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Recipe for strong force predictions
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Formal / numerical machinery (lattice QCD)
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A few experimental inputs (e.g. )Mπ, MK, MΩ

Wide range of precision pre-/post-dictions

Overwhelming evidence for QCD ✓           Tool for new-physics searches ✓
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Multi-hadron observables
Exotics, XYZs, tetra- and penta-quarks, H dibaryon

2

QCD Fock space|Xi, |⇢i , |K⇤i , |f0i 62

   •   LHCb (PRD92, 2015)   •   

e.g. X(3872)

CP violation in charm

B ! K⇤ `` ! K⇡ ``

Eletroweak, CP violation, resonant enhancement

Resonant B decays

f0(1710) �ACPcould enhance
   •   Soni (2017)   •   

D ! ⇡⇡,KK
   •   LHCb (PRL, 2019)   •   
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QCD Fock space 
At low-energies QCD = hadronic degrees of freedom ⇡ ⇠ ūd, K ⇠ s̄u, p ⇠ uud

Overlaps of multi-hadron asymptotic states → S matrix
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s = E2
cmdepends on

and angular variables

diagonal in angular momentum

S(s) ⌘

e2i�0(s)

e2i�1(s)

e2i�2(s)

|KK, ini|⇡⇡⇡⇡, iniAn enormous space of information · · ·

M`(s) / e2i�`(s) � 1
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Roughly speaking, a bump in:

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

scattering rate

pions

QCD resonances

Protopopescu et al. (1972)
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|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)



scattering rate
Roughly speaking, a bump in:

ImE

ReE

Extend to the 
complex plane

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions
Protopopescu et al. (1972)
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|M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)
QCD resonances



resonance

Analytic continuation reveals a complex pole

ER = MR + i�R/2

E (GeV)

⇡⇡ ! ⇡⇡IG(JPC) = 1+(1��)
⇢

pions

EB = MB

bound state

Protopopescu et al. (1972)

4

scattering rate
Roughly speaking, a bump in: |M`(s)|2 / |e2i�`(s) � 1|2 / sin2 �`(s)

ImE

ReE

QCD resonances



Instead of                 → analytically continue the amplitude itself

Analyticity
|M(s)|2

For two-particle energies , what is the analytic structure?(2m)2 < s < (4m)2
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⇢(s)|M`(s)|2 = ImM`(s)

⇢(s) =

p
1� 4m2/s

32⇡

The optical theorem tells us…

where                                      is the two-particle phase space

M`(s) =
1

K`(s)�1 � i⇢(s)Unique solution is…

K matrix (short distance) phase-space cut (long distance)

Amplitude has a branch cut ✓           K-matrix is real (useful for parametrizing) ✓



Analyticity (diagrammatic)
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⇢(s)
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p
s� (2m)2

cutting rule

propagating pion
non-analytic for (2m)2 < s < (4m)2

on-shell particles = singularities:

Bethe-Salpeter kernel

= + · · ·
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PV

 
+

<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

⇢(s)

defines the K matrix

= K(s) +K(s)⇢(s)K(s) + · · · = 1

K(s)�1 � ⇢(s)
K matrix (short distance) phase-space cut (long distance)

<latexit sha1_base64="MkeWX19ma2SlpvksYEHowYYB3hU=">AAACCHicdVDLSsNAFJ3UV62vqEsXDhbBRQlpLdUuhKIblxXsA5JQJtNJO3QyCTMTIYQu3fgrblwo4tZPcOffOH0IPg8MHM695869x48Zlcq2343cwuLS8kp+tbC2vrG5ZW7vtGWUCExaOGKR6PpIEkY5aSmqGOnGgqDQZ6Tjjy4m9c4NEZJG/FqlMfFCNOA0oBgpLfXM/TPoUq6gk7kygNrJSm4JIo5Yqigeez2zaFuVeq1yXIe/SdmypyiCOZo9883tRzgJCVeYISmdsh0rL0NCj2NkXHATSWKER2hAHE05Con0sukhY3iolT4MIqGfXmqqfnVkKJQyDX3dGSI1lD9rE/GvmpOo4NTLKI8TRTiefRQkDKoITlKBfSoIVizVBGFB9a4QD5FAWOnsCjqEz0vh/6Rdsco1q3pVLTbO53HkwR44AEegDE5AA1yCJmgBDG7BPXgET8ad8WA8Gy+z1pwx9+yCbzBePwDED5k9</latexit>

=

Z
[real, analytic]

for (2m)2 < s < (4m)2
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To proceed we have to make three modifications

Euclidean 
signature

3
nonzero lattice spacing1

finite volume,2 L

ImE

ReE

M⇡,lattice > M⇡,our universeAlso…

(but physical masses → increasingly common)

=

Z
dN� e�S

h
interpolator 

for observable

i
observable?

Lattice QCD

7



Difficulties for multi-hadron observables

The finite volume… 
Discretizes the spectrum 
Eliminates the branch cuts and extra sheets 
Hides the resonance poles

Finite-volume analytic structure Infinite-volume analytic structure
Sheet I

Sheet II

8

The Euclidean signature… 
Obscures real time evolution (that defines scattering)

Prevents normal LSZ (want ,  but we have only )p2
4 = − (p2 + m2) p2

4 > 0



Two strategies…
Finite-volume as a tool

Spectral function method

hOj(⌧)O
†
i (0)i =

X

n

h0|Oj(⌧)|EnihEn|O
†
i (0)|0i =

X

n

e�En(L)⌧Zn,jZ
⇤
n,i

LQCD → Energies and matrix elements

Our task is relate             and                            to experimental observablesEn(L)
<latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit>

hEm0 |J (0)|Emi
<latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit><latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit><latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit><latexit sha1_base64="YeeeUg4MxVzBPCMhj/0onrZhpTM=">AAACHXicbVDLSgMxFM3UV62vUZdugkWsmzIjBV0WpSCuKtgHdIYhk6ZtaJIZkoxQhv6IG3/FjQtFXLgR/8Z0OgttPRA4nHMuufeEMaNKO863VVhZXVvfKG6WtrZ3dvfs/YO2ihKJSQtHLJLdECnCqCAtTTUj3VgSxENGOuH4euZ3HohUNBL3ehITn6OhoAOKkTZSYNc8hsSQEdgIUn46hZ4Ja+hxpEcYMXhbcc5yrRFw6MksHNhlp+pkgMvEzUkZ5GgG9qfXj3DCidCYIaV6rhNrP0VSU8zItOQlisQIj9GQ9AwViBPlp9l1U3hilD4cRNI8oWGm/p5IEVdqwkOTnK2tFr2Z+J/XS/Tg0k+piBNNBJ5/NEgY1BGcVQX7VBKs2cQQhCU1u0I8QhJhbQotmRLcxZOXSfu86jpV965Wrl/ldRTBETgGFeCCC1AHN6AJWgCDR/AMXsGb9WS9WO/WxzxasPKZQ/AH1tcPKeOgsw==</latexit>

An answer to…   “Can’t you just analytically continue?”



The finite-volume as a tool
Finite-volume set-up

L

L

L

E0(L)

E1(L)

E2(L)

cubic, spatial volume (extent L)

periodic

L is large enough to neglect e�M⇡L

~p =
2⇡

L
~n , ~n 2 Z3

Scattering leaves an imprint on finite-volume quantities

E0 = 2M⇡
Infinite-volume threshold

M`=0(2M⇡) = �32⇡M⇡a

Finite-volume ground state

E0(L) = 2M⇡ +
4⇡a

M⇡L3
+O(1/L4)

   •   Huang, Yang (1958)   •   

scattering length

T and lattice also negligible
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General method

10

det[K�1(s) + F (P,L)] = 0 F (P,L) ⌘ Matrix of known 
geometric functions

Holds only for two-particle energies(2m)2 < s < (4m)2

Generalized to non-degenerate masses, multiple channels, spinning particles

Neglects e�mL

Encodes angular momentum mixing

E0(L)

E1(L)

E2(L)

M2K2

finite volume unitarity

Huang, Yang (1958)  •  Lüscher (1986, 1991)  •  Rummukainen, Gottlieb (1995) 
Kim, Sachrajda, Sharpe (2005)   •   Christ, Kim, Yamazaki (2005)   •   He, Feng, Liu (2005) 

Leskovec, Prelovsek (2012)  •   Bernard et. al. (2012)   •   MTH, Sharpe (2012)   •   Briceño, Davoudi (2012) 
Li, Liu (2013)    •    Briceño (2014) 



⇡⇡ ! ⇡⇡

   •   Dudek, Edwards, Thomas in Phys.Rev. D87 (2013) 034505   •   

Using the result
Single-channel case (pions in a p-wave)

K(sn)
�1 = ⇢ cot �(sn) = �F (En, ~P ,L)
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ϕ

ω ρ

JP = 1�

0.42 0.48 0.54 0.60
a
p

s

0

45

90

135

180

± 1
[± ]

amΩ = 0.4609(16)(14)
gΩºº = 5.69(13)(16)

Leskovec et al. (2017)
Nf=2+1, mπ=316 MeV

⇢ ! ⇡⇡

IG(JPC) = 1+(1��)
Guo et al. (2016)
Nf=2, mπ=226 MeV

Andersen et al., (2019) 
Nf=2+1, mπ=220 MeV



��� ��� ����

��
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���

���

�

��

��

I(JP ) = 1/2(0+)

I(JP ) = 1/2(1�)

,K⇤ ! K⇡

391 MeV

327 MeV
284 MeV

239 MeV
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κ(700)

K*(892)

   •   Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002   •   



   •   Wilson et al. Phys.Rev.Lett. 123 (2019) 4, 042002   •   

I(JP ) = 1/2(1�)

,K⇤ ! K⇡

391 MeV

327 MeV

284 MeV

239 MeV

140 MeV

14

K*(892)



For two-particle energies , what is the L dependence?(2m)2 < s < (4m)2

ML(P ) ⌘

Consider the finite-volume correlator:
Derivation

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

+ · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

L L L=

= PV +
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

F
F = matrix of known geometric functions

L

P
k=

⇠ e�mL
⇠ 1/Ln

= + · · ·
<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

+
<latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit><latexit sha1_base64="aWOcHJrcbrsxJSLO3n80z068CGE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjy2YD+gDWWznbRrN5uwuxFK6C/w4kERr/4kb/4bt20O2vpg4PHeDDPzgkRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlo5TxbDJYhGrTkA1Ci6xabgR2EkU0igQ2A7GdzO//YRK81g+mEmCfkSHkoecUWOlxkW/XHGr7hxklXg5qUCOer/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfuiUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxPe+BmXSWpQssWiMBXExGT2NRlwhcyIiSWUKW5vJWxEFWXGZlOyIXjLL6+S1mXVc6te46pSu83jKMIJnMI5eHANNbiHOjSBAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPcYWMrw==</latexit>

PV

 
+ · · ·

<latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit><latexit sha1_base64="U/V2znasgIyQLCO0xOel6aC9zeo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBZBEEoigh6LXjxWsLXQhrLZbNqlm2zcnQgl9E948aCIV/+ON/+N2zYHbX0w8Hhvhpl5QSqFQdf9dkorq2vrG+XNytb2zu5edf+gbVSmGW8xJZXuBNRwKRLeQoGSd1LNaRxI/hCMbqb+wxPXRqjkHscp92M6SEQkGEUrdc5Ij4UKTb9ac+vuDGSZeAWpQYFmv/rVCxXLYp4gk9SYruem6OdUo2CSTyq9zPCUshEd8K6lCY258fPZvRNyYpWQRErbSpDM1N8TOY2NGceB7YwpDs2iNxX/87oZRld+LpI0Q56w+aIokwQVmT5PQqE5Qzm2hDIt7K2EDammDG1EFRuCt/jyMmmf1z237t1d1BrXRRxlOIJjOAUPLqEBt9CEFjCQ8Ayv8OY8Oi/Ou/Mxby05xcwh/IHz+QNr3Y+O</latexit>

F

�
Defines the K matrix

=
1

K(s)�1 + F (P,L)
det[K�1(s) + F (P,L)] = 0

   •   Lüscher (1986)   •   Kim, Sachrajda, Sharpe (2005)   •   MTH, Sharpe (coupled channels, 2012)   •    

propagating pion

Bethe-Salpeter kernel

15



   •   Wilson et al. PRL123 (2019)   •   

Multi-particle barrier

   •   Erben et al. (2019)   •   
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⇢i⇢j |tij |2

D⇡ ! D⇡

DsK̄ ! DsK̄
D⌘ ! D⌘

D⇡ ! D⌘

D⌘ ! DsK̄
D⇡ ! DsK̄

m⇡ = 391 MeV

   •   Moir et al. JHEP 1610 (2016)   •   

   •   Andersen et al. (2019)   •   

� ! N⇡

K⇤ ! K⇡

⇢ ! ⇡⇡

m⇡ = 200MeV

m⇡ = 311MeV
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Formalism only strictly holds up to lowest 
3- or 4-particle threshold 



1



3-particle amplitudes

Applications…

!(782), a1(1420) ! ⇡⇡⇡ X(3872) ! J/ ⇡⇡ X(3915)[Y (3940)] ! J/ ⇡⇡

and much more!… (3-body forces, weak transitions, gluons content)

form factors and transitions

exotic resonance pole positions, couplings, quantum numbers

JP 0+ 1� 2+ · · ·2-to-2 only samples

Goal: finite-volume + unitarity formalism for generic two- and three-particle systems

X

J/ 

many interesting resonances have significant 3-body decays

18



2 degrees of freedom

12 momentum 
     components

-10 Poincaré generators

Complication: degrees of freedom

19

8 degrees of freedom

18 momentum 
     components

-10 Poincaré generators

5 degrees of freedom

15 momentum 
     components

-10 Poincaré generators

~p1 + ~p2 ! ~p3 + ~p4 s, tMandelstam



Classical pairwise scattering

Complication: on-shell states

20

for m1 = m2 = m3 up to 3 
binary collisions are possible

m1 = m2 = m3 - ε:
4 collisions possible

⇡⇡K

b < 2
5 collisions possible

⇡KK

Correspond to Landau singularities

complicate analyticity & unitarity difficult to disentangle kinematic 
singularities from resonance poles

=iM3!3 ⌘ fully connected 
correlator + · · ·+



iM3!3 ⌘ fully connected diagrams
w/ PV pole prescription

Intermediate  removes singularitiesKdf,3

Two key observations

same degrees of freedom as M3 smooth real function

iKdf,3 + · · ·+�

relation to M3 = known

 has a systematic low-energy expansionKdf,3

Kdf,3(p3, p2, p1; k3, k2, k1) = Kiso,0
df,3 +Kiso,1

df,3 �+ · · · � =
s� (3m)2

(3m)2

smooth real function

analogous to effective range expansion gives handle on many degrees of freedom 
(DOFs enter order by order)

p cot � = �
1

a
+

1

2
r p2 +O(p4)

21



   •   MTH, Sharpe (2014, 2015)   •   

Status…
General relation between energies and two-and-three scalar scattering

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

finite volume unitarity

No 2-to-3, no sub-channel resonance

17

   •   Briceño, MTH, Sharpe (2018)   •   MTH, Romero-López, Sharpe (2020)   •   Blanton, Sharpe (2020)

   •   Briceño, MTH, Sharpe (2017)   •   

E0(L)

E1(L)

E2(L)
Kdf,e2e2

Kdf,3e2

Kdf,e23

Kdf,33

M22 M23

M32 M33

2-to-3, no sub-channel resonance

Including sub-channel resonances + different isospins + non-degenerate

⇡⇡⇡ ! ⇢⇡ ! ! ! ⇢⇡ ! ⇡⇡⇡

22



+

+ +

+ + · · ·

+ · · ·⌘

⌘

3-particle derivation
Study 3-body correlator in an all-orders skeleton expansion

   •   MTH, Sharpe (2014)   •   

+ + · · ·

+

+

+

+

+ · · ·

+ + + · · ·

+ · · ·

+ · · ·

+

+ +

+

+ · · ·

+CL =

kernels have suppressed L dependence
lines = fully dressed hadrons

P
k=

23



Holds only for three-particle energies

General relation

Neglects e�mL

24

   •   MTH, Sharpe (2014-2016)   •   See also Döring, Mai, Hammer, Pang, Rusetsky   •

Review: Lattice QCD and Three-
particle Decays of Resonances

MTH and Sharpe, 1901.00483

<latexit sha1_base64="tw4+D+n6YpUts8JIplUlBWJjOMs="></latexit>

det
⇥
K�1

df,3(s) + F3(P,L|K2)
⇤
= 0

Matrix of functions depending on kinematics + two-particle dynamics
<latexit sha1_base64="FW5qkEp7xUPbj41rbK4UNVs9jo0=">AAACDHicbVDLSsNAFJ34rPVVdelmsAgVpCS1qMuiIIIuKtgHNCFMppN26GQSZyaFEvoBbvwVNy4UcesHuPNvnLRZaOuBgcM55zL3Hi9iVCrT/DYWFpeWV1Zza/n1jc2t7cLOblOGscCkgUMWiraHJGGUk4aiipF2JAgKPEZa3uAy9VtDIiQN+b0aRcQJUI9Tn2KktOQWivDKPSnVj2+hrWMK2gFSfYwYvHErR9AmDzEd6pRZNieA88TKSBFkqLuFL7sb4jggXGGGpOxYZqScBAlFMSPjvB1LEiE8QD3S0ZSjgEgnmRwzhoda6UI/FPpxBSfq74kEBVKOAk8n013lrJeK/3mdWPnnTkJ5FCvC8fQjP2ZQhTBtBnapIFixkSYIC6p3hbiPBMJK95fXJVizJ8+TZqVsnZard9Vi7SKrIwf2wQEoAQucgRq4BnXQABg8gmfwCt6MJ+PFeDc+ptEFI5vZA39gfP4AYmGZWA==</latexit>

F3(P,L|K2) ⌘

<latexit sha1_base64="o1h4OozuRv+Vb5NwbOccjwfVEdg="></latexit>

F3 ⌘ 1

3
F + F K2

1

1� (F +G)K2
F
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Non-interacting energies

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2 = 0

= 0

= 0

= 0
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3.0

3.5
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m

25

Non-interacting energies

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2 = 0

= 0

= 0

= 0

E0(L) = 3m+O(e�mL)

E1(L) = m+ 2
p
m2+ (2⇡/L)2



4.0 4.5 5.0 5.5 6.0 6.5 7.0 7.5 8.0
mL

3.0

3.5

4.0

4.5

5.0

E
n
(L

)/
m

25

Non-interacting energies

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2 = 0

= 0

= 0

= 0

E0(L) = 3m+O(e�mL)

E1(L) = m+ 2
p
m2+ (2⇡/L)2

[000]

[011]

[112]

[022]

[~p 2
1 ~p

2
2 ~p

2
3 ]⇥ L2/(2⇡)2 = [n1n2n3]
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Two-particle interactions

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

= 0

= �16⇡
p
s a =

16⇡
p
s

�1/a� ip

ma = 0.6

iM2

iM2

iM2

iM2

iM2
+ + · · ·=
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Two-particle interactions

E0(L)

E1(L)

E2(L)

M3

M2

Kdf,3

K2

= 0

= �16⇡
p
s a =

16⇡
p
s

�1/a� ip

ma = 0.6

iM2

iM2

iM2

iM2

iM2
+ + · · ·=
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E
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a = °10

Many toy results
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2.0
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4 6 8
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2.5
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3.5
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4.5
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E
n
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0.01
0.6
1.0
1.4

Spectrum with no 3-particle interaction Finite-volume effects on a 3-particle bound state

4 5 6 7 8 9 10
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E
B
(L

)

60.0 62.5 65.0 67.5 70.0
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°4

°3

°2

°1

[ E
B
(L

)
°

E
B
] £

10
5

(a) (b)

(c)

20 25 30 35 40
mL

2.96

2.97

2.98

2.99

3.00

E
B
(L

)

finite-volume energy
large-L prediction

infinite-volume energy

Model of a 3-particle resonance

   •   Briceño, MTH, Sharpe (2018)   •   
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28
MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

I = 3 (⇡+⇡+⇡+), P = [000], ⇤ = A�
1 , L/as = 24



29
MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001

 energiesπ+π+π+



MTH, Briceño, Edwards, Thomas, Wilson, Phys.Rev.Lett. 126 (2021) 012001
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Two strategies…
Finite-volume as a tool

Spectral function method

hOj(⌧)O
†
i (0)i =

X

n

h0|Oj(⌧)|EnihEn|O
†
i (0)|0i =

X

n

e�En(L)⌧Zn,jZ
⇤
n,i

LQCD → Energies and matrix elements

Our task is relate             and                            to experimental observablesEn(L)
<latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit><latexit sha1_base64="7XU2ZgXJ+DUE7eo2MJwul5GiazQ=">AAAB7XicbVBNSwMxEJ2tX7V+rXr0EixCvZRdEfRYFMGDhwr2A9qlZNNsG5tNliQrlKX/wYsHRbz6f7z5b0zbPWjrg4HHezPMzAsTzrTxvG+nsLK6tr5R3Cxtbe/s7rn7B00tU0Vog0guVTvEmnImaMMww2k7URTHIaetcHQ99VtPVGkmxYMZJzSI8UCwiBFsrNS86YnK3WnPLXtVbwa0TPyclCFHved+dfuSpDEVhnCsdcf3EhNkWBlGOJ2UuqmmCSYjPKAdSwWOqQ6y2bUTdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpCa6DDImktRQQeaLopQjI9H0ddRnihLDx5Zgopi9FZEhVpgYG1DJhuAvvrxMmmdV36v69+fl2lUeRxGO4Bgq4MMF1OAW6tAAAo/wDK/w5kjnxXl3PuatBSefOYQ/cD5/AHsFjmU=</latexit>

hEm0 |J (0)|Emi
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An answer to…   “Can’t you just analytically continue?”

Expected to be most competitive in multi-particle regime



Reconstruction methods

Linear, model-independent reconstruction (e.g. Backus-Gilbert-like, Chebyshev)
X

⌧

K(!̄, ⌧)G(⌧) =
X

⌧

K(!̄, ⌧)

Z
d! e�!⌧ ⇢(!)

=

Z
d!

⇥X

⌧

K(!̄, ⌧) e�!⌧
⇤
⇢(!)

=

Z
d! b��(!̄,!) ⇢(!) δ is exactly known

Neural networks

Maximum Entropy Method (MEM)

Direct fits
Not discussed here… 

See multiple ECT* and CERN workshops, work by  
Aarts, Allton, Amato, Brandt, Burnier, Del Debbio, Francis, Giudice, Hands, Harris, 

Hashimoto, Jäger, Karpie, Liu, Meyer, Monahan, Orginos, Robaina, Rothkopf, Ryan, …

Key idea here… we aim only to construct
<latexit sha1_base64="kl4AedxGnwyWljdLO1swiSKvxDI="></latexit>

b⇢(!) =
Z 1

0
d! b�(!,!) ⇢(!)

G(τ) =

∫
dω e−ωτ ρ(ω)

have want
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Role of the finite volume

GL(⌧) =

Z
d! e�!⌧ ⇢L(!)b⇢L(!̄) ⌘

Z 1

0
d! b��(!̄,!) ⇢L(!)

Any reconstructed spectral function that ≠ forest of deltas…
contains implicit smearing (or else L → ∞)

We require…

smearing function 
covers many delta peaks

smearing does not overly 
distort observable

MTH, Meyer, Robaina (2017)

1/L ⌧ � ⌧ µphysical
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Linear reconstruction

Given                     ,  best  = whatever minimizes combination ofK(ω̄, τ)δtarget(ω̄,ω)

statistical uncertainty on ρ̂(ω)∆(K | ω̄,ω) =
∣∣∣∣δ

target(ω̄,ω)−
∑

τ

K(ω̄, τ)e−ωτ

∣∣∣∣ +

 is known, but the difference we really want is unknown…Δ(K | ω̄, ω)
<latexit sha1_base64="U9Jl/pYOj7ZVMmqMUXkb+PNwZcs="></latexit>��b⇢ target(!)� ⇢[K](!)

��

<latexit sha1_base64="dpWzKT1+jRokRlXjQxttWRxwNy4="></latexit>

b⇢ [K](!) =
X

⌧

K(!, ⌧)G(⌧) =

Z 1

0
d! b� [K](!,!) ⇢(!)

<latexit sha1_base64="zjeLae5oLdrPvZ6WlGjvXi3ij3Y="></latexit>

b� [K](!,!) =
X

⌧

K(!, ⌧) e�!⌧
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⌧i

20
30X

i=1

Kie
�!⌧i Ki

e.g. target a Breit-Wigner

Extended Backus Gilbert example

At a fixed precision (“fixed  behavior”),  method will fail if one tries to…Ki

make the resolution function too narrow move the resolution too high in energy
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Hansen, Lupo, Tantalo (2019) method
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Monte-Carlo test
Full lattice calculation in two-dimensional O(3) non-linear sigma model

Data + theory driven analysis of finite-L and -T effects and discretization

Bulava, MTH, Hansen, Patella, Tantalo (2021), arXiv:2111.12774

Demonstrating the modified Backus-Gilbert (HLT) method for the “R-ratio”

36

An integrable theory → compare to the known analytic result

A. B. Zamolodchikov and A. B. Zamolodchikov, (1978)



Backus-Gilbert-like algorithm (HLT)
Construct different smearings of ρ(ω)

Bulava, MTH, Hansen, Patella, Tantalo (2021), arXiv:2111.12774
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Smeared spectral function vs analytic result
Construct different smearings of ρ(ω)

Bulava, MTH, Hansen, Patella, Tantalo (2021), arXiv:2111.12774
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Bulava, MTH, Hansen, Patella, Tantalo (2021), arXiv:2111.12774

Extrapolating the smearing to zero
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Result

Bulava, MTH, Hansen, Patella, Tantalo (2021), arXiv:2111.12774
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Spectral summary
Cannot solve the inverse problem, we can get b⇢L,�(!̄) ⌘

Z 1

0
d! b��(!̄,!) ⇢L(!)

Smearing is needed anyway to suppress volume effects
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1/L ⌧ � ⌧ µphysical

Generalized Backus-Gilbert takes                       as inputb� target
� (!̄,!)

Succesful implementation in O(3) model 

Not discussed: 
-  Spectral functions → scattering amplitudes 
                             and (semi)-inclusive rates 
-  Formal understanding of volume effects
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Two strategies… Conclusion
Finite-volume as a tool

Spectral function method

Relate energies and matrix elements

Tested and highly successful approach

Limitations:  
    modeling/parametrizing in order to fit 
    need formalism for all open channels at a given energy

More direct/natural in a sense (my opinion)

No new formalism needed for any energies, channels

Limitations:  
    Tricky volume effects 
    Difficult inverse problem
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12/m
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2⇥ 108

3⇥ 108

4⇥ 108

5⇥ 108

1⇥ 108

3⇥ 108

5⇥ 108

7⇥ 108

Thanks for listening!… questions?


