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_______Introduction Single Particle_Ensembles MAD X B
e
The aim of the " Introduction to Optics Design” lecture is
three-fold:
to recall the matrix formalism applied to Linear Optics,

to use the matrix formalism to perform Linear Optics Design,

to break the ice for the concepts that will be generalized
during the next days.
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ANNALS OF PHYSICS: 3, 1-48 (1958)

Theory of the Alternating-Gradient Synchrotron™
E. D. Courant anp H. S. SNYDER

Brookhaven National Laboratory, Upton, New York

The equations of motion of the particles in a synchrotron in which the field
gradient index

n = —(r/B)aB/ar

varies along the equilibrium orbit are examined on the basis of the linear
approximation. It is shown that if » alternates rapidly between large positive
and large negative values, the stability of both radial and vertical oscillations
can be greatly increased compared to conventional accelerators in which n is
azimuthally constant and must lie between 0 and 1. Thus aperture requirements
are reduced. For practical designs, the improvement is limited by the effects of
constructional errors; these lead to resonance excitation of oscillations and
consequent instability if 2v; or 2v; or v, + ». is integral, where v, and v, are the
frequencies of horizontal and vertical betatron oscillations, measured in units
of the frequency of revolution.

64-years anniversary of the seminal paper of linear optics.
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A list! of books presenting Linear Optics (and much more).

Very incomplete! Apologies for the omissions.
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-
The alternating-gradient was a breakthrough in the history of

accelerators based on linear algebra! It is still the very rst step for
any new technology,

and for facing the non-linear problems that you will discuss during
the following lectures and your professional life.
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One can consider three typical approaches to introduce the linear
optics:

solving the equation of motion (the historical one),

using Hamiltonian formalism (opening the horizon to the
non-linear optics, see later Lectures),

using the linear matrices (natural choice for the linear optics
design).
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Introduction

To describe the motion of a particle in an optics channel, as
usual, we fix a coordinate system to define the status of the
particle at a given instant t; and a set of laws to transform the
coordinates of the system from t; to a new instant t5.

Reference orbit

Closed orbit
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Introduction

Coordinates

It is convenient to define the motion along a reference
trajectory of the 3D phase space (reference particle
trajectory/orbit), so to take into account only the variations
along that trajectory (Frenet-Serret frame).

In addition, it is convenient to replace as independent variable
the time, t, with the longitudinal position, s, along the
reference trajectory/orbit.

The natural choice for the variables are (X, 'y z; ﬁ)
(phase-space, see Hamiltonian approach). po is the amphtude
of the reference particle momentum.

Assuming ps po one can consider also the trace-space

(x; x! = ds Yyl = ds' ;%) (see equation of motion
approach).
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Introduction

We have established phase space (X; E:;y, By.z- %)' now we
need to study the particle evolution in there. We assume linear
transformation. A system is linear IFF the evolution from the

coordinates U to V can be expressed as

V=MU
where M is a square matrix and does not depend on U.
BUT we are interested only on a special set of linear

transformation: the so called symplectic linear transformations,
that is the ones associated to a simplectic matrix.
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Introduction

To introduce symplectic matrix we need a short digression on
bi-linear transformations.
Let us de ne the bi-linear transformatiofr as

VT F U: (1)

This is a function of two vectors (e.gU and V).
Let consider, for simplicity, the 1D case, that i} = (ug; up) T
andV = (va;wp)'.
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Introduction

EXAMPLE

Assuming

1 0
- @

the bilinear transformation is the dot-product between
V = (Vva;Vp)" andU = (ug; up)T:

Al ik U= Vala+ Vol:
F

A matrix M preserves the bi-linear transformatidn(then the
projections) IFF

\P/T{y_T}llvlu:vHU! MT I M=I;

(M V)T

then M is called orthogonal matrix.
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Introduction

EXAMPLE

Assuming

0 1
-1 0

the bi-linear transformation is proportional to the amplitude of
the cross-product betweeW = (Vva;Vp)" andU = (ug; up)':

vT zy U= Valb Vpla
F
that is proportional to the area de ned by the vectors. A matrid

preserves the bi-linear transformation (related to the
cross-product) IFF

vIMT Mu=VvT u! [MT M=

then M is called symplectic matrix.
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Introduction

EXAMPLE
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'a’' coordinate [arb.units]

Figure 1: Identity transformation.
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EXAMPLE
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Orthogonal transformatio
10 T T T T T

10 5 0 5 10
'a’' coordinate [arb.units]

Figure 2: Orthogonal transformationdpt-product preserved ).
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EXAMPLE
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Symplectic transformatio
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10 5 0 5 10
'a’' coordinate [arb.units]

Figure 3: Symplectic transformationc(oss-product preserved).
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Introduction

From 1D this can generalized toD and becomesa 2 2n
matrix:

0 1

= : )

Example of 2D symplectic matrix:

0 1
1000
011&,
01 A
1001
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Introduction

If M1 and M, then M = M1 M5 is symplectic too.
If M is symplectic then MT is symplectic.

Every symplectic matrix is invertible
M= IMTQ (4)

and M 1 is symplectic.

A necessary condition for M to be symplectic is that

det(M) = +1. This condition is necessary and sufficient for

the 1D case. We will consider 1D case.

There are symplectic matrices that are defective, that is it
11

cannot be diagonalized, e.g., 01
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Introduction

Please have a look on this generating set of the symplectic group

G 0, 1L, 10
0O, &., ,0 1 2 1°
|—z=—} |z} |—{z—}

thin telescope drift thin quad

Among the above matrices you can recognise the one of a L-long
drift and thin quadrupole with focal length f.

Conveniently combining drifts and thin quadrupole one can find
back the well known matrices for the thick elements.
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EXAMPLE

One can derive the transfer matrix of a thick quadrupole of
length L by and normalized gradient K; by considering the
following limit

lim 1 0 1 % ’ =

KiL =
o n - 1 0 [:}7 1
o cos me sin £1L) A

1
pﬁsin pﬁL cos 6ﬁL

Therefore we now have a correspondence between elements along
our machine (drift, bending, quadrupoles, solenoids,...) and
symplectic matrices.
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EXAMPLE

T
To compute the above limit and, in general, for symbolic
computations one can profit of the available symbolic computation
tools (e.g., Mathematica™).

MD[L_] ={{1, L}, {0, 1}}

{1, L}, {0, 1}}

MQIAL_] = {{1, O}, {-KL, 1}}
{1, 0}, {-KL, 1}}

FullSimplify[Limit[MatrixPower [MQ[ K1L/n].MD[L/n], n], n -> @, Assumptions - {K1>0, L>0}]]

{{Cos[\/ﬁ L, %}, {-VKL sin[VKL L], Cos[VKL L]}}

FullSimplify[Limit[MatrixPower [MQ[ -K1L/n].MD[L/n], n], n -> ®, Assumptions - {K1>0, L>0}]]
Sinh[ VK1 L]
K1

{{Cosh [VKL L], Ty

}» (VKL sinh[VKL L], Cosh[VKL L]}}
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Introduction
s

Given a sequence of elements M1; My, ... My (the lattice), the
evolution of the coordinate, X;,, along the lattice for a given
particle can be obtained as

Xn=Mnp:::M; Xo for n  1: (5)

The transport of the particle along the lattice is called tracking.
The tracking on a linear system is trivial and boring. ..

In the following we will decompose the trajectory of the single
particle in term of invariant of the motion and properties of the
lattice, and via those properties we will describe the statistical
evolution of an ensemble of particles.

So instead of tracking an ensemble we will concentrate to solve
the properties of the lattice.
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