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Galaxy Rotation Curves and Dark Matter Halos

From A.V. Zasov, A.S. Saburova, A.V. Khoperskov, S.A.
Khoperskov, Dark Matter in Galaxies (2017)
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Supermassive Black Hole Formation

Astronomy: Roen Kelly, after Smith & Bromm, 2019.
See Regan et al., MNRAS, Volume 486, Issue 3, July 2019, Pages
3892–3906
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Tangherlini Source to Schwarzschild Solution

F. Tangherlini, Nonclassical Structure of the Energy-Momentum
Tensor of a Point Mass Source for the Schwarzschild Field (1961)

T a
b =

Mδ(r)

4πr2
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(1)

S = SEH + SSource (2)

Tmn =
2√
|g|

δ
(√
|g|LSource

)
δgmn

(3)
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Thomas-Whitehead Gravity

See PhysResD.103.044060 (2021)

STW =SPEH + SPGB

STW =− 1
2κ0

∫
ddx

√
|g|K + J0cλ2

0

∫
ddx

√
|g|KbcdK bcd

− J0c
∫

ddx
√
|g|
(
Ka

bcdKa
bcd − 4KabKab +K2

) (4)

With fundamental fields (gab, Dab, Πa
bc).
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Projective Invariant Tensor Form

∇̂a :

∇̂agbc = 0 (5)

Γ̂a
bc =

1
2

gai (∂bgic + ∂cgbi − ∂igbc) (6)

∇a :

Γa
bc = Γ̂a

bc + Ca
bc (7)
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Projective Invariant Tensor Form

∇̄a :

Γ̄a
bc ≡ Γa

bc − δa
(bvc) (8)

= Πa
bc − δa

(bgc) (9)

vc = gc −αc , gc = − 1
d + 1

∂c log
√
|g|, αc = − 1

d + 1
Γm

cm (10)

Pbc = Dbc − ∂bαc + Γe
bcαe + αbαc (11)
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Projective Invariant Tensor Form

P̄ab = Pab −∇avb − vavb (12)

R̄a
bcd = Γ̄a

b[d ,c] + Γ̄m
b[d Γ̄a

c]m (13)

= Ra
bcd + δa

[c∇d ]vb + δa
[cvd ]vb − δa

b∇[cvd ] (14)

R̄ab = R̄c
acd =

1
2

R(ab) + (d − 1)∇(avb) + (d − 1) vavb (15)

R̄ = gmnR̄mn = R + 2 (d − 1) gma∇avm + (d − 1) vmvm (16)
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Projective Invariant Tensor Form

Ka
bcd = R̄a

bcd + δa
[cP̄d ]b, Kbcd ≡ gαKαbcd = ∇̄[cP̄d ]b (17)

Kmn = R̄mn + (d − 1) P̄mn, K ≡ gmnKmn = R̄ + (d − 1) P̄ (18)
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δS
δCa

mn
= 0 Field Equations

Ea
mn − 1

d + 1
δa

(mEb
n)b = 0 (19)

Ea
mn = Ea

nm =∇̄a

[
gmn

(
K +

1
4J0κ0

)
− 4Kmn

]
− ∇̄iKa

(mn)i

− λ2
0P̄iaK (mn)i

(20)
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δS
δPab

= 0 Field Equations

λ2
0∇̄cK (ab)c =

d − 1
4J0κ0

gab + (d − 1) gabK − 2 (2d − 3)Kab (21)
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δS
δgab

= 0 Field Equations

R̄pq −
1
2

R̄gpq = κ0Θ̄pq + Λ0gpq

LS = − 1
2κ0

(d − 1)P + cJ0λ
2
0KbcdK bcd

− cJ0

(
Ka

bcdKa
bcd − 4KabKab +K2

) (22)

Θmn = −d − 1
κ0

(
P̄mn −

1
2
P̄gmn

)
− gmn

[
2J0cλ2

0
d + 1

∇̄aKa
bcdK bcd − LS

]
+ 2J0cλ2

0

(
KmcdKn

cd + 2KbcmK bc
n

)
+ 2J0c

(
8KmbKb

n − 2KKmn

)
+ 2J0c

(
KmbcdKn

bcd −Ka
mcdKan

cd − 2Kabc
mKabcn

)
(23)
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Stationary Spherical Symmetric Geometry

LX gab = 0

X m∂mgab + (∂aX m) gmb + (∂bX m) gam = 0 (24)

LXPab = 0

X m∂mPab + (∂aX m)Pmb + (∂bX m)Pam = 0 (25)

LX Ca
bc = 0

X m∂mCa
bc + (∂bX m) Ca

bc + (∂cX m) Ca
bc − (∂mX a) Cm

bc = 0 (26)
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Stationary Spherically Symmetric Ansatz

{gtt (r), gtr (r), grr (r), gθθ(r)}

{Ptt (r), Ptr (r), Prr (r), Pθθ(r)}

{Ct
tt (r), Ct

tr (r), Ct
rr (r), Ct

θθ(r), Cr
tt (r), Cr

tr (r), Cr
rr (r), Cr

θθ(r)}
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Static Spherically Symmetric Solution Ansatz to TW
Gravity

Measure ds2 = gabdxadxb is invariant under t → −t .

{gtt (r), grr (r), gθθ(r)}
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Static Spherically Symmetric Ansatz

For the static condition on Pab and Ca
bc we consider allowing only

the components that allow for the geodesics on the spacetime to
be invariant under t → −t .

d2xa

du2 + Πa
bc

dxb

du
dxc

du
= −2

λ

(
dλ
du

)
dxa

du

d2λ

du2 +Dbc
dxa

du
dxb

du
= 0 (27)

{Ptt (r), Prr (r), Pθθ(r)}

{Cr
tt (r), Cr

rr (r), Cr
θθ(r)}

Tyler C. Grover | Diffeomorphisms & Geometry Group | U. Iowa PPC 2022 WUSTL



Unsolved Problems Projectively Invariant Tensors in Thomas-Whitehead Gravity Stationary Geometry

Rotating Stationary Spherically Symmetric Solution
Ansatz to TW Gravity

Just as with the spherically symmetric spacetime, we can enforce
the rotating condition by ensuring the geodesics on the spacetime
satisfy the rotating condition, (t , φ)→ (−t ,−φ). Likewise, the Pab
field has nonvanishing components:

{gtt (r , θ), gtφ(r , θ), grr (r , θ), gθθ(r , θ), gφφ(r , θ)}

{Ptt (r , θ), Ptφ(r , θ), Prr (r , θ), Prθ(r , θ), Pθθ(r , θ), Pφφ(r , θ)}

{Ct
tr (r , θ), Ct

tθ(r , θ), Ct
rφ(r , θ), Ct

θφ(r , θ)}

{Cr
tt (r , θ), Cr

tφ(r , θ), Cr
rr (r , θ), Cr

rθ(r , θ), Cr
θθ(r , θ), Cr

φφ(r , θ)}.
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Summary

T a
b =

Mδ(r)

4πr2


1 0 0 0
0 1 0 0
0 0 −1

2 0
0 0 0 −1

2


(28)
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Thank You!

Any Questions?
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