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B Books on non-linear dynamical systems

M. Tabor, Chaos and Integrability in Nonlinear Dynamics, An
Introduction, Willey, 1989.

A.J Lichtenberg and M.A. Lieberman, Regular and Chaotic
Dynamics, 2"¢ edition, Springer 1992.
B Books on beam dynamics

E. Forest, Beam Dynamics - A New Attitude and Framework,
Harwood Academic Publishers, 1998.

A. Wolski, Beam Dynamics in High Energy Particle Accelerators,
Imperial College Press, 2014.

A. Chao, Advanced topics in Accelerator Physics, World
Scientific , 2022.

B [ectures on non-linear beam dynamics

W. Herr, Mathematical and Numerical Methods for Non-linear
Beam Dynamics, CAS 2015, 2017.

L. Nadolski, Lectures on Non-linear beam dynamics, Master
NPAC, LAL, Orsay 2013.

Y. Papaphilippou, Lectures on Non-linear dynamics in particles
accelerators, Universita la Sapienza, Rome, Italy, June 2016.
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BNon-linear effects and their impact

BReminder of Lagrangian and
Hamiltonian formalism, canonical
transformation, and symplecticity

BThe relativistic Hamiltonian for E/M
fields

B Canonical perturbation theory and its
limitations

BFrom linear to non-linear or from
matrices to maps
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B Non-linear magnets, such as
chromaticity sextupoles
(especially in low emittance
rings), octupoles, ...

B Magnet imperfections and
misalignments

B Insertion devices (wigglers,
undulators) for synchrotron
radiation storage rings

Magnet fringe fields
(especially in high-intensity
machinesgl

Power supply ripple
Ground motion (for e+/e-)
Electron (Ion) cloud

Beam-beam effect (for
colliders)

Space-charge effect (especially
in high-intensity machines)
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B Non-linear magnets, such as

2

B Performance impact

chromaticity sextupoles
(especially in low emittance
rings), octupoles, ...

Reduced injection efficiency

Particle losses causing

B Reduced intensity and beam
lifetime

N Magnet lmperfeCtlonS and B Radio-activation (equipment
mlsallgnments maintenance and lifetime)
B Insertion devices (wigglers, B Super-conducting magnet quench
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undulators) for synchrotron
radiation storage rings

Magnet fringe fields
(especially in high-intensity
machines{

Power supply ripple
Ground motion (for e+/e-)
Electron (Ion) cloud

Beam-beam effect (for
colliders)

Space-charge effect (especially

in high-intensity machines)

B Reduced machine availability
Emittance increase

Reduced number of bunches,
increased crossing angle, atfecting
luminosity (for colliders)

Allow to damp instabilities (see
lecture on “Landau damping”)

Can be used for beam extraction
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B Non-linear magnets, suchas B Performance impact

chromaticity sextupoles Reduced injection efficiency
(especially in low emittance Particle losses causing
. 1 B Reduced intensity and beam
rings), octupoles,... lifotime
® Magnet imperfections and " Maintenance and Kietine)
o mlsahgnments B Super-conducting magnet quench
cc\l: B Insertion devices (Wiggler8, o .Reduce?l machine availability
¢ undulators) for synchrotron E“(‘j‘ttarzice e
: PE - educed number of bunches,
A radiation storage rings increased crossing angle, affecting
¢ B Magnet fringe fields (especially luminosity (for colliders)
b in high-intensity machines) Allow to damp instabilities (see
z 5 y lecture on “Landau damping”)
E B Power supply ripple Can be used for beam extraction
~ B Ground motion (for e+/e-) B Cost issues
S ® Electron (Ion) cloud %\gﬁggﬁtcgseld quality, alignment
é B Beam-beam effect (for Number of magnet corrector,
¥ colliders) power convertor families and
g , specifications
E - Space_Char &€ effect (espec1ally Design of collimation system
Z

in high-intensity machines) Operational efficiency (energy) 8
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d Describe motion of particles in ¢, coordinates
(n degrees of freedom) from time ¢, to time ¢,

[ It can be achieved by the Lagrangian function
L(qy, .- qns 1, - - - Gn, t) with (g1, ... qn) the
generalized coordinates and (qi, ..., q,) the
generalized velocities

Non-linear dynamics, CERN Accelerator School, November 2022
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d Describe motion of particles in ¢, coordinates
(n degrees of freedom) from time ¢, to time ¢,

[ It can be achieved by the Lagrangian function
L(ql, co oy (n, le, . ,qn,t) W1th(q1, . ,qn) the
generalized coordinates and (qi, ..., q,) the
generalized velocities

0 The Lagrangian is definedas [, =T — V , i.e.
difference between kinetic and potential energy

dThe integral W = [ L(g;,d;,t)dt .
defines the action
JdHamilton’s principle: system X
evolves so as the action becomes
extremum (principle of stationary action)

Non-linear dynamics, CERN Accelerator School, November 2022
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By using Hamilton’s principle, i.e. oW = 0,
over some time interval ¢; and ¢, for two
stationary pointsdq(t1) = dq(t2) =0 (see
appendix), the following differential

dole E

; equations for each degree of freedom are

: obtained, the Euler-Lagrange equations

d oL 9L _

; dIn other words, by knowing the form of the

Lagrangian, the equations of motion can be
derived

12
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QFor a simple force law contained in a potential
function, governing motion among interacting

particles the Lagrangian is (or as Landau-Lifshitz
put it “experience has shown that...”)

L=T-V = Z Smid; — V(g qn)

1=1
4 For velocity independent potentials, Lagrange
equations become I/
miq; = ’

0q;

i.e. Newton’s equations.

Non-linear dynamics, CERN Accelerator School, November 2022
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d Some dlsadvantages of the Lagrangian formalism:

No uniqueness: different Lagrangians can lead to same
equations

Physical significance not straightforward (even its basic
form given more by “experience” and the fact that it
actually works that way!)

Note: Lagrangian is very useful in particle physics
(invariant under Lorentz transformations)

Non-linear dynamics, CERN Accelerator School, November 2022
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No uniqueness: different Lagrangians can lead to same
equations

Physical significance not straightforward (even its basic
form given more by “experience” and the fact that it
actually works that way!)

Note: Lagrangian is very useful in particle physics
(invariant under Lorentz transformations)
d Lagrangian function provides in generaln, second
order differential equations (coordinate space)

J Already observed advantage to move to system ot
2n first order differential equations, which are
more straightforward to solve (phase space)

Non-linear dynamics, CERN Accelerator School, November 2022
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1 The Hamiltonian of the system is defined as the Legendre
transformation of the Lagrangian

' oL
dg;

where the generalised momenta are P; =

Non-linear dynamics, CERN Accelerator School, November 2022
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1 The Hamiltonian of the system is defined as the Legendre
transformation of the Lagrangian

' OL
04
[ The generalised velocities can be expressed as a function of

the generalised momenta if the previous equation is
invertible, and thereby define the Hamiltonian of the system

where the generalised momenta are P; =

Non-linear dynamics, CERN Accelerator School, November 2022
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1 The Hamiltonian of the system is defined as the Legendre
transformation of the Lagrangian

' OL
0q;
[ The generalised velocities can be expressed as a function of

the generalised momenta if the previous equation is
invertible, and thereby define the Hamiltonian of the system

where the generalised momenta are P; =

d Example: consider  [(q,¢) = % Zmzqf — V(s qn)
oL
94
which can be trivially inverted to provide the Hamiltonian

2
b5
H(q,p) = ) o TV dn)

1

7
d From this, the momentum can be determined as p;: = = mg;

Non-linear dynamics, CERN Accelerator School, November 2022
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dThe equations of motion can be derived
from the Hamiltonian following the same
variational principle as for the Lagrangian
(“stationary” action) but also by simply
taking the differential of the Hamiltonian

2

ember 2022

(see appendix)
— 9 OH 9L O
qz_@pi’pz_ Oqg > ot Ot
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dThe equations of motion can be derived
from the Hamiltonian following the same
variational principle as for the Lagrangian
(“stationary” action) but also by simply
taking the differential of the Hamiltonian

ember 2022

(see appendix)
— 9 OH 9L O
qz_@pi’pz_ Oqg > ot Ot

These are indeed 2n + 2 equations describing
the motion in the “extended” phase space

(Q17 ey lnyP1y - - 7pn7t7 _H)

Non-linear dynamics, CERN Accelerator School, Nov
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A The variables (¢1, ..., qn.p1,...,pn, t, —H) are called
canonically conjugate (or canonical) and define the
evolution of the system in phase space

1 These variables have the special property that they
preserve volume in phase space, i.e. satisfy the
well-known Liouville’s theorem

dThe variables used in the Lagrangian do not
necessarily have this property

=

Non-linear dynamics, CERN Accelerator School, November 2022
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A The variables (¢1, ..., qn.p1,...,pn, t, —H) are called
canonically conjugate (or canonical) and define the
evolution of the system in phase space

[ These variables have the special property that they
preserve volume in phase space, i.e. satisfy the
well-known Liouville’s theorem

dThe variables used in the Lagrangian do not
necessarily have this property

JdHamilton’s equations can be written in vector form
Z — J . VH(Z) Wlth 7 — (Q17°"7Q’n,7p17°°°7pn)
and V = (3Q1, I 7aqn7 8]?1, R 78]9??/)

dThe 2n x 2n matrix J — ( 2 (I)) is called the

Non-linear dynamics, CERN Accelerator School, November 2022
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dCrucial step in study of Hamiltonian systems is
identification of integrals of motion

2

1 Consider a time dependent function of phase
space. Its time evolution is given by

d ~—(dg: Of | dpi Of of
dtf(p’q’t) _; ( dt dq; AT 5’pi> T

" (OH Of OH Af\ Of %,
-3 ) f

dp; 0g; N dq; Op; " 2 H, 1 ot

1=1

where [H, f] is the Poisson bracket of f with H

Non-linear dynamics, CERN Accelerator School, November 2022
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dCrucial step in study of Hamiltonian systems is
identification of integrals of motion

1 Consider a time dependent function of phase
space. Its time evolution is given by

d ~—(dg: Of | dpi Of of
dtf(p’q’t) B ; ( dt dg; AT 8p7;> T

" (OH Of OH Of\ Of 9
->( ) f

dp; 0g; N dq; Op; " 2 H, 1 ot

1=1

where [H, f] is the Poisson bracket of f with H
dIf a quantity is explicitly time-independent and its
Poisson bracket with the Hamiltonian vanishes (i.e.

commutes with the /), it is a constant (or integral)
of motion (as an autonomous Hamiltonian itself) =

Non-linear dynamics, CERN Accelerator School, November 2022
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L From the definition, and for any three given
functions, the following properties can be shown

=

laf + bg, h] = a|f,h| + blg,h] ,a,b € R bilinearity

f, 9] = =g, f] anticommutativity
19, hl] + g, [h, f]] + [h, [, g]] = O Jacobi’s identity
fygh) = 1f,g9lh +glf, h] Leibniz’s rule

JPoisson brackets operation satisfies a Lie algebra

dynamics, CERN Accelerator School, November 2022
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variable (g, p)to (Q,P), so system becomes simpler to study

o

The CERN A

[ Find a function for transforming the Hamiltonian from

[ Transformation should be canonical (or symplectic), so that
Hamiltonian properties (phase-space volume) are preserved

Non-linear dynamics, CERN Accelerator School, November 2022
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variable (g, p)to (Q,P), so system becomes simpler to study

The CERN Accelerator Schootl

[ Find a function for transforming the Hamiltonian from

[ Transformation should be canonical (or symplectic), so that
Hamiltonian properties (phase-space volume) are preserved

1 These “mixed variable” generating functions are derived by

OF OF | £ | [
R@Q):p= 5o Pi=—55 BQP)a=! 5 A=l 2
OF: OF | | |
Fy(q,P):pi = _2, Qi = (’9P2 Fa(p,P) i gi = —p_4, Qi = B P4

J A general non-autonomous Hamiltonian is transformed to

OF;
(Q,P,t) :H(q7p7t)+ﬁa ] — 1727374

Non-linear dynamics, CERN Accelerator School, November 2022
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variable (g, p)to (Q,P), so system becomes simpler to study

[ Find a function for transforming the Hamiltonian from

[ Transformation should be canonical (or symplectic), so that
Hamiltonian properties (phase-space volume) are preserved

1 These “mixed variable” generating functions are derived by

Ha, Q) pi = 8qz-1’ Pi:_aQt F3(Q,p):q = —!pisj P = 0 Q?
OF: OF | | ]
F2(a,P):pi = (9(12-2’ Qi = 8Pj Fa(p,P) g =" T pi47 Qi = ) F?

d A general non-autonomous Hamiltonian is transformed to

OF;
H(Q7P7t):H(q7p7t)+a—tj7 j:1727374

1 One generating function can be constructed by the other
through Legendre transformations, e.g.

F2(g,P)= Fi1(q,Q)! QaP, F3(Q,p)= Fi1(q,Q)! gap,

with the inner product defineas qép = gp

Non-linear dynamics, CERN Accelerator School, November 2022

29



The CERN Accelerator schoo-

2

A fundamental property of canonical transformations is the
preservation of phase space volume

[ This volume preservation in phase space can be represented

in the old and new variables as

"1l T

dpidg = dP; dQ;

Non-linear dynamics, CERN Accelerator School, November 2022
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0 A fundamental property of canonical transformations is the
preservation of phase space volume

COOET

[ This volume preservation in phase space can be represented

in the old and new Varlables as
. Tl '

dpidg = dP; dQ;
=1 =1
O The volume element in old and new variables are related
through the Jacobian

B (P, ... Pn,Qq, ..., Q) M
- P or Pt )

dP; dQ;

Non-linear dynamics, CERN Accelerator School, November 2022
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A fundamental property of canonical transformations is the
preservation of phase space volume

Jole |

[ This volume preservation in phase space can be represented

in the old and new Varlables as
. Tl '

dpidg = dP; dQ;
1 1
 The volume elelment in old and Inew variables are related
through the Jacobian
H L (P1,...,Pn,Q1,...,Qn) "
d d — ) ) ’ ) ) deQ
_ A N T

[ These two relationships imply that the Jacobian of a

canonical transformation should have determinant equal to
1

II(Pl"'WPn’Ql"' Qn)l l !(pl’--wpn,CIl,-- Ch) i 1
| '(p1,...,pn,q1,,, Ch) !(Pla---,Pn,Ql,-- Qn) 32
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=

A The transformation Q = ! p, P = Q, which interchanges
conjugate variables is area preserving, as the Jacobian is
1P 1Qt |
' (P.Q) — IW !_Iz 0! 1':1
"(pa) —ILE !I_q| 1 o

Non-linear dynamics, CERN Accelerator School, November 2022
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A The transformatlon Q="!p, P = q,whichinterchanges
conjugate variables is area preserving, as the Jacobian is
Lip 10! j i
(P0) _ Ty 5! '0 Ll
I (p.a) |% | 0!

S&\’)

[ On the other hand, the transformatlon from Cartesian to
polar coordinates = P cosQ, p= P sinQ isnot, since

| PsinQ P cosQj
cosQ sinQ !

| (a.p)

= 1P

Non-linear dynamics, CERN Accelerator School, November 2022
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0 The transformation Q="!p, P = q,whichinterchanges
conjugate variables is area preserving, as the Jacobian is
lip 10! '
(Po) _ ITp EI '0 Ly
I (p.a) |% | 0!

[ On the other hand, the transformatlon from Cartesian to
polar coordinates = P cosQ, p= P sinQ isnot, since

2P 2P

f () i! P sinQ PgosQi: P

. ' (QP) cosQ sinQ *

é [ There are actually “polar” coordinates that are canonical,
% given by (= I 2P cosQ, p= 2PsinQ for which
: ¥ == . :

| (q.p) — l 2P sinQ 2P COSQI

% '(Q,P)_l llM |nQ I_l

Z
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The Relativistic
Hamiltonian for
electromagnetic fields
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JNeglecting self fields and radiation, motion can be
described by a “single-particle” Hamiltonian

H(x,p,t)=¢c p! %A(x,t)#Z+ m2c? + el (x,1)

! =(x,Y,2) Cartesian positions

X

L p =(py, Py, Pz) conjugate momenta

' A =(Ax,Ay,A;) magnetic vector potential
|

! electric scalar potential

Non-linear dynamics, CERN Accelerator School, November 2022
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JNeglecting self fields and radiation, motion can be
described by a “single-particle” Hamiltonian

The CERN Accelerator Schoo. |

H(x,p,t)=¢c p! %A(x,t)gz+ m2c? + el (x,1)

X
p
A

|

X,VY,Z) Cartesian positions

(
( Px py, pz) Conjugate momenta
| (

Ax,Ay,A;) magnetic vector potential

! electric scalar potential

[ The ordinary kinetic momentum vector is written
= | — | £
P=Imv=p! =A

with v the velocity vectorand | = (1 ! v?/c?)' /?the
relativistic factor

Non-linear dynamics, CERN Accelerator School, November 2022
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H(x,p,t)=¢c p! %A(x,t)gz+ m2c2 + el (x,1)

Q Itis generally a 3 degrees of freedom one plus time (i.e., 4
degrees of freedom)

O The Hamiltonian represents the total energy
H! E=1!mc*+ el

Non-linear dynamics, CERN Accelerator School, November 2022
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H(x,p,t)=¢c p! %A(x,t)#Z+ m2c? + el (X,t)

COOEL
ccelerator Schoo. |

The CERN A

Q Itis generally a 3 degrees of freedom one plus time (i.e., 4
degrees of freedom)

O The Hamiltonian represents the total energy

H! E=1mc?+ e
[ The total kinetic momentum is
- 2 1/ 2
— H | 2 2
= — ! M~C
C2

d Using Hamilton's equations

(% 0 =[(x,p),H]

it can be shown that motion is governed by Lorentz equations

Non-linear dynamics, CERN Accelerator School, November 2022
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Hamiltonian
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I Summary of canonical transformations and
approximations for simplifying Hamiltonian
From Cartesian to Frenet-Serret (rotating)

coordinate system (bending in the horizontal plane),
useful for rings

=

b 4 Particle trajectory

(a,p) ™ (Q,P) or
(X1y1z’px,py1pz) !" (X1Y181PX1Py1PS) 42
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I Summary of canonical transformations and
approximations for simplifying Hamiltonian

From Cartesian to Frenet-Serret (rotating)
coordinate system (bending in the horizontal plane),
useful for rings

Changing the independent variable from time {
to the path length S

The Hamiltonian can be considered as having 4
degrees of freedom, where the 4" “position” is time
with conjugate momentum P; = ! H orPg = H

—

__ Coordinate
tranformations

—

Non-linear dynamics, CERN Accelerator School, November 2022
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I Summary of canonical transformations and
approximations for simplifying Hamiltonian

From Cartesian to Frenet-Serret (rotating)
coordinate system (bending in the horizontal plane),

=

—

__ Coordinate

tranformations
useful for rings
Changing the independent variable from time {
to the path length S _
Electric field set to zero, as longitudinal
(synchrotron) motion is much slower than Field
transverse (betatron) one approximations

Consider static and transverse magnetic fields

Non-linear dynamics, CERN Accelerator School, November 2022
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I Summary of canonical transformations and
approximations for simplifying Hamiltonian

From Cartesian to Frenet-Serret (rotating)
coordinate system (bending in the horizontal plane),
useful for rings

Changing the independent variable from time {
to the path length S

Electric field set to zero, as longitudinal
(synchrotron) motion is much slower than
transverse (betatron) one

=

)

2

__ Coordinate
tranformations

__ Field
approximations

Consider static and transverse magnetic fields B
Rescale the momentum with the reference one and

Non-linear dynamics, CERN Accelerator School, November 2022

move the origin to the periodic orbit 1
For the ultra-relativistic limit !o! 1, W O
the Hamiltonian becomes _ "0
. X
HOX Y, Lpx,py, ) =1+ 1) eAR! 1+"(|) 1+ 12! pg! pg
with | =1 ct+ > 20 and P! Po . !
- 0 Po

45
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COOLL]
L It is useful for study purposes (especially for
finding an “integrable” version of the Hamiltonian)

to make an extra approximation

[ For this, transverse momenta (rescaled to the
reference momentum) are considered to be much
smaller than 1, i.e. the square root can be expanded.

Non-linear dynamics, CERN Accelerator School, November 2022
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L It is useful for study purposes (especially for
finding an “integrable” version of the Hamiltonian)
to make an extra approximation

[ For this, transverse momenta (rescaled to the
reference momentum) are considered to be much
smaller than 1, i.e. the square root can be expanded.

1 Considering also the large machine approximation
X << !, (dropping cubic terms), the Hamiltonian
is simplified to
Lo BrE x@+)
20+1)  "(s)

L This expansion may not be a good idea, especially
for low energy, small size rings o

| A,

Non-linear dynamics, CERN Accelerator School, November 2022
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B Considering the general expression of the the longitudinal
component of the vector potential is (see appendix)

In curvilinear coordinates (curved elements)

OO

The CERN Accelerator School

_ X I b, + i1a, . n+1
As=(1+ K)BoRen:O o] (x + Ily)
. . I b, + 1A, .+l
In Cartesian coordinates As = BgRe n+ (X +1y)
° [ ] [ ) [ ] rlzo °
with the multipole coefficients being written as
Bon! 0z™ lz=y=0 Bon! 0xz™ |lz=y=0

B The general non-linear Hamiltonian can be written as

H(X, ¥, Px, Py, S) = Ho(X, ¥, Px. Py, S) +  hi k, (S)X*xy®y
kx,ky

with the periodic functions hg, k, (S) = hi, k, (s+ C)

Non-linear dynamics, CERN Accelerator School, November 2022
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COOREE 2
B Dipole: B x| X2 . p)2( + p§
o 2"2 0 (1 + 1)
B Quadrupole:
p_lk 21 )4 P+ 1y
H = Shalx®hy 2(1+ 1)
-~ M Sextupole: 2 L 2
: _ 1 3 2\ 4+ Px py
H = gl Y+ o)
% B Octupole: 2 o 2
1 4 2.2, Ay, Px T By
H:Zkg(x!6xy +y')+ 2(1+ 1)

49
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Linear magnetic fields
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Jele, Lir

B Assume a simple case of linear transverse magnetic

(=

fields, B, = bi(s)y
main ble.nd;ng field | Bp " bo(S) — elf(z g)b [(T)]
normalize _ o bi(s ,
quadrupole gradient K (s) _Pb(l; (s) Py [1/ m~]
0

magnetic rigidity B! = — [T am]

51
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ol =

B Assume a simple case of linear transverse magnetic

fields, Bx = b(s)y
By = ! p(s)+ by(s)x
main bending field | Bo" Ip(s) = e'IDf(JSC) [T]
normalized _ e _ bl(s) 2
quadrupole gradient K(8) = bu(s) cPo [V m?.
PoC
magnetic rigidity B! = — [T am]

B The vector potential has only a longltudmal
component which in curvilinear coordinates is

Bx - 1+—!(XS) ly By 1+—!(XS) I X

B The previous expressions can be integrated to give

) 2 .
: As(xy,8)= P8 L el gt K (s) X+ K(s)% = POCA?S(X,y,SS)Z




2

B The Hamiltonian for linear fields can be finally written as

The CERN Accelerator Schoo-I

2 2
_ PxTDPy | X | X 2 K (s) 2 | 2
dX: Px de: - + K(s) X

ds 1+! 7 ds "(s)  "2(s)

d d
7 iaT a5 = KO
and they can be written as two second order uncoupled

differential equations, i.e. Hill’s equations (see Transverse
Dynamics lecture)

B Hamilton’s equation are

Ky
\
1 N | 1 | |
X" + 31 "(92 + K(s) x= E with the usual solution for
o =0 and u= X,y
V' [iﬁ),y‘o u(s) = /eB(s) cos(th(s) + o)

Non-linear dynamics, CERN Accelerator School, November 2022

Ky w'(s) = 4| 5y (Bin((s) + o) + als) cos((s) + o))
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Action-Angle Variables
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B Thereisa canomcal transformation to some optimal set of
variables which can simplify the phase-space motion

B This set of variables are the action-angle variables

B The action vector is defined as the integral J =  pdg
over closed paths in phase space.

Non-linear dynamics, CERN Accelerator School, November 2022
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Je'e, A

2

s a canonical transformation to some optimal set of
variables which can simplify the phase-space motion

There i

This set of variables are the action-angle variables

The action vector is defined as the integral J =  pdq

over closed paths in phase space.

An integrable Hamiltonian is written as a function of only

the actions, i.e. Hy = H(J). Hamilton’s equations give

G- Ho@)
3

=#@Q)! li=#)t+ 1o

J:':" O(J):O' Ji = const.

T
i.e. the actlé)ns are integrals of motion and the angles are
evolving linearly with time, with constant frequencies
which depend on the actions

The actions define the surface of an invariant torus,
topologically equivalent to the product of 11 circles 56
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=

B Considering on-momentum motion, the Hamiltonian can

be written as .
H = PPy K ()X Ky (s)y”

2 2
B The generating function from the original to action angle

variables is ) 2
X y
Py botyis) = o g lan e adelt 570

[tan! y(s) + ay(s)]

Non-linear dynamics, CERN Accelerator School, November 2022
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2

B Considering on-momentum motion, the Hamiltonian can

be written as .
H = PPy K ()X Ky (s)y”

2 2
B The generating function from the original to action angle

variables is

7 2 y*
Fi(x,y,'x,ty;s) =1 2" v (S) 2'y()

B The old variables with respect to actions and angles are

[tan! 4 (S) + ayx(s)]! [tan! y(s) + ay(s)]

U= 2u(STucos’u(s), (D)=L Z(sin"u(s) + H#uls)cos” u(s)

and the Hamiltonian takes the form

J
Ho(x 35,9 = g+ 1

Non-linear dynamics, CERN Accelerator School, November 2022
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n Con81der1ng on-momentum motion, the Hamiltonian can

be written as .
H = PPy K ()X Ky (s)y”

. n
The CERN Accel V ¢

2 2
B The generating function from the original to action angle

variables is

2 y2
Fi(x,y,!'x,!y;s) =1

2"x(s) 2" y(s)
B The old variables with respect to actions and angles are

[tan! 4 (S) + ayx(s)]! [tan! y(s) + ay(s)]

U= 2u(STucos’u(s), (D)=L Z(sin"u(s) + H#uls)cos” u(s)

and the Hamiltonian takes the form

_ J
Ho0x, 3y, 8) = 5 + (9

B The “time” (longitudinal position) dependence can be
eliminated by the transformation to normalized coordinate

u\ (5 0\ [(u U _ "33 cos(") .. 1 du
(u,)<% \/3> (u,> or ) 2] sin(1" ) with ! =5 W

Non-linear dynamics, CERN Accelerator School, November 2022
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Canonical perturbation
theory



=

m Consider a general Hamiltonian with 1 degrees of freedom
H,!,!)= Ho(d)+ "Hi(J,! 1)+ O("?)
where the non-integrable partH(J,! ,!) is 2! -periodic

cceleratol School

The CERN A

II'

on the angles ! and the “time

B Provided that ! is sufficiently small, tori should still exist
but they are distorted

B We seek a canonical transformation that could “straighten
up' the torij, i.e. it could transform the non-integrable part
of the Hamiltonian (at first order in1 ) to a function only of
some new actions () plus higher orders in !

Non-linear dynamics, CERN Accelerator School, November 2022
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=

O Con81der a general Hamiltonian with 1 degrees of freedom
H,!,!)= Ho(d)+ "Hi(J,! 1)+ O("?)
where the non-integrable partH(J,! ,!) is 2! -periodic

II'

on the angles ! and the “time

B Provided that ! is sufficiently small, tori should still exist
but they are distorted

B We seek a canonical transformation that could “straighten
up' the torij, i.e. it could transform the non-integrable part
of the Hamiltonian (at first order in1 ) to a function only of
some new actions () plus higher orders in !
B This can be performed by a mixed variable close to identity
generating functionS(F,! ,!)= Fal + "Sy(F! 1)+ O("Z)
for transforming old Varlables to new ones E

(P, '2)

B |n principle, this procedure can be carried
to arbitrary powers of the perturbation

Non-linear dynamics, CERN Accelerator School, November 2022
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e Canon

B By the canonical transformation equations (slide 19), the
the old action and new angle can be also represented by a
power series in !

"S1(B! L H) "S1(B, g, #)

J=F+! " +0(1%) J =P+ e + O(1?)
=1+ 1 P D 00 Ty 2 !"Sl(fg;“’#anZ)

Non-linear dynamics, CERN Accelerator School, November 2022
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Je'e, C

B By the canonical transformation equations (slide 19), the
the old action and new angle can be also represented by a
power series in !

J= P+ Sl(f’! A o(?) J =P+ B Sl(f;g’#) + 0(1?)
g=1 + !"Sl(fg; A O(!2) s g !Hsl(gﬂ’#) + 0(1?)

B The previous equations expressing the old as a function of
the new variables assume that there is possibility to invert
the equation on the left, so that S;(F,!9,!) becomes a
function of the new variables

B The new Hamiltonian is then

(P 1g,1)= HJ (P ), (P lg),!)+ H#S1(B, )3, !)

#!
B The second term is appearing because of the “time”
dependence through !

+0("?)

Non-linear dynamics, CERN Accelerator School, November 2022
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B The question is what is the form of the generating function
that eliminates the angle dependence

B The procedure is cumbersome (see appendix for details),
but here is the final result,

! . ,
S(\p1 |ﬂ) = Pag+ i Il_lllk (g) '(kdﬂ"‘ P') + O(|2)
L O k a (J’J)I+
with the frequency vector ! (P) = I_:O\(p\p)

and the integers K,pE O

Non-linear dynamics, CERN Accelerator School, November 2022
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B The question is what is the form of the generating function
that eliminates the angle dependence

B The procedure is cumbersome (see appendix for details),
but here is the final result,

, ] H 1k (9)
| — | |
S(P, o) = Pag+ !i K& (Bp
' l Ho(P)
| P

ei(kél!ﬁ+ p!) + O(|2)

with the frequency vector ! (P) =
and the integers K,pE O

If the denominator vanishes, i.e. for the resonance
condition k a! (FP) + p= 0, the Fourier series
coefficients (driving terms) become infinite

[t actually implies that even at first order in the

perturbation parameter and in the vicinity of a resonance,

it is impossible to construct a generating function for
seeking some approximate integrals of motion 66
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B |n principle, the technique works for arbitrary order, but the

=

disentangling of variables becomes difficult even to 2nd order!!!

B The solution was given in the late 60s by introducing the Lie
transforms (e.g. see Deprit 1969), which are algorithmic for
constructing generating functions and were adapted to beam
dynamics by Dragt and Finn (1976)

Non-linear dynamics, CERN Accelerator School, November 2022

67



(Q ) ¢
The CERN Accelerator School |

B |n principle, the technique works for arbitrary order, but the

=

disentangling of variables becomes difficult even to 2nd order!!!

B The solution was given in the late 60s by introducing the Lie
transforms (e.g. see Deprit 1969), which are algorithmic for
constructing generating functions and were adapted to beam
dynamics by Dragt and Finn (1976)

B On the other hand, the problem of small denominators due to
resonances is not just a mathematical one. The inability to
construct solutions close to a resonance has to do with the un-
predictable nature of motion and the onset of chaos

B KAM theory (see appendix) developed the mathematical
framework into which local solutions could be constructed
provided some general conditions on the size of the perturbation
and the distance of the system from resonances are satisfied

B Very difficult though to apply directly this theorem to realistic
physical systems, such as a particle accelerator

Non-linear dynamics, CERN Accelerator School, November 2022
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B The general resonance conditionsis Ny !y + ny! y — P

with order Ny + Ny

BFor all the polynomial field terms of a 2m -pole, the excited
resonances (at first order) satisfy the condition Nx + Ny = M
but there are also sub-resonances for which Ny Ny <m
B For normal (erect) multi-poles, the resonances (at first
order) are (nNx,Nny) =(m,0), (m! 2,+2),... whereas for skew
multi-poles (nx,ny) =(m! 1,£1), (m! 3,£3),...

1

0.8 K ooaN oy \
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$ \\~, i
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': =
B The general resonance conditionsis Ny !y + ny! y — P
with order Ny + ny

BFor all the polynomial field terms of a 2m -pole, the excited
resonances (at first order) satisfy the condition Nx + Ny = M
but there are also sub-resonances for which Ny + Ny <Mm

B For normal (erect) multi-poles, the resonances (at first

order) are (nNx,Nny) =(m,0), (m! 2,+2),... whereas for skew
multi-poles (nx,ny) =(m! 1,£1), (m! 3,£3),...

1

BIf perturbation is large, all resonances
can be potentially excited SRR
B The resonance conditions form lines , [ N S
in frequency space and fill it up as the .
order grows (the rational numbers

form a dense set inside the real 02|
numbers), but Fourier amplitudes |
should also decrease B TR VR VR R

0.8 p

04
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B [f lattice is made out of N identical cells, and the
perturbation follows the same periodicity, resulting in
a reduction of the resonance conditions to the ones
satisfying Ny!yx + nyly = N

B These are called

de e Syst

The CERN Accelerator School
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From linear to non -linear
or
from matrices to maps

2



&
Jole, Lineat:

" Linear (uncoupled) transverse particle
motion is described by HillOs equation

"+ K,(s)x = 0

Linear equations with s-dependent "H$9%"80)
coefficients (harmonic oscillator with time
dependent frequency)

Non-linear dynamics, CERN Accelerator School, November 2022
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" Linear (uncoupled) transverse particle
motion is described by HillOs equation

"+ K (s)x = 0

Linear equations with s-dependent "H$9%"80)
coefficients (harmonic oscillator with time
dependent frequency)

In a ring (or in transport line with symmetries),
coefficients areperiodic K,(s) = K,(s+ C)

Not straightforward to derive closed analytical solutions
for the whole acceleratorE

Non-linear dynamics, CERN Accelerator School, November 2022
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Linear (uncoupled) transverse particle
motion is described by HillOs equation

"+ K (s)x = 0

Linear equations with s-dependent "H$9%"80)
coefficients (harmonic oscillator with time
dependent frequency)

In a ring (or in transport line with symmetries),
coefficients areperiodic K,(s) = K,(s+ C)

Not straightforward to derive closed analytical solutions
for the whole acceleratorE

Ebut do we really care,in particular for a system
composed by discrete building blocks ?
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" 4 1 ™ Consider K(s) = k, = constant

W' +kgu=0

B Equations of harmonic
oscillator with solution

b

>4 u(s) = C(s) u(0)+ S(s) ' (0)
W(s) = C'(s)u(0) + S'(s)'(0)

Non-linear dynamics, CERN Accelerator School, November 2022
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A A 1 MW Consider K(s) = k, = constant

W' +kgu=0

B Equations of harmonic
oscillator with solution

- u(s) = C(s) U(O) S(s) U’(O)

§\
~~
Va
I
Q
~~
»
v
/'\
-
~—
_|_
Uz
~—~
Va
~—
Sy
—
-
~—

with
C(s) = cos(vkos) , S(s)= 1L sin(+/kos) , for ky > 0

C(s) = cosh(y/|kols) , S(s) = msmh(%) , for ky < 0

' Note that the solution can be written in matrix form

(we) = (60 so) o) .

Non-linear dynamics, CERN Accelerator School, November 2022
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Je'e, Matrix f

B General transfer matrix from S, to S

(> B <> . (g'(é'ﬁ?) SS'(é‘ﬁ?)) (> N

B Note that det(M (s|sg)) = C(s]s0)S’(s]sg) — S(s|sg)C’(s|sg) =1

which is always true for conservative systems

Non-linear dynamics, CERN Accelerator School, November 2022
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B General transfer matrix from S, to S

<> B (> . (g'(é‘\i%)) SS'(é‘ﬁoo)Q (>

B Note that det(M(s|sg)) = C(s]s0)S(s]sg) — S(s]s9)C"(s]|sg) =1
which is always true for conservative systems

B Any line can be build by a series of matrix multiplications

M(sn|s0) = M(sn|sn—1) ... M(s3|s2) - M(s2]s1) - M(51]s0)

\ 7

. L, g "o !"#$%! &HW
H "#$%, &H%
N— 7
"H$%, &H%
"4, &HY

B For a full ring, the matrix multiplication will provide the full
transfer matrix for 1-turn M. — [cosn + acsin p B sin p
¢ —~y sin i cos it — asin ) 7

Non-linear dynamics, CERN Accelerator School, November 2022
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B Make a coordlnate transformation so that we get a simpler
form of the matrix, i.e. ellipses are transformed to circles

Jole, Line:

(simple rotation)

- O

M=AoRoA ! or: R=A'oMoHA

B Using linear algebra, the solution is

VB(s0) ! and R-= ( cos(iy)  sin(uy) )

7= _ (%) : —sin(u,)  cos(uy)
VB(so)  VB(s0) " "

B This transformation can be extended to a non-linear system
(see later)

Non-linear dynamics, CERN Accelerator School, November 2022
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Jele, N

B Nonlinear elements can be represented bygeneralized
polynomials

I - | \/,]
X'Ky(s)x= g (s)X'y
]
B For example, general magnetic fields can be represented by
the multi-pole expansion

=

O
. . : —1
B, + 1B, = E (b, — ta,)(x +1y)"
n=1
B Equations of motion in the horizontal plane become

By(X,Y,S)
P

B Closed solution does not exist, in principle! 81

X'+ Ky(s)x = |

Non-linear dynamics, CERN Accelerator School, November 2022




Jo'e, | @)

B A generalization of the matrix (which can only describe linear
systems), is amap, which transforms a system from some
initial to some final coordinates

r
__———"?

initial M (k) W

2

B Analyzing the map, will give useful information about the
behavior of the system

| There are different ways to build the map:
Taylor (Power) maps
Lie transformations (see Lecture Il)

Truncated Power Series Algebra (TPSA), can generate
maps from straight -forward tracking (see E. Forest lecture)

Non-linear dynamics, CERN Accelerator School, November 2022
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Jole, Build

B For athin quadrupole the equivalent map can be written

(
\kl'ysl )

or

Non-linear dynamics, CERN Accelerator School, November 2022

g(.SQ

Z(s2)

27(.5‘2)

()

\

(=)
(I,',

Y

\ v/

S2

S2

(7))

\ v

or through the matrix M, as

[ =)
117,

S1

+

Z(s2)
For a thin sextupole, we can right the coordinate
transformation as

Y
\y’)31

) = Mo Z(s1) where now M

0
k:l * :1.'.81

0

)

= M - Z(s1).

0
( IA ( Sl_ygl)\
0

\ ko - (‘rsl 'ysl) /

IS a non-linear map.

=

83



=
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B A general representation for the map for the horizontal
position can be

matrix part (power 1)

-’

Ve

Xnew = Rip-x +Rp-xX +Ry-y +Rp-y+

sextupole part (power 2)

- N

-

+T111 - X + Trp - + Tiop - X"+ Tiy3 - xy + Ty - 0 + e

octupole part (power 3)

-’

"

+Uqq11 - ..’63 + Ujpp - xx + ...

or, in a more compact form up to 3 order, for j =1,...,0

16 16 16 16 16 16
new _
A Rik zx + Tik Zxz + Uikim ZkZ1Zm
k=1 k=1 I=1 k=1 I=1 m=1

Non-linear dynamics, CERN Accelerator School, November 2022
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B For a sextupole in one plane the representation is written as

[ x)

X

COOREN

The CERN Accelerator School

X Riyw Rip T Ty Thix ,
= (@] X~
x’ Ry Ry Tonn Tohr Tox
xx’
\ ¥ )

or in general for a sextupole of length L and strength Ko
2, 9 73 , , 4. P
Y =x+ly -k (T(xi =YD + (X = yiyp) + ﬁ(f' —yf))

2
X, =X — k> (L(x2 -y + LT(xlxl yivy) + 6 ()c1 -y ))
2 =n+tly; +hk ( Xy + 5 L (1) + yixy) + 51 (X1Y'1))

Yo =W + &y (—xm + “(xly’l +y1x)) + %‘(X’ly’l))
B But what about symplecticity?

Non-linear dynamics, CERN Accelerator School, November 2022
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I Lie formalism for building maps
I Symplectic integration

= | Normal forms for non-linear

ember 20

systems

| Truncated Power Series through
differential Algebra

School, Nov

Non-linear dynamics, CERN Accelerator
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B Consider two sets of canonical variables Z , @ which
may be even considered as the evolution of the system
between two points in phase space

B A transformation from the one to the other set can be
constructed throughamap \| : z I" @

B The Jacobian matrix of the mapM = M (Z, t) IS

' 7

Iz |
B The map is symplecticif MTIJM = J where J = |
B It can be shown that det(M ) = 1

B |t can be shown that the variables defined through a
symplecticmap [#,7]=[z,z]=J; Wwhichisa
known relation satisfied by canonical variables

B In other words, symplectic maps preserve Poisson brackets

88

composed by the elements M;; |
O |
| O
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B To test thesymplecticity of Taylor maps, we have to , 7
construct the Jacobian matrix with elements Mj; |

2

B The OthickO sextupol€élaylor map, is written 2
Yo=xn+lag -k (LT:(X% ~ )+ By -y + L -y )
Xy =X — k> (%(x% —yi) + %(xlx’l V1Y) + %3()6/12_),/12 )
y» =yi+Lly; +k (Lfol}’l + %(Xl}’i +y1x7) + %(X’l}”l))
Y, =W + ko (%xl}’I + sz(xl}’i +y1X)) + %3()51}"1))

B All the coefficients of the Jacobian depend on initial
conditions, e.g.
ly> L? L3 |
—— =1+ Ko —X1+ =X
'y, 2 47t 1™t

and unless appropriately chosen they cannot satisfy det(M ) =1

Non-linear dynamics, CERN Accelerator School, November 2022
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B The Poisson bracket properties satisfy what is
mathematically called a Lie algebra

2

B They can be represented by (Lie) operators of the form

f :g=[f,g] and:f :%g=[f, [f,g]] etc.

Non-linear dynamics, CERN Accelerator School, November 2022
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B The Poisson bracket properties satisfy what is
mathematically called a Lie algebra

B They can be represented by (Lie) operators of the form

g=[f,g] and:f :4g=[f, [f,g]] etc.

B For a Hamiltonian system H(z,t) there is aformal
solution of the equatlons of motion d—z =[H,z]=:H :z
written as z(t) = o s L7 = ehH: zo with asymplectic
map M = et k=0

Non-linear dynamics, CERN Accelerator School, November 2022
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2

B The Poisson bracket properties satisfy what is
mathematically called a Lie algebra

B They can be represented by (Lie) operators of the form

g=[f,g] and:f :4g=[f, [f,g]] etc.

B For a Hamiltonian system H(z,t) there is aformal
solution of the equatlons of motion d—z =[H,z]=:H :z
written as z(t) = o s L7 = ehH: zo with asymplectic
map M = et k=0

B The 1-turn accelerator map can be represented by the
composition of the maps of each element
M = efz2: gfs: gfa:  where f; (called the
generator) is the Hamiltonian for each element, a
polynomial of degree [T1 in the variables £1, ..., Zn




ux:

2

Element Lie Operator
Drift space r = xo + Lpg exp(: — %Lpzz)
P =Do
Thin-lens Quadrupole = = xg exp(: — %xQ:)
P = po — $70
Thin-lens Multipole xr =g exp(:Ax™:)
p = po+ Anz" !
Thin-lens kick T =g exp(: [y f(z)dz":)
p=po+ f(z)
Thick focusing quad x = xgcoskL + B sinkL exp[: — %L(k2a:2 + p?):]

p = —kxgsinkL + pg cos kL
Thick defocusing quad = = xgcosh kL + £ sinh kL eXp[:% L (k222 — p?):]
p = kxgsinh kL 4+ pg cosh kL

Coordinate shift r=x9—0b exp(:ax + bp:)
P=Dpo+a

Coordinate rotation T = X COS [L + Po Sin exp[: — su(x? + p?):]
P = —ToSIn it + pg COS [1

Scale change r=e g exp(:Azxp:)
p=epo

Non-linear dynamics, CERN Accelerator School, November 2022
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a: =0, e® =1
fia=0, el'a=a
F:f =0, eff=]

{:ft 9.t =:1f. gl:
elig(X) =g X)

el'G(:g e = G(:elg)



e, Map for

B Consider the 1D quadrupole Hamiltonian
5 > (kyx? + p?)
B For a quadrupole of length |, the map is written as
o5 (kix*+p?).

=

Non-linear dynamics, CERN Accelerator School, November 2022
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B Consider the 1D quadrupole Hamiltonian
— 1 2 2
H = 5(kix< + p9)
B For a quadrupole of length |, the map is written as
o5 (kix*+p?).
B [ts application to the transverse variables is

=

e! L7:(k1X2+ pz):x _ ! (' leZ)n «+ L (I k]_LZ)n )
- (2n)! (2n + 1)!
L . 21 n2Y ! |k L2)n H# _(! k L2)n il
I S i(KiX“+p%)iy = ( 1 | 1
© P ey Pt Kanenr P

n=0

Non-linear dynamics, CERN Accelerator School, November 2022
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B Consider the 1D quadrupole Hamiltonian
— 1
H = 5(kix* + p)
B For a quadrupole of length |, the map is written as
o5 (kix*+p?).
B [ts application to the transverse variables is

e! I'71(|<1X2+ pz):X — ! (I leZ)n ¥ + L (' leZ)n 5
=0 (2n)! (2n + 1)!

e 5ilkax®+p?):p = ! (! leZ)npl # k—(! kyL2)" p\.,
o (@@mpr L (2n +1)!

B This finally provides the usual quadrupole matrix
g 5i(kax®+p?)iy — COS(! k_lL)x + J% sin(! k_lL)p

. - 1 e
e TP p =1 kosin( kiL)x +cos( kiL)p 7

Non-linear dynamics, CERN Accelerator School, November 2022
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B Consider a monomial in the positions and

momenta X' p'”
] . a: X N pm .
B The map is writtenas €™ '

B [ts application to the transverse variables is
For N £E'm

e anm:X: X.1+ | (n| m)xn! lpm! 1 m'n

g! x"p" g = p:1+ I (n! m)x" lpm! 1 atm

For I'l — ITI
N n .n. I n!' 1..n! 1
e! X"p' iy = ye! ! X D

, n! 1,.n! 1

e x”p”:p: pe nx D

Non-linear dynamics, CERN Accelerator School, November 2022
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W For combining together the different maps, the Campbell-
Baker-Hausdorff formula can be used. It states that for {1, {2
sufficiently small, and A, B real matrices, there is a real

matrix C for which

etlA etzB — eC

B For map composition through Lie operators, this is
translated to N = @f ‘@9 with

1

Lo
720.f g+

i:g:“f!

1 i oy 2 f
gt + fg:ef! 720

_ Lo, .1 .0
h—f+g+§.f.g+ feg+t 4

12 12
or

h=f+g+ olfal+ off [holl+ oo 1+ oI (0,00, F1! o fo.l0.0o, 1t — [t I [FgTl+ ...

l.e. a series of Poisson bracket operations.

B Note that the full map is by OconstructionO symplectic.

B By truncating the map to a certain order, symplecticity is
lost. %

Non-linear dynamics, CERN Accelerator School, November 2022
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dynamics, CERN Accelerator School, Nov

n-linear

No

of (@0 = 0% (o%—<f)+O(f?):
or

of (@0 = eif+ - :ef!:;f;g +0(g°):

=

B The Campbell -Baker-Hausdorff formula for
Lie maps has another useful form,
depending if the summation is done over
one or the other function

100
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B Symplecticity guarantees that the transformations in phase
Space arearea preserving

B To understand what deviation from symplecticity produces
consider the simple case of thequadrupole with the general
matrix written as

oo, |

cos( IgL) J—sm( kL)

°7 » Ksin( kL) cos( kL)
B Take the Taylor expansion for small lengths, up to first
order -
1 L 5
Mo= 1 1 *OULY)

B This is indeed not symplectic as the determinant of the
matrix is equal to 1 + KL 2, i.e.there is a deviation from
symplecticity at 2nd order in the quadrupole length

Non-linear dynamics, CERN Accelerator School, November 2022
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B The iterated non-symplectic matrix does not

2

provide the well-know elliptic trajectory in phase

space

B Although the trajectory is very close to the original
one, it spirals outwards towards infinity

0.0004

0.0003 |-

0.0002

0.0001

e oL

-0.0001 |

-0.0002

-0.0003

-0.0004

T I
exact quadrupole m
non-symplectic 0(31;;

AW\ LA

1
-1.5

1
05
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B Symplecticity be canrestored by adding OartificiallyO a
correcting term to the matrix to become

=

M = 1 L B 1 O 1 L
Q7T I kL 1! kL? kL 1 0 1

3 W In fact, the matrix now |
5 . :
¢ canbe decomposed as alrift |
3 with a thin quadrupole = i -
¢ attheend . -
§ 1 . o:oooz L //ff_/—wk
< M This representation, | _ y
5 although notexact . | /
% . / 7
¢ produces anellipse oo p -
§  inphase space oo | L_/f_///
CZ% :0:0004 | - | . )



2

4 ~
B The same approach can be continued ta2"? order of the
Taylor map, by adding a 3" order correction

M 1! %kL2 L!%_LkL3 1 L2 1 0 1 L/2
Q- kL 1! zkL2 7 0 1 !'kL 1 0 1

B The matrix now can be : | .
decomposed astwo half  — i |
drifts with a thin kick at the L kL L
center soo0n - | 2

exact qu'adrupole mép .
symp:ectic map 8{8
symplectic m .

0.0003 yme R i

0.0002

B This representation 20001 |-
IS evenmore exact as= o}
the error now Is at 00001 |-
3rd order in the b
length

-0.0003

Non-linear dynamics, CERN Accelerator School, November 2022
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B The idea is to distribute three kicks with different
strengths so as toget a final map which is more accurate
then the previous ones

B For the quadrupole, one can write

2

W T 1 0 1 dL/2 1 0 1 dsbl/y2 1 0 1 d4l/2
T 0 1 kL 1 O 1 ekl 1 O 1 ek 1 O 1
which imposes d= c=1,

B A symmetry condition of this form can be added
do=ds, do=d3, C1=¢C3

Non-linear dynamics, CERN Accelerator School, November 2022
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B The idea is to distribute three kicks with different
strengths so as toget a final map which is more accurate
then the previous ones

B For the quadrupole one can write

2

M o = "1 diL 1 0 1 dL/2 1 0 1 dsbl/y2 1 0 1 d4l/2
T 0 1 kL 1 O 1 lcokL 1 O 1 ek 1 O 1
which imposes d= c=1,

B A symmetry condition of this form can be added
do=ds, do=d3, C1=¢C3

B This provides the matrixM o = 11 M2 with
M1 Moo
M11 = Moy = ! %kL2 + Cldz(d]_ + C—22)k2|_4 I dld%C%CszLG

My = L | (C—2 + dydy +2dydpCy)KL3 + 20y dpCy (dydy + %Z)kZLS + d2c2c k3L
I Mo = ! KL + C1d2(1+ Cz)k2L3| d2C2C2k3L5

Non-linear dynamics, CERN Accelerator School, November 2022
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_3kick sympleCHEIISSEENN.
Imposing that the determinant is 1, the following

The CERN Aﬁeratg:v
additional relations are olbtained
C2
+ =)= —
C1do(ds 2) 2
Co 1
— + dqydr, +2d,d = —
1 102 102C1 6
1
Cid2(1+ ) = 6

Non-linear dynamics, CERN Accelerator School, November 2022
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Jole, SKIC
"W BY imposing that the determinant is 1, the following

additional relations are obtained

Co 1

+ )= —

C1d2(dy 2) 2

Co 1
— + didy + 2d1docy = =
A 142 14Y2¢v1 6

1
Cidz(1+ ) = 6

B Although these are 5 equations
with 4 unknowns, solutions exist

1 11 QU3
di = dy = , dy = dg =
PTE T 01 U3y TR T R 21 213
1 21/3
Ci = C3 c, = |

T 21 U3 21 213

Non-linear dynamics, CERN Accelerator School, November 2022

109



=

dole 3
"W BY imposing that the determinant is 1, the following
additional relations are obtained

B This is actually the famous 7 step
4t order symplectic integrator of Forest, Ruth and Yoshida
(1990). It can be generalized forany non-linear element

B It imposes negative driftsE 110

C 1

Ciba(dy + =)= =
2 24 | ® ® |
C2 1 | - !
" + didy + 2d,docy = 6 : @ :
1 | i
2: Cidr(1+ ¢p) = 6 ; © . |
: B Although these are 5 equations : | | :
:  with 4 unknowns, solutions exist | — |[~—1 |
; 1 11 U3 | @ | @] |
;%dl: dg = 221 203) ° d, = d3 = 501 21/3): :
: 1 213 | |
5 0= C= : C, = ! | I |
; 21 213 21 213 | ® |
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"'m Yoshida has proved that a general integrator map of order
2K can be used to built amap of order 2k + 2

Sok+2 (1) = Sor(X1t) ! Sok(Xot) ! Sok (X1t)

| 27T 1
, X1 = 1
21 27T

. X =
with 0 21 ozt

Non-linear dynamics, CERN Accelerator School, November 2022
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Joe, Hi @)

W Yoshida has proved that a general integrator map of order

2K can be used to built amap of order 2k + 2
Sok+2 (1) = Sak(X1t) ! Sk (Xot) T Sak (X1t)
| 27T 1
with %0 = o o YT ) o
B For example the 4" order scheme
can be considered as aomposition

of three 2" order ones (single kicks)
Sa(t) = Sa(X1t) ! Sz(Xot) ! Sa(x1t)
| 23 1
T, X1 = 1
21 25 21 25

with Xo =




" W Yoshida has proved that a general integrator map of order

2K can be used to built amap of order 2k + 2
Sok+2 (1) = Sak(X1t) ! Sk (Xot) T Sak (X1t)
| 27T 1
with %0 = o o YT ) o
B For example the 4" order scheme
can be considered as aomposition

of three 2" order ones (single kicks)
Sa(t) = Sa(X1t) ! Sz(Xot) ! Sa(x1t)
| 23 1

, X1 =
21 25 YT o1 23
H A 6" order integrator can be

produced by three interleaved 4" order ones (9 kicks)
Se(t) = Sa(xat) ! Sa(Xot) ! Sa(xat)

- | 2% 1
with — —
X0 21 oL X1 51 ot 113

with Xo =

Non-linear dynamics, CERN Accelerator School, November 2022
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)

"HS%&' () %) +(&, -.(-0%1) (2*#$% S8 (&$0*3/-*4 #)%(/+).+
0"0(&H(E — A + eB 1)(2*5/(28*** +B$9%)*+ . 1&-&
$-/$/0&6*5"McLachan (1995).

Laskar andRobutel (2001) derived all orders of such

iIntegrators
7/+0)68&-*(2&*3/-#.%*0/%8()/+*/3 *(2&*4 .#)%(/+).+*0"0(
1-)((&+*)+*(2&*9)&*-%$-&0&+(.()/+
50 = S° L LmE0) = etLr 5(0).
n>0

:*O"#$%&'()'*)+(&,-_.(/-*/3 */_6&_r****3_t#**ﬂt _I_ 7.:*********
[+0)0(0*/3*.$$-/)#.()+,*(2&*9)&*# 7L — oT(La+Len)
5'*$-/168'(0%/3 8¢ TLA 46 ediTLen ;= 1. ... 1 12)2*
)H(&,-.(&*&:. (VN> +6B [<&-*(28*(JHAS. +OkH+** et
>28* [+0(+(0EF**+* 5 -8+ 2/0&+*(/*-&68' &*(2&*&--1- us
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Jo'e
20 ) H(&,-.(I-)0%1-)((&+*.0
SABA, = eclTLA ed1TLep pc2Tlia jdiTLep pe1TLla ,

1)(201 — 1—L , Coy = L, d1—1
2\ V3 V3
| @2&{{A, B}, B} )0f+(&,-.59h&*&B B*lZ&@*CS 6-.0")

HI#&+(.*.+6* B 6&$&+60*/+%"*)+*$/0)()/+0A*(2&*."8-."
(28 )+(&,(I4)0")H$-1<&6*5"(1/*0#.%%*+8, .()<&*0(
SABA,C = ™7 € 5L1ta5).5) (SABA,) e ¢ 5L1ta.5).5)
1)(202(2—f)/24 4 — T T

RUTH—}— : : :
| >2&*."B-"H3H? TH0%HE TR S «Teg
[-6&-*/3*#.,+)(86&*2),2&*(2.8 | = _52e%
(28*D/-&EEB(2*F# [-6&-*028&H#.Z sf A HZo® -
| >28*808.%*GEH)3I*02&#&’ [ se3e” T
J--&OB/+60*(/*(2883-6&-*)+( LS 1

T L.g ZL 14 12 -1 -08 06 -04 -02 O
SABA1 — e274e e Be2 A log10(s)
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K.] Skoufaris et al. IPAC 2018

C. Skokos, YP and J . Laskar , EPAC 2008 1Ug =
| ‘ . 8 \ | unstable motion| | ;
045 | ‘ ! II#$%# ,K " vg
Il | E Sl tune shift with amplitude 1| |
035 O A 2 &\

— 4 <
03 | gé
0.25 2 0 Q
0.2 \ e | o;ﬂ
015 | 1 0.05 0.1 0.15 0.2
0‘14).1 é) 01.1 0I.2 ol.3 ol_4 ol.s |KQ| (m—Z)
i |
04 - : .
o3 | | M, " SABA,C allows symplectic
03 | 1 W Integration with positive
- 1 steps
02 S"“’ - p
o1s | = _ " Several orders of
T T — magnitude better precision
5 S of SABA ,C with respect to
2

classical YFR integrator 116
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2

B Normal forms consists of finding a canonical transformation

of the 1-turn map, so that it becomes simpler to analyze

B |n the linear case, theFloquet transformation is a kind a
normal form as it turns ellipses into circles

Non-linear dynamics, CERN Accelerator School, November 2022
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2

B Normal forms consists of finding a canonical transformation

of the 1-turn map, so that it becomes simpler to analyze

B |n the linear case, theFloquet transformation is a kind a
normal form as it turns ellipses into circles

B The transformation can be written formally as

M |
z I Z
| | with the originalmap M =1'11I N1
e """ and its normal form
ul u' N=11MT11"1= gher

Non-linear dynamics, CERN Accelerator School, November 2022
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] Normal forms consists of finding a canonical transformation

eeeeeeeeeeeeeeeeeeeeeeee

of the 1-turn map, so that it becomes simpler to analyze

In the linear case, theFloquet transformation is a kind a
normal form as it turns ellipses into circles

B The transformation can be written formally as
z 1 M z'
| | with the originalmap M =1'11I N1
e """ and its normal form
ut u' =1 1M !1'1= gher:

B The transformation ! = e'F' IS better suited in action
angle variables,i.e. | = € ‘F* h taking the system from
the original action-angle hy, = 2Jx, € " to anew set
ry (N) = 2,y € (N) V.\./ith the angles being just
simple rotations, ! xy (N)=2"N#y + !y andthe

new effective Hamiltonian depends only on the new actions 2o

Non-linear dynamics, CERN Accelerator School, November 2022
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B The generating function can be written as a polynomial in
the new actions, I.e.

Fe= fam 00 0T = g (206) 2 (21y) 7€ e

jklm
B There aresoftware tools that built this transformation

B Once the OnewO effective Hamiltonian is known, all
Interesting quantities can be derived

B This Hamiltonian is a function only of the new actions, and
to 3 order it is obtained as

Nett _'x|x+ Lyly

Non-linear dynamics, CERN Accelerator School, November 2022

121



e, Effec

B The correction of the tunes is given by

———————————————

1 " et 1 Lo " e -~ ~

Qx = o "1, 2l :I#X‘-l_'zcxxlx + ny'y\+'Cx1$+ sz$2‘
: X - v \
I Il 1 "o
1 " heft 11 n AN /

Q= i = P20y 1y + oy LgS+ 68

——————————————

tunes tune shlft 1st and 2nd order
with amplitude chromaticity

B The correction to the path length is

----------
——————

I Nt

| =
'S E

~ ‘
—————————————

momentum com pactlon

Non-linear dynamics, CERN Accelerator School, November 2022
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B Using the BCH formula, one can prove that the composition
of two maps with g small can be written as (see slide 9)

el e = exp [:f - ( 2k ) g+ O(gQ):]

1 —e—:f:

Non-linear dynamics, CERN Accelerator School, November 2022
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B Using the BCH formula, one can prove that the composition
of two maps with g small can be written as (see slide 9)

elie'9 = exp [:f - (1 _:f: 2 ) g+ 0(92):]

me) Norn |

B Consider a linear map (rotation) followed by a small
perturbation |\ = eif 2ieif 3.

B We are seeking for transformation such that
N=IM!'1l= e:F:e:fz:e:fg:e:! F

Non-linear dynamics, CERN Accelerator School, November 2022
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B Using the BCH formula, one can prove that the composition
of two maps with g small can be written as (see slide 9)

Jo'e, N

AP —cxp[f—l—(l_:f f>g+(9(92):}

B Consider a linear map (rotation) followed by a small
perturbation |\ = eif 2Zeif 3.

B We are seeking for transformation such that
N=1M] 1 e:F :e:fz:e:fg:e:! F:
B This can be written as

N = e:fzze! :fz:e:F:e:fz:e:fg:e:! F:

— e:fzze:e! T2 E+ 51 F + 3

F =
— e:fg:e:(e' T2 )R+ 13 +

- B This will transform the new map to a rotation to leading
order

Non-linear dynamics, CERN Accelerator School, November 2022
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B Consider a linear map followgd by an octupolg

| .24 n2- -x2t. g .x2.
B The generating function has to be chosen such as to

make the following expressi(él)n simpler

N X_
e L 1)F +
( F + 5

2

Non-linear dynamics, CERN Accelerator School, November 2022
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B Consider a lmear map followgd by an octupolg
X " .

B The generating function has to be chosen such as to

make the following expressi(4)n simpler

(€ "1 F + T
. .
B The simplest expression is the one that the angles are
eliminated and there is only dependence on the
action

Non-linear dynamics, CERN Accelerator School, November 2022
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B Consider a linear map followgd by an octupolg
X " .

| o y24 12 - g .x2.
B The generating function has to be chosen such as to

make the following expressi(4)n simpler

(€ =1 1)F + 2
. .
B The simplest expression is the one that the angles are
eliminated and there is only dependence on the
action

B We pass to the action angle variable (resonance
basis)

h* = 2Je ™ =x" ip

B The perturbation is
x*=(hy + h )*=h* = h? +4h3h, +6h2h? +4h, h? + h

Non-linear dynamics, CERN Accelerator School, November 2022
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Je'e) Exan
"W The term 6h2 h? =24J7 isindependent on the angles.
Thus we may choose the generating functions such that the

other terms are eliminated. It takes the form
1 hf 4h§”r h, 4h+ h3 h!4

"T e e T e T e T e

Non-linear dynamics, CERN Accelerator School, November 2022
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"W The term 6h2 h? = 2437 is independent on the angles.
Thus we may choose the generating functions such that the

other terms are eliminated. It takes the form
1 hf N 4h?’r h, 4h+ h3 h!4
16 1! &*! 1! e2i' 11 e2t! 1! et!

B The map is now written as

C - 2. .-
M = e Fig!d+ 332 gF;

B The new effective Hamiltonian is depending only on the
actions and contains the tune-shift terms

F =

Non-linear dynamics, CERN Accelerator School, November 2022
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Thus we may choose the generating functions such that the
other terms are eliminated. It takes the form

1 ht +4h§’;h! +4h+h!3 . h!4
16 1! et 1! e! 1! e2! 1! eH!
B The map is now written as
M = @ Fig!d+ %Jz:e:F:
B The new effective Hamiltonian is depending only on the
actions and contains the tune-shift terms
B The generator in the original variables is written as

F =

= | 6_14 1 5x*+3p*+6x2p? +4x3p(2cot(! ) +cot(2 1)) +4 xp3(2cot(!) ! cot(2!))

T

B Constant values of the generator describe thetrajectories in
phase space

Non-linear dynamics, CERN Accelerator School, November 2022
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B [t is possible by constructing the one turn map to
built the generating (sometimes called
“distortion”) function F, 1 fyn JeZ 37 € il

jklm

B For any resonance a!y + b@, = C, and setting

! jkim = O, the associated part of the functions is

ember 2022

- a b
Feap) ! fim I Jy

School, Nov

jKlm
jtk+l+m! n
jtk=a,l+m=Db

Non-linear dynamics, CERN Accelerator
w
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o 071 (7,0)
Q
3]
C 06
«Q
c
o 0.5 + 1 n
i I "#3%()* +,(-.&/))H0
%5 044
)
I: 0.3 4
<
g (6.1)
E 01 -
5 0.
> _
< 3
(1,0) (1,-1) (1,2) (3,1)
Resonances
| DA LHC Vers:on
Phase Type (o) 1 5
Nominal || Target
Warm Quads | Average | L( 9.1 | Al
50 switched ON | Minimum [ 8.5 (74 ) 86)
' Warm Quads | Average | Toe|] THE_ 131
switched OFF | Minimum | 9.6 I (10.3 11.3 )]
Warm Quads Average 11.1 11.3 12.8
450 switched ON Minimum | 9.5 9.2 11.4
7 Warm Quads Average | 11.4 12.4 13.8
switched OFF | Minimum | 10.1 10.7 12.3

2

In the LHC at injection (450
GeV), beam stabillity is
necessary over a very large
number of turns (107)

Stability is reduced from
random multi -pole
Imperfections mainly in the
super-conducting magnets

Area of stability (Dynamic
aperture - DA) computed with
particle tracking for a large
number of random magnet
error distributions

Numerical tool based on
normal form analysis (GRR)
permitted identification of DA
reduction reason (errors in the
lwarm" quadrupoles)
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- Truncated Power Series

Algebra (TPSA)
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B LetOs consider a tracked particle aposition! and a small
deviation " X. The Taylor series around this position is

. fM(q
fla+ Ax) :f(a)—l—z / n'( )A:v”
n=1 ’
:f(a)-l-fl('a)Aa:1+fg('a)A:z:Q—I—fS('a)Aa:?’—l—...

Non-linear dynamics, CERN Accelerator School, November 2022
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B LetOs consider a tracked particle aposition! and a small
deviation " X. The Taylor series around this position is

™ (a)
fla+ Az) = f(a) +Zf (a)

n!

f’(a) 1 f"(a) f”'() 3
T Ax 51 Az? 3' Axr® +

= f(a) +

. ()
B By truncating we have  f(a + Az) = f(a) + Z f

n'
and the function T (X) can be represented by the vector
(F(),F5(), £5(),....f M@y

B This vector is a Truncated Power Series Algebra

B \We need thederivatives f (n)(! ) of f (X) at! with

£1(1) = fF(t+")! 1(") whichis numerically non-trivial
' " (small divisors, accuracy for
higher orders,E) 136
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Jee, Differen

B The basic idea is theautomatic differentiation of results
produced by a tracking code to provide the coefficients of a
Taylor series

Non-linear dynamics, CERN Accelerator School, November 2022
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B The basic idea is theautomatic differentiation of results
produced by a tracking code to provide the coefficients of a
Taylor series

B Consider a pair of real numbers (0o, th) and @fine
operations on a pair like

(Cb’ql)'l:( ro,r1) :(Clo": ro,Ch,"‘ r)
Ca(tp, o) = (Cag, cat) ,
(b, n) &(ro,r1) =(garg,gpary + g aro)

Non-linear dynamics, CERN Accelerator School, November 2022
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B The baS|c idea is theautomatic differentiation of results
produced by a tracking code to provide the coefficients of a
Taylor series

B Consider a pair of real numbers (0o, th) and @fine
operations on a pair like

(CIO,Cll)":( ro,r1) :(Clo": fo,Ch,"‘ r)
Ca(tp, o) = (Cag, cat) ,
(b, n) &(ro,r1) =(garg,gpary + g aro)

and some ordering
(Qo, k) < (ro,r1) if G@<ro or (p=ro and o <ry)
(o, ) > (ro,r1) if g>ro or (p=ro and q >r3)
Implying strange relations of the form

(0,0)< (0,1)< (1,0), ! r>0

(0,1) 40,1)=(0,0)! (0,1)= (0,0)

Non-linear dynamics, CERN Accelerator School, November 2022
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B \We define the differential unit ! ! (0, 1) , which is located
between 0 and any real number (|nf|n|te5|mally small)

B As (0, 0) is just a real number, we can define areal part and a
differential part

= R(p,qu) and o = D(p, %)

Non-linear dynamics, CERN Accelerator School, November 2022
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B \We define the differential unit ! ! (0, 1) , which is located
between 0 and any real number (|nf|n|te5|mally small)

Jole |

B As (0, 0) is just a real number, we can define areal part and a
differential part

= R(p,qu) and o = D(p, %)

B Using the previous rules we can show

(1,0) a(qp, th) = ( qi Ch)
(G, )" = = ( o @
B A function actingon apairisf (x) = R[f (X,q1)], !
B The differential IS
D[f (x + 1)] = DI[f ((x,0)+(0,1))] = DI[f (x, 1)] = f'(x)

141
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® . .
de'e, Differentia l

1
B Consider the function f (x) = x?+ ~ with the derivative

| 1 | | -
fr(x)=2x! Q.Forx=2,weobta|n (f (2),f(2)) = 9,5

2 4
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oo Diffe
B Consider the function f (x) = x?+ ~ with the derivative
9 15

| 1 | |
fr(x)=2x! 5. ForX =2, weobtain (f(2).f'2)= 5 &

=

B [ etOs use differential algebra, by substitutingx ! (x, 1) = (2, 1)
to the function and use the rules

f[(?, 1)] — (27 1)2 + (27 1)_1
e (1D
(37) = (@1r@)

B \We computed exactly the derivative, only by using algebra!

Non-linear dynamics, CERN Accelerator School, November 2022

143



2

B The operation can be extended to derivatives of order N by
considering that the pair becomes

(p,1)! (,1,0,0,...,0) with ! =(0,1,0,0,...,0)

The CERN Accelerator School

B \We can extend theoperations as
(0o, ks s - - -, Ov)+(ro,ra,ra, ..., N)=(Q+ ro,h+ry,cp+ro,..., N +I'N
ca(p, h,®,..., Ov) =(caqp,caq,ca,..., cagy )

(o, h, &, .- -, Ov) a(ro,re,ro, ..., rn) =(So,S1,S2,. .., SN )
|

with Sj = KI(T k)|okr.. K
k=0

B For example (x,0,0,0,...,0)" =(x",0,0,0,...,0)

Pifs

(0,1,0,0,...,0)" =(0,0,0,..., n!,...,0)
(x,1,0,0,...,0)° = (x%,2x,2,0,...,0)
(x,1,0,0,...,0)° = (x>, 3x°6x,6,0,...,0)

Non-linear dynamics, CERN Accelerator School, November 2022
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B The operation can be extendedto more variables
x=(a,1,0,0,0..) € =(0,1,0,0,0,.)

p..’(‘ — (ba 09 130’ O) pr —_ (0, O, 1,0, 0, ..)

B \With some modified multiplication rules
(qoo, q10, qo1, q20,-.) - (roo, 710, 701, 720,--) = (S00, 510, S01, 520, -..)

o m! n!
with = . —kn—
un = D ) Tk kL m =R 1! (n— D)

k=0 (=0
- of of Pf Pf
d o) = | fo— =5 ;- ) (@, D

B Using the formalism above, a truncated Taylor map with the
desired accuracy and toany order, directly from tracking
data

Non-linear dynamics, CERN Accelerator School, November 2022
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2

Natural way to represent motion in an accelerator is by using maps

Powerful tools to build them from straight-forward tracking
(TPSA)

Canonical (symplectic) transformations enable to move from
variables describing a distorted phase space to something simpler
(ideally circles)

The generating functions passing from the old to the new variables
are bounded to diverge in the vicinity of resonances (emergence of
chaos, see Lectures of NLD Phenomenology)

Calculating this generating function with canonical perturbation
theory becomes hopeless for higher orders

Lie transformations of accelerator maps enables derivation of the
generating functions in an algorithmic way, in principle to
arbitrary order

For real accelerator models, we have to rely on symplectic
integration, i.e. particle tracking and methods to analyse it (see
Lectures of TPSA, NLD Phenomenology) 146



The CERN Accelerator School

Appendix

147

7207 I9qUIDAON] ‘[00DS 1031200y NYHD ‘SoTWeUAp Ieaul[-UoN



=

[de'e) De

A The variation of the action can be written as

. t2 . t2 " L

W= (L@ lad ! L@dy)ds  olas %mﬂ dt
tl tl

2nd part of the

1 Taking into account that ! gj= @9

integral can be integrated by parts giving

v 2 7w g LT
!Wzl—,! L4 "—I — lgdt=0
T, T dt g
dThe first term is zero because §¢(t;) = d¢(t2) = 0
so the second integrant should also vanish,
providing the following differential equations for

each degree of freedom, the Lagrange equations
d OL 0L _ 0

dt (9% 8(__]2 148
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the Lagrangian (OleastO action) but also by simply taking the

o', Deriv

J The equations of motion can be derived from the
Hamiltonian following the same variational principle as for

dlfferentlal of the Hamlltonlan L , L L
' ,,dt[il! dq Ty

dH = p.dcm+qdn' T
Mi 7

Non-linear dynamics, CERN Accelerator School, November 2022
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do'e) D

J The equations of motion can be derived from the
Hamiltonian following the same variational principle as for
the Lagrangian (OleastO action) but also by simply taking the
dlfferentlal of the Hamlltonlan

qi:@pi’ pi:_a—qa E:_W

1 These are indeed2n + 2 equations describing the motion in
the “extended” phase space (¢j,...,h,P1,...,Pn.5L ! H) 150

'L .~ IL L
s OH = p.d(lil + g dp ! | Elﬁdq“ G —dgq ! I—dt
Y . - A | -
—% I . \,_Y_/ \_Y_/
2 or i ]
: ! L ' IH | H I H
= = 1 | Dy I —dt = _ - o
édH(q,p,t) i Gudpi ! pudg ! -t | !pidpi+ !qdq+ -t
é 4 By equating terms, Hamilton’s equations are derived
OH . OH 0L OH



Ooli

Q It is useful (especially for rings) p g Perice vaectny
to transform the Cartesian
coordinate system to the
Frenet-Serret system moving
to a closed curve, with path length S

L The position coordinates in the two systems are
connected by r=ro(s)+ Xn(s)+ Yb(s)= xuyx + yuy + zu;,

A The Frenet-Serret unit vectors and their derivatives
are defined as (t,n,b) =( %ro(s) L 1(8) 5z & Z'o(s).t" n)

d; t 0 !% 0 ’T:Itﬁ
e nd =" 0 0 I(s)$"nd
> b !(13) 0 !1(s) b

with ! (s) the radius of curvature and ! (s)the torsion
which vanishes in case of planar motion 151
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QOWe are seeking a canonical transformation between

(g,p) " (Q,P) or
(Xiy’Z!pX1py1pZ) !" (X1Y151PX’Py1PS)

doe Fic

L The generating function is

(C],P) | ('Fs(p Q),'Fs(p Q))

By using the relationship between the positions, the
generating function is

Fas(p,Q)=!péar + F3(Q)=!pér

dynamics, CERN Accelerator School, November 2022
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doe Fic

Qfor planar motion, the momenta are

P=(Px,Py,Ps)= pdn,b,(1+ >|<_)t)

L Taking into account that the vector potential is also

transformed in the same way

(Ax,Av,As)= Adn,b,(1+ —)t)

the new Hamiltonian is given by

(Ps! AS)?

> + m2c? + el
(1+ I(S))

FHQP.D= ¢ (Px! cAX)2+(Py! Ay)2+

Non-linear dynamics, CERN Accelerator School, November 2022
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[ It is more convenient to use the path lengths,
instead of the time as independent variable

0 The Hamiltonian can be considered as having 4
degrees of freedom, where the 4" “position” is
time and its conjugate momentumis Py = ! H

Non-linear dynamics, CERN Accelerator School, November 2022
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[ It is more convenient to use the path lengths,
instead of the time as independent variable

0 The Hamiltonian can be considered as having 4

degrees of freedom, where the 4™ “position” is
time and its conjugate momentumis Py = ! H

dIn the same way, the new Hamiltonian with the
path length as the independent variable is just
Ps = 1 H(X,Y,t,Px,Py,Pr,s) with

. X P+ el
I—T—i—As 1+ (=

(s )2t mac2 !l (Py ! —Ax)z' (Py ! —AY)2
Qlt can be proved that this is indeed a ‘canonical
transformation
[ Note the existence of the reference orbit for zero

vector potential, for which (x,v,Px,Py,Ps)=(0,0,0,0, Po).

Non-linear dynamics, CERN Accelerator School, November 2022
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Jole,
d Due to the fact that longitudinal (synchrotron)
motion is much slower than the transverse

(betatron) one, the electric field can be set to zero
and the Hamiltonian is written as

L If static magnetic fields are considered, the time
dependence is also dropped, and the system is
having 2 degrees of freedom + “time” (path length)

156

a8 e ; X H e e
TOH=1 Al 1+ 2 (D)2 m21 (Py! —Ax)2! (Py ! SAy)?
: s (s ‘(c) | (Pt —Ax)2t (Py 1 —Ay)
: p2

: 1 The Hamiltonian is then written as

. e | X e e

S H = SAgl 1+ (P21 (Py! SAx)2! (Py! —Ay)2
5
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=

[ Due to the fact that total momentum is much larger
than the transverse ones, another transformation
may be considered, where the transverse momenta
are rescaled

(Q.P) " (4,p) or

(X,Y,t,Px,Py,P) " (Bw@p.g, @) =(XY, #ct, Px , Py # i )
P() Po PoC
A The new variables are indeed canonical if the

Hamiltonian is also rescaled and written as

(0, 0, B, By, B = PEO: | e 1+% 7! mZCZ' (B! )21 (B! o))
Wlth (Mx,/g ,MZ) PO C(AX,Ay, S)
m?2c? 1
and =

Non-linear dynamics, CERN Accelerator School, November 2022
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Je%e] Mov

0 Along the reference trajectory mo= — and
ae| | 19 oo L 0
dsp Po_lmlp Po — Bio = i

A It is thus useful to move the reference frame to the
reference trajectory for which another canonical

transtformation is performed
(g.p) " (4,p) or

o L #sSy . . 1
& yep,p, @ ! (&xo,ﬂpx,n/,n)=(0<,¢,?’+S_Oso,w,w,n# E)

Non-linear dynamics, CERN Accelerator School, November 2022
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do’e, M

0 Along the reference trajectory g = i and
LT S
ds P= Py T P=Py = * Bto = ° I

O It is thus useful to move the reference frame to the
reference trajectory for which another canonical

transtformation is performed

(g,p) !" (@,p) or
(B y O B, @) (890 P R R = (& PO+ mmn#—)
1 The mixed variable generating funct10n is
(6, B) = ( | Fz(q p), | Fz(q p)) providing
. sl's
Fo(3.0) = mp, + 9, + (8 2L ) + —)

dThe Hamlltoman is then 0

X o1 1
H’(mxo@pxn/n)——( +0t)'e/9' 1+@ (pt+ﬁ)2! | 242

L (B! eR)2! (B! eR))?
159
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Il reaivis

[ First note that B = @ ! —=p ! P =
and | = £ + 0 .
1In the ultra-relativistic limit | ;| 1, -z !0
and the Hamiltonian is written as * 0
H (X, Y, 1 pxs pys 1) = (14 1)1 eA! 14 % L4 D21 (! eR)? ! (p, ! eh,)2

where the “hats” are dropped for simplicity

Non-linear dynamics, CERN Accelerator School, November 2022
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1
A First note that B = @, ! —=p ! P =
and | = £ 0 .
1In the ultra-relativistic limit | ;| 1, -z !0
and the Hamiltonian is written as $ 0
HY, L py, ) = (14 D)1 et 1+ 2 (14 1)21 (! ef)21 (! )2

"(s)
where the “hats” are dropped for simplicity

J1If we consider only transverse field components,
the vector potential has only a longitudinal
component and the Hamiltonian is written as

EH(GY L s, Py, 1) = (L+ 1)1 el 1+% (1+1)21 p2! P2

[ Note that the Hamiltonian is non-linear even in the
absence of any field component (i.e. for a drift)!
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L It is useful for study purposes (especially for
finding an “integrable” version of the Hamiltonian)
to make an extra approximation

[ For this, transverse momenta (rescaled to the
reference momentum) are considered to be much
smaller than 1, i.e. the square root can be expanded.

1 Considering also the large machine approximation
X << !, (dropping cubic terms), the Hamiltonian
is simplified to
Lo BrE x@+)
20+1)  "(s)

L This expansion may not be a good idea, especially
for low energy, small size rings 162

| A,
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Jole Re

1 P! P
[ First note that B = @ ! —=p ! P = tP 0w m
and | = £ 0 . 0
1In the ultra-relativistic limit 1 5! 1, 5 ! O
and the Hamiltonian is written as ' 0
HY, L py, ) = (14 D)1 et 1+ 2 (14 1)21 (! ef)21 (! )2

"(s)
where the “hats” are dropped for simplicity

L 1f we consider only transverse field components, the
vector potential has only a longitudinal component
and the Hamiltonian is written as

#

H(Xylpx J)=(L+ 1) eR! 1"‘@ 1+ 12! pz! pg

[ Note that the Hamiltonian is non-linear even in the
absence of any field component (i.e. for a drift)!
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B From Gauss law of magnetostatics, a vector potential exist

V-B=0 — dJA: B=VxA
B Assuming transverse 2D field, vector potential has only one
component A.. The Ampere! s law in vacuum (inside the

beampipe) V x B=0 — 3IV: B=-VV
B Using the previous equations, the relations between field

components and potentials are
sz_a_V:E?AS, By:_c‘?_V:_c?AS
Ox oy oy 0T ¢

l.e. Riemann conditions of an analytic function |

Exists complex potential of z= x + iy  with /

power series expansion convergent in a circle 7
with radius |z| = r, (distance from iron yoke)
O

Az +iy) = As(2,y) + iV (2,y) = Znnz =) (An +ipn)(z + iy)”

n=1
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2

The CERN Accelerator Schoo-

B From the complex potential we can derive the fields

0 Cn—
B, +1iB, = — (9:1:(A (x,y) + iV (x,y)) Zn i) (z 4 dy)"
B Setting b, = —n\,, a,=ni,
O
: : : —1
B, +iB, = E (b, — tan)(x 4 1y)"
n=1
B Define normalized coefficients
b bn n—1 1 _ Un n—1

"T1074B, 0 0 T 10-4B,
on a reference radiusr,, 104 of the main field to get
O

, B T + zy
B, +iB, =1074B § (b, —ial
Y -+ 0 n:1( )( ro )
B Note:n' = n! 1isthe US convention 165
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B Expand term by term the Hamiltonian H (J (2 g),! (2 19),!)
to leading order in

Ho(J (¥ 19)) = Ho(F) + !

The CERN Accelerator Schoo- |

+0(12)

"Ho(P) " S1(P, 1, #)
" P "lg
IH1(J (2 '9),! (P 9),#) = 'H(P o)+ O(!?)

B The new Hamiltonian can also be expanded in orders of !

K= H,+ ¥, + ...
B Equating the terms of equal orders in ! , we obtain
Zero order Wy = Ho(P)

First order HJ; = ! Sl(‘f’ ',") + " (P é! Sl(;p" z,") + Hy(P. 1)
7]
|
where the frequency vectoris | (JZ)) — 'HO(‘p)

P

Non-linear dynamics, CERN Accelerator School, November 2022
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B From the first order Hamiltonian, the angles have to be
eliminated. For this purpose, it can be split in two parts:
Sy e
2!
Oscillating part: {H1} = H{!" H#,
B The 15t order perturbation part of the Hamiltonian then
becomes
1S, (P.1g,")

9, - !sl(f", 2,") | . (P a - + 1H(P.19)"y + {H1(P. 1)}

B Thus, the generating function should be chosen such that
the angle dependence is eliminated, for which

9P = (B0 and 2 (e SR (1))

B The new Hamiltonian is a function of the new actions
(D) = Ho(P) + ! IH1(Pl9)" + O(1?)  With the
new frequency vector

0@ =T

Average part: 'H{"jy = H. (P, 2)dg

Non-linear dynamics, CERN Accelerator School, November 2022
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B The question that remains to be answered is whether a
generating function can be found that eliminates the angle
dependence

B The oscillating part of the perturbation and the generating
function can be expanded in Fourier series

Hi(Plg)} = Hy Pk r) g (Big1)= S (P)ekderp)
_ k,p k,p
with k alg= kilg + aadda k,'!g
B Following the relationship for the angle elimination, the
Fourier coefficients of the generating function should

~

satisfy . Hu(P .
Slk(\p)zlké! (P + p with K,pE O
B Then, the generating function can be written as
! o
S(P,1g) = Palg + !i Hu(®) gocaorp) 4 o12)

Non-linear dynamics, CERN Accelerator School, November 2022
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. Example: Perturbation
~ treatment of a sextupole

2

169



=

o

B Consider the simple case of aperiodic sextupole
perturbation and restrict the study only to one plane. The
Hamiltonian is written as,

2 2 3
H (X, Px,S) = P KZ(S)X + KS(:?)X

where K (s) andKs(s) are periodic functions of time.

Non-linear dynamics, CERN Accelerator School, November 2022

170



iy
\
The CERN Accelerator School

B Consider the simple case of aperiodic sextupole
perturbation and restrict the study only to one plane. The
Hamiltonian is written as,

2 2 3
H (X, Py, §) = PErKEX . Ks(o)x

where K (s) andKs(s) are periodic functions of time.

2

B \We proceed to the transformation in action angle variables
to write the Hamiltonian in the form

H = Ho(J)+ Hy(',J) = % 2 Z;S(S) (3" (s))¥ 2 cos !

_J Ks(S) ,1n, 32
=9 —3L(J (s))” “(cos3 +3cos!)

Non-linear dynamics, CERN Accelerator School, November 2022
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B The perturbation procedure implies to split the

=

perturbation in an average part over the angles and

an oscillating part

"""""" - 2ka(s
Hy = dHq" {Hl}_ 1;( )

1
where IH,", = 2_| Hl(J,")d"
and {Hl}: H.!" H#
= HyQ)etd P

K,p

(J! (9)) 32 (cos3' +3cos")

Non-linear dynamics, CERN Accelerator School, November 2022
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B The average part should be only a function of the action

The CERN Accelerator Schoo.

B [ts derivative with respect to the action should provide the
frequency shift (tune-shift) due to the non-linearity

B [t can be shown that this quantity vanishes for a sextupole
perturbation
I H (", J) ko (9)#(S) V2
! "I —  jy — \J# S
! 5 5% (J#(s)) .

o
(cos3 +3cos")d" =0

B Sextupolesdo not provide any tune -shift at first order

B But we know by experience that this is not true, i.e. first
order perturbation theory fails to give the correct answer

B One has to go tohigher order (see appendix)

Non-linear dynamics, CERN Accelerator School, November 2022
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B The oscillating part is then the same as the original
Hamiltonian

{H1} = Hy!" Hi#g = H1 = %‘B(i)lﬂ (s)"3/2(0033' +3cos")

B Following the canonical perturbation procedure the
generating function Is

S(F Y= Pal+ | Hlk(‘p) g k& p™) ¢

oo K& a'(P+p

B The only non-zero Fourier terms are for k =1, 3 and

| " # T d@%rp) 34 (P+pY)
& (s , 3/ 2 e e
S(ﬁ'ﬂ) Pa +I_L6 P (s) . 3+ p + "

Non-linear dynamics, CERN Accelerator School, November 2022
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2

B We derived (with a lot of effort) the common result that
sextupoles at first order excite integer and third integer
resonances

B Again this is not generally true! It is known that sextupoles
can drive any resonance (either if they are large enough, or
If the particle is far away from the closed orbit)

B This can be shown again by pursuing the perturbation
approach to second order (as for the tune-shift)

B A useful application is to use the generating function for
computing the correction to the original invariant, as the
new one should be an integral of motion (at first order)

)1 gy (SR
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B For small perturbations, the new action variable is almost
an invariant but for larger ones phase space gets deformed

B Close to the integer or third integer resonance, canonical
perturbation theory cannot be applied

B The solution is provided by secular perturbation theory
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B |t can be shown that at second order in perturbation theory
the Hamiltonian depending only on the actions can be

written 112Hg !'S; © IHy!'S
BB =13 L
2 1 1 P |

. N IH,!'S; .,

B This can be simplifiedto H,(P) = ! AT
B The two terms are ':'ﬁl = K?(f) B 2" (5)% 2(cos 3 + 3 cos#)

! 2 2

'Sy _ Ji/f S+CKS(s!)#(s!)3’2 cos( + $(s) ! $(s)! %§ cos3( + $(s)! $(s)! %&”dS!

" 2 2 sin(%& sin(3%4&
B The 2rd order Hamiltonian is given by the angle -averaged

product of the last two terms.
B [t is quadratic in the sextupole strength and the new action.

The 20d order tune-shift is the derivative in the action
" H2" \p - C * s+ C

(P = !W s = fﬁ 164 ; dsKs(s)$(s)* 2 ] Ks(s)$(s)??

cos@Qot+ &(s') # &(s) # #!) , cos 300+ &(s') # &(s) # #! )#ds{

$ sin(#!) sin(3#!) "
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m Expand both the perturbation and generating function in
Fourier series of the form

=

S(PP")= Sy (P")ekPand {Hi(P L")} = Hy(B")ek”
k
H The equation relating the amplitudes is ‘g
ik!Slk‘l' u;k:!Hlk

which can be solved yiell+d2ing
— | ' ik #(TE) quyt
Sik= 5 sin( k") e o

Non-linear dynamics, CERN Accelerator School, November 2022
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B Expand both the perturbation and generating function in
Fourier series of the form

[
\
b

SI(PY")= Sy (P")ekPand {H(P L")} = Hu(B")ek”
k
H The equaticl;n relating the amplitudes is -
| ik 1 S+ —K =1 Hyy
which can be solved yiqlgzlpg #
_ | | K H#( T1")
ST Seniky e a#

B Following the canonical perturbation procedure the
generatir|1g function is

Non-linear dynamics, CERN Accelerator School, November 2022

| 42"
I ' H ! n n
S, = . H elk[#+$(! 1l )]d#
! 2sin(l k") | = T
B For the sextupole, and letting ! (s) = % we have
0
I N sin(" + #(s')! #(s)! $%W sin3(" + #(s)! #(s)! $% |
=153, KEre™ Sin($% * 35in(35% o
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Jole) Sine

B The smgle resonance accelerator Hamiltonian
(Hagedorn (1957), Schoch (1957), Guignard (1976,
1978))

1 2 ke &y

H(3x: 3yl ye9) = 2 Cxdx+ "y dy) + Ghny 3xP Jy7 00slx + nyly + 1ot pi

with  On, nye- ° = Giklm :p
B From the generatmg function
o ('x,-y,;g(wp,s)—(nx x T nyly! p")R + !yJ?/
the relationships between old and new variables are
Oc=(nx!x +nyly ! p'), Jx = Ny
O, =1y, Jy=ny R+ R
B The following Hamiltonian is obtained

(nx"x + ny"y ! PR+ R
R

Non-linear dynamics, CERN Accelerator School, November 2022
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B There are two integrals of motion

The Hamiltonian, as it is independent on OtimeO
The new action JJ as the Hamiltonian is independent on IO

B The two mvarlants In the old variables are written as:

2

Je | Jy
C, = —!
Ny ny
C = +(!y ! cos(n n :
2 X nx"'ny X y nx+n y gnxny y X X y vy 0

B Two cases can be distingmshed
ly , Ny have opposite sign, i.e. difference resonance, the motion is
the one of an ellipse, so bounded

Ny , Ny have the same sign, i.e. sum resonance, the motion is the one
of an hyperbola, so not bounded

B These arefirst order perturbation theory considerations
B The distance from the resonance is obtained as

gnx’”y o= ky2! i
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B The general accelerator Hamiltonian is written as
H(X, Y, Px,Py.S) = Ho(X, ¥, Px, Py, S) + Nk, ky ()XY

xky

B The transverse coordinated can be expressed in actiorangle
variables as

u(s) = Julu(s) A+ "u(9) 4 g (L) "u(s)
B The Hamiltonian in action -angle variables is
Hl(‘]Xi‘]y! I X I y) — HO(‘JX1‘]y) + Hl(JX1Jy1 I X I y)

2

Ky

H
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B The general accelerator Hamiltonian is written as
H(X, Y, Px,Py.S) = Ho(X, ¥, Px, Py, S) + Nk, ky ()XY

xky

B The transverse coordinated can be expressed in actiorangle
variables as

u(s) = Julu(s) A+ "u(9) 4 g (L) "u(s)
B The Hamiltonian in action -angle variables is
Hl(‘]Xi‘]y! I X I y) — HO(‘JX1‘]y) + Hl(JX1Jy1 I X I y)

1
The integrable part Ho(Jx,Jy) = —(! xJdx + 1yJdy)

Ky

H

The perturbation o 1Ky

Hi(Jx, Jy, ! x,lyis) = I f2ykil2 Gim ()it K+l m)ty]
Kx Ky |
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B The general accelerator Hamiltonian is written as
H(X, Y, Px,Py.S) = Ho(X, ¥, Px, Py, S) + Nk, ky ()XY

xky

B The transverse coordinated can be expressed in actiorangle
variables as

u(s) = Julu(s) A+ "u(9) 4 g (L) "u(s)
B The Hamiltonian in action -angle variables is
Hl(‘]Xi‘]y! I X I y) — HO(‘JX1‘Jy) + Hl(JX1Jy1 I X I y)

1
The integrable part Ho(Jx,Jy) = —(! xJdx + 1yJdy)

Ky

H

The perturbation

Hl(‘JXl‘Jy1! X’Iy1S) =

I |kx |ky
Jk /2Jky/2 gjklm (S)ei[(j! K)! x+( 1t m)!y]

Kx ,Ky j |
B The coefficients g, (5= Mk kK

+ k+ 1+ H
J . m J |

depend on the optics, W|th the indexes ky=j+k, ky=1+m

y !)IEXIZ(S)! )l/<y/2(s)ei[(j! K) e (S)+( 11 m)ty ()]
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B As the coefficients h, y (s) are periodic, the perturbation

can be expanded in Fourier serikes
Ky !
Hl(‘Jx,Jy,!x;!y;"): ! J)|(<x/2J)I/<y/2! S Gikm ;pei[(j" K)Ux+( 1" m)! " p"]
Kx Ky ] | p="!
with the resonance driving terms
ke ky 1 17
Jklm :p = J | ST o

i, k, (S)" )lfxlz(s)" )‘;ylz(s)ei [(G! K)! x (S)+( 1t m)!y(s)+ p"]
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B As the coefficients hy, k, (s) are periodic, the perturbation

can be expanded in Fourier series
| Ikx 1Ky !

H1(Jx,Jy,!x,!y;"): ' Jk /2Jky/2 Gl m ;pei[(j" K)Ux+( 1" m)ty" p"]
Kx Ky i 1 op="
with the resonance driving terms
ke Ky 1 1
Qiklm ;p = J | olElm o
mForny =] ! k, ny=1! m,resonance conditions
appear for ny!y + ny!y = p
B Goal of accelerator design and correction systems is to
minimize the resonance driving terms
Change magnet design so that hy, «, (S) become smaller
Introduce magnetic elements capable of creating a cancelling effect

Sort magnets or non-linear elements in a way that phase terms are
minimised

hg, . y(S) '+ Ky ’2(5)")‘;y/2(5)ei[(j! K)! x (S)+( 1T m)!y (s)+ p"]
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B First order correction to the tunes is computed by the
derivatives with respect to the action of the average part of
perturbation. For a given term, hy, x, ()x**y*r the leading
order correction to the tunes are

ka2t 1 9ky 12 [kx Ky
m = X y le ei[(j! KU +(C 1 m)ty]
- X 4#2 H 11m
j |
K/ 2 3ky /2! 1 Ikx 1Ky
1" iT(i! | I |
! y = 41;/2 g,k,l,m e'[(J- K)!x +( 1T m)!y]

where g k.Im 1S thé av'erage ofgi«k,.m (S) around the ring.

B |n the accelerator jargon if !" x y is independent of the
action, it is referred to as tune-shift, whereas, if it depends
on the action, it is called tune-spread (or amplitude
detuning)

W Atfirst order, !",, =0, for odd multi-poles ky = | + k,
ky = 1+ m (trigonometric functions give zero averages). 187
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=

B Consider two identical sextupoles separated by a beam line
represented by a map R

B The sextupole map can be represented atsecond order as
sLsiHa:gl LsiHs: gl 3LsiHg:

2

!
S, = e >
with the sextupole effective HamiltonianHs =
and Hy thedrift Hamiltonian

1

6kz(x3 I 3xy?)
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=

B Consider two identical sextupoles separated by a beam line
represented by a map R

B The sextupole map can be represented atsecond order as
1y -y, - T 1y -y, -

1

6

SOREE

The CERN A

with the sextupole effective Hamiltonian Hs = Zkp(x®! 3xy?)
and Hy thedrift Hamiltonian

B The total map can be approximated at 2* order by
M = SRS! S,RS, = ¢ sLsiHaig! LstHsipgal LsiHsigl sLsiHq:

with the map @ = ¢ zLsHa'Rg zlsHa:
S! S

-

189
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B Inserting the identity R ! = |, we have

M | e' —L ‘Hy: F@F@' 1e'L ‘Hs: Fge'L Hse' %L ‘Hy:

B The similarity transformation can be used

@ 1 LsiHsipg = o Ls:R "Hs:
B The map is then rewritten as

2

—————————————
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B Inserting the identity PR ' = |, we have

M | @ zlsHa ! 1 LsiHs gl LsiHs gl 3LsiHq:
B The similarity transformation can be used

@ 1 LsiHsipg = o Ls:R "Hs:
B The map is then rewritten as

________ — o —

M | g LsHa g LsiR' THengl LaiHedgh FLsHa:

|
B If the map @ is chosen such that! & 1 H g — H S

oo WH, =1 H sothat

g Lsi "Hsigl LotHs: — glsiHsig LetHst —

B In that way, the sextupole non-linearity is getting
eliminated in the final map

M | @ zLlsHam@g! sLsiHat = o LstHaip gl LsiHg,
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B Inspecting the form of Hg (oddin X and evenin y), this
can be achieved if the map is such that

Wx = ! x, ®p, = ! py, Ry = +vy, Rp, = +py

OO

The CERN Accelerator School

B In matrix form this can be written as

11 0 0 O " COSHy + ay Sinpy by Sin py 0 0 N
= w0 11 0 Og_ " I ¢, Sinpy cosply ! ay Sinpy 0 0 ?g
—_— # —_— # - -
0O 0 1 O 0 0 cogly + ay Sinfly by sinpy
0O 0 0 =#1 0 0 I ¢, sinpy cospy ! ay sinpy

B The horizontal part of the matrixis | | , and the vertical
partis x| ,, which is obtained for phase advances

Uy = (2N, +1) !, Hy = ny!

B This is why this beam line is called a -I|-transformer
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