS/7CiwdFvPo33vwbJ8keNLGgoajqprsrijkz1ve/vdzG5tb2Tn63sLd/cHhUPD5pGpVoQhtEcaXbETaUM0kblllO27GmWESctqLJ7dxvPVJtmJIPdhrTUOCRZENGsHVSpyci9ZTe1TqzfrHkl/0F0DoJMlKCDPV+8as3UCQRVFrCsTHdwI9tmGJtGeF0VuglhsaYTPCIdh2VWFATpouLZ+jCKQM0VNqVtGih/p5IsTBmKiLXKbAdm1VvLv7ndRM7vAlTJuPEUkmWi4YJR1ah+ftowDQllk8dwUQzdysiY6wxsS6kggshWH15nTQr5cAvB/dXpWoliyMPZ3AOlxDANVShBnVoAAEJz/AKb57xXrx372PZmvOymVP4A+/zB4Z5kME=</latexit>

W + W tripartite
entangled

Product
states

hadrons
quarks

leptons

e+e-

�,Z,W
<latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit>

�,Z,W
<latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit>

�,Z,W
<latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit><latexit sha1_base64="ajOcH3iNmGa4BpDkof0WcxX5ksc=">AAAB+3icbVDLSsNAFJ34rPUV69LNYBFclJIUQZcFNy4r2Ac2oUymk3boPMLMRFpCfsWNC0Xc+iPu/BunbRbaeuDC4Zx7ufeeKGFUG8/7djY2t7Z3dkt75f2Dw6Nj96TS0TJVmLSxZFL1IqQJo4K0DTWM9BJFEI8Y6UaT27nffSJKUykezCwhIUcjQWOKkbHSwK0EI8Q5qgU8ktPssdbNywO36tW9BeA68QtSBQVaA/crGEqcciIMZkjrvu8lJsyQMhQzkpeDVJME4Qkakb6lAnGiw2xxew4vrDKEsVS2hIEL9fdEhrjWMx7ZTo7MWK96c/E/r5+a+CbMqEhSQwReLopTBo2E8yDgkCqCDZtZgrCi9laIx0ghbGxc8xD81ZfXSadR9726f39VbTaKOErgDJyDS+CDa9AEd6AF2gCDKXgGr+DNyZ0X5935WLZuOMXMKfgD5/MHJoCTyw==</latexit>

gluons
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bipartite bipartite bipartite

R/L
S/P

THE TRIPARTITE SM

Identification of tripartite states with SM states with different unitary symmetry structure 
and different orthogonal space-time structure and gauge boson structure governed by 
local unitarity in tripartite space           
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GHZ states (RRR, LLL)
I, U, and V allowed, identified
orthogonal symmetry: IO(1,3)
unitary symmetry: S(U(2) x U(1)) 
A4: three families of singlets

W-states (RRL, RLL)
I, U, or V allowed, colored
orthogonal symmetry: IO(1,1)
unitary sym: S(U(3) x U(2))
A4: three families of triplets
IO(1,3) and EW for SU(3) singlets

QUARKS

LEPTONS
GAUGE BOSONS
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Leptons and EW gauge bosons / Elementary GHZ states
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q I-, U- and V-allowed states belonging to GHZ class: leptons
q SU(2)I x U(1)Y combined with tripartite IO(1,3) space-time
q Hypercharge coupled to charge conjugation (CP symmetry)
q Symmetry embedded in U(3)

weak interactions involve the generators (I,YI)

q
q

q Just one massive lepton (tau) and need for
radiatively generated masses [Weinberg 2020]

q role of dimensionality [Stojkovic – 1406.2696]
q primordial gravitational waves
q involving µSO(3) = 8p2

q neutrino mass studies [Altarelli & Feruglio 2006]
q tri-bilinear family mixing [Harrison, Perkins, Scott, 2002]

X

a=1,2,3,8

gW a
µ
�a

2
=

X

a=1,2,3

gW i
µI

i
W + g0BµYW
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[Weinberg 1972]



QCD / Elementary W-states and composite GHZ-states

Parton-hadron duality in hard processes: PDFs x FFs
nucleon is pure state à ensemble of partons
(good light-front states)
hard scattering process: partons à partons
emerging partons are pure state(s) à ensemble of 
hadrons

Parton distribution functions (PDFs) and fragmentation 
functions (FFs) are entanglement witnesses
(with resemblance to Wigner functions)

Involve trace over color, positive definite light-front 
operators (including spin/… projectors) such as

for quark PDFs
for gluon PDFs

Crucial are 1D light-like or 3D staple-like Wilson lines 
U(0,x) for collinear or transverse momentum dependent 
(TMD) PDFs and FFs including T-odd [Boer-M 1997]
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QCD / Elementary W-states and composite GHZ-states

Dynamics of gluons is in transverse structure, best illustrated by looking at emergence of 
the Wilson loop giving linearly polarized gluons [Boer, van Daal, Petreska, M]

Gluons in entangled proton state found by maximizing partonic entropy                         
using continuous freedom of translations/momenta/resolution [Kharzeev & Levin 2017]

Family mixing small (possible zero-order qC ~ p/12, sin qC ~ 0.26, exp 0.22)
Confinement is a non-issue 

In 3D world no W states, only GHZ states, chirally and space-time entangled
Combined EW and strong effects need attention (e.g. g-2 studies)

Success of Soft Collinear Effective Theory or effective models for low-energy QCD
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QCD / Elementary W-states and composite GHZ-states

Fragmentation also leads to an ensemble that 
(within the constraints such as charge, flavor, 
spin) appears to maximize entropy.
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Possibly explains success of statistical 
hadronization model 

not due to thermalization by 
collisions
note the presence of       ( > 5 fm) 

5

Mass (GeV)
0 0.5 1 1.5 2 2.5 3 3.5 4

+1
)

J
/(2y

/d
Nd

7−10

6−10

5−10

4−10

3−10

2−10

1−10

1

10

210

310

Data, ALICE

Statistical Hadronization
total (after decays)
primordial

=2.76 TeVNNsPb-Pb 
0-10% centrality

+π
+K

p

φ

Λ
-

Ξ

-
Ω

d

He3
HΛ

3 

He4

FIG. 2. Mass dependence of hadron yields compared with
predictions of the statistical hadronization model. Only par-
ticles, no anti-particles, are included and the yields are di-
vided by the spin degeneracy factor (2J + 1). Data are from
the ALICE collaboration for central Pb–Pb collisions at the
LHC. For the statistical hadronization approach, plotted are
the “total” yields, including all contributions from high-mass
resonances (for the ⇤ hyperon, the contribution from the elec-
tromagnetic decay ⌃0

! ⇤�, which cannot be resolved ex-
perimentally, is also included), and the (“primordial”) yields
prior to strong and electromagnetic decays. For more details
see text.

temperature leads to a large variation of the yield, result-
ing in a relatively precise determination of the freeze-out
temperature Tnuclei = 159± 5 MeV, well consistent with
the value of TCF extracted above.

The incomplete knowledge of the structure and de-
cay probabilities of heavy mesonic and baryonic reso-
nances discussed above leads to systematic uncertainties
in the statistical hadronization approach. We note, from
Fig. 2, that the yields of the measured lightest mesons
and baryons, (⇡,K, p,⇤) are substantially increased rela-
tive to their primordial thermal production by such decay
contributions. For pions, e.g., the resonance decay con-
tribution amounts to 70%. For resonance masses larger
than 1.5 GeV the individual states start to strongly over-
lap [23]. Consequently, neither their number density nor
their decay probabilities can be determined well. Indeed,
recent LQCD results indicate that there are missing res-
onances compared to what is listed in [23]. The result-
ing theoretical uncertainties are di�cult to estimate but
are expected to be small since TCF is very small com-
pared to their mass. A conservative estimate is that
the resulting systematic uncertainty in TCF is at most
3%. This is consistent with the determination of TCF

using only particles whose yields are not influenced by

resonance decays, see above. Until now none of these
systematic uncertainties are taken into account in the
statistical hadronization analysis described here.

The rapidity densities of light (anti)-nuclei and hy-
pernuclei were actually predicted [64], based on the sys-
tematics of hadron production at lower energies. It is
nevertheless remarkable that such loosely bound objects
(the deuteron binding energy is 2.2 MeV, much less than
Tnuclei ⇡ 159 or TCF ⇡ Tc ⇡ 155 MeV) are produced
with temperatures very close to that of the phase bound-
ary at LHC energy, implying any further evolution of
the fireball has to be close to isentropic. For the (anti-
)hypertriton the situation is even more dramatic: this
object consists of a bound state of (p, n, ⇤), with a value
of only 130 ± 30 keV for the energy needed to remove
the ⇤ from it. This implies that the ⇤ particle is very
weakly bound to a deuteron, resulting in a value for the
root-mean-square size for this bound state of close to 10
fm, about the same size as that of the fireball formed in
the Pb–Pb collision.

The detailed production mechanism for loosely bound
states remains an open question. One, admittedly specu-
lative, possibility is that such objects, at QGP hadroniza-
tion, are produced as compact, colorless droplets of quark
matter with quantum numbers of the final state hadrons.
The concept of possible excitations of nuclear matter into
colorless quark droplets was considered already in [65].
In our context, these states should have a lifetime of 5
fm or longer, excitation energies of 40 MeV or less, for
evolution into the final state hadrons which are measured
in the detector. Since by construction they are initially
compact they would survive also a possible short-lived
hadronic phase after hadronization. This would be a
natural explanation for the striking observation of the
thermal pattern for these nuclear bound states emerging
from Figs. 1 and 2. Note that the observed thermal
nature of their production yields is very di�cult to rec-
oncile with the assumption that these states are formed
by coalescence of baryons, where the yield is proportional
to a coalescence factor introduced as the square of the
nuclear wave function, which actually di↵ers strongly for
the various nuclei [66, 67]. For a recent discussion of
the application of coalescence models to production of
loosely bound states, see [68].

One might argue that composite particles such as light
nuclei and hypernuclei should not be included in the
hadronic partition function described in Eq. 2. We note,
however, that all nuclei, including light, loosely bound
states, should result from the interaction of the funda-
mental QCD constituents. This is confirmed by recent
LQCD calculations, see [69].

The thermal nature of particle production in ultra-
relativistic nuclear collisions has been experimentally
verified not only at LHC energy, but also at the lower
energies of the RHIC, SPS and AGS accelerators. The
essential di↵erence is that, at these lower energies, the
matter-antimatter symmetry observed at the LHC is
lifted, implying non-vanishing values of the chemical po-
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FINAL REMARKS

Chiral entanglement in multi-partite replicas allows matching of orthogonal space-time and 
unitary internal symmetries including their algebraic structure and conjugation properties, 
providing a novel way of looking at all symmetries

Local unitarity manifests itself as gauging of the symmetries
chiral entanglement classes in a tripartite setting
Hiding of supersymmetry in 1D à 3D extension

Many aspects need careful further analysis but for me the prospect of a natural explanation 
of the complexity of hadrons in QCD (manifest in spectroscopy as well as in partonic 
structure details) is appealing, in particular because it was, it is and it remains a collaborative 
effort of theory and experiment (cf impact of notion of chiral-odd nature of transversity)
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