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Why X- ray astronomy’?

Black holes, compact objects c ic F - Large-scale structure
and accretion physics : Lt of the Universe

Athena — Advanced Telescope for High Energy Astrophysics 1 »
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Example: Black hole spin
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Analysis: physical models

Non-parametric Parametric

= Timing: - 5-20 parameters
overdispersion Buchner+21 .
Gaussian processes {0 Vi‘nbsiﬂg . - Non-linear
- Imaging - 1-1000ms
Sanders+16,20 . .
— .. — NON-differentiable
- Complex
degeneracies
- Multi-modal

(breaks all the typical
inference assumptions)



|s X-ray astronomy special?

Why not use the same methods as optical astronomy?
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FOCUSSINg X-rays

Wolter Telescopes

Hyperboloid
/
—
Incident
paraxial
Paraboloid radiation
F
\ Hyperboloid \ ocus after ESA

To obtain manageable focal lengths (~10 m), use two reflections on a

parabolic and a hyperboloidal mirror (Wolter) type
(Wolter 1952 for X-ray microscopes, Giacconi & Rossi 1960 for UV- and X-rays).

But: small collecting area (A% mirl/f where f: focal length)



Detecting X-rays

1 > 3 Polysilicon electrodes
o conductors; ~0.5 nmrdeep
! .

SiO 2insulator
0.1 om deep

n—-type (+) silicon
(depleted)

p-type (-) silicon
(depleted)

Potential energy
for an electron

p-type
(undepleted)

After Bradt

2d imaging with Charge Coupled Devices (CCDs)



Detector response matrix

(RMF)
RXTE-PCA
T ‘ T

100/ v

Photon Energy [keV]

1 ‘ 1 | | | | | | 1 ‘
10 100
PHA Channel Energy [keV]



Multi-purpose data

F K - p— :
s X-ray image Optical image
For each detected event:
- time Timing
- reconstructed energy maging
- position &pcombinat%és — Extract spectra

at image location



Background

M. Wille

Cosmic rays & protons

not going through the mirror



s X-ray astronomy spema\’?

eROS ITA FH

e Space-based

e IMmaging response Is
position dependent

 Spectral resgonse
IS not invert

 Count data / shot
noise

cccccc

z=6 quasar

r=1"(X) R=1"@

LSF
energy- ,
dependent
— matnx

Vito+19

10
nnnnnnnnnnnnnnnn [keV]



s X-ray astronomy spema\’?

eROS ITA FH

e Space-based

e IMmaging response Is
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s X-ray astronomy spema\’?

eROS ”AFH

a lManinn racNnnnen 1o

N principle, No

Optical astronomy is a special case
where you can often glance over these effects

Gaussian white noise, linear calibration
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Methods

« Forward-folding
— X-ray spectroscopy, statistical aspects
- Likelihoods
- Background treatment

« Workflow

 Inference methods




RXTE-PCA

Story of X-ray photons
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10
PHA Channel Energy [keV]

Source spectrum  RMFARF  background Counts expected
(physics) (calibration)

(F(E) x R(E,c) + B(E)) x At = \(c)
(observation)

Count spectrum observed:  k(c) ~ Poisson(A(c))

Forward-fold: P(D|6) Want: P(6|D)
Regions of high parameter
probability mass



Single spectral bln

« Poisson ) |
~kiinteger  P() =2
- A: real (mean&variance)
- Asymmetric
- Integer
- Positive

. Scaling shape changes

(Poisson distribution)
Variability!

o Addition
e Subtraction

Samples |
Electronics (shot noise) .
Photon counting (Poisson noise)

(Skellam distribution)

0.40

¢

0.35} |

0.30|
= 0.25}
2 020}
=
0.15}
0.10}
0.05}

0.00




Known data > 1 counts
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Known data > 5 counts
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Known data

|
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Known data
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Known data » 40 counts
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Known data » 100 counts
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Approximation aualitv

e Tails have different slopes

- Gauss high-end more
permissive

- Poisson low-end more
permissive

« Right way: Poisson

to evaluate

Gaussian statistics are biased

Parameter biases statistically important

also in the high count regime
(Humphrey+2009)

Poisson statistics is unbiased (Mighell99)

Historically: Gauss faster

Model parameter error (%)

20

151

10 ¢

Simulation model: A x E—T

"-_ Parameter & Statistic
s AY° ses [y? |
': c=—=x A [: [ I r C
T 100 1000
Counts A
— See
Wheaton+95
Nousek&Shue1989
Mighell99

van Dyk+2001



“Statistics”

e Poisson
- Likelihood L(k[A) = e A" /k!
2%og = —2log L(k[A) = 2A —2klog A + C

 Gaussian
- Likelihood £(k|u, o) = exp[—((z — p)/0)?/2]/V 2m0>
-2%log = —2log L(z|p,0) = (x — p)/o)* + C



“Statistics”

» PoOisson
- Likelihood L(k[A) = e A" /k!
'2*|Og —  —2log L(k|A) = 2X = 2klog A+ C

v

CStat, Cash

Cash (1979)

 Gaussian
- Likelihood £(k|u, o) = exp[—((z — p)/0)?/2]/V 2m0>
-2%log = —2log L(z|p,0) = (x — p)/o)* + C

\ J

Y
Chi?2

Does not mean they follow a chi? distribution!



INnference with likelihoods

-0.5 Cstat, -0.5 chi2

C(K 04,0, ... 00, M, R, B, ...)

Higher L: model under these parameters often makes this data
Lower L: less frequently

— Frequency of data
P(DI0)

Likelihood function at D, at parameter values (not a density)




Model checking

e Chi? test: dof in non-linear model?
o Cstat test —» Kaastra?2017
e Binning”?

e Alternatives:

not everything has to be a test:
use visualisations & domain expertise

Add flexible empirical components,
do model comparison (easier)
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isual model checking
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Best fit parameters

Parameter Space

e |f away from boundary

—2L
~ e |f model is linear
n},\.‘ _4_ ] .
i e If ndata = high  (symmetric,
~ 4l | single gauss)
E . If B is true parameter

—alL

- then
—-10 ! !
-3 -2 -1 0 1 2 3

1

If many data are created under (p
logL interval -1/2 below best fit (wilks’ theorem)
contains true value 68% of realisations

P(alrp) Confidence interval

What was the question again? P(u|D)
Are conditions fulfilled?
What do unequal “errors” mean? 2d?



INnference desiderata

Probable parameter ranges of spin®

P(0|D)do Probability density

In infinitely small region: zero probability

P(6|D)db
T T Find regions with high
Density ~ Volume E> probability mass

P(D|#)

Probability mass



)

« Frequentist statistics “Bayesian statistics plus

- How good does a - Do Bayesian
procedure work statistics: credible
- Properties of estimators intervals, posterior
- False decision rates %IS”I'OUT'O”& Jel
. C L lan m
« Bayesian statistics Cg%eéa?ismo ©
— Consistent framework, :
assumptions spelled out - FFor decisions and.

_ What is the probability parameter estimation,

distribution of the true quantify properties
parameters? with Monte Carlo

- How probable are these simulations
physical models relative to — best of both worlds
each other?



Workflow
. Get data 5 e
e« Assume model | Wr%—}
« Assume parameter priors N:fog-unformprior
] i t -7 t
» Produce posterior clue probabliy from 119
distributions Gamma: informative prior from literature

Gaussian distribution 1.95+-0.15

« Model checking
e Model comparison

e Vary assumptions, check ‘ L \;

Model 1 = zpowerlw

0+ E Model= zpowerlw NN

robustness with simulated 7 /1 h
data f i ,____Tir‘J 1_ Energy [keV]
 Write paper L

« Predict observations, get
more data




Parameter space exploration

Plasma height
[Sohwarzschi_ld radii]

5-20 parameters
1-1000ms evaluation )
non-linear — degeneracies
non-differentiable
multi-modal

Black hole spin

e Local optimization
- LM, simplex, ... (many)
e Local sampling: MCMC
- gradient-free
« Global optimization
- Genetic algorithms (DE)
« Global sampling
- Nested samp!ng




L Markov Chain Monte Carlo

I Starting point © <:\\\\:l‘gf 3

X Loop forever:

0’ = Normal(6, sigma_p)

it P(6’|D)/P(6|D) > U():
6 =06

add 6 to chailn

e Missing ingredient: transition kernel O O O
¢ tune to the problems ® ® ©
e Fraction of visits ~ converges to

~ probability of hypothesis © O O O
® Where does chain spend 90% of its © O

visits ® & ¢ O



MCMC transition kernels

« Metropolis Random Walk
- Adv: simple
- Disadv: poor mixing

. Affine-invariant ensemble emcee -2

- Adv: auto-tuning for gaussian L&\\%

- Disadv: poor mixing in bananas, collapses in
high-o (Huijser+15)

« HMC (Hamiltonian Monte Carlo)

— Adv: tunes Itself to surface
- Disadv: need gradients of models




MCMC stopping

« MCMC theory: n=inf
e [race plots

Phases:

Identification
Mixin
« Autocorrelation length <bum-i:>
- Convergence tests | reeeen byEofed
- Detect if unreliable
- Gelman-Rubin

diagnostic < ”
- (many more)

gg;n%%)rgrg%%—.Weare or Ensemble Slice :'H M ’“ I ‘JM* w .‘l“m\]l “ ’W,,ll,w ! I*

httéos:/é %nesbuchner fwb.io/autoemcee/mo % 200 600 800 1000
mc-en le convergen tml Itteration

N



https://johannesbuchner.github.io/autoemcee/mcmc-ensemble-convergence.html
https://johannesbuchner.github.io/autoemcee/mcmc-ensemble-convergence.html

Using posterior samples

Posterior samples

6,6,0, ...

Find regions with high prob
Compute prob. of regions
Posterior predictions

Derived quantities

logyoLa_1okev

40

35

30

Fz—-L, z

N

| do O O

Ny Sample fraction
— model with backgrtl)und — reflect}on compomlent
3 — torus — scattering
107
S
[0
=
4
4
&
2
e
€
S
5
W]

0.5 1

2
Energy [keV]



Monte Carlo
Integration algorithm
for Bayesian

Nested sampling -

Uniformly distributed live points

Accumulate evidence
:*\x_}:r_ax
« Robust, global - =
sampling algorithm N T
Remove worst E
e Simulates posterior
Samp|eS — 88— ”— ,
« Estimates marginal | o 0k kX
||ke||hOOd Z Draw replacement
» “_, H—NE ; prow Iteration D
Theory & convergence proofs: I
SKI”Iﬂg ‘04,06,09 Compression, [ ~ f(Rjjye.1) teration 200 e

Evans ‘07 oy —

—%—N—N—N.

Chopin&Robert ‘07,10
Walter ‘14 0.0 0.5

X

Exponential compression,
recursive

Review of methods for statisticians
& physicists:
https://arxiv.org/abs/2101.09675

Review of concept, applications &
softwares:

1.0

Nested Sampling for physical scientists

Griffiths ©,” Michael Habeck @,'? Will Handley ©'!*!2 Edward Higson

https ://arXiV, Org/ab8/22o5 . 1 5570 Livia B. Partay ©,!5 Matthew Pitkin ©,'® Doris Schneider ©,17 Leah South ©,'® Joshua 5. Speagle ® (74 {#1),19:2%.21 John Veitch ©,22 Philipp

Wacker®,'7 David ] Wales ©,23 David Yallup &' 112

% Michael Hobson

g WYY
ey Nt':'.-\::“- #
st b A

Iteration 400

i
T s
e ki

Iteration 500

-

V-0
remainder negligible

Greg Ashton ©,1+2 Noam Bernstein ©,% Johannes Buchner®,* Xi Chen ©,% Gibor Csanyi ©,° Farhan Feroz®,” Andrew Fowlie ©,8 Matthew
12 Anthony Lasenby 12 Dayid Parkinson @,

We review Skilling’s nested sampling (N5) algorithm for Bayesian inference and more broadly multi-dimensional integration.


https://arxiv.org/abs/2101.09675
https://arxiv.org/abs/2205.15570

Missing ingredients

* MCMC: optimized transition kernel
* NS: likelihood-restricted prior sampling

There are general solutions:

» Step samplers: slice sampling /1 W,
CHMC/Galilean s

* Region samplers: MultiNest , MLFriends

Review: “Nested Sampling Methods” arxiv:2101.09675
Animation:

https://johannesbuchner.github.io/mcmc-demo/app.html#RadFriends-NS,standard(via chi-
feng.github.io)


https://johannesbuchner.github.io/mcmc-demo/app.html#RadFriends-NS,standard

Bayesian X-ray Astronomy

Buchner+14

https://johannesbuchner.github.io/BXA/

parallelisation, resuming

sophisticated, robust

inference engine

based on nested sampling

MultiNest
UltraNest

(724 citations)

+ background models
+ some visualisation tools

community models

data formats

fully-fledged ]
fitting environment

sherpa
PYXSpec


https://johannesbuchner.github.io/BXA/

What can BXA do?

» Given any model and data supported by
the fitting environment

¢ aﬂd OroOrs (no “good starting point” needed)

Nno minimal counts needed
e Can produce

Nno rebinning needed
— posterior probabllity plots

useful for:
— Parameter constraints
- Sample distributions

- Evidence Z
useful for model comparison




e /1,72

What to do with Z

p(M1|D)  Z1-p(M1)

p(M2|D)  Z2-p(M2)

N o

Posterior Bayes Prior
odds ratio factor odds ratio




Punishing prediction diversity

=
|_'I

NN N N
Q0000
0000
0000 O@
00000

Flexible model

s

e

)
A

L high, V tiny

(not number of parameters)

M2
® & ® & ©
® ® ® @& ©
® ® ® ® 0
Inflexible model Data
o
//\ . o

L medium, V medium



e /1,72

Buchner+14

What to do with Z

p(M1|D)  Z1-p(M1)

p(M2|D)  Z2-p(M?2)
p(M,|D) Zy - p(M;)

S p(M;|D) — Y Zi - p(M;)

e model priors: leave to reader or motivated by theory

® Discard higl
p(M1

hly improbable model or marginalise
D)

[ ]
Does (M2

the cases?

D) =3 / 1 mean M2 is correct in a quarter of



Frequentist properties of
Bayesian methods

« Make decisions
- |s parameter greater than X7
- Should | continue working with model A

or model

37

« Monte Carlo simulation (Paramettric

bootstrap)

- allow arbitrary complexity to test

assume model A, generate data

— how often would model B erroneously be selected?
— what threshold is safe (0<0.01)7



Calibrating model decisions

T l_ﬂﬂzfu . E— Buchner+14
= @z T%F 1 & T Baronchelli+19
I gé 50% - .
E Tz powerlaw input 7 [; powerlaw input 7
= 100% : l —
B 3 = =eay L i _| I _| .
= =E Ifa f wabs input wabs input False negatives
E S o0% T T Non-decisions
5 9V 25% = -
= . —
0 1 2 31 2 5 10
L threshold Z threshold
Advantages:

- Get rid of parameter prior dependencies
- Have frequentist properties of Bayesian method
- Completely Bayesian treatment + decisions

Disadvantages: | |
- Gan be computationally expensive



Model comparison ...

« Empirical models
- Information content
- Prediction quality

« Component presence ‘

B Regjons of practlcal https://arxiv.org/gbsﬂ 506.02273
GQUlvaIence Betancourt (2015)

« Physical effects
- Bayesian model comparison
- Priors often well-justified



https://arxiv.org/abs/1506.02273

Information criteria

o Akaike Information criterion Aaike (1973
o |S more complex worth storing”?

AC=2*d-2*L__
AIC =2 * d + CStat

Advantages: |
- rooted in information theory
- Independent of prior

Disadvantages:
- No uncertainties, thresholds unclear



Model comparison

PPC

yes
Test model in isolation? # Parametric bootstrap

' no, relative
empirical

Compare physical models or » Information content (AIC
empirical descriptions? Prediction quality (Cross validation)

physical
‘ effects

yes Parameter estimation
» Region of equivalence

Additive component :
Bayesian model comparison

‘no

Bayesian model comparison



Best fit distributions

Convolution of

True parameter distribution +
Measurement error & analysis method

Confidence intervals

Histogram of best fits

¢ |
Cumulative distribution
e.g. Buchner+17a

Clean solution: Baronchelli+19
Model the distribution (HBM) — PosteriorStacker

Meaning?
Upper limits?




Sample distributions

Hierarchical Bayesian model Parametric
erarchical Bayesian models samole

distribution

v
el

T One of the

10 1

posterior samples
All of the objects

(sample mean) (sample std)

I

o

\ éch object

v ¥

X

v

(object

parameter)

— (Gaussian model
W Histogram model

0.05 -
60  -40  —20 0 20 40 2 0.04
Parameter x :
S 0.03
Objects with large uncertainties do not Z
wash out the signall 5 0.02
]
o
Self-consistent, Bayesian analysis = 0.01
0.00 -
PosteriorStacker (Baronchelli, Nandra & Buchner, 2020) 80 —60 —40 —-20

20 40 60 80

https://github.com/JohannesBuchner/PosteriorStacker Parameter x




Empirical background models

Automated shape finding
Simmonds, Buchner et al. (2017)

XMM/PN,MQOS, Chandra/ACIS, NuSTAR,
Suzaku, BXTE, Swift/XRT

=
o

Counts [arb. norm.]

. FC1 = PC4 PCE

s
=]

— P2 PCE — TEGN
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XZ: X-ray redshifts

. Heavily obscured case, ID R5k5¢eK}__2§ gount% Mildly obscured case, ID R4, 5690 counts
AGN in the — —
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Methods for X-ray astronomy

« Forward-folding instrument response
- Poisson statistics
- Nuisance background modeling
- Bayesian framework for inferring parameters and models
- Monte Carlo simulations to verify robustness

 Practical algorithms
Nested sampling & Goodman-Weare MCMC

« Short overview of techniques for
- Model checking
- Model comparison

Stay tuned for book chapter (or request a copy from me)

Johannes Buchner
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