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Recollections on 2d minor symmetry

ITopologic.cl#istwg-f
super - Poincare lie algebra so 1122 + IT (5+0-20+592)

a

supercharges QA , QB 61-2--016=0

A
QA -_ 0 0113=0

2d A-model
g-

2d D= (2/2)
-0

2D B- model

TQFT SUSY QFT TQFT

6

Calabi-Yau G-model
de Rum cohomology of Dolbecult cohomology of

{0-0--0} ← { o:c-ox , fermions } -0 { do __ 0 }

Later we will see the fields in the AIB - model can he encoded using
the derived stacks

77-13 Mcpsccdr / ×]1-4-11 Maps (C) ✗)dR
" "

Seetcc > 7×1412 )dR Mcpsccdr , -1*97×7



By the Atiyah - Segel axioms an nd TQFT is a symnrhrk
monoidal functor

2 : @ cob , 1)→ (Cn- 1) Cato , ☒a)

Thus we have invariants

2 (Mn) c- ①
,

2cm"" ) c- Vectra ,
2cm"

-2) C- Cata ,
. .

.

thot are functional under cobordismse

EI
z /¥7 )

2076203¥ Z( 00 )→ zco]

cobordismH-%2co.cn be recovered from Zcpt)

Kontseirch the 2d A and B-models are determined by

KKK) and couch respectively



There is on involution Oza of the 2d N=C2i2) super - Poincare

algebra which exchanges QA , QB
•

Physically 2d minor semen is the statement that

this extends to an involution

G)° A 2d N=C2i2) Susy QFT

such that

7=047

In particular

TAE 713 7B€ # IA

EI If ✗ , ✗
U
are mirror CY manifolds

tuk (X) ⇐ cohcxu ) Conca ) ⇒ F-K(xD
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Fueler maps hyper -Kehm ←mode ,
Rozcnsky -Witten theory

de Ruch cohomology of ☐ colbert cohonutzy of

{
0=+0 { o - do }
- (I +J¥+k¥z) }← { 0:Mˢ→ Y ,

fermions} -0

s
s

seet(Mtdrrc , 4k¥)dR
Mcpscmldrxcdr ,Y )

Expect an equivalence of 2- categories • Work in this direction by

Kapustin / Roszcntky ,
£-114m Hoy Gammage , Morel

-Gel

Kapustin / Vyas , setter Doan , Rezchikov

Tellurian Khon

To get examples of mirror pairs need to consider gauged G- models .



Relationship to other theories

4d NEZ→
3d N=4 → → →

↓ twist dimensional
↓ reduction boundary

Donaldson -77 3rd A -model

Seeburg
wetter tuit

PIE 2d N=(2R) 3rd V24 20 Cld V24

Dullinnr / Dmotlel Giotto ,

↳ Giotto , H . ,
Kim ↳ wittier

! CV it . / You s

horological senpwutic duality ↳ geourlhk Langlands
mum synrrhy

↳
program

Tellurian
Ben-Zvi

,
Shellman / Venkatesh

H . Roslin

' Briain- cfrwlclbvy , Ginzburg ytrwvin



Most of this mathematics comes down to understanding
snnultcneous A / B twist of configurations like

3rd N=4
✗ 1122

2dam

3dN=4 /
Get relations between



The gauged hyperkoihher G-model

input GXSPCDH C° ✗ dog • in 1H) H
I

hyper - Hamiltonian permuting action on Twister sphere

S2 - { a , -1-+925+9>KI 1912=1}
It

BosonicFields-

Principal G- bundle P -0 M3

connection 1- form A C- (M3 , ogp)

hypevnulhpwt scaler S c- MCM}
, Xp)

ueetwmulhpwt scaler ¢ c- MCM} go Cim 11-17 c) 8 Spence

PIpcr + c- gv•(inlH)H

mcssW m c- f- Gcimltl)c F ✗ hyper - Hamiltonian

connotes with GX Split it

Ctlcuor symmetry )



The complained 3rd N-4 Super - Poincare algebra is

SPCDE K ☒ Tl Q{ • city • Q2
E

o
sp CDC ✗ sp (1) it ⇒ spin (cicada) R- synrrhy

To twin need

QE IT Acacia GEE 02--0

spciicosplhexspl.tk/SpCDH Q is scalar for 8pct
'

counting c-

UCD → splbcxspl.by 1011=1

Two classes

⑦ Spit)É_0 8pct> c- ✗ Sp a) µ UCI] -0 Spa> c

determined by complex structure on Htc

④ spciz-ospuzxs.pk)c UCIICO 8pct> H

determined by complex struck on ✗



3d A- model God Seibey - witters equitum )

choose a spin structure A-0 M3
.

Redefining fields using Spcte SPATE ✗ SPLDH gives

se r(M3
, Xp) → s c- rCMˢ

, ✗ xp
)

nose r(M3, (goin /Hit )p) → nos EÑ(M3, g)

The corpus strum on IHC gives lhltlc = 112+00

¢ c- r(Mˢ , again /Hc) → OEMCM} g) YE MMS, ya]

gets cuhu-dg.ie I denee
The equations QA=0 are

0 = fast o- s 0 = DAY

◦= * Fat dao + nos 0=[44-1]--9,4 ] = Get ]

On m3 _- MIX C + fermions get

Seetcmlanxc g) kik )dR + stability



Za B-model (Rozanski - witter their]

Redefining fields using spcie SPGTEXSPLDC gives

dEMM3y•@ Mlc) -0 ∅ c- is crispy]

combines to give complex connection

1- = Atio

Our .ua> ≤ SPCDH makes ✗ 2- shifted derived stick -

The equations QB=0 are

◦= FA
.

0--405

⇐ * da # ¢ - µ ,,
←

stability !

a- das

In terms of stocks get

maps Crisan , ✗✗Ga) + stability



Last time % Gauged hyper Kohler 0-model GXSPCD µ @ ✗ ajiocinltt) µ

13dA-modil-13dB-mud-SPMGT-sp.cn
µ Uche C- SpCDC

Q-0Mt spin - bundle spines) # Spence UCD it ≤ splint
→

Makes ✗ into 2-shifted symplectic Steele

Bp.I.ie#fiedsBosonicAeldsAEd(M7agp
) P → M3

s C- MCM} , Xp✗a) 1- = At icf c- ( m3
, @ e)p )

(0,4) C- r(M3
, 9 9¢) s E PCM} xp ]

Equations Eqndwns_
◦ = das

0 = Is -10 . S 0 = Ft
0 = dae = Coye ] = Chet ] o = Me

0 = * FA 1- dao -1 Mos o = * da * ¢ + MIRµ.÷
Seat ( M'dR✗C / (✗ K'E) dr Maps (MIR ) (✗NG) )

+
+

stability stability



Natural class of deformations

ftp.cvametexmcsspavametoruntwit.tl
d + c- ✗(g) ☒ fimltt) H .

F ✗ flavor symmetry

MEEFG Cin Kl) c

u → ntt ¢ -001 -1m

A-twist 1- C- such} Xlojlp) ≤ rkm3gp) m=Cmµ,m¢7 c-Ñ(Mitra@ 0+147

B-twist 1- = Anita) c- r°(Ms, osp 4120+417 m c- n' (n3 , tf)

7- mirror symmetry applications often break spines ) to lech and get

A-tin- F- 4-
µ ,
te)

m = Chin , m¢)
B-him

Resulting moduli spaces on 3 manifolds with transverse

holomorphic foliation will be algebraic stocks .



In particulier can understand MMM taz , MIR using the following

Meps of
Steeles .

/Mosspwc#w#IF.I.pcrcwhfhcyrngi.cn Correspondence
open

✗NG E XING G)
"

← ✗ No
"

XING
TR

freed attracting

/

given by applying

maps
/psan

C- ) G)in ) )

to

1=040×-0 AYE- except



Locctoperehrss

One of the most fundamental invariants of a 3d TQFT

is the E3 algebra of local operators ZCSZ) c- Neeta

There is on onsctz that says this can be constructed

by geometric quantization
:

£0m = {
"'"" to """is } is synpiatio
of motion on S2

zCs2 ) = GG ( Fouch )

Not In THF setting use _B.=D OLD for

5
sphere . This is not IRXIP!



Hone maps

For 0- chairs get products

⇔

"÷iÉ;i
""

2627°
" -0 267

since contacts)~S2 is connected all products are

hounutopoc .

Also home
'

binary operation of degree 2 corresponding to

fsz] C- C. Cconfz ( 1123 ) ) .
This hires Poisson bucket

{ , } : zC5) :
2627*2-0 zcsz]



B-tw

Maps ( Bar , ✗NG) = TEZT.EU/G--T*XNG

Geometric quantization gives

2ps (5)
= Q[✗NG]

Turning on d- background does deformation quantization

EI aft # yo ] -0
D(V10)
tr

see Ben-Zvi / Nadler loop spaces and

connections .



R-b-ckgwund-I.fr
one cloves 80<23 G- Spin (3) get on 8047 action

( Hocus) ,☆) ZCSZ)

on local operators . Furthermore zcsz)
so has n-

ar- I

•

operations parameterized by e. (Coufn ( 1123)
) = C

" cconfn (1123)) .

0- chairs correspond to 50527 - invent
7 co - fiyurhins

§;↳ ←
Can't move points pair

one another
so

non
- corn

-
tattie

sow

The equchin

Co2 - Es]
=
b- [8] E H

.
( confected ) )

tells us turf in
202)

soon

(a) b ] = a. b- bog
= LT {a > b}

This get quuntizclzn
of 26) .

1sÉÉmÉwBeen /
Ben-Zvi , Bulli.nu/Dinutte,NietzKe
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A-twist.LA/B=1D0lD.aiueK1B--GiB have moduli space

Maps ( B , 1-
☒

V /G) are -= 1-
*

Meps ( 1B ) VLG) dr

Geometric
que-hither ansctz gives BFN construction

to turn
on

2A (5) ⇒ (H• ( Maps (B)Not ) , ☆ ) ← risackgwund
take HIM-7

More explicitly

Maps ( 1B >
V16) = Mop > (MUG) ✗ Maps CID ,v67

Maps CID > V16)

= { ( (Kisii , (Paisa> 10) / 0
: 1711B¥ Ellis }
Ocs,]

= 52

Heike transformation

Product
gomes

from composition of Hecke transformations .

¥-3 IBXIB É% IDUIDUID IB
IB IB



✗

Analytically / this can be understood as follows

Bon FA - * do

⇒

Given 1123 -2 Rt ✗Gz have

[Dt , 12-3=0 D.+ = 17-1-10

If G- snuck on Cto ,t , ] parallel transport along Dt Cscclteving )

gives iso between holomorphic bundles on total ti ✗ Q

If 0 singer at (0/0) get Hecke transformation instead .

EI Dmca monopole G- UCI?

02 -¥ K KEI (P/ A) = (Titan , Titan)
-11 : 1123-803 → 52--01101

scattering is multiplication by 2
"



When you incorporate ✗ get

qucnhep

t.FI
→ ✗ to

"•• \ quesrhep

to ÷→
- ✗K

unstable points = vortices

so monopoles Creek / destroy bunnies
.

Can be used to G-pm partition functions in
2d GUMS in terms of representation theory of 21-62)-

EI (Bwuevwer ) Equivariant J- function of GIB in terms

of Whitcher modules for Ugh .



EI G- EX I ✗ = 0

Mops CIB , 0/G) = Bung ( 1B)

= Giza \ { ( P, -71 a :P/ ☒ ≈ pm
"

/ }

¥=ÉfÉnc--i. _
~ \ I zk

KEI

Zach - Hcixcpt> { Czk] I KEK }
11

ink
composition law

0×12 ✗ 0×120-10×17<+2-+04×12
So got gun ring of 2 over Haxcpt )

are] [m± ' ] ⇐ ① [TV ]

This is ZBCSZ) for 6--1
,
✗=T*¢✗ . Simplest Winn symmetry .



EI G =

,
✗ = -1*0

will use

maps CIB, V10) { CR , Passi , 0) } É Bung CIB)

veelw

bundle
↓

Buno CCB)

Éi* : A. (Mors LIB,vlñ ) → Ao(Meps GB , BG))

ring homomorphism

EI ¥ 24×2
"
¢42Bn QAZI -0 ¥ z

"
✗ 2^0927 I 24 ✗ Coz

↳✗

Vk= / zkcccltincftt ]

QUI {Uk / KEI}- QfeT[m± ' ]

✓
"
-0 qczkdtzplzkc.co now ) mk

mk
k ≥ 0

= { g-KMK K < 0



Easy to use this to see

Qal] {Uk / KEI} CLAY ]

ce - × -1

v1 -_ m' 1-0 ✗

v-1=4-11-0 Y

This is conniver win

3d nimr

G=UG )
,
✗ = -1*0 8-D G- 1

,
✗= -1*0



Now want to go deeper into TQFT

Ez - categories of line operators Algebraic
approximation

Zscs') ~ D-mod (mops CB ,VG ) )
← to true

answers

ZB (s) ~ Qcoh (reps ( an , ✓(G) )
/ Cderh-/Betti)

The (Beiliram /Dnnfeld? Local Langlands for

( D-mod ( Meps (B) E)) ,☆)≈(cecoh ( Futari CIB)) , a)

TIM / Raskin /Hilburn) de Rhem Tate 's thesis

7- nerd ( mens (B)
07 ) ≈aGh( Maps CIDER , 4/0×7 )

connoting with Beilinsur /Drinfeld .



In A.) Dinette , Gomer , Gennie we show'd

line operators ↳

wnppetd bovary B
E Z Cs

')
conditions

EI Let I be trivial operator

Han (1)1) = { local orerhrs
• }

Hom (Lyla) = { ↳" \ -
207operas § ! } In gear

I get vector
bundles

on MA / MG -

☐
}
¥ • • M

he- iltoni.cn

gives
B for pure gauze theory

Han Chi B) = {
↳c- I

openly

Hon (1) IT Hon (1)B)

it
4

acid SHE CM)

Tekken y
Punevleano

Bulking
'

Dinette / Giotto , H
.

H . , Kerri her,
Weekes



Expect analytic models

Zack)= Fs ( L# ✗ Lga ) W
- fpda 9)LG
81

2ps (8) = MFLG ( L#✓ ✗ Laye , W=S Pda 9)
81

Can also consider open string invariants on G) I]

with holomorphic Lagrangian boundary conditions to

get morphine spaces in 2A Cpt) , ZB
Cpt] .

other models using water algebras
conto ,

Gaiolto
/ Creating , Dicrotic , Ballin / Niu



Gwen holomorphic Lcyuczglucrs

Y do ✗= -1*4 y

Doon
- Rezchikov

Kapustin - Rozanski
- Saulius

otssCY /W)
l0ÉÉw ]

Not quite enough
for

3rd mirror symmetry

we will see
that

A-type 2- atom
is

generated by cotangent

Aber and needs wrapping



→Box
⇒ at

ZCOCCQX)
Sl- Cat 11

A) 11 { a,a✗_o Honkie) }

⇔- """"

÷⇔⇔⇔
.

{ @ , s
' -3 itomleie> ) } su

s " { Ce,e¥e? }

{ µ , c. easy __dÑ→Eᵈ
""}

you cat)

B) (Repletion)
-nod 11

"

{ (e) Repair) -o Homage)) }
511

{ Ce ,eEe) }



More geometrically expect
.

→
* #Bat

Homa (TF
#
/Tick ) ⇒ HomB(0,0)

SH
-

KRS

( QGh(Bae) /a)
"

( Repack) 167

Thus
.

need I = #
ivied at-rep intersection points Tian Tick .

-4¥
glow of TIE

>

Need wnppiwg

••§
under wrapping

✓••
H-iltoni.cn



Sunrise we hone a tiny 7 and its minor Tt

Coryte ( H # Gauge
based on Bullmore / Dinette / oaiulto > it . ]

enter
>

Zpljcpt)
am
" zpgc.pt)

#

periodicwww.wiom
ZACH>
¥

1
HP

Hp )
to
Morphin
curd"yp ↓ HP ↓=>⇐

alma ¥
Unit) Game OCMÉ

11 .

11

11 Extcs !) -mid 11 GDCP) -mud

Endcp) - mod Eetcstnud

.#

THE (Gange , Ito , Morel- Gee)

tar abelian theories can construct 2-categories shiny
these properties .



Simplest case : Betti Tate 's thesis

✗=# -11 BE -0 =Y

€2+(7*0) 2B (Tteok)
11

11
Cate Cota

turn on me ↑ ↑ Arn on +112

±
PerverseSchober(Glo) ¢ou(✗¥ ) ,☆) - mod

511 511

{ § 1T¥ __ tbh) ( (concord)
coulda

←
T±=atbk)

"""""} cancer) concave-211¢)) /*)-mud
R

usus
s ' # ( Coh CBN) ,G)

5-duel


